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INTRODUCTION 3

Introduction

Algebra and Model Theory 9

The 10th International Summer School “Problems Allied to Universal
Algebra and Model Theory — Erlagol 2013” was held 25-29 of June 2013 in
the camping center “Erlagol” in Altai mountains. The School was organized
by Algebra and Mathematical Logic Department of Novosibirsk State Tech-
nical University (NSTU) and by Sobolev Institute of Mathematics SB RAS.
Professors Victor D. Mazurov, Alexandr G. Pinus and Evgeny I. Timoshenko
were the chairmen of Organizing Committee of School. Professors Alexandr
V. Mikhalev, Evgeniy A. Palyutin, Konstantin N. Ponomarev, Vladimir
N. Remeslennikov, Vitaliy A. Roman’kov, Sergey V. Sudoplatov and Associ-
ate Prof. Evgeny N. Poroshenko were the members of Organizing Committee.

The School was supported by RFBR (grant Ne 13-01-06028) and by grant
of NSTU, having a special purpose.

The Collection of Papers is composed by some articles of the participants
of School, being connected with the subject of School.
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1 Semantic Networks

Semantic networks can be described as a tool for representing knowledge.
In this sense, a semantic network is a diagrammatic representation consisting
of boxes, arrows and labels which reflects a way of thinking about knowledge,
namely, that it is organized in concepts and relations between them. These
diagrams are directed graphs, in which each node represents a concept, or a
proposition, and each arrow a relation between concepts, or propositions,
which is sometimes designated by an appropriate label. These relations
are of primary importance, because they offer the basic structure for the
organization of knowledge, and they are chosen depending on the application
for which a network is created. Thus, semantic networks represent propositi-
onal information, and they come in different types depending on the semantic
relations that they employ. We should also mention here that apart from
knowledge representation, they are also used to support automatic systems
of reasoning. As external computer representations, they allow functions
similar to those of a data base, as well as correct inference. This is achieved
through the use of algorithms applied on internal realizations of semantic
networks, which are handled by an interpreter.

To give an example, definitional networks constitute a type of semantic
networks which focuses on the subtype, or is-a, relation between a concept
type and a defined subtype. The first such network, which is also the most
ancient known semantic network, was designed in the third century CE
by the Greek philosopher Porphyry in the context of his commentary on
Aristotle’s Categories. With it he attempted to explain the method used
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by Aristotle to define his categories by determining the genus or general
type and the differentia which distinguishes different subtypes (species)
of the same super-type (genus). The first realizations of such networks
were used to define concept types and relation patterns for mechanical
translation systems; Margaret Masterman’s system |8| was the first to be
called a semantic network. Among contemporary systems, descriptive logics
constitute extensions of the features of Porphyry’s tree. The latter, as well as
many types of descriptive logical systems, are subsets of classical first-order
logic. They belong to the class of monotone logical systems, in which new
information always leads to a monotonic growth of the number of provable
theorems, and no part of the old information can ever be deleted, or modified.
Two recent descriptive logical systems are DAML and OIL, which are used
for the representation of knowledge in the semantic web.

Implicational networks are another type of semantic networks which
focuses on the relation of implication - as its name reveals -, and is used to
support automatic reasoning systems. Depending on the way in which such
systems handle implication, the corresponding networks can be designated as
belief networks, causal networks, Bayesian networks, or truth-maintainance
systems. Chuck Rieger [5], for example, developed a version of causal networks
which he used to analyze problem descriptions in english and translate
them into a network which could support meta-reasoning. Judea Pearl [6],]7]
- on the other hand -, who developed techniques for the application of
statistics and probabilities in the field of artificial intelligence, introduced
belief networks, which are causal networks on whose arrows probabilities are
added as labels. In fact, sometimes different methods of reasoning can be
applied to the same basic graph with the addition of labels which indicate
truth-values or probabilities.

The most common among these methods are logical reasoning and pro-
babilistic reasoning. Methods of logical implication are mainly used in truth-
maintainance systems (TMS) [9]. A TMS begins from nodes whose truth-
value is known, and spreads in the whole network, combining forward and
backward reasoning. Due to its nature, it can be used for the verification
of the network’s consistency, the search for contradictions, or the finding of
positions where the network can be modified with the addition, or deletion, of
nodes. The result is a kind of non-monotonic reasoning called belief revision.
A big part of the forward and backward reasoning of a TMS can be adjusted
to a probabilistic interpretation, since truth and falsity can be thought of as
probabilities with values 1.0 and 0.0 respectively. But the continuous field of
probabilities from 0.0 to 1.0 requires finer interpretations and computations
of a higher complexity. Pearl (2000), among others, studied extensively
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probabilistic logic in belief and causal networks.

Finally, we should not fail to mention that although implicational networks
focus on the relation of implication, they are capable of expressing all dyadic
connectives by allowing a conjunction of inputs and a disjunction of outputs
in a propositional node. Gentzen [10] has shown that a collection of im-
plications of this form - called sequents - can express all of propositional
logic.

Semantic networks appeared for the first time as a means for the con-
ceptual analysis of language, and only later did they develop into a tool for
the representation of knowledge, and the construction of automatic systems
of inference. Their formal aspects are — as we have seen — almost identical
with those of traditional logical systems, and in terms of expressiveness they
are equivalent to first-order logict[2]. Thus, it seems that what is special
about them is that they use a graphic notation.

It has been argued that this graphic notation is an advantage of semantic
networks over symbolic logic, because it allows for all the information about
an entity to be stored in one node, and indicates the information relevant
to it through arrows directly connected to this node. To the contrary, in the
case of logical notation, the scattering of information not only destroys the
readability of the formula, but also obscures the semantic structure of the
sentence from which it derived. This argument is only a part of another,
more complicated one, which concerns the nature of semantics and how
different notations can lead to different systems with different pragmatic
uses. Graphic notation is also thought to have heuristic value, as it helps
the readers discover patterns which would be difficult, if not impossible, to
detect using linear notation. Finally, it seems that its main advantage is its
ability to present direct connections clearly, while linear notation must be
based on repeated appearances of variables or names.

2 The Theory of Institutions

The theory of institutions was developed in the context of computer
science, but the scope of its applications has grown much wider to include
even art, like music and theatre. According to Joseph Goguen - who introduced
it together with Rod Burstall - the purpose of this theory was to systematically
study general properties of logics, including the representation, implementa-

!Simple semantic networks can be appropriately extended so that they can express the
same logical information with first-order logic [17], while every semantic network can be
converted into a set of first-order formulas.
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tion, and translation of logics, by formalizing the notion of "a logical system"
using elegant categoric-theoretical constructions called institutions [3]. The
idea of creating such a theory was directly relevant to the state of computer
science at the time; an enormous diversity of different logics were used in
it, which naturally led to a need for a way of bringing “an order to that
chaos”. Goguen and Burstall responded to this by developing the theory of
institutions.

Definition. An institution I consists of

1. a category Sign, whose objects are called signatures and whose arrows
are called signature morphisms.

2. A functor Sen : Sign — Set, giving to each signature a set whose
elements are called sentences over that signature,

3. afunctor Mod : Sign — Cat°P giving for each signature ¥ a category
whose objects are called
Y. —models, and whose arrows are called ¥ — (model) morphisms, and

4. a relation FxC |[Mod (X) | x Sen (X) for each X € |Sign]|, called
S-satisfaction, such that for each signature morphism ¢ : ¥ — ¥’ the
Satisfaction Condition

m' Ey, Sen (¢) (e) iff Mod (¢) (m/> Fse
holds for each m’ € [Mod (X') | and each e € Sen (X).

Every logical system consists of two basic elements: its syntax and its
semantics, namely, its syntactical features and the meaning of its symbols.
These two elements, although of a different nature, are linked by the satis-
faction relation. Model theory, which combines abstract algebra and logic,
studies the relation between a formal language and its interpretations, or
models. But while traditional model theory supposes a stable vocabulary
(usually some first-order language), the notion of an institution allows us to
consider many different vocabularies simultaneously. An institution consists
of a category of signatures (the various vocabularies) such that associated
with each signature are sentences, models, and a relationship of satisfaction
that, in a certain sense, is invariant under change of signature. Two familiar
examples of this set-up are equational logic and first-order logic (or model
theory). In equational logic, a signature X declares the function symbols
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that are available, Y-sentences are equations using these function symbols,
and Y-models are Y-algebras. In first-order logic signatures in addition give
relation symbols, sentences are the usual first-order sentences, and models
are the usual first order structures. In both cases satisfaction is the familiar
relation.

The essence of the institution notion is, according to Goguen and Burstall,
that a change in signature (by using a signature morphism) induces “consistent”
changes in sentences and models in a sense made precise by the Satisfaction
Condition. This goes a step beyond Tarski’s classic “semantic definition
of truth”|4], and also generalizes Barwise’s “Translation Axiom”. The wide
range of consequences, and the fact that even for equational logic the Satis-
faction Condition is not entirely trivial, suggested to Burstall and Goguen
that this step has some substance. Moreover, it is a basic and familiar fact
that the truth of a sentence (in logic) is independent of the symbols chosen
to represent its functions and relations. In other words, it is a basic and
familiar fact that - in logic - truth is invariant under change of notation,
and it is this fact that the Satisfaction Condition was designed to reflect. In
this way, institutions allow us to study the general structure of the various
formal languages, without taking into account their syntactic and semantic
differences.

A number of logical systems have been shown to satisfy the definition
given above including equational logic, first order logic, Horn-clause logic,
Horn-clause logic with equality, and first order logic with equality. For the
present purposes we will present, in some detail, a sketch of the proof for
the case of many-sorted first-order logic.

Theorem 1. (Many-sorted) first-order logic is an institution.

Proof. (Sketch) The first we need to do is define the category of first-order
signatures FoSig.

A first-order signature 2 is a triple (S, %, IT) where

S is a set (of sorts),

Y is an S* x S-indexed family of sets (of operator or function symbols),
and

IT is an S*-indexed family of sets (of predicate or relation symbols),

where S* is the Kleene start of S: S* = [J S;, Sp = {\} (the empty string),
iEN
S1 =5, and S,y = {ws|lw € S; As € S} where i > 0.
A morphism of first order signatures ¢ : Q — €', is a triple (¢1, da, P3)
where

¢y : S — S is a function,
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By : Y — ¥ is an S* x S-indexed family of functions (P2), @ s —

u,s
!

51w 61(9) A4
¢3 : II = II' is an S*-indexed family of functions (¢3), : II, — H;,{(u).
Thus the objects of the category FoSig are first order signatures, and its
morphisms are first order signature morphisms.

Y

Next, we have to define the category FoMod which has first order models
as its objects, and first-order morphims as its morphisms.

For a first-order signature €2, an -model (or Q-structure) A consists of

an S-indexed family | A| of non-empty sets (A,|s € S), where A, is called
the carrier of sort s, and

an S* x S-indexed family « of functions ay, s : Xy s — [Ay — A] assigning
a function to each function symbol, and an S*-indexed family S of functions
Bu : I, — Pow (A,) assigning a relation to each predicate symbol, where
Pow (A) denotes the set of subsets of A.

For 7 € II, with u = s7...s, and a; € A, for i« = 1,...,n we say that
“m(ay, ..., a,) holds” (in A) iff (a1, ...,a,) € B (7).

A first-order 2-homomorphism f : A — A’ of Q—models is an S-indexed
family of functions f, : A, — A, such that the homomorphism condition
holds for ¥, and such that for 7 € II,, with u = s;...s,, and with a; € A;, for
1=1,...,n

B(W) (al""van) = 67(77-) (f51 (al)w"afsn (an))

FoMod, which has €2-models as objects and first order (2-homomor-
phisms as morphisms, extends to a functor FoMod :FoSig — Cat°P as
follows:

Given a first-order signature morphism ¢ : Q — ', define the functor

FoMod (¢) : FoMod () — FoMod (Q)

to send: first of all, A" in [FoMod (') | to A = ¢A" defined by

A, = A;, for s € S with s = ¢y (s),

Qs (o) = oz;/ Y <(gb2)u78 (0)) for u € S*, s € S and 0 € ¥, where
W = 67 (w) and s = 6y (s), |

Bu(m) =B, ((¢3), (m)) for u € S* and m € 11, with u as above;

and secondly, to send f' : A" — B" in FoMod (Q') tof=¢f :A— B
in FoMod (), where A = ¢A" and B = ¢B’, defined by f, = f, where
s = ¢y (s). It is easy to see that this construction does indeed give a functor.

The next step is to define the sentences over a first-order signature (2,
which is done the usual way, by first defining terms and formulas. For the
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variables, let X be a fixed infinite set of variable symbols, and let X : X — §
with X~!(s) infinite for any s € S be a partial function, i.e. sort assortment;
X also denotes the S-indexed set with X, = {z € X|X (z) = s}. Finally, an
(2-sentence is defined to be a closed -formula. If we let FoSen (€2) denote the
set of all 2-sentences, and we additionally define the effect of FoSen on first
order signature morphisms, we get the functor FoSigSen : FoSig — Set,
which gives for each signature €2 the set of all sentences which can be defined
on it.

Now in order to show that first-order logic is an institution, it remains
to define the satisfaction relation and to verify the Satisfaction Condition.

Given a sentence P, define Asgny (A, P), the set of assignments in A for
which P is true inductively as follows:

if P =m(t,...t,) then f € Asgny (A, P) iff (f#(t1),....f* (t,)) €
B (), where f# (t) denotes the evaluation of Y-term ¢ in the Y-algebra part
of A with the values of variables given by the assignment f using initially:

Asgnx (A, true) = Asgnyx (A)

Asgnx (A, —P) = Asgnx (A) — Asgnx (A, P)

Asgnx (A, P&Q) = Asgnx (A, P) N Asgnx (A, Q)

ASan (A’ (\V/[L‘) P) = {f|ASan (Av fﬁ ZL’) - ASg?/ﬂLX (A,P)},
where Asgnx (A, f, z) is the set of all assignments f that agree with f except
possibly on the variable x from X.

Then a model A satisfies a sentence P with variables from X, that is,
AE P, iff Asgny (A, P) = Asgnx (A).

Finally, the verification of the Satisfaction Condition was proven using
charters and parchments [15|[16], but it is too complicated to be presented
here. [l

3 Towards an Institutional Framework
for Semantic Networks

Symbolic logic and semantic networks constitute - in essence - different
ways of representing information. A logical system represents information
using a linear notation, while a semantic network does the same using a
graphic notation. In order to realize this, it suffices to consider Peirce’s
relational graphs, which belong to the type of assertional networks?. Charles

2 Assertional networks are designed to assert propositions. Unlike definitional networks,
the information in an assertional network is assumed to be contingently true, unless it is
explicitly marked with a modal operator. Some assertional networks have been proposed
as models of the conceptual structures underlying natural language semantics [1].
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/- is a Stagirite

isaMacedonian
— teaches 4C
conquers the world
— i5 a disciple of
j— is a philosopher admired by Church Fathers
\ is anopponent of

Fig 1: One of Peirce’s relational graphs, taken from [1].

Sanders Peirce [12][13] developed the algebraic notation which, with a change
of symbols by Peano [14], has become the modern notation of predicate
calculus. Nevertheless, even after he had done so, Peirce kept on looking for
a graphic notation that would more clearly show “the atoms and molecules
of logic”. To this end he devised his relational graphs, an example of which
we see in figure 1. This graph contains three branching lines of identity, each
of which corresponds to an existential quantifier variable in the algebraic
notation.The words, or phrases, attached to these lines correspond to the
relations or predicates in the algebraic notation. Thus figure 1 corresponds
to the following formula in predicate calculus:

(3z) (Fy) (F2) (isStagirite (x) A teaches (x,y) A isMacedonian (y) A
conquersTheWorld (y) A isDiscipleOf (y, z) N isOpponentO f (y, z) A
isAdmired ByChurchFathers (z)).

But although every semantic network can be translated into symbolic
logic, there is no commonly accepted formalization for doing so. To the
contrary, there are many different individual formalisms, and the transition
between them is not a straight-forward task. The variety of symbolisms
and expressions used as mathematical formalisms for semantic networks are
very useful, but we claim that the institutional machinery - using tools
from abstract model theory - can provide a general logical framework for
their representation. In particular, Horn-clause logic and first-order logic
institutions pave the way for such a framework.

It does not come as a surprise that the vague notion of a semantic network
can be formalized - in the context of the theory oftion institutions - in a
way very similar to that of first-order logic [11]. Using the first-order logic
institution as an “umbrella”, we can handle the formal representation of
semantic networks via institutions embedding. More specifically, the institu-
tion of semantic networks can be identified with the institution of Horn-
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clause logic with negation, which is embedded into the first-order logic
institution. What follows is a brief sketch of the relevant proof.

Theorem 2. Semantic networks form an institution.

Proof. (Sketch) In order to show that semantic networks form an institu-
tion, it suffices that we follow the relevant proof for many-sorted first-order
logic step by step, and adjust it accordingly to accommodate the notion of a
semantic network. To begin with, we must define the category SemSig which
has as objects semantic signatures and as morphisms semantic morphisms.

A signature Q2 € SemSig consists of a set S (of sorts) and an S*-indexed
family of sets II (of predicate or relation symbols). Sorts correspond to
concept types, and predicate symbols to relations between them.

A semantic morphism ¢ : Q — Q' is a tuple (¢, ¢y) where ¢y : S — 5’
is a function and ¢ : [T — II' is a family of functions (¢y), : 1T, — H;;(uy

At this point it becomes obvious that the only difference with first-order
logic is that in the case of semantic networks we have no operator or function
symbols. By leaving out function symbols, we go on to define first the functor
SemMod : SemSig — Cat°P, and then the functor

SemSigSen : SemSig — Set.

The former gives for each signature €2 the category of 2 — models, and the
later the set of all sentences that can be defined on it. Finally, we define
the satisfaction relation just as in the case of first-order logic, and get the
verification of the Satisfaction Condition as a straightforward consequence
of its first-order logic counterpart. m

The institution of semantic networks - which can be identified with the
institution of Horn-clause logic with negation - allows us to study their
general properties without taking into account their syntactic and semantic
differences, just as we can do for first-order languages through the institution
of first-order logic. The full significance of such a study is yet to be assessed,
since it is yet to be conducted, but given the current extensive use of
different semantic networks in projects like the semantic web and in artificial
intelligence, the study of their general structure is more relevant than ever.

References

[1] J. Sowa. Semantic Networks, Encyclopedia of Artificial Intelligence (Ed.
S.C. Shapiro). Wiley and Sons: 1987.



SEMANTIC NETWORKS AND THE THEORY OF INSTITUTIONS 17

2]

3]

4]

[5]

(6]

7]

18]

19]

[10]

[11]

[12]

[13]

[14]

R. Hartley, and J. Barnden. Semantic Networks: Visualizations of
Knowledge, Trends in Cognitive Sciences 1(5) pp.169-175: 1997.

J.A. Goguen, and R.Burstall. Institutions:Abstracy Model Theory for
Specification and Programming, LFCS Report Series. University of
Edinburg: 1990.

A. Tarski. The Semantic Definition of Truth and the Foundations of
Semantics, Philosophy and Phenomenological Research 4(3), pp.341-
376: 1944.

C. Rieger. An organization of knowledge for problem solving and
language comprehension, Artificial Intelligence 7(2), pp.89-127: 1976.

J. Pearl. Probabilistic Reasoning in Intelligent Systems:Networks of
Plausible Inference, Morgan Kaufmann: 1988.

J. Pearl, and S. Russel. Bayesian networks, Handbook of Brain Theory
and Neural Networks (Ed. M.A. Arbib), pp.157-160, MIT Press: 2003.

M. Masterman. Semantic message detection for machine translation,
using an interlingua, NPL, pp. 438-475: 1961.

J. Doyle. A truth maintenance system, Artificial Intelligence 12, pp.231-
272: 1979.

G. Gentzen. (1935) Investigations into logical deduction, The Collected
Papers of Gerhard Gentzen (Ed. and Trs. M. E. Szabo), pp. 68-131.
North-Holland Publishing Co.: 1969.

M. Dimarogkona, Semantic Networks and the Theory of Institutions.
Bachelor thesis (supervisor: Petros Stefaneas). National Technical
University of Athens: 2011.

C. S. Peirce. On the algebra of logic, American Journal of Mathematics
3, pp.15-57: 1880.

C. S. Peirce. On the algebra of logic, American Journal of Mathematics
7, pp-180-202: 1885.

G. Peano. Principles of mathematics presented by a new method, van
Heijenoort pp.83-97: 1967.



18 Maria Dimarogkona, Petros Stefaneas

[15] J.A. Goguen, and R. Burstall. A study in the foundations of
programming methodology: Specifications, institutions, charters and
parchments, Lecture Notes in Computer Science Volume 240, pp. 313-
333: 1986.

[16] I. Ouranos, P. Stefaneas and K. Ogata, Formal Analysis of TESLA
protocol in the Timed OTS/CafeOBJ method’, ISOLA 2012 (accepted).

[17] L.K. Schubert. Extending the expressive power of semantic
networks. Proc. Fourth Int. Joint Conf. Artif. Intel.,Tiblisi, Georgia,
pp.5H12-523: 1971.



O BJIO2ZKEHUUN I'PVIIII
BAYMCJIATA-COJIUTEPA B
OBOBIIEHHDBIE I'PYIIIIHI
BAYMCJIATA-COJIUTEPA

D.A. Jlynkun

Wncturyt marematuku um. C. JI. Cobosea CO PAH,
np. ak. Kontiora, 4, 1. HoBocubupck, 630090, Poccus

e-mail: DudkinF@ngs.ru

I'pynma maswiBaercss rongosotd, ecan BCAKuit eé roMoMOpgu3M Ha ce-
Os1 UMeeT TPUBHAIBHOE SIIAPO, T.e. ABJIsgeTcst aBromopdu3moM. lamee Oyaem
CYNTaTh, UYTO P U ¢ B3AUMHO MPOCTHIE TeJIble Yncaa, He paBabie 0, 1, -1. ba-
ymesiar u Conurep 1] BiepBbie MPeIIOKIIN CEPUIO TPEMEPOB HEXOMMDOBBIX
rpyui ¢ AByMd IMOPOKAAI0INUMU dJIeMEeHTaM1 1 OJHUM COOTHOHICHHUEM, OHU
Tenepb 0003HATAIOTCS

BS(p,q) = (a, t[t™" a’t = a).

DTH IPYNIbI OKA3AUCh HHTEPECHBIMU | C JIPYTHX MO3UIHNA: TEOMETPUYECKIX
cBoiicTB, dyHKIWA pocra, dbyukmun Jsna u r.a. (em. [2])

Bynem HazpiBaTh KOHEYHO MOPOXKJIeHHYIO rpynny G obobwennoti epyn-
noti Baymcaaza—Coaumepa (GBS epynnoii) ecu rpymnna G MoxkeT JeidcTBo-
BaTh HA JIepeBe TaK, 4TO CTabUJIM3aTOPbl BEPIIUH U pebep — OeCKOHEeYHbIe
mukandeckue rpynmbl. [lo Teopeme Bacca-Ceppa rpynna G npejcraBuma B
suze 71 (A) — dynmamenTaabHOR rpynnbl HeKoToporo rpada rpymm A (cwm.,
Hanpumep, [3| win [4]), BepiuHHbe U peGepHbIe IPYIIIB KOTOPOTO BECKO-
HeYHBbIe IHKJIXIeCKHe TPYIIIIHL.

Besikoit GBS rpynne G MoxHO conoctaBuThb rpad ¢ merkamu (I') \), rme
I’ — koneunwrit rpad, a A\: E(I') — Z\ {0} merku na pebpax I'. Merka A(e),
HAIMCAHHAsT Ha pebpe € ¢ HAavyaJOM B BEDIIHHE U, ONPEJE/seT BJIOKEHUe
e : e — v nukamYeckoil pebepHoil rpyIIbl (€) B MUKIMICCKYIO BepIIHH-
Hyto rpynny (v) (moapobhee o rpadax ¢ METKAMH W MX CBOHCTBAX CMOTPH
§1).

Ormerum, aro GBS rpynnsl A0BOJBHO aKTHBHO HCC/AEI0BAIUCH B I0-
caenuee Bpems [5], [6], [7]. B wacTHOCTH, akTHBHO 06CyKIaTach TpodIEMa
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n3omopduzma GBS Tpynm: onpenennTh aITOPUTMUYIECKH KOTJA JIBA, TAH-
HBIX I'pada ¢ MeTKaMmu 3313101 u3omopdubeie GBS rpynnbsl. Hecmorps Ha TO,
YTO B HEKOTOPBIX YACTHBIX CJAy4asx mpobema u3zoMopduzMa ObLIa perieHa
[8], [9], [10], B obmIem caiydae cyImecTBOBAHHE AJTOPUTMA HE YCTAHOBJICHO.

[Mycts T — mepeBo ma xoropom GBS rpynna G aeficTByer Kak omnmuca-
HO BbINIE. DjeMenT g € (G Ha3bIBACTCH IANUNMUYECKUM €CJI OH (DUKCH-
pyeT HeKOTOpYIO BepIIuHy. Ecau g He 3/UIMITUYECKHI, TO OH 2unepbosue-
ckull: CYIIeCTBYeT g-WHBApHAaHTHAS OCh HAa KOTOPOH ¢ JeficTBYyeT CIBHUraMu
Ha MOJIOXKUTENbHOE Tes0e [(g). Oupeenenne SITHNITHIHOCTH JIEMEHTA KOP-
PEKTHO, HE 3aBHCHT OT KOHKDPETHOTO JIEHCTBUS W JIEPEBA, W OIPEIE/ISeTCs
TEOPeTHKO-IPYNIOBBIME CBoiicTBaMu rpymibl G [11].

Onpenenum Moxysngpubiii romomopdmm A: G — QF. [ng mamsOro
g € G BuiGepeM MPOU3BOJILHBIN HETPUBUAJBLHBINA JIJIAITHUCCKHN 3TEMEHT
a € (G, Torma i HEKOTOPBIX IEJIBIX M U M, He paBHBIX (), BBIIOJIHSIETCS
pasencrso g~ 'a™g = a”. B srom caydae nonaraem A(g) = 2. Hecnoxno
JIOKa3aTh, 9TO TaKoe onpejenenne KoppeKTHo. Momyngapubiii romoMopdusm
UrpaeT BayKHYIO pOJb B uccienopannu GBS rpymm.

IIyets p m ¢ — B3aMMHO TIPOCTBIE TieJible 4dmcya, He paBHble 0, 1 m —1.

IHomnsiTno, wro ecin BS(p, q) € G, ro £ € A(G). Obparno, ecmmn § € A(G),

To B rpymmne G paspemmmo ypasHenue r - lyPxr = y?, o1HAKO, HESACHO, BEPHO
JIM, 9TO B 3TOM cjy4dae rpynna BS(p,q) sasiserca noarpymnoii rpymmb G.
B 2007 roxy T. Jlepurt [10] cpenn mpovux 3aMedaHuii THIIET, 9YTO CKOpee
BCETO HEe BepHO TO, uTo rpynna G copepxkut BS(p, q) ecin § # +1 npuna-
nexxut A(G). Takue coMHeHHsT BECbMa €CTECTBEHHBI, YTOOBI ITO YBUIETH
paccMoTpuM cJeayIonmni

ITpumep. [Iycts G — GBS rpynna 3agannas rpadom ¢ merkamu L', cM.

pucynok. Torna G = (z,y, s|a? = y3, s 1y?s = 23).

a

(

4 a9 2 x 3

I'pad ¢ meTkamu I'pad ¢ metkamu I
rpynnst BS(4,9)

3 Y2

Cymiectryer ecrectBenubiii romomopdusm uz BS(4,9) = (a, |t lalt =
a®) B rpynny G 3aJ1aHHBI Ha MOPOZKJIAIOIIMNX TaK:

Ja—u,
v t — s.
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Opnrako, 5T0T romomMopdu3M He saBAsgeTCsS BaoKeHHeM. JleficTBuTeh-
HO, 10 JeMMe Bpurroma (cm. §1) kommyrarop [a? ta®t™!] # 1 B rpyn-

e Baymcnara-Conmrepa, Ho ero obpas B rpymnne G pasen [z2,sz®s™!] =

[v*, % = 1.

Tem He MeHee BJIOKEHHE YIAeTCs HANTH.

Teopema. I[Tycmo G — GBS 2pynna u p u ¢ — 83aUMHO NPOCMBLE Ue-
avte wucaa, we paswoe 0, 1 u -1. I'pynna Baymcaaza—Coaumepa BS(p, q)
sxaadusaemcea 6 epynny G mozda u moavko moada, Kozda § e A(G).

Hapsay ¢ npobiemoit nzomodpusma GBS rpymn, BUIIMO, CTOUT UCCTIET0-
BaTh npobaemy sioncerus GBS IPpyIIT: onpeaeJuTh aarOPpUTMIIECKH KOTIA
aBa gaHHbiX rpada ¢ merkamu Ay = (I, A\) u Ay = (I'g, Ag) 3amator Takue
GBS rpynusl, uro rpymma 7 (A;) BKaagbBaercs B rpymiy iy (Ay).

I'ummoresa. [Ipobsema Biaoxkenuss GBS rpyn pa3periaMa.

B monb3y 3Toit rumoTe3sl MOXKHO MPUBECTH pe3yJIbTaThl padoThl X. bac-
ca [12|. B sroit pabore paspaborana Teopusi HaAKpbITHiI IpadOoB IPyII K
mutst AByX rpacdos rpynm Ay u Ay, mpuBeeHbl HEOOXOIUMBIE U TOCTATOTHBIE
yeanoBust Biaoxkenust m1 (A1) B m1(Ay). C apyroit croponbl, 511 yeaosust cdop-
MYJIHPOBAHBI TaK, 9TO TpeOyeTcs HeMAJIO YCUIuil, YTOObI peajn30BaTh UX B
KOHKPETHBIX cirydasix. B 2009 romy [13] aBrop ycremHso ucnoib30Bat Tepe-
my X. Bacca pis onucanust Beex nogrpyun rpyunbt BS(p,q) B Tepmunax
rpaoB ¢ MeTKaMu U MPOCTHIX Pas3audHbIX p U ¢, a B 2010 roay [14] onu-
caJl TIOJArPYIITHl KOHEYHOTO MHJEKca Ipynibl BS(p, q) 1 COOTBETCTBYIONIHE
uM rpadbl ¢ METKAMU TIPH B3aWMHO MPOCTHIX P 1 (.
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B craTbe n3y4arTcs HEIOABUKHBIE TOUKHM MOJAIBHBIX (DOPMYJI U CBOIi-
CTBa OHpeIeISomux (hopMyI I STUX TOUEK.

Panee aBropom 6b1710 JIOKa3aHO, 9TO Jjisi POPMYJI C BHEITHUMHE MO/IA/Tb-
HOCTSIME "BO3MOKHO" (3TO 03HA4Yaer, 4T0 Jt0O0e BXOXKIEHHE MOJATbHOCTH
"Heobxo MO HAXOIUTCS IO/, IeiCTBHEM HEKOTOPOIl MOJATBHOCTH "BO3MOZK-
HO") U MO3UTHBHBIM BXOXKEHHEM BBIJICTIEHHON TTePEMEHHON UX HAUMEHbBIIe
HEIIOJIBUKHBIE TOUYKH TaKyKe OIpeIeMMBI ¢ ITOMOIIbI0 (OPMYJ ¢ BHEITHU-
MU MOJAJbHOCTSIMEU ''BO3MOZKHO'"HA TPAH3UTUBHBIX MOje/isax. Bojee Toro,
I TakuX (POPMYJ MX HAMMEHBIIHE HEIMOABUKHLIC TOYKH OLPEeICTHMBL C
HOMOIILIO HTepanuu. 1o ecThb CBoicTBa 3TUX (POPMY/I aHAJIOTHYHBI CBOJ-
cTBaM (POPMYJI, B KOTOPBIX BCTPEYALTCS TOJIBKO MOJAJIBHOCTH "'BO3MOXKHO'.
DTO 03HAYAET, YTO B MOJAJBHBIX JIOTHKAX LIS OIIPEIeIUMOCTH HAMMEHBIIITX
HEIOABUXKHbBIX TOYEK BHELIHUE MOJAJIbHCTU MIPAIT PELIAIOLLYI0 POJib. DTO
3aMedaHue NPUBOAUT K UCC/ICHI0BAHUIO (DOPMYJI ¢ BHELIITHUMH MOIAILHOCTS-
mu "reobxoanmo". Jlokazano, 9To st (POPMYJI ¢ BHEITHUMHA MOJIAJTHHOCTSI-
Mz "HeoOX01rMO" M TO3UTHBHBIM BXOXKIEHHEM BbIJIEJIEHHONH IMepeMeHHON 1X
HaVMeHBIIIe HEMOIBUKHBIE TOUYKH TaKrKe OIMpeIe UMbl ¢ COXpaHEeHHeM II0-
BUTHBHOCTH TAaPaMETPOB ¢ TOMOIIBIO (POPMYJ ¢ BHEITHUMHI MOJAILHOCTSIMHI
"HeobxoauMo" B pediiekcuBaX 1 UppedIEKCUBHBIX MOJEISTX CO CIa0bIM YCI0-
BreM KOH(MUHAILHOCTH BO3PACTAIOIINX Ielleli, 4TO HOATBePXK IaeT BaKHOCTD
BHEIITHUX MOaabHOCTel. TakuM 06pa3omM, MOXKHO CKa3aTh, YTO BHEITHUE MO-
JTAJIBHOCTU COXPAHSIIOTCI IPH MEpexoje K OnpeiessiomuM (hopMyaaM. DTo
CTABHUT 3334y MCCICTOBAHUS CBOUCTB (POPMYJ, COXPAHIIOMNXCS P Iepe-
X0/1e K OIpPeJIesISIonuM hOpMyJIaM.

Moodaavrvie npono3uyuoHasvHbie HopMIYAbL COCTABIISIIOTCS W3 MPOTIO3H-

IIUOHATBHON KOHCTAHTHI | (JI02Kb) M MPOTMO3UIUOHATBHBIX IEPEMEHHBIX D, ¢, T, . . .

C IOMOIIBI0 OMHAPHBIX CBS30K A, V M YHAPHBIX CBA30K —, (1 u .
Hlxanra Kpunkxe (W, R) cocrout u3 HemycToro Muoxkectsa W u Gunap-
woro ornomenust R wa W. Modeav Kpunxe (W, R,v) cocrouT u3 mIKasbl
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Kpunke (W, R) u o3nauuBanus v. Oznavwusarue v — 310 DYHKIHsI, KOTO-
past KayKJI0if mepeMeHHOH ¢ CTABUT B COOTBETCTBHE MOJMHOKECTBO v(() MHO-
kectBa W. 3Hadenue nepeMeHHOH ¢; OyieM 0003HAYATh COOTBETCTBYIOINIECH
IpONUCHO# OYKBOi ();. PYHKIUS ¥ €CTECTBEHHBIM 00pa30M MPOJ0IKAETCS
Ha (POPMYJIbI: KOHCTAHTE | Bcerja cOOTBETCTBYET IyCTOE MHOYKECTBO, CB3-
kaM -, A, V, [J, { cOOTBETCTBYIOT JOMOTHEHNE, Tepecedenne, 00be InHEeHNe
U CJIeIYIONIHE OlEPAIUU Ha MHOXKECTBAX:

OA = {z|Vy(zRy = y € A)}, 0A={z|3y(zRy Ay € A)}.

Ilycts pama dopmyra ¢(p, qi, - .., ¢,) OT TEPEMEHHBIX D, ¢1, . . . , ¢, T MO-
nenb Kpunke (W, R, v ), B KoTOpoii 3a1aubl 3HadeHusa (Qq, .. ., (), mepemMen-
HBIX (1, ...,(Q,, & 3HAYEHHE [IEPEeMeHHOl p He 3ajano. Popmysia @ omupe/e-
nser Ha momenu (W, R,v) omeparop F,(P) = ¢(P,Q1,...,Q,). MHuoxe-
cTBO P Ha3bIBaeTCd HEMOIBUKHON TOUKOil omepaTopa I, ecin BBIIIOJIHIETCS
P = F(P). Eciu HenojBuzKHasi TOYKa P COBIaJaeT co 3HAYEHHEM HEKO-
Topoit bopmyst w(qi, ..., q,), TO GopMyIa w onpedessem HETOIBUKHYIO
TOuKy P.

[Tepemennass BxouT B (pOPMYJIy TOJIBKO TMO3UTUBHO, €CJIM BCE €€ BXOXK-
JIEHUST HAXOATCS MOJI AeHCTBHEM YETHOIO IUCJ1a OTPHUIAHIA.

QopMysia w COXpaHseT MO3UTUBHOCTD IIAPAMETPOB, eCJIH JIJI KaXKI0Tr0 (;
BEPHO, YTO €CJIH ¢; BXOJUT B  TOJBKO HO3UTUBHO, TO W B W HepeMeHHas (;
BXOJIUT TOJIBKO O3UTUBHO.

[MTkana Kpunke < W, R > na3biBaeTcs MKAJIONH € YCJIOBUEM KOH(PUHATb-
HOCTH OECKOHEYHO BO3PACTAIONINX Iemell, ecan st 000 6eCKOHEYHO BO3-
pacratorneit menu z1RzoR ... (r; He PaBHO T;) CYIIECTBYeT T; TaKOi, UTO
I joboro x; Ry cymecTByeT x; Takoit, 4To yRx;.

Teopema 1. Jlas a060i dopmyave ©(p,qi,- .., Gn), NO3UMUEHOT N0 P, ¢
sHewHUMU Modasvrocmamu [, cywecmeyem dopmyaa w(qy, - . ., qn), cOTpa-
HANOULAA NOSUMUSHOCTD NAPAMEMPOS, € SHEWHUMU ModasvHocmamy [ u
ONPEJeAAIOUAA HAUMENDULYIO HENODBUNCHYI0 MONKY onepamopa F, 6 1100607
YACTNUNHO YNOPAJOUEHHOT MOOJEAU CO CAGOBIM YCAOBUEM KOHBUHAABHOCTIU
803paACMAWUL yened.

AHajornaHas TeopeMa BepHA M sl CTPOTO YaCTHUIHO YHOPSATOYEHHBIX
MoOJIeJiei ¢o cJabbIM yCJIOBHEM KOH(MDUHAJIBHOCTHA BO3PACTAOIINX IEIei.

Koncrpykiusa depecayp IpoMo3/iKa, CJI02KHA U TpedyeT MHOI'O JOMOJIHU-
TeJIbHBIX OIpeie/IeHnil, YTOOBI IPUBOIUTH ee 371eCh. B moIHOM BHIEe ee MOXK-
HO HaiiTu B nuccepranuu [1|. s nokazaTeancTBa JOCTATOYHO TIIATETHHO
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MpPOCIeINTH 32 HUKHEN 9acThi0 KOHCTPYKITNHU, OTBEYAIONIel 3a BHETITHIE MO-
JIAJIBHOCTH. DTO JIOCTATOYHO TeXHHYECKas 3a/1a4a.

B cBg3u ¢ 3TUM pe3ysbTaToM BO3HHKAET 00IIas mIpob/ieMa HCCIeI0BaHUs
CBOMCTB UCXOTHOU POPMYIIBI 0, KOTOPBIE MOYKHO TIEPEHECTH HA ONPEIesIO-

1y GopMyy w.

JIureparypa
[1] HemonBuzKHBIe TOYKH MOJATBHBIX OHEPATOPOB, JUCCEPTAIUs HA CO-
UcKaHue y4deHoit crenenu a.¢.-m.H., HoBocubupck, 2001, 237 c.
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Kaxk xopotro u3BecTHO KpyT ajrebpandecKux CBOHCTB aarebpamvecKux
CHCTEM W OTHOIIEHUN MeXK/y MOCAeTHUME BHIPDA3UMBIX B PAMKaX SI3bIKA HUC-
YUCJICHUS [IPEJAMKATOB IEPBOrO MOPsi/IKa JIOCTATOYHO orpanuden. B 1o ke
BpeMsi, TPAKTUIECKH BCE STU CBOIICTBA M OTHOIIEHUSI MOTYT OBITH BBIPAZKE-
HBl B paMKax s3bIKa BTOPOTO HOpsiyika. OHAKO 3Ta MOIIb $S3bIKa BTOPOTO
HOPSJIKA, C JIPYTO#l CTOPOHBI, MPUBOIUT K TOMY, YTO (haKTUIECKH HEBOZMOK-
Ha 00Ias cojeprKaTeabHasd TeOpUsl Mojeseit 3Toro s3bika. B sTom miame
LIPOMEXKYTOYHOE 1IOJIOKEHUE MEXKJIYy SI3bIKAMU 1EPBOIO M BTOPOI'O IOPsJIKa
3aHUMAIOT BECKOHEYHbIe SI3bIKU BUIA L, ., TOCTPOEHHBIE KAK HEKOTOPOE I10-
no6ue (06001IeHNe) A3BIKA TEPBOTO MOPSIIKA U, B TO YKe BPEMSsT, 3HAUNTEIHHO
foJiee BBIPA3UTEJbHBIC, Y€M S3bIK [IEPBOTO MOPSIIKA.

[Ipu 9TOM TE/IBI] Psi/i CBOMCTB airebpandecKuX CHCTEM BBIPA3UMBIX H3-
HAYATBHO, B CWJIY UX HCXOTHOTO OIpPEIETeHUsI, B S3bIKe BTOPOrO TMOPSIKA
OKa3bIBAIOTC BbIPA3UMbIMHU (DOPMyJIaMH DECKOHEYHBIX S3BIKOB. B KauecTse
npuMepa mogoOHO cuTyarnun ykazxkeMm Ha paborsl asropa [1], [2] B KOTO-
PBIX, B YaCTHOCTH, YCTAHABJIUBACTCA BO3MOXKHOCTH MOMOOHON BBIPA3HMO-
CTU B GECKOHEYHBIX SI3BIKAX JIJII OTHOINICHUH T€OMETPUYECKONH IKBUBAICHT-
HOCTH YHUBEPCAJIbHBIX aIre0p, CHHTAKCHUIECKOH HeSBHON IKBUBAJICHTHOCTH
ajiredp, onpeaeMMOCTH KJjaccudeckux [ajiya-3amblkanuii mojajiredp yHu-
BepCaJbHBIX aaredp u T.JI.

[To06HBIM BOIIpOCAM, CBA3aHHBIM C MOHATHEM KECTKOCTH aJjrebpande-
CKUX CHCTeM (OTCYTCTBUSI HETPUBHAJIBHBIX aBTOMODMU3IMOB, IHIOMOPDU3-
MOB «Ha») W UX TPAH3UTHBHOCTH, a TAK¥KE HEKOTOPBIM CBOHCTBAM CBsI3aH-
HBIM C KOHI'DYIHIUAME ajirebp U 1OCBsdIeHa ra padbora.

Hamomuuwm (cm., K mpumepy, (3], [4]), aro anrebpandeckast cucrema Ha3bi-
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BAETCs JKECTKOil (9nmrKkecTKoii, onto-rigid B Tepmunonorun [4]), ecin oHa He
MMeeT HeTPUBUATBHBIX aBTOMOPMU3MOB (HeTPUBHAIBHBIX YHIOMOPGU3MOB
Ha cebs1). OueBUIHBIM 06PA30M TO CBONCTBO, B CJydae KOHEYHOCTH CHTHA-
TYPBI, 3AIMCHLIBACTCA HA A3BIKe MCYUCICHUA IPEIIKATOB BTOPOTO IMOPIKA.
B TO ZKe€ BpeMdA OHO He MOZKeT 6BITb 3allICaHO Ha A3bIKE JIOTUKH II€PBOIO
nopsizika (K IpUMeEpy, CYIECTBYIOT Ge3aTOMHbIE, A, 3HAUUT, 3JEMEHTADHO
9KBHBAJCHTHBIE OYJIeBbl aarebpsl Kak kecTkue (cM. [5]), Tak u me aBisio-
Mmpecst TAKOBBIME). BoJiee TOTO, CYIIECTBYIOT JayKe CYETHBIE HJEMEHTAPHO
SKBHBAJICHTHBIC CHCTEMBI KOHCYHOI CUTHATYPHI OJHA N3 KOTOPBIX JKECTKA,
Jpyras — HeT: MycTh A = w gBJAAeTCH ePBbIM OECKOHEYHBIM OPJUHAJIOM, a
B — m1060e dj1eMeHTapHO SKBHBaJIeHTHOe 2 cueTHOe oT/ndHOoe oT 2 JnHei-
HO YIIOPsIJIOYEHHOE MHOXKECTBO, TOTJA, OUEBHIHBIM 00pa3oM, A — KecTKas
cucreMa, a B — HetT. [TokazkeM, 4TO TaKoe HEBO3MOYKHO JIJIsI CIETHBIX aJred-
pauvIecKUX CHCTeM SKBHBAJEHTHBIX B si3biKe L. 110 TTOBOIY ompeeieHust
s13biKa, Ly, ., CM., K TIpUMeEDY, |6].

st moboro HarypassHoro n aarebpa A = (A;0) HaspiBaercs (cM., K
npumepy, [3]) n-TpaH3uTHBHOM, ecauw A THOOBIX a1, ..., Ay, b1, ..., b, € A
TaKUX, 9TO @; = @; TOTJA W TOJbKO TOLJA, Korjga b, = b; cymecrsyer
v € Autl Takoit, uto p(a;) = b; ang i < n. Bes Tpyma, ma mpumepe
IJIOTHBIX JIMHEHHBIX HOPSJIKOB 3aMedaercs, 4TO CBOUCTBO, K 1pumepy, 1-
TPaH3UTUBHOCTH HE MOZKET 6BITb 3allICaHO Ha A3bIKe IIePBOT'O MOpAaKa, B TO
BpeMs Kak OfpejiesieHne nN-TPaH3uTHBHOCTH (DOPMYINPYETCs B siI3bIKE BTOPO-
ro nopgaaka. Ilokazkem, 9T0 1/Ig CUCTHBIX aJre0pamdecKux CHUCTEM CBOMCTBA
N-TPAH3UTUBHOCTH, KAK W CBOHCTBA YKECTKOCTH, BHIPA3UMBI B sI3bIKE L,

Xoporo uzsectHo (cM., K mpumepy, [6]) caegyiomee yrepxK aenue.

Teopema Ckotta ([7]) /s 410601 ne boaee wem cuemnot anrzebpause-
ckoli cucmemvt A = (A; o) He boaee wem cuemuol cueHaAMYpPol CYWLCMBYEM,
npedaoocernue Py 6 asvike Ly, makoe, wmo 0as 6cexr ne boaee wem cuem-
HoLZ cucmem B yeaosud

2. b=

PABHOCUNBHDL.
[Tokakem, uro Teopema CKOTTA Bj€YeT BBHIPA3UMOCTH CBOWCTBA ZKECT-
KOCTH Ji1s1 He Oojiee YeM CUeTHBIX aJrebpanvecKux CHCTeM He 0oJjee 1ueMm
CUETHON CUTHATYDHI B A3bIKe Ly, . A UMEHHO HMeeT MecTo
YrBepxKaenue 1. 2Kecmrue cuemmnie ar2ebpovl 6u0eAA0MCA CPeou cuem-
HOLT anz2ebp Gurcuposartoti CuzHamyps, COBOKYNHOCMBIO Ly, ,-popmys amot
CULHAMYPDL.
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HokazarenbctBo. [Tycts A = (A;0) xecTkast He Gojee 4eM cYeTHas
aJrebpa He GoJiee 4eM CUETHOM curHaTypsl o. Hepes o’ obo3Hadmm oboraimie-
HUe CUTHATYPHBIo Ho0aBjieHHeM HOBO# KOHCTAHTH ¢. Ilycrs d € A. Uepes 2y
0bo3HaunM oboralnenne aarebpsl 2 10 CATHATYPHI 0 yTeM UHTePIPeTAIUH
KOHCTaHTHI ¢ 3yieMeHToM d. Hepes ®y, obosznaumm coorsercrBylomiee Ly, -
npeoxkenne n3 dhopmyauposkn teopemsl Ckorra, a depe3 Py, (x) Ly,e-
dbopmyy norygarontyrocs u3 Py, 3aMeHOIl KOHCTAHTHI ¢ HA IEPEMEHHYIO T.
Torma st MOOBIX 371eMeHTOB dq, dy € A HCTHHHOCTH (GopMyabl Py 0" (x) ma
sneMenTe ds B anredbpe 2 o3HaUAET CyHIeCTBOBaHUE aBTOMOpdHU3IMa aared-
pbl 2l mepeBo/isIero sjeMeHT d; B djeMeHT do. Tem cambiM, st JIFOOOH He
bosiee yem cueTHOi aarebpbl B cUTHATYPHI 0, Ha B UCTUHHA COBOKYMHOCTD

L, .,~dbopmyn

Y = {Py = &aea Vr,y(Po, (2)&Py,(y) = = = y)|

20 — mrobast He Gostee wem cueTHasi o-aarebpat

TOTIa ¥ TOJBKO TOTIA, KOraa B KecTkad o-ajarebpa. YTBepzxKaenue 1 moka-
3aHO.

Anajoruunasg curTyanus UMeer MeCTO W JIUIs CBOICTBA SIMMKECTKOCTH.
Hanomuum, ato - dpopMyJia Ha3bIBACTCS IMO3UTUBHON, €CJIM NPU ee UHJYK-
THBHOM IIOCTPOEHHH He BOCTpPeOOBAHBI CBA3KH — H —.

B pabore [8] nokazan cieayromnuii anaaor reopeMbl CKOTTA.

Teopema 1 ([8]). Jaa a0boii ne Goaee wem cuemmoti cucmemvr A =
(A;0) ne Goaee wem cuemmnoli cuenamypor cyuecmeyem npedaoscenue Dy
aavka Ly, makoe, wmo das 110607 ne boaee wem cuemnol cucmemovt B =
(B;0) ycaosus

1. B = o,
2. cywecmsyem snumoppuam cucmemv, A na B

PABHOCUALHBL.

Cuaenyroree yTBepzKaeHNEe O BBIPA3UMOCTU B A3bIKe L, CBOMCTBA 31IH-
ZKECTKOCTH JIJIsl CYETHBIX CUCTEM BbITEKaeT U3 TeopeMbl 1 1000HO TOMY, KAk
yTBep:keHne 1 BoiTekaeT u3 TeopemMbl CKOTTA.

YrBepkaeHTE 2. Dnuscecmrue cuemnvie ar2ebpv, He boree wem cuems-
HOT CULHAMYPDL BHLOEAANOMCA CPEJU CHEMHBLT GA2e0p 2MOT CULHAMYPYL CO-
sokynHocmvr0 Ly, ,-popmya.

JloKazaTeIbCTBO 9TOTO YTBEPKIEHUs JOCJOBHO MOBTOPSET TOKA3ATETb-
cTBO yTBepKAenuda 1 npu 3amene gopmyn Po, na Gopmyns @;d 7 CCBLIOK
Ha Teopemy CKOTTa cChbLIKaMu HA Teopemy 1.
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Hakowner ormeTnm, 9To orpanunderue B (popMyJaHpOBKax yTBEPZKICHU
1, 2 me 6osee yeM cyeTHbIMH ajrebpamu 2 cymiecTBeHHo. lelcTBUTEIBHO,
mycTh 20 HEKOTOpasi HeCUeTHasl YKeCTKas (ImurzKecTKast) GesaroMmas Oyiie-
Ba anrebpa (o cymecrBoBanne TakoBeX cM. [5]). ITo Teopeme Jlepenreiima-
Ckosiema Jyisd g3bika Ly, ,, CylecTByeT cuernas Oysesa aiareopa ‘B skBuBa-
meHTHad anarebpe 2A B a3bike Ly, ., &, 3HAUNT, B cyeTHas Oe3aToMHag OyseBa
ajarebpa, KOTopas, Kak XOPOIIIO M3BECTHO, He ABJIACTCS HU SIMUKECTKON, HH
ZKeCTKOH.

OdeBuAHBIM 00pa3oM ¢ Homompbio (opmyn Py, TOKa3bIBaeTCs U CIeIy-
I0ITee yTBEPZK/I€HHE.

VrBepxkaenue 3. Jlaa awbozo namypasvrozo n, ecau A = (A;0) n-
MPAH3UMUCHAA He DOAEE YeM CHEHAA AA2EOPAUYECKAA CUCTIEMA He boiee
wem cuemnol cuenamypor u B ne boaee wem CUEMHAA CUCTIEMG IKGUBH-
senwmuan cucmeme A 6 asvike Ly, mo u B A6aAeMCA N-MPan3umusHod.

Jost 1060it anre6psr A = (A; o) u m06bix a,b € A uepes ©2, 0603HadIM
IJIaBHYIO KOHTDYSHIHIO anrebpbl 2 mopoxaeHHyto napoit (a,b). Knaccuae-
CKUM SBJISIETCS CJIeAYIONIee OMUCAHNE TJIABHBIX KOHTDYIHITUI

JIlemma Mansuesa ([9]). s 060t ynusepcaivrol anzebpv A =
(A;0) u mobwr a,b,c,d € A caedyrousue Ycaosus IKGUBAACHMHDL:

1. <C, d) € @2[7177

2. cywecmeyrom Hamypasvroe n, mepmol po(To, Y), P1(Z1,Y)s - -« Pu(Tn, Y)
CULHATNYPYL O U KOPMENCU dAeMEHMOE C; u3 A marue, wmo ¢ = po(Co, y)

Pr(Cryy) w 022 0 <0 < n PG, b) = Pis1(Ciya, a).

Tem cambiM, 04eBUIHO, ITO 115 JIIOOO0I He DoJjiee YeM CUYETHONH CUTHATY P
o cymectByer L, ,~-bopmyna Poon(z, y, w,v) CUTHATYPBI 0 Takasg, 9TO s
aoboit anrebpel A = (A;0) u 06X a,b,c,d € A {(¢,d) € @iﬂb TOTIa U
TOJBKO Torma, Korjma 2A = Poon(c, d, a,b).

Hamomuum (cM., K ipumepy, |3]), 4o anrebpa maspiBaeTcs npocToii (11o/1-
IPSAMO HEPA3T0KUMOIT ), €C/IM OHA UMEeT JIUIIb JBe KOHrpysHIwn \7 1 A (ec-
JIM y Hee CYIIeCTBYeT HAWMEHBIasi CPe/ln KOHTPYSHIMH oTangHbix o A). B
cuty cyrectBoBanus hbopmyasl Poon (2, y, U, v) UMEET MeCTo

Vreepxkaenue 4. Kiacco, npocmolz (noONpamo Hepasioncumols) ai-
2ebp Ppurcuposannotl ne bosee wem cuemnolt CuzHamypPsl GKCUOMAMUUPYeE-
Mbl € NOMOULLIO Hekomopot L, ,-dopmyasi.

B paGorax [10], [11] moka3aubl caemyroriye yTBepK IeHUST

Teopema 2 ([10]). Jas arboz20 L, ,-npedioscenus ©, ecau ® umeem
poero k nonapro neusomopdrmz cuemmox modeaeti, 2de Ny < k < 2% mo
® umeem modeav wecuemmoti mouspocmu.

d
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Teopema 3 ([11], V = 1). Jlaa awbozo Ly, ,-npedroscenus ®, ecau P
umeem poero k nonapro neusomopdroir modesetc mowpocmu Ny, 2de 1 <
k< 2%, mo ® umeem modeav mougrocmu 280,

N3 yTBepxkaenusd 4 n TeopeM 2, 3 BBITEKAET

CaencrBue 1. a) Jloboe mrozoobpasue V yHusepcasohulx ar2ebp He
boaee uem cuemmots CuHAMYPvL, UMENULEE POBHO k NONAPHO HEU3OMOPHHBLL
CUETHBIT NPOCTIBIT (TOONPAMO HEPASA0NHCUMBLE) anzebp, 2de Wy < k < 280,
uMeem npocmyro (noONPAMO HEPAAOHCUMYIO) HeCHeMmHYIo arz2ebpy.

6) (V = L) Jloboe mnozoobpasue V yrnusepcasvnois anrzebp ne boaee uem
cUemHOT CuUHAMYPsL, UMENULEE POBHO Kk NONAPHO HEUSOMOPHHBIT NPOCTNGLL
(nodnpamo nepazaostcumuiz) arzebp mouwsrocmu Ny, 20e 1 < k < 2% umeem
npocmyio (nodnpamo mepasioscumyio) arzebpy moumocmu 2%,

B pa6ore [12] (B npeanooxkennn GCH) nokazano, 9T0 CIEKTPhI TIPOCTHIX
anre6p (COBOKYITHOCTH GECKOHEUHBIX MOIIHOCTEH MPOCTHIX aaretp) Jiroboro
MHOTr00Opas3us uMeroT Buj b0 &, 6o { N}, 6o {Rg, 2%}, 6o [Ny, 00).

Tem camMbIM, U3 3TOTO YTBEPXKICHHUS U YTBEPKICHUS CJACACTBUAA 1 BbITe-
KaeT

Caencrsue 2 (V = L). Jlwboe mnozoobpasue V yrusepcasvnux as2ebp
HE boaee wem CUemHotl CuZHAMYPsl, UMEIOUEE KOHMUHYAALHYIO TPOCTYIO
anzebpy, MO Y KOMOPO20 “UCAO MAKOGHLL NONAPHO HEUSOMOPPHHLLT as2edp
menvue wem 220 umeem npocmuie aazebpu 410607 6eCkOHENHOT MOUHOCTIU.

Autre6pa 2l HasbiBaeTcs niceBmonpocToii ( ¢M., K npumepy, 3], [13]), ecan
a0bas ee HEoAHOdIEeMeHTHasd ¢dakTop aarebpa m3omMopdHa eif camoil. Al-
re6pa 2 Ha3BIBAETCsI P-MCeBAONPOCTOi (eM. [14]), ecan ee dbakTop 1o JTH060H
[JIABHOM KOHTPYIHIIUHU JTUOO OJIHOITEMEHTeH, 00 n3oMopden 2.

Jast moboit Ly, ,-popmyibr @ u joboit L, ,-dbopmyasr W(x,y) dyepes
Rely® oboznaunm L, ,-dopmyny noaydaemyto u3 ¢ 3amenoit papeHcTBa & =
y Ha dhopmyny V(z,y). Torma, eciu ¥ onpenessier Ha 2 KOHIpyIHIUIO O,
TO CJIeJIYIOIHe YCJI0BHA PaBHOCHILHBL 2 /g E ® u A = Rely®.

NmeroT MecTo:

YrBepxkaeuue 5. Co6okynHocms p-ncesdonpocmolr CUeMHbL as2edp
M060T He boaee uem CHemHol CUZHAMYPLL 0 GKCUOMAMUSUPYEMA 8 KAACCE
BCET CUETMHBLEL AA2€0p IMOTE CUHATIYPDL C NOMOULBIO HEKOTOPOT COBOKYNHO-
cmu Ly, o,-popmya.

O4eBUIHO, UTO COBOKYMHOCTHIO MOMOOHBIX hopmyn siBisercss {Py —
Vu, v(3z, y=Pcon (2, ¥, u, v) = Relao,, (2,y,u,0) Pa|A —11pousBosibHasK 0-ainrebpa
}.

Hanmomuanm npu sTom, aro $g — dopmymna Crorra st amredpor 2.

YrBepxkaeune 6. Cosorxynnocms ncesdonpocmuis CHEMHBLT an2e0p A10-
6011 He boaee wem cUemHoti CuUzHAMYPLL O GKCUOMAMUSUPYEMA 8 KAACCE BCET
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CUEMNBIT AA2e0D IMOT CULHAMYPYL ¢ NOMOULBIO HEKOMOPOT COBOKYNHOCTU
L, w-popmya.

[TonoGroit copokymHOCTBIO ABngerca { Py &Tr, y(x # y — Py )|A — mpo-
M3BOJIbHASI o-arebpa }.
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1 Bsenenne

[Tox, kinaccuyueckoit GECKOHEYHOCTHIO Mbl 110/[PA3yMeBAaeM CTPOMHYIO TeO-
puio 6eCKOHEYHBIX MHOXKECTB, pa3paboranuyio B ZF. AsbreprHaruBHas Oec-
KOHEYHOCTH OBLIa TIOCJIeI0BATEIbHO pa3paboTana B aJlbTePHATUBHON TEOPHH
muokecTB (AST) wemckum maremarukom I1. Bomenka. Ero Tpya, nepsoHa-
JAJIBHO W3/IAHHBIM HA CJIOBAITKOM SI3bIKe OBLI TTepeBe/ieH Ha PYCCKU SI3BIK U
u3nan B u3nareancrse Uucruryra maremarnkn CO PAH (HoBocuGupcek) B
2004 r. mox HazBanueMm “AnbrepHaTHBHAS TEOpHUst MHOKeCTB. HoBBIiT B3rIs1 T,
Ha GeckoHedHOCTH ¥ mpeacTaBisier coboit Monorpaduio [1| B 611 crpanuir.
Hanmame aapTepHATUBBI BCET A MOJIE3HO B HAY YHBIX UCCJIETOBAHUSIX, OTHAKO
npsMble conocTtaBiaenns ZF nu AST okaswpIBaoTCs BeCbMa 3aTpPYIHUTEIbHbI-
mu. [lpuannoit 3Toro gBjaseTcs TO, YTO B ITHUX TEOPHUSX 38 OCHOBY B3STHI
JIOCTATOYHO Pa3Hble OObEKTHI. TeM He MeHee, 00€ 3TH TEOPUU ITPETEHJLYIOT
Ha onpe/ieJieHHY 0 moHOTY (ZF HecoMHeHHO), a MOTOMY X CPABHHTEIHHBIH
aHAJIN3 ABJeTCS aKTyaJbHBIM. /(1 mpoBeIeHns TAaKOro aHaJIn3a Y HaC BO3-
HUKJIA CJIeIYIONas uied: B3ATh HMOAXOMANIYI0 MaTeMaTHIeCKyI0 KOHCTPYK-
nuio B ZF u momecturs ee B AST. Torna HarisaHo ObLIM OB BUJIHBL JTOCTO-
UHCTBA U HEJOCTATKHU OJHOM U JIpYyroil Teopun MHOXKeCTB. B jannoit pabore
Ha POJIb TAaKOil KOHCTPYKIIUU IIpeJjIaraeTcsd TakK HasbiBaeMas 0000IeHHas
BBIIUCTUMOCTb.

33
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2 O06o0OmeHHasg BLIYNCINMOCTL B ZF

[Tox 0600IIEHHO BBIYUCIUMOCTBIO MOHUMAETCS BBIYUCIAMOCTDH Ha Ma-
nmHax ThiopuHra ¢ opakysioMm. Takast BBIYUCIUMOCTD Ha CEIOIHANITHU JIeHb
HE SIBJISIETCS CJIMIIKOM 9K30THYHON JIJIs T€X MaTeMaTHKOB, KOTOPbie 3HAKO-
MBI C 9TUM MOHATHEM, HO aBTOD 3TOil CTaThu, ¥Kejast ObITh MOHATHBIM DoJiee
MIUPOKOMY KPYI'Yy MATEMATHKOB, CAMTACT CBOUM JIOJITOM TOSICHUTH, OTKY/IA
bepeTcst TepMUH “opakyJr’.

Yro Takoe mamuna ThopuHra noscHsaTh usjuiiHe. Cjegayonuii sramn B
Pa3BUTHH TOHSITHS BEIYHCIUMOCTH — OTHOCHTEIbHAS BEIYUCIUMOCTE. [1ycTh
MAIIHA, 11 BBIYHUCISIET HEKOTOPYIO (DYHKIMIO OTHOCHTETHHOTO MHOXKECTBA
A: {m}A(t). Torma x obbranoi MammHe ThiopuHTa 1006aBigeTCS CIPAII-
Baromas komamiga: X € A7 Ecim A — pekypcuBHOE MHOYKECTBO, TO MOJIY-
auB Ha cBoit Boupoc orser {0,1} (1a nim wer), Mamuua paboraer Jasbiie
10 ¢BOei mporpaMme. MoKHO 3aME@HUTb MHOKECTBO A XapaKTepucTuIecKoi
dbyuxueit F(x). Y Torga Mbl IpUXOANM K MOHSATHIO MAITHHB ThIOpHHTA €
OPAKYJIOM.

DopMalbHO MAIMHA ¢ OPAKYJIOM ecTh mapa m[F], rje m — BbIYUCITH-
Masi IporpaMMa (3amuch Ha HEKOTOPOM (hOPMATBLHOM sI3bIKE, T.€. KOHCTPYK-
TUBHBIH 00beKT), a F'(x) — npousBosibHast dncioBast QyHKIUSA (TEOPETHKO-
MHOKECTBEHHBIT 00beKT, opaky.1). O6braHO GUKCHPYeTCst HEKOTOpask B3anM-
HO-OTHO3HAYHAS TE/IeIeBCKast HyMepallis BCEBO3MOKHBIX MAIIUH U He JTud-
bepeHnupyIoTcs MaluHa u ee HoMep.

ToT 00BEKT, KOTOPBIHT AT MAIIHHE OTBET Ha €€ BOIpoc, caeays ThiopuH-
'y, HA3bIBAIOT OPAKYJIOM, IOTOMY YTO OH JIAeT MPABHJILHBIH OTBET, 00X0JIIChH
0e3 Kakoro-a1ubo ABHOTO CI0C00a HAXOXKICHHSI ITOrO OTBETA.

[lepBonadanbHO B TEOPHE AJITOPUTMOB PACCMATPUBAJIMCH BHIYUCICHUS CO
BCIOJIY OINpEJIeIEHHBIME Opaky/aaMu. Teopus BBIYUCICHHNE ¢ TAKAMHU OPaKy-
JIAMHE MAJIO IeM OTJINIAeTCS OT 00bIIHO#M Teopun aiaropurmoB. Ho korma F(z)
— yacTu4dHas (PYHKIUsI, TO MAIUHA 11 MOXKET He MOJIyYUTh OTBETA Ha CBOW
BOTIPOC OT opakysa. CaMoe eCTeCTBEHHOE COIJIAIIeHNe — 3TO CIUTATH, UTO
B 9TOM CJIydae TPOIECC BHIYHCIEHNUS MPEPhIBATCA Oe3pe3yabTaTHO. TakuM
o6pa3oM, Ipu paboTe MAITHHBL M ¢ 9aCTHIHBIM 0paKy/JIoM F' () BO3ZMOKHBI
TPHU CJIydas:

(1) mammua m HA BCe CBOM BOILPOCHI IOJydYaeT OT opakysia F' orBersl u
OCTAHABJIMBAETCS C BbIJauell pe3y/IbTara;

(2) mammHA M HA BCE CBOM BOIPOCHI TOJYYaeT OT opakyna F' orBeTw u
paboraer 6€CKOHEUHO;

(3) MammHa ™M HA HEKOTOPBI BOIPOC He TOJYUYAeT OTBET OT Opakyaa F
U 3aCTpeBaeT.
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Jnst gacruanoro opakyaa F'(z) ocobwlil mHTEpec nuMeeT Caeayolias ce-
MAHTHKA BOIIPOCOB, KOTOPAas 33/aeT MAIIHHA M OPAKYJIY: ‘OCTAHOBUTCS JIH
MaIlliHa M ¢ HOMepoM x, paboras ¢ opakyygoM F7”. Kak xopolio u3Bect-
HO, BOIPOC 00 OCTAHOBKE MamuHbl THIOpUHTA SIBUICA TMEPBOil PEKYPCUBHO
Hepaszpernumoii npobiemoii. /Tus gactuanoro opakysia F () mosiBisiercst Bo3-
MOXKHOCTB C(hHOPMYIHPOBATEH TPOOIEMY OCTAHOBKH CJIEIYIOIIIM 0Opa30M:

0, ecau z[F] ocranaBauBaercs;
gr(z) = 1, ecam z[F] paboraer 6eCKOHETHO;
He ompe/iesieHo, ecian x| F| 3acrpesaer.

Taxkas Bapuanusi mpoOJeMbl OCTAHOBKH TECHO CBS3aHa C JI2KAMII-OIIePa-
nuei, u Jijid He€é OKa3bIBAETCH CIIPABEJJIMBBIM CJeMY IO

OcuosHoii pesyabrart. Cywecmeyrom uacmuunsie opaxysv, F, das xo-
mopwz Pynruus Gp(z) F-svvuciuma.

Takwne opaKy/abl Ha3BIBAIOTCI HOPMAALHLLMU, B JACTHOCTH, TAKAM Opa-
KYJIOM SIBJISIETCSI TUIIepapupMeTHIECKU OpaKy.JI.

EcrecrBenno, BO3HHKAET BOIPOC O KAKUX-JIMOO MPUIOKEHUIX TAKOH TEO-
pun abCTPaKTHO BBITUCAUMBIX (pyHKIHA. OKa3biBAeTCs, ITO € MTOMOIIHIO
0000IIEeHHO BBHITUCIMMOCTH MOYKHO OTPEJIE/INTh PEKYPCUBHOCTH (DYHKITH-
OHAJIOB BBICIIIAX THIOB, HampuMep, Bujaa ¢(a(x)). Mbl He MOKEM HEIocpe/I-
CTBEHHO HA JICHTY MAIIUHBl 1hIOpuHTa 3anucath GyHKIHIO (), HO MBI MO-
JKeM 3alucaTh HOMED MAIMHbl (HATYPAJIbHOE YHCJI0), KOTOPAsk BBIYHCJISET
dbyuxuuio a(z) ¢ opakyrom F (Kommn, [2]).

JlasbHedimme uCC/IeI0BAHNS TOKA3a/H, YTO JIJIT TOTO, 9TOOBI K/INHUEB-
CKasl BBIYUCJIUMOCTH (PYHKIIMOHAIOB BBICHIUX THIIOB 00J1aJ1a/1a 3aMKHYTbI-
MU CBOMCTBaMH F-TIepEYHUCIUMBIX MHOXKECTB, aHAJOITYHBIMEU CTAHIAPTHOM
TEOPUU AJTOPUTMOB, HEOOXOIMMO, YTOOBI Opakysa F' 00jamaa J0CTaTOTHO
CHJIBHBIM CBOHCTBOM. 151 HEro mo/izkeH ObITH CpaBe/INB HEKUH KBa3WAaJI-
FOPUTMHYECKUH aHAIOT AaKCHOMBI BHIOOPA, T.€. 4TOOBI JIIs HETO ¢ OPaKyJI0M
F' M0xHO0 6b1710 ObI 13 JIFOO60I0 HEIYCTOro F-nepedncimMoro MHOYKECTBA, BbI-
JIeJIATH OJMH djaeMeHT. OYHKIMS, BBIIEISIONad ITOT JIEMEHT, HA3bIBACTCs
ceaekmoprnoti pynryueti, a opaKysa, obJATAIONINN ceJIeKTOpHON (hyHKITHeH,
HA3BIBACTCHA PERYAAPHIM.

Nrak, ormernm cjemytomniue Tpu CBOCTBA, HEOOXOAUMBIE /TSI TOCTPOE-
HUd JTI000U COJ/IepzKaTeIbHONR TeOpUn F'-BBIYUCIUMBIX (DYHKITHIL:

(i) opakya F' HajejeH TpaHCHUHATHOR CTPYKTYPOI;

(i) opakyn F HopMaJieH;

(iii) opaxys F' peryssipes.

EcrecTBeHHO BO3HMKAET BOMPOC O CYIECTBOBAHUHU TAKOW KOHIIEIIITHH
0000IIEHHO BEIYUCIUMOCTH, TPU KOTOPOH OpaKyJi ObIJI ObI BCET/1a peryJisipeH
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(kak B corydae runepapudnmerndeckoro opakyia). Takas Kouremnus Oblia
pazpaborana B [3]. B Heil BEIYHCIHMOCTD Ha MaltuHe ThIOPHHTA paccMaTpu-
BAETCsI HE ¢ OJIHOMECTHBIM, a ¢ ABYMeCTHBIM opakyaoM H ((z,y).

[Tpu pabore marmmuusl ThiopuHTa ¢ AByMeCTHBIM OpakyaoM H(z,y) Ma-
IIUHA & MOYKeT TOJYyYUTHh OJWH OTKA3 Ha CBOH BOMPOC opakyma H, u Tem
HEe MeHee, MPOIOJKUTH CBOK paboTy Jasbiime 10 ¢Boeit mporpamme. Orpa-
HUYUMCS CJIy9aeM TOJIBKO OJHOTO OTKa3a. B ciaydae momxydeHns: MOBTOPHOTO
OTKa3a MalllMHa 3acTpeBaeT. B ¢Bow ovuepens opakyil H B HEKOTODBHIX CJIY-
Jasgx MOXKeT JaTh OTKA3 MAIllHHEe Ha ee BOMPOC, HECMOTPs Ha TO, YTO Y HEro
UMeeTCs TPABUIbHBIN OTBeT. Torma opakysr oka3biBaercs (pyHKIueil yxke He
OZIHO#1, a nBYX nepemeHHbIX H (z,y), u Oy1er pearnpoBaTh He TOJHKO Ha 3a-
JlaBaeMblil MaIIMHOIN BOIMPOC, HO U HA CAaMOIO CHPAIIUBAIOIIYIO MAIIMHY X.
Taxkum obpasom, opakya H(x,y) — 9ro yuciaoBas GyHKIUsS, TPUHEMAIONIAS
suavenust 0,1,2 (2 ectb Ko oTKa3a Ha Bompoc). OKas3bIBaeTCst, YTO TaKoii
JBYMECTHBIHT OpakyJs Beerja (1o nocrpoenunio) obiagaer H-soraucanmoii ce-
JIEKTOPHO# (yHKIHeH, T.e. clipaBe//InBa Teopema:

Teopema 1. Opaxys He(x,y) peeysapen, 2de G(«o) — dynryuonan muna 2.

BakaHunBas paccMOTpeHue 0000IIeHHOT BerancmMocT B ZF, ormernM,
910 G0JIee eCTECTBEHHO PACCMATPUBATD BHIYMCIEHNs HA MAlTHHAX T hlOpUHTa
¢ AByMecTHBIM opakysioMm H(x,y) (B Buxy peryiaspaoctu opaxkyia H(x,y) mo
IIOCTPOCHUIO).

3 O06o00mIeHHasa BRIYNCJINMOCTD B aJIbT€PHATHAB-
HOii Teopuu MuoxkectB (AST)

B sToit wacTn HEOOXOIMMO Pa3bICHUTH HEKOTOPHIE TIOJIOKEHUS AJThTep-
HATUBHOW TEOPUU MHOYKECTB.

Ha ctp. 62 cBoeit monorpacuu [1] IT. BoreHnka BBOIUT MOHSATHE TTOJIYMHO-
kecTBa, a uMeHHo. CkaxkeMm, 9T0 KJacC X eCTb NOAYMHONACECNGO, eC/IU CY-
mecTByer Takoe MHoxkecTBO Y, uro X C Y. Tor dakrt, 4T0 00BEKT eCcTh
TOJIYyMHOZKECTBO, 3amuchiBaercss Sm(z). Omnpe/eneHne moJayMHOKECTBA Cie-
JIOBATE/IbHO MOYKHO 3aIUCATh TaK:

Sm(X) & Cls(X) A (3Y)(Set(Y) A X C V).

[TorymHOXKECTBO, He SIBJIAIONIEECST MHOXKECTBOM, HA3BIBAETCS COOCMGEEHHbIM
NOAYMHOIHCECTNEOM.

Jlasee aBTOp 3aMedaeT, YTO COOCTBEHHBIE MOJYMHOKECTBA CYIECTBYIOT,
U IPUBOJIUT HEKOTOPBIE TTPUMEPBI COOCTBEHHBIX MMOJTYMHOXKECTB. boJjiee Toro,
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OH OTMEYaeT, 9TO ¢ MpUMepaMu COOCTBEHHBIX IMOJIYMHOYKECTB MbI BCTPeda-
eMcda Ha KaxkjgoM mmary. OIuH U3 9THUX NPHMEPOB MHE XOYeTCs MPUBECTH.
PacemorpuM MHOXKECTBO KHUT B KaKoii-1u00 obmmupHoil dubmoreke. Tormga
KJIaCC HHTEPECHBIX KHUI — HpUMEp MOJIYMHOMXKECTBA. 371eCh CJIeIyeT OTMe-
THTb, 9TO MOJYMHOXKECTBO — 3TO HeueTKuit 00bekT. OOpalenrne BHUMAHMUS
HA CYIECTBOBAHUE HEUETKNX O0BEKTOB siBjsieTcst cyThio AST.

Pasymeercst, 410 MareMaTuky, paborawoineMmy B ZF (kak u aBropy 3T0i
craTbi), haKT CyIecTBOBAHUS OJIYMHOKECTB He BBI3BIBAET JKeTaHus pabo-
TaTh ¢ HUMU. Ho oKaspiBaeTcs, 9TO ¢ HUMH paboTaTh U He HaI0. PexomeH-
JLyeTCs JIMIb NPU3HATh uX Hajndne. /lagbueiimas pabora mpusesa aBropa
AST k GoJiee KOHCTPYKTHBHOMY MOHATHIO, 8 UMEHHO, — K TOHSITHIO 20PU-
30HMA.

[TonpiTaeMcst IPOSICHATH 9TO HMOHATHE.

AnbTepHaTHBHAS TEOPUS MHOXKECTB 3aHHMAETCS eCmecmeeHHoli becko-
HEUHOCMbIO, T.e. TakKoi (opmMoii GECKOHEYHOCTH, KOTOPYIO Mbl MOXKeM 00-
HAPYKUTh B PE3y/JabTaTe MyCTh JazKe MBICJEHHOTO OMbITa. KaxKapiit HaIm
B3IUIsA)T, Ky/aa Obl OH HU OBLT HAIMPAaB/IEH, BCEraa deM-TO orpaHuded. JInbo
Ha €ro ImyTH OKa3bIBAeTCd TBep/as IPAHMIA, YeTKO er0 MpeceKarolas, JIi-
60 OH OrpaHHYeH TOPU30HTOM, B HAIIPABJIEHHM K KOTOPOMY yTPAdUBAETCSI
SICHOCTH Hatmero BujeHus . [lo-BuauMomy, MOZKHO FOBOPUTH O TOPU3OHTE Ha-
IIero MO3HAHKS, YMa, MbICU. CaM rOPU30HT MPU3HAETCA YeTKUM SIBJIEHUEM,
OJTHAKO TO, 9TO HAXOJIUTCSI e TOPU3OHTOM, BBIIELSIETCS HeIeTKO. Bephee,
10 HAIIPABJIEHHIO K TOPH30HTY MBI BCTpedaeMcs ¢ (peHOMEHOM HEeYeTKOCTH.
Bor Ha 31y HeuerkocTh B AST Bo3araercs Ta pojib, KOTOPYIO UTpaeT bec-
KOHEYHOCTH B KJIACCHIECKO TEOPUU MHOMKECTB.

Kak morsia Ob1 BbINIgAeTh Teopus 0OOOMIEHHON BBIYUCIUMOCTUH C Opa-
kysom B AST? [lyisa sToro Ham, mpexkjae BCEro, MPHUILIOCh Obl OIPEIeJTUTh
nougaTue ropu3oHT [, [lycTh 310 OyaeT mocTaTOYHO OOJIBITOE KOHEYHOE Ha-
TypasgbHoe umcyao S. Torma mpuMeM cienyiomiee coryaiienue. Pacecmorpum
0BOOIIEHHYIO BBEIYUCIUMOCTD ¢ JABYMeCTHBIM opakynoMm H (x,y). Torma, ec-
JIN MAINHA  OCTAHABINBAETCS 3a YUCJIO TAKTOB CBOeil paboThl MeHbIIee,
gem qucsao S, 1o opakya H Ha Bompoc marmuHbl o gaer orer H(z,y) = 0.
Eciu ke MamuHa y He OCTaHABIUBAETCA 33 S TAKTOB CBOEH pabOTHI, TO OY-
JIeM CYUTATh, 9TO B 9TOM CJIydae MAIIHHA Yy paboraer O€CKOHEYHO, U OTBET
opakyna nomaraem H(x,y) = 1. Ilo cytu mena, Mbl MOYKeM TOBTOPHTH KOH-
CTPYKIUIO [OCTPOEHHsI JIByMECTHOTO Opaky/ia Hg (T, y), HECKOJIBKO BUIOU3-
MeHsISI CeMAHTHKY BOIIPOCOB U OTBETOB. Pa3ymeeTcs, AeTaabHOe TOCTPOSHUE
opakyna H(z,y) B AST norpebyer 10CTaTOYHO JJIMHHOIO OMUCAHWS, U 9TO
ONKCAHKE KeJATeJbHO OBLIO OBl IIPEIbIBUTH, HO MOCKOJIBKY HAC HHTEPECY-
eT cpaBHHTEeIbHBINH aHaaum3 ZF m AST, 310 omncanuwe He SBISIETCSA IEIBIO
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Jannoit crarbu. [loaToMy moka Mbl aHOHCHDYEM CJIEYIONUN pe3y/bTar: B
AST cymecrByer anaior Hg(z,y) IBYMECTHONO HOPMAJIBHOIO U PErYJISIPHO-
ro opakyJsa, 00/1aJal0IIero TpaHcpUHATHON CTPYKTYPOIL.

4 3akJodeHue

PaccMOTpeB 0jIHY MATEMATHIECKYI0 KOHCTPYKIIUIO (0GOOIIEHHYO BBIYHC-
mumocTh) B ZF m AST, MBI mpuxoguM K CIeYIONMM BBIBOJAM, KOTOPbHIE
copmyupyem B Buje tesuca. Haanem ¢ AST.

1. B anbrepHaTHBHON TEOPUN MHOXKECTB MOHATHE KOHEYHOTO SIBJISETCS
YETKUM TOHSITHEM, T.e. BCE TO, 9YTO OIPAHUIEHO TOPU30HTOM, SIBJIIETCS KO-
HevHbIM. OJIHAKO J100ast TeOpHsST MHOYKECTB He MOZKeT 0DOHUTHCH Oe3 MOHATHS
beckoneunoro. B AST posb 6eckonednoctn 6epyT Ha cebs 00bEKTHI, JIexKa-
I{e 38 TOPU30HTOM. DTO HEUETKUE OObEKTHI.

2. Teopuga muoxkects ZF gaBisgercs cTpoiinoit Teopueit 6eCKOHEYHBIX MHO-
»kecTB. B 310t Teopun nousiTHe OECKOHEYHOTO MOy IAeT MOJHYI0 Y€TKOCTh.
O 1HaKO cJiejIyeT 3aMeTUTh, 9TO IIOHATHE KOHEYHOI'0 B 9TOH TEOPUH IepecTa-
eT OBITh YeTKHM. DTO TpebyeT moscHeHud. Pazymeercsd, B ZF ecth derkoe
OlpeIe/IeHne KOHETHOrO MHOKeCTBa, HO aBa ducaa 1010 u 1010 B s1oii Teo-
pUH CYUTAIOTCH PABHOKOHEYHBIMH. 3aMETHM, 9TO [0 COBPEMEHHBIM MPE/I-
cTapaeHuaM (DU3NKW BTOPOE UUCJIO MPEBBINIAET YUCI0 aTOMOB BO Bcesen-
HOii. [loaTOMYy, KOra MBI paccMaTpuBaeM KOHEYHOe MHOXKECTBO B ZF', To He
OYeHb MOHATHO, YTO MBI BMeeM B BuAy. [lonaTne koneunoro B ZF ctanoButcs
HEYETKHM.

Mbr 3aKOHYMM HAIY CTATHIO CJAEIYIONIMM TE3UCOM, COCTOANUM U3 JBYX
yHKTOB.

I1.1. Moxmo paboraTh B TEOPUH MHOYXKECTB, B KOTOPOil nousTne 6eCcKo-
HEYHOT'O SBJIACTCS YeTKUM, TOIJA B 9TOU TEOPUH MOHATHE KOHEYHOI'O ABJIs-
ercsl HedeTKUM (PKUM OPUMEPOM Takoil Teopun sipjisiercst ZF).

[1.2. Ecyin Mbl 2Kej1aeM paboTaTh B TEOPUM MHOZKECTB, B KOTOPOI HOHATHE
KOHEYHOTO SBJISIETCA YeTKUM, TOTJIa B 3TOH TEOPUH MOHATHE DECKOHETHOTO
craHoBuTCs HedeTkuM (npumep AST).

Peziome. [longarue Koneunoro u 6eCKOHETHOr0 B3auMOCBsI3anbl. Obpailias
BHUMAaHHE HA OJHO U3 HUX, CJIEJIYET, Ha HAII B3IV, BHUMATEILHO CMOTPETh,
9TO HPOUCXOAUT ¢ CUMMETPHIHBIM HOHSITHEM.

Craucok aurepaTyphbl
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[3] Io6edun JI.H. BIqucammMocThb ¢ AByMeCTHBIM opakysioMm, Cub. mar. XK.,
1994, .35, N5, c.1138-1147.



OB YHUBEPCAJIBHOI
SKBUBAJIEHTHOCTU YACTIYHO
KOMMYTATHUBHBIX
METABEJIEBEIX AJITEBP JII

E.H. Ilopomenko*

HoBocubupckuit rocy1apcTBeHHBIH TeXHUYECKUH YHUBEPCUTET,
np. K.Mapxkca, 20, HoBocubupck, 630073, Poccus

e-mail: auto stoper@ngs.ru

[Tycrs X — xoneunoe muOxkectBO n G = (X, E) — HeopmeHTHDOBaH-
HBIT Tpad 6e3 meresh, MHOKECTBOM BEPIITHH KOTOPOTO SIBJISIETCST MHOYKECTBO
X, a MHOXKeCTBOM pebep — HEKOTOPOe CHMMETPUIHOe OTHOIIEHHe HAa MHOKe-
crBe X, TO ecTh MOAMHOXKecTBO MHOXKecTBa X X X. Takum obpasom, rpadp G
HEOPUEHTUPOBAHHDIH, & 3HAYUAT 3/IEMEHTAMU MHOXKECTBA F ABJISIOTCS HEYTIO-
psiloUeHHbBIe TTApBl, KOTOPbIe OyayT obo3Hauarbes {z,y}, rue x,y € X.

Hacmuuno xommymamuerol anzebpoti Jlu Ham koabinoMm R ¢ exwHumei
HasbiBaeTcst R-anre6pa Lr(X;G) ¢ MHOXKECTBOM HOPOKIAOIIUX X U MHO-
JKECTBOM OIpPeIesIAIIINX COOTHOIEHH

[, 2] =0, toe {z;,z;} € E.

(31ech u nasee [g, h] obo3HATAET THEBCKOE IPOU3BEICHIE IJTEMEHTOB ¢ U h).
['pacd G naspiBaeTcs onpedesarousum 2padom COOTBETCTBYIOMIEH aJredphI.

MoxKHO TakKe pacCMaTpPUBATh YACTHUYHO KOMMYTATHBHBIE aareOpnl JIu
B TOM WJIM MHOM MHOroobpaszuu ajredp. B arom ciiyuae yacTuuno KoMMyTa-
TuBHaA aarebpa JIm — 3To R-ajirebpa, KOTopas 3a/1aeTcsd OCPEICTBOM TOTO
JKe MHOXKECTBa IOPOXKIAONIUX U OIPEIE/IIONIX COOTHOIIeHN HAa HUX, a
TaKKe TOXKIECTB, 33JIal0IINX JaHHOe MHOroobOpasue. B mamHoi crarbe Oy-
YT pacCMaTPUBATHCI YACTHIHO KOMMYTATHBHBIE aJreOpbl B MHOI0OOpa3Hu
MerabesieBbix ajredp Jlu.

qaCTI/IqHO KOMMYTaTHBHBIC I'DYIIIIBI ABJIAIOTCA O6'b€KTOM IIPpUCTAJBHOIO
BHUMaHus (cM., Hanpumep, [15, 10, 6, 7, 12, 5, 3, 4, 9]). Heckoabko paBor
(mampumep, [5, 3, 9]) MOCBAIIEHO HCCIEIOBAHUIO CBOWCTB YHUBEPCAJBHBIX
TeOpHUil YaCTUIHO KOMMYTATHBHBIX MeTabeIeBbIX IPYIII.

*Pabora BeinoHena npu nogaepxkke PODU (rpant 12-01-00084).
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HacTnaHO KOMMYTATHBHBIE aareOphl (KaK acCcolUaTHBHBIE, TAK U aared-
pbl JIu) U3ydYeHbl 3HAYUTETHHO MEHBINE, OJHAKO ¥ [T HUX TOXKE IOJIYYeH
psi pesyibraros [13, 8, 11, 1, 2, 14]). B wactrOCTH, [14] OCBsIeHa n3yye-
HHIO YHUBEPCAIBLHBIX TEOPHl YACTHIHO KOMMYTATHBHBIX MeTaOEJIeBLIX Al-
re6p JIu, onpenessitornine rpadbl KOTOPHIX SIBJASIIOTCS J€PEBbAMU.

[Tycts R — obaacte nexoctHoctd u nyerb G = (X; E) — rpad ¢ MHO-
KectBoM BeprimH X u MHOKecTBOM pebep E. Yepes M(X;G) oboznaunm
YACTUYHO KOMMYTATHBHYIO MeTabes1eBy aiarebpy JIu ¢ MHOXKECTBOM HOPOZK-
natormux X u onpegensomuM rpadom G, To ects R-anrebpy Jlu M (X)/1,
rae M(X) — cBobonnas merabeseBa R-anrebpa Jlu, a I — ee ujeas, mopox-
JIeHHBIIT MHOYKECTBOM COOTHOIIIEHU I

{lzi,z;] = 0|z, z; € X, Takme uro {z;,z,;} € E}.

Ecau {z,y} € E, 1o Gynem nmcars x <> y.

Bynem cuaurars, uro Z, = {0,1,2,...,n — 1} u onepanuu cJI0KeHUs H
BBIYUTAHUSA ONPEJIETEHBl €CTECTBEHHBIM (/111 KOJIBIA BHIYETOB Z,) 06pa3oM.
Torya Jjist NPOU3BOJIBHBIX T, § € Z, depe3 |r — s| 0603HAYNM MUHUMATHHBIN

(B embicste 00bIaHOrO nopsiyka: 0 < 1 < -+ < n—1) u3 31eMeHTOB 1 — S, S—1T.
Yepes C,, 0b603HaunM rpad HA N BEPIIHHAX, ABISAIOMIMAICT MUKIOM. 10
ecTh rpad ¢ MHOKECTBOM BepItuHaM {Xg, L1, ..., Ty}, ¥ MHOKECTBOM pebep

{zi ai} |- jl =1}

CrpapeJiuBa cJaeayIonmas TeopeMa;

Teopema 1. Ilycmov R — obaacms yeaocmuocmu, codepocauian 7, 6 Kave-
cmee nodkoavua, X = {xo,x1,..., 201}, Y = {Yo, Y1, -+, Ym_1} — MHO-
otcecmea eepwun 2pagos C, u C,, coomeemcmeenno. dacmuyuno Kommy-
mamusnoe memabeneso, anzebpo, M(X;Cy) u M(Y; Cp,) yrusepcanivho 9%-
BUBANEHMHDL MO0200 U MOALKO Mo2da, Ko2da m = n.

[Iycrs M(X;G) — gwacruaHo KOMMyTaTuBHas MerabeseBa ajaredpa Jln
¢ onpegenstomum rpadom G(X, F). ns sepmuabl © € X rpada G BBe-
aem obosranenne - = {y|d(z,y) < 1}, rae nox d(x,y) mompasymesaercs
HeB3BellleHHOe (TO ecTh pebepHoe) PACCTOSHUE MKy BEPIIMHAME T U .
BBegem ma BepmmHax rpada (G OTHOIIEHEE ~ |, T0Jaras & ~ i, B TOM H
TOJIBKO TOM CJIydae, KOTJAa T = Y. DTO OTHOIIEHWE, OYEBHIHO, SIBISETCS
OTHOIIECHHEM SKBHBAJICHTHOCTH. Ky1ace ~ | -3KBUBAJIEHTHOCTH, COJIEPZKANINi
sjeMeHT T Oyjgem obo3HadaTh X,.

Tak Kak w3 = ~, Y, B YaCTHOCTH, CJIEIYET, 9TO & <> ; STU BEPIIUHBI
BXOJIAT B OJHY U TY Ke KOMIIOHEHTY CBA3HOCTH J1i0boro nojarpada rpacda G,
COZTEPIKAIIEro 00e STU BEPIIUHBI.
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G G

Puc. 2: T'pad G u ero ckarne G

Teopema 2. [Iycmo X — xoneuroe mmootcecmeo sepwun epaga G. Ilpedno-
AOXHCUM, wmo cyuecmeyem v € X, makoti wmo Kkaacc ~ | -9K6UCAACHIMHOCTIU
X, codeporcum boaee 00nozo anemenma. Haroneu, nyemsv X' = X\z u
G' = G(X'). Toeda aneeopo M(X;G) u M(X';G') ynusepcarvno s%6u-

GANEHTTVHDL.

[Tycrs G = (X; E) — uekorophiit rpad. PaccMoTpum Kaacchl SKBHBa-
JIEHTHOCTHU 3TOr0 Tpada OTHOCUTEHHO OTHOIIeHuS ~ ) . 13 Teopembl 2 ciie-
JIyeT , 9TO B 9TOM CJIYYae MOJIYYeHHbIE YACTUIHO KOMMYTATHUBHBIE MeTabe-
JeBbl anreopsl JIu ¢ onpegensionuyu rpadamu G u G yHEBEPCAILHO SKBU-
BaJICHTHDI. BOﬂee TOro, JIETKO BuAeThb, 4TO JJIA JIIO6OFO OTHOIIICHU A SKBUBA-
JIEHTHOCTH CIPABEJINBO CJAeAYIONIee yTBepK aeHne. Keim n3 Kakoro-audy b
KJIaCcCa KJIACCa 9KBUBAJEHTHOCTH, YIAJUTH SJEMEHT, TO BCe OCTAJbLHbBIE JJIe-
MEHTBI 9TOTO KJIACCA TAK U OCTAHYTCA B OJHOM KJIACCE IKBUBAJICHTHOCTH,
a OCTAJbHDBIE KJIACCHI IKBUBAJEHTHOCTH COBCEM He M3MeHSATCs. Takum obpa-
30M, €CJIM B MOJy9eHHOM Tpade ecTb KJIACChl ~ | -3KBUBAJEHTHOCTH, COIEP-
JKarue 0oJjiee OJHONM BEPITUHBI, TO MOYKHO CHOBA& YVJAAJUTH OJHY U3 BEPIIHH
9TOTO KJIACCA W MOJYUUTh JaCTHIHO KOMMYTATHBHYIO MeTabesieBy aarebpy
JIn, IMEToNy 10 Ty Ke YHUBEPCAIbHYIO TEOPHIO, YTO U MUCXO/IHA, ¥ TAK Jajee.

Taxum obpazom, s jodoro rpada G B KazKIOM KJIacce SKBUBATCHTHO-
CTH MOXKHO yJQJUTH BCE BEPIIMHBI, KPOME OJHOH, 1PN 3TOM YHUBEPCAJIbHBIE
Teopun MetabesieBbix aaredp JIu, COOTBETCTBYIONUX UCXOHOMY U KOHEYHO-
My rpadam, copnajgaior. [loydennniit B utore rpad Ha3BIBACTCSA CHCAMUEM
rpada G (o6osraunm ero ().

Ha puc. 2 usobpazken npumep IBYX rpaoB, UMEIONIHX OHHAKOBLIE YHU-
BepcaIbHble TEOPUHU, OJIUH U3 KOTOPBIX SIBJSIETCS JIePEBOM, & BTOPOl — HeT.
B zaksouenune, ormerum 9TO 0OpallieHne TeOPEeMbI 2 HEBEPHO B TOM CMBIC-
ne, aro jpaxe ecan anrebpel M(X;G) u M(Y; H) yHuBepcajbHO SKBHBa-
JIEHTHBI, 3TO elle He o3HadaeT, 4To rpad H MoxkHO moayduTh u3 rpada
G nobaBaeHEEM WU V/IAJeHUEM BEPIITHH B KJIACCHI ~ | -9KBUBAJECHTHOCTH.
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JleficTBUTEILHO, HETPYIHO BUIAETH, UTO BCe cKaTus rpada nzomopdus. C
JIPYTOil CTOPOHBI, CZKATHEM JIEPEBA ABJIAETCS caMo 310 jepeBo. OHako B [14]
OBLIO TTOKA3aHO, YTO €CJIN ONpeIeJIsdoniue rpadbl IBYX YaCTHIHO KOMMYTa-
TUBHBIX MeTabeIeBhIX anredp SBISIOTCS JIePEeBbIMU, TO ITH JI€PEBbs MOTYT
OBITH HEM30MODP(MHBI JlaKe eCJN COOTBETCTBYIONINE aaTreOphl YHUBEPCAIBHO
SKBHBAJICHTHBI.
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Bynem paccmarpubarh mMatpuisl A wag {0, 1} u ucnoas3oBarh 0603HA-
genns A\, ¢ = 0,1,...,m — 1, qasg croabmos marpuns, A(v), v = 1,...,s,
Jutst ¢Tpok, A;(v) jgist snementos. [Homoxxum M = {0,1,...m — 1}. Byaewm
TOBOPUTD, UTO MHoxHcecmao cmoabuos T, T C M, nokpweaem cmonbey j,
ecsIn \/ieT Ai 2 Aj, TJie IU3BIOHKIUSA CTOJIOI0B BRINOTHAETCS OPA3PAIHO.

ITycTp 33/1aHa HEKOTOpas cucTeMa 7 HEIyCThIX IOJAMHOYXKeCTB 1’ MHOXKe-
ctBa M. Matpuiy HazoBeM T -dusstonkmuerodi, ecan 1 Jgooux 1T € T u
j & T muoxecrso crosibuos T He nokpbiaer crojiden j. Eciu T cocrour us
BCEX (-3JIEMEHTHBIX ITOJIMHOYKECTB MHOXKecTBa M, MaTpuia Ha3bIBaeTCs t-
dussronkmuenot. [locaeaune BBenensr B pabore |1| Kak cpegcTBO omECAHUS
JU3BIOHKTUBHBIX (superimposed) KOJ0B. DTH KOJbI MIHUPOKO MTPUMEHSTIOTCSI
B 3aJIa4aX IPHUKJIAIHON MaTeMaTHKH U HUH(POPMATHKA — CM., HAIpUMep,
[1, 2, 3, 4] u nUTUPOBAHHBIE TaM UCTOTHUKH. T -TUIBIOHKTHBHBIE MATDHUIIbI
00Iero Buga BCTPEYaIncs B [5.

CroiicTBo T -AU3BbIOHKTHBHOCTH MO3BOJISIET BBIAEINTH B MaTPHILE JIHOOO0E
MHOKeCTBO cToJiOnoB 1 € T, yKa3aB ux Au3bIOHKIMIO. J[BoficTBEHHBIM 00-
Pa3oM MOXKHO BBECTH MOHATHE T -KOHBIOHKMUGHOT MAMpuyvl, B KOTOPOI
st o6eix T € T u j ¢ T KOWDbIOHKIHS ¢TOJOIOB MHOXKecTBa 1 He TO-
KpbIBaeTCcs cToabmnoM j. B arom cayuae jr060e MHOKecTBO cTos010B T € T
MOKHO BBIJIEJINTH, YKA3aB X KOHBIOHKINW. Onuiem 6oJree obmumit Kaace
MaTpHII, BKJIIOYAIOMKH 06a 3TH KJacca.

HaGop A AIMHBL §, cOCTAB/ICHHBI u3 Gy/1eBbIX smeMentos 0, 1 1 neonpe-
denennoz0 SIeMeHTa * Ha3oBeM 1 '-cesekmopom MAaTPHIIBl A, eciin Bce cTOJIO-
bl MHOZKeCTBA 1 sIBASIIOTCS ero doonpedeatuami, (T. €. Oy 9al0TCsl 3aMEHOM
B HEM BCeX * OyJeBbIMHU JIeMEHTAMH) U HUKAKOil Apyroii cToaber MaTpuIb
ero ue goomnpesenser. Marpuiy A wazoem T -cesekmuerol, ecim Tpu Kazk-
nom T € T nns Hee cymectByer T-cemekTop. B T-cenekTuBHON MaTpuiie
M000e MHOXKeCTBO cTOI01I0B 1 € T MOXKHO BBIIEINTH, YKa3aB 1 -CeIeKTop.

*Pabora BoInmoaHeHa mpu puHancosoi noamepkke OHUT PAH
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dcno, aro B T-cenexktuBHoit Mmarpuiie A B kagecTBe T-ceeKToOpa MOKET
GBITH B3AT HAGOP Ar, M1 KOTOPOTO KOMIIOHEHTA }\T(v), v=1,...,s, paBHa
7 € {0,1}, ecim \;(v) = 7 s Beex @ € T, U paBHA *, €CJaU HaiiyTcst
i,j € T, nasa KoTopex \;(v) # Aj(v). D10 T-cenekTop OyaeM HA3BIBATH
rkanoHuveckum. [Ipu maTEpUpETaIN CTOJIOIOB MAaTPUIILI KaK TOYEK OyJieBa
Ky6a {0,1}* a mabopos u3 {0, 1, x}* kak ero moaky6oB, KaHOHHIECKOMY T -
CeJIEKTOPY COOTBETCTBYET MUHUMAJIbHBIA MOAKY6, HATSHY T Ha MHOXKECTBO
cToa610B 1.

Yreepkaeuue 1. T -dusstonkmuenan u T -koHusronkmueHas mampuyos T -
CEAECKTNUBHDL.

B kauecrse T-cenexkropa i T -IH3bIOHKTHBHON MAaTPHI[BI MOYKET ObITh
B3AT HAOOP, MOJydeHHbIH 13 \/, ., A; 3aMeHOll BCex 1 sjeMeHTOM *, a Jid
T -KOHBIOHKTHBHON MaTpuIsl — Habop, obpasosanublii u3 ;. p A; 3aMenoi
JIEMEHTOM * Bcex (. 0]

Knace T-ceeKTuBHBIX MATPHUIL HE HCYEPIBIBAETCS T - AN3bIOHK TUBHBIMHI
n T -KOHDBIOHKTUBHBIME. [[prMepom 2-ce/leK THBHOI, HO He 2- N3 bIOHK TUBHOMN
N He 2—KOH%IOHKTI/IBHOI71 MAaTPUIbl ABJIACTCA

X | M| Aa | As
1/1]0]0
11010
11001

T -cenexTuBHble, T -IN3bIOHKTUBHBIEC U T ~KOH'bIOHKTUBHBIE MATPHUIIHI €CTe-
CTBEHHBIM 00pPa30M BO3HHUKAIOT B 3aJiade d80UYH020 NPeIcmasieHus Hedo-
onpedeneHnbixr darnHur. BBe1eM cOOTBETCTBYIOIINE MOHATHSI.

Baman andasur Ay = {ag,a,...,an_1} ocHosHuT cumeoros. Kaxmo-
my wenycromy T C M, M = {0,1,...,m — 1}, coorBercrByeT CUMBOJ ar,
Ha3bIBAEMbBIT Hedoonpedeaennvim. Ero doonpedeseruem cuamraercss BCAKMin
OCHOBHOI cHMBOJI a;, ¢ € T. Bbiaensena Hekoropas cucreMa ] HEILYCTBIX
noaMHoOXKecTB 1" MHOXKecTBa M U ¢ Hell cBa3aH nedoonpedensennoiti arpacum,
A=Ar={ar | T € T}. lloapoBuee 0 HeIOOMPEIETIEHHBIX JAHHBIX B [6].

BagaBImch HATYPAJIbHBIM YHCJIOM S, IPHUIKIIEM HEKOTOPHIM 00pa30oM
KakgaoMy a; € Ag Habop A; € {0,1}° — xod cumsosa a;, a kKaxaoMy ar € A
— nabop Ar € {0,1,%}*. O6o3nauum depe3z A MaTpuily co cTojbmaMu A;,
i € M, a aepes A — MaTpuity co crojbuamu Ay, T € T . CraxeMm, 9TO
mapa (A, /~\) 3as1aeT deouuroe npedcmasienue aspasuma A, ecin Ist JTIOOBIX
TeTuieM

A doonpedeasem Ar <1 € T.
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B npeacrasiennsx paccMaTpuBaeMoro BUA HEJO0ONPEIEJTEHHBIM OCIe-
JoBaTeIbHOCTSIM B ajidaBuTe A COOTBETCTBYIOT HEIOOIMpPeeTeHHbIe TBO-
HYHbIE TOCTeI0BATEILHOCTH, HCIOIB3YIONMHe (haKTHIeCKH TPeXOyKBeHHBIH
andasut {0,1,x}. /IBonanoe mpeacTaBiIeHHe (A,]\) andapuTta A HazoBeM
cmpoeo dsouunbiM, ecan A — marpuia B AByxOyKBennom aidasure. dTum
asdasurom moxker 6bTh {0, %} mbo {1,*}. Ecam norpebyerca pasamdarh
3TH CJIydam, OyjeM rOBOPUTH O cTporuxX O-mpejcTaB/eHUsIX ¥ CTPOTUX 1-
IpeICTABIEHUSIX.

YrBepxkaeune 2. Beaxut asgasum A cmpozo 0-npedcmasum u cmpozo
1-npedcmasum (a nomomy deouuno npedcmasum).

Crporoe 1-npeacraBieHne, HAIPUMED, MOXKHO TOJTYyYUTh, HAZHAUNB S =
m W B3sB B KauecTBe \;, i € M, wabop (\;(v), v = 1,...,m), B KoTOpOM
koMmoHenTa \;(v) pasna 0 ang v — 1 = ¢ uw paBua 1 g v — 1 # i, a B
kavdectse Ay, T € T, —nabop (Ar(v), v =1,...,m), B KOTOPOM KOMIOHEHTA
Ar(v) paBaa 1 jyisi v — 1 € T u paBna % g v — 1 € T O

Marpuiy A Hazoem (i) donycmumod, (ii) empoeo 0-donycmumot, (iii)
cmpozo 1-donycmumot niist andasura A, ecam aiis A cymecrsyer (i) apowd-
HOe TipejicTaBienne, (i) crporoe O-mpeacrasienue, (iii) crporoe 1-mpemctan-
nenue (A, /NX) ¢ Marpulei kogupopanng A.

Teopema 3. Mampuua A (i) donycmuma, (ii) cmpoeo 0-donycmuma, (ii7)
cmpozo 1-donycmuma ors argdasuma A = Ar mozda u moavko moeda, Ko20a
ona (i) T-ceaexmuena, (it) T-dussronkmuena, (iii) T -KoHus10HKMUEHA.

HOKABATE/IBCTBO. (i) Ecim A T-cenextupHa, To B KadecTse CTOJIOIOB
MaTpuIBl A TBOMIHOrO IIPE/ICTABICHUSA (A, A) MOZKeT OBITH B34Ta MATPHIIA,
obpazoBamHas T-CeleKTOpaMu Ar, U, HA0GOPOT, €CJIH TPEICTABICHHE (A, A)
CYIIECTBYET, TO POJib 1-CeIeKTOPOB M MOT'YT UIPATH CTOJIOIBI MATPHIEL A.

(ii) Ecau crporoe O-tipejicraBienne ¢ MaTpuieil Koguposanust A cyrie-
crByer, T0 y A npu kaxaom T € T HMeeTcs HeKOTOPBIH T-CenekTop Ar B
asnasure {0, *}. Crogbusr MHOKecTBa T TOOMPEIESIOT €r0 U UX €JIHHUIBI
HAXOJSATCS B TIO3UIMSX, TIe Ay IPHHEMACT 3HAUeHHe *. JII060i Apyroi ¢To-
Berl conepzKuT 1 B HEKOTOPOM HYJIEBOM paspae T-celekTopa Ay i IOTOMY He
MOKPBIBAETCS CTOIOMAMI MHOYKECTBa 1. DT0 03HAYaeT T - T3 bIOHKTHBHOCTD
MAaTPHIH.

Ob6paTHO, 1151 BCIKOH T -IM3bIOHKTHBHON MAaTpHIBl npH Jrobom T € T
cymectByer T-cenektop B andasute {0, x }, yKa3aHHBIN TPH JOKA3ATETHCTBE
yrBepxaeHud 1. VX cOBOKyHHOCTH 0Opa3yer MarTpuily, KOTopas BMECTe C
HCXOIHON MaTpuieil 3agaer crporoe O-npeacTraBieHne.

Caywuaii (iii) anasormuen (ii). O
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ITox uneepcueti 6ynera Habopa 1 Oy/I€BOI MATPHUIIBI TOHUMAETCS PE3Y/Ih-
TaT 3aMeHbl B HUX BCeX 3JIeMEHTOB OTpHUIAHUSIMHU. ZIcHO, 9To Marpuia 7 -
KOH'BIOHKTHBHA, TOTA W TOJBKO TOIIA, KOI'Ja €€ HHBEPCHS | - TH3bIOHKTHB-
Ha, MOITOMY OyaeM BMeCTO ABYX THIIOB MAaTPHIl PACCMAaTpPUBATH JIMIIL 7 -
AU BIOHKTHUBHBIC, & IIOJA CTPOTrUMHU IpeJCTaBJICHUAMHA IIOHUMATD O—HpeﬂCTaB—
JIEHU .

[TockobKy cTosI0eI t- T3 bIOHKTHBHOM MATPHUITHl He IIOKPBIBAETCA t Ipy-
IUMH, TAKHe MATPHIBI TaKKe HA3bIBAIOT c80600HbMU om t-nokpuimud (i-
cover-free) [7]. T-IU3bIOHKTHBHBIE MATPHUIIBl €CTECTBEHHO HA3BIBATE €60000-
Homt om T -nokpumud. TlpeacraBuM B aHAJOIMYHBIX TEPMUHAX IHOHATHE
T-cenekTuBHOCTH. ByaeM roBopuTh, 9TO HEKOTOPOE MHOXKECTBO HabOPOB
UHBEPCHO MOKPLI8aem HADOP A, eCJIH MHOXKECTBO HHBEPCHH THX HaOOpOB
IMOKPBIBAeT WHBEPCHIO Habopa A. MHOxKecTBO HaOOPOB deastcdv. nokpwvieaem
HAaOOP A, €cJIM OHO MOKPBIBAET W MHBEPCHO MOKpbIBaeT Habop A. Marpuiy
A HazoBeM c60000H0t om deotinvx T -nokpeimud, ecan s Jjwoodoro T € T
MHOZKECTBO CTOJIOIOB \;, ¢ € T, He TOKPHIBAET JABaZK bl HA OZHOTO CTOJIOIA,
HE BXOIAIICTO B 3TO MHOXKECTBO.

Teopema 4. Mampuua N T -cesexkmusena moada u moavko moezda, kozda
oHa c80600na om dsotinuix T -nokpuimud.

JIOKA3BATEJBCTBO. Paccmorpum marpuity A u MOCTPOEHHYIO 110 Heil
marpuiy A, o6pasoBannyio kanomndeckumu T-cesexropamu, T € T. Y6e-
JIIMCSI, 9TO CTOJIORIL \; J100TIpe iesIseT cToJIber] )\T TOTJIa U TOJHKO TOT/A, KO-
IJ]a COBOKYIIHOCTD CTOJIONOB A;, ¢ € T, nBazK /bl HOKPbIBaeT A;. [IycTh A; 10-
onpenessier Ap. Ec/n 1/1s HEKOTOPOH MO3HIINE ¥ HMEET MECTO Aj(v) =T, 10
Ar(v) € {*, 7} u no nocrpoennio A naiinercs i € T, st Koroporo A (v) = 7.
[IpuMeHnB 3TO paccyzKaeHne KO BCEM HMO3HUIUSIM ¥ ¢ T = 1, 3aKII049aeM, ITO
MHOKECTBO CTOJIONOB \;, ¢ € T', mOKpHIBaeT \;. AHAJOrHmYHOE PacCMOTpe-
HUe mo3unuii ¢ 7 = () MOKa3bIBAeT, YTO MHOYKECTBO MHBEPCHH ITUX CTOJIOIOB
IOKpBbIBaeT MHBEPCHIO CTOJIONA A;. DTO O3Ha4YaeT, YTO HOKPLITHE JIBOIHOe.
Jloka3aTeIbCTBO B APYTYIO CTOPOHY MPOBOIUTCS OOPAIIEHIEM STUX PACCY K-
JIeHUN.

Marpuma A T -cemekTuBHA TOTAA W TOJABKO TOTAA, Korja ajapasur Ar
npescrasum mapoit (A, A). Dto o3mauaer, uro mia T € T HE OIHH U3 CTOJI0-
uoB \;, j ¢ T, He mooupenenser crojber Ar 7 110 JIOKA3aHHOMY BBIIIIE HE
HOKPBIBAETCS IBAKIbI MHOYKECTBOM CTOJI010B 1. O

Ecaun marpuna A gonycruma (crporo gonycruma) miis aadasura Ar, TO
1o Teopeme 3 oHa T -cenekTuBHa (T -AN3bIOHKTUBHA) U JIJIsT TIPEICTABIEHIS
CUMBOJIOB ar ajpasuta A7 MOTYT OBITH UCHOJIB30BAHBI 1 -CEJTEKTOPHI MaT-
purpl A, Kotopble HaxogaTces 3hdeKTUBHO (MOTMHOMHATBHO). TeM caMbiM
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3312498 HAXOXKJIEHUS JBOWYHBIX TPEJICTABICHUN U CTPOTHX IMpEICTaBICHUI
HEJIOOPEIe/IEHHBIX aI(PABUTOB CBOJIUTCA K 3ajadaM IIOCTPOCHHS COOTBET-
CTBYIOIMIHUX T -CEJIEKTUBHBIX U T - TH3BIOHKTUBHLIX MAaTpHIl. s mocTpoemust
MOJIe3Ha TPUBOINMAs HUYKE TeopeMma.

CkazkeM, 9T0 cucTeMa Z HMOAMHOXKECTB MHOxKecTBa M obpasyer koHs-
oHkmMueHbLl 6a3uc cucTeMbl T, ecan Kaykaoe MHOKecTBO 1 € T Moxker
OLITH IOJYYeHO KAaK HepecedeHrne HeKOTOPHIX MHOXKECTB u3 Z, u obpasyer
0606weHHbT KOHBIOHKMUSHDIT ba3uc, ecn Kaxkaoe T € T MoxKeT OBITH I10-
JYYeHO KaK Mepecevdenre KaKuX-1m00 MHOXKECTB U3 Z 00 UX OO THEHUH
(mo M). Camraem, 910 nepecederne MycTol COBOKYIHOCTH MHOYKECTB Jaer
M, tak uro M KOHBIOHKTHBHO IMOPOZKIAEMO JI000I cuctemoii Z.

Crpoke A(v) Marpuipl A cOmocTaBuM MHOXKeCTBO Z, = {i | \;(v) = 1}.
Honoxum Zy = {Z1,..., 2.}, Z\ =1{Z1,...,Z;},tne Z =M\ Z.

Teopema 5. Mampuua A

(i) T -ceaexmusna mozda u moavko mozda, ko2da cucmema muoscecms Zp
obpasyem 0600weHnbLl KoHBIOHKMUSHbLT ba3uc cucmemst T,

(1) T -dussronkmuena mozda u MoALKO Mo2da, K020a CUCTNEMA MHOICECTNG
Z) obpasyem Kowstonkmuehul 6asuc cucmembvs T .

JJOKABATEJIBCTBO. OrpannunMcst caydaem (i).

Hna Z € M u 7 € {0,1} mox Z7 6ynem noummarh Z upu 7 = 1 u
Z = M\ Z npn 7 = 0. Tlycrs marpuna A apasercs T-ceqeKTHBHOIL, A
— Marpuia, 00pa3oBaHHAsg KAHOHHYeCKHMEU T-cesleKTopaMu. PaceMoTpum
npomssonbnoe T € T. Honoxum Vi = {v | Ap(v) # *} 1 yGeaumes, 40

=) 2. (1)

veVp

Ecim muoxkectBo Vi mycrto, To cTosberr A1 0BpA30BAH SIEMEHTAMH .
B srom cayuae T = M u pasenctBo (1) BBINOJIHEHO B CHJIY COLVIAILCHHS
OTHOCHUTEJIBHO HepecedeH sl IIyCTOil CHCTeMbl MHOXKECTB.

ITycts Teneps Vi # (). g mxo6oro i € T cronben \; qoonpeaeser )\T u,
CJIeI0BATEIBHO, IPH KAXKIOM v € Vi BRIIOMHEHO A (v) = Ap(v). D10 03HA-

qaer, 4To i CONEPKUTCs B Kazk1oM MHOKectse ZyT”), v € Vi, a oTOMY 1 B
ux nepecedeHnu. C y4eToM NpOU3BOIBHOCTH ¢ € T’ 3aKa09aeM, 9To T  BKJIIO-
4eHo B nepecedenne u3 npasoit dacru (1). O6parnoe BKIIIOYCHHE BLITEKAET
U3 TOr0, 9TO A BCAKOro j ¢ 1 cronbem \; He sIBISETCA JOOILpE/eIeHN-
em crosbma Ap, T.e. IpH HEKOTOpoM v € Vi mveer mecto A, (v) # Ap(v),
a 1moromy j ¢ Z)r® u j He cojep:xurcs B nepecedenun u3 (1). PaBencrso

(1) mokaswiBaetr, 4To cucreMa Z, 00pasyer 000OIMEHHbI KOHBIOHKTHBHBII
baszuc juis T .
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Ob6patHo, mycTh Z) sABIsIeTCS 00OOIIEHHBIM KOHBIOHKTHBHBIM Oa3UCOM
cucteMel T . Beaxoe muoxkectso 1T' € T mpeicTaBUMO B BHJE NepecedeHns
HEKOTOPBIX MHOXKECTB Z, HJIH HX JonosHenuit. PukcupyeM oiHO U3 TaKuX
MpecTaBIenuii 1 0603HaINM depe3 Vp COBOKYIHOCTDH HHIEKCOB U YIaCTBY-
IOIINX B HEM MHOXKeCTB Z,. s v € Vp nonoxum Ar(v) pasuaeim 1 wm 0 B
3aBUCHMOCTH OT TOTO, B KaKoif 3 (HhopM Z, WA Z, BXOAUT B TepecetdeHme
9TO MHOXKECTBO, a [yt v ¢ Vp momoxum Ar(v) = *. Torma

T=) 2.

veVP

Otcioia aHAJIOMMYHO IPEBLAYIIEMY MOXKHO 3aKJIOYHTh, 9TO HAOOP ¢ KOM-
noHeHTamMu Ap(v), v = 1,..., s, sBasgercsa T-ceJeKTOpOM MaTpuilbl A U OHA
T -celeKTUBHA. O

Ob6o3nadum yepes s(7) MUHUMAIBLHOE YUC/I0 CTPOK T -CeJIEKTUBHON MaT-
putpl. Beenem dyukmumo s(m, n,t), papayo Makcumymy 3nadenuii s(77) mo
Bcem cucremam 7 wam M = {0,1,...,m — 1}, cocrosinum U3 1 MHOKECTB
T, KaxKJ0e U3 KOTOPbIX MMeeT MOIIHOCTH He Bbile ¢, 1ubo coBnagaer ¢ M.
AHaJIOrHYHBIE BEJUYMHBL 11 T -IU3BIOHKTHBHBIX MaTpHI[ OyaeM 0603HA-
yarh So(7T) u so(m,n,t). B repMmunax e 001pe/ i€/ IeHHBIX JAHHBIX OIDAHUYE-
nug Ha T 03HAYAIOT, 9TO PACCMATPUBAIOTCA HEJOONPEIeJeHHbIe aa(haBuThHI,
CUMBOJIBI KOTOPBIX JIUOO HE OINpeje/IeHbl, JJUOO NMEIOT He OoJiee T goorpeie-
JICHU.

Teopema 6. Cnpasedaiusv, ouerku

s(m,n,2) < 4ln(mn)+1, (2)

so(m,n,2) < 6.75In(mn) + 1, (3)

s(m,n,3) < 8ln(mn)+1, (4)

so(m,n,3) < 9.48In(mn)+ 1, (5)

s(m,n,t) < so(m,n,t) < e(t+1)In(mn)+ 1. (6)

JTOKABATEJILCTBO. Pacemorpum Bragane dynkiuio s(m,n,t), OTHOCS-
HIy1oCd K CEeJIEKTUBHBIM MaTPpULIAMIO

[Tycts T — npousBosbHas cucrema ¢ mapamerpamu m, n u t. Cormacno
TeopemMe H JIOCTATOYHO OINEHHWTH CBEPXY MOIIHOCTH 000DIIEHHOTO KOHBIOHK-
TUBHOIO Gasuca g cucreMbl 7. ITockoibKy MHOXKecTBO M peannsyercs
ABTOMATHYECKH (KaK MyCTOe IepecevdeHre), MOKHO cauTarh, uro M ¢ T u
|T| <t pis ioboro T € T.

Mapwt (T,7), 7 € M\ T, 6ynem nassiBath @ipaemenmamu. CKazkeM, 9T0
MHO)KecTBO Z peaausyem bdbparvent (T, 7) npamo, econ T C Z, j ¢ Z,
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u peanmsyer uneepcho, eciu T N Z = (0, 7 € Z. MHOXKeCTBO peasusyem
(bparMenT, ecjii OHO €ro peaau3yeT NPAMO WK HHBEPCHO. ZICHO, 9To cucremMa
Z obpasyer 0OOOIIEHHBIH KOHBIOHKTHBHBIN Oasuc ast T TOrga M TOJBKO
TOT/IA, KOTJIa MHOYKECTBAMH CUCTeMbl Z peanusytorces see dpparments (1), 7),
T eT,je M\T. MomuocTh cucTeMbl ¢ yKa3aHHBIM CBOHCTBOM OIEHUM
BEPOATHOCTHBIM METOJ0M.

PaccmoTpuM cucteMy § CJIydailiHbIX HOJIMHOKECTB MHOXKeCTBa M, B KazK-
JI0€ M3 KOTOPBIX 3JeMEHTHl ¢ € M BKIIOYAIOTCS HE3aBHCUMO C OJIMHAKOBOI
BEPOSTHOCTBIO p, KOTOpas OymeT BhIOpaHa Mo3¥kKe. BeposTHOCTH TOro, 4TO
cJydaiiHoe MHOKeCTBO peasusyer 3ajganubiii dparment (1), 7), cocraBiser
pTl(1 —p) + (1 — p)!Tlp, a BeposiTHOCTH, UTO HE OAHO U3 § MHOYKECTB CHCTe-
Ml ero He peasusyer, pasaa (1— (p'7l(1—p) + (1 —p)"lp))°. Dra Beruunna
ne npesocxoaut (1— (p'(1—p)+(1—p)'p))°. Ilockonbky 1ucio Gpparmenros
menbire |7 - |M| = nm, BeposATHOCTH OTCYTCTBHSI PEATH3ANNE XOTS OBl ¥
OJIHOTO U3 HUX MEHDIITe

mn(l1— (1 —-p)+(1-p)'p)".

Orciona u u3 coornomenus In(1 — x) < —x ciaepyer, 4To 1upu JIOOOM

S In(mn)
S
- pt t
pP(l=p)+(1—=p'p
9Ta BEPOATHOCTH MeHbINEe 1 W, CaeJ0BaTeIbHO, CYIIECTBYeT O0OOIIEHHBI
KOH'bIOHKTHBHBINM 0a31C TAKOW MOIIHOCTH. DTO AT

In(mn)

Vi (p)

s(m,n,t) <

+1, (7)

rae ¢y(p) = p'(1 —p) + (1 —p)’p.

Boibepem 3uadenue p. Qi ¢t = 2 u t = 3 dyukuus Yy (p) pocruraer
makcumyma 1ipu p = 1/2. [MoxcranoBka sroro 3uadenus B (7) IPUBOIUT K
onerkaM (2) u (4). Ipu npousBosibHOM t ¢ yuerom Toro, uro 1 (p) > p'(1—p)
u Bemmauna p'(1 — p) upu p = t/(t + 1) npuanmaer 3navenne t'/(t + 1)+
nMeeM

y ( t ) - tt o1
Nt+1/ = (t+ 1D = e(t+1)
[Toncrasmss sty onenky B (7), mpuxoanm K (6).

Ouenka dbyHKIUA So(m, n,t) TPOBOJUTCS TEM Ke CIIOCOGOM, HO BMECTO
Yy(p) B bopmyne (7) sosuukaer dbynkmua ) (p) = p'(1 — p). Ilpu ouen-
ke s(m,n,t) dakruuecku ucnobzopaiach Gyuknus Y (p), mosromy s
so(m,n,t) omenka coxpamsger TOT ke B, Koucrantel B (3) u (5) HaxX0gATCS
MPSAMBIM TIOJICYeTOM Tipn p = 2/3 u p = 3/4. ]
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OrmveTuM, 9T0 15 t-TU3bIOHKTUBHBIX (M t-CEJeKTUBHBIX) MATPUI| N =

(") < (me/t)", n noromy u3 (6) moTyUACTCS BEPXHSA OLEHKA

so(m,t) <e(t+1)2 (ln? +2). (8)

MUHUMAJIBHOTO YUCJIA CTPOK (-IU3bIOHKTHBHOR MATPHUIIBI C 1M CTOJIOIAMH.
[Tomo6HbBIE ONEHKHU MJisl t-IU3BIOHKTUBHBIX MATPUIL OBLIM YCTAHOBIEHBI Me-
TOJIOM CJIy9aifHOrO KOJMPOBaHWUsi MHOTMMHU aBropamu (Hamp., B |2, 3, 7, 8]),
HO CII0CO0 MOJIy4YeHHs MyTeM CBEJICHHsS K KOHbIOHKTHBHBIM 0a3ucam paHee
HE HCII0JIb30BAJICH.

Brepsble HeTpuBHAIbHAS (HEMOITHOCTHAs) H K JAHHOMY MOMEHTY HAH-
JydIlias HUZKHsIS OTleHKA st So(m, t) yeranossiena B [2]. Ona oTHOCHTCS K
ciaydato t = const, m — 00 u MozkeT ObITb LIpeJCTaB/ieHa B Buje!

t2logm

t - -
so(m. 1) 2 2logt +c’

¢ =log se < 1.027. 9)
4
D1a oueHKa JOKA3bIBACTCsL JOCTATOUHO CJOKHO nHAyKiued no t. ITozu-
Hee B pabore [9] ObLIO HAlEHO YHCTO KOMOMHATOPHOE OKA3ATENbCTBO B 4
pasa GoJiee craboit orenkn. 3areM B 3amerke [10] OBLTO IpPEICTABICHO OYCHD
IPOCTOe KOMOMHATOPHOE JJOKA3aTeILCTBO OICHKH, KoTopas Xyuxke (9) B 2 pa-
3a. OHa BBITEKAET U3 ycTaHoBIeHHoro B [10] coorHomenus

S
m <t + 2(s—t) ) (10)
t(i+1)
CBSI3BIBAIOIIEI0 YMCJI0 CTOJIOIOB M U YUCJIO CTPOK § -/ I3 bIOHKTUBHON MaT-

putpl. [Ipu noxyvennn HuzKHUX OneHOK byHKIWMi So(m, n,t) u s(m,n,t) sto
HEPaBEHCTBO OYIeT HIPaTh BaXKHYIO POJIb.

Teopema 7. Ilpu svnosrnenut ycio8us

logn
t=o0| ———— 11
¢ (log log n) (11)
CNPasedauEs, OUEHKY
(t+1)logn
)y > o 12
So(m,’n, ) ~ 2(210gt+0)’ ( )
—1)1
s(m,n,t) (t—1)logn (13)

>
~ 2(2log(t —1) +¢)’

ede ¢ — woncmarma u3 (9).

'Berony mo log 2 monnmaercst log, .
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JIOKABATEJBLCTBO. 1. Haunewm co caydast dyukmum so(m, n,t).
[TockonbKy 1 He TPBOCXOAUT YHUCA MOAMHOYKECTB MHOXKecTBa M, nme-
IOIIUX MOIIHOCTH He BBIIIE ¢, CHPAaBEIJIMBO HEPABEHCTBO

m
n < E ( ) (14)
u
u<t
IIycrs m’ — MakcuMaIbHOE 3HAYEHHUE, YIOBIETBOPSIOIIEE YCIOBHIIO
m'
n > E .
u
u<t
OueBuano, uro m' < m. B cuiny makcumaabHOCTH M BBINOJIHEHO

n<y (m,lj 1) < (m/ +1)"

Orcrona ¢ yaerom (11) nomayuaem?

1
log(m' +1) > % > loglogn, (15)
a IOTOMY
m' > logn > t. (16)
[Momoxum M' ={0,1,...,m" — 1} u Bo3bMeM B KauecTBe T HEKOTODPYIO

CHCTEMY, KOTOpPast COCTOUT U3 1 MOJAMHOYKECTB MHOXKeCTBa M MOITHOCTH He
BbIIIIe { U BKJIIOYAET BCe (-3JIeMeHTHBIE IOAMHOXKecTBa MHOKecTBa M. Pac-
CMOTPHM MPOU3BOIBHYIO T -IU3BIOHKTHBHYIO MaTpuIly A, mepssie m’ ¢Tos0-
II0B KOTOPOi# COOTBETCTBYIOT 3JeMeHTaM MHoxKecTBa M'. DTu cToabupl 06-
pas3yoT t-IU3bIOHKTUBHYIO MATPHILY M JIJIs HEe CIPABEIJIMBO COOTHOIIEHIE
(10). B cuty TpuBnasbHOil HUZKHEl onenku s > logn u yeaosus (11) Bermodi-
HeHo s > t. [Ipomoropudmuposas (10), mosyuaem ¢ yu4eToM HepaBeHCTBA

log (u> < log “ 1t coormomenit (15), (16) m s >t
v v

logn 2s et(t+1)
Slogm' < (——+1)log———=.
go~osm N(t(t+1)+ ) T
Orcrona
2s logn
—_—t 1> — 17
D)~ ettt ) (17)
tlog—2

2CoorHomenne 1 > v o3Ha9aer v = o(u).
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Tak kak B cuay (11) BermosHEHO

1 1
B s e n — 1,
et(t+1) logn
tlog ——= ——— | loglogn
2 log logn
u3 (17) maxomaum
t(t+1)logn (t+1)logn S (t+1)logn
S = .
~ t(t+1 t+1 =
2t10g€(2—+) 2 (2 logt + log %) 2 (2logt—|—log %)

Orcrona craeayer (12).

2. Pacemorpum Tenepsb cayuaii byuknuu s(m, n,t).

2-1. ITycrs BHAuase Tpoiika (m — 1,n,t — 1) sBisercs J0MyCTUMOI, T. €.
CylecTByer cucrema 7 ¢ TaKUME IapaMerpaMmu. [TokazKeM, 4To B 9TOM CJIy-

qae
s(m,n,t) > so(m —1,n,t —1). (18)

[Tycrs 7 — npousBosibHast cucrema ¢ napamerpamvu (m — 1,n,t — 1) Ha
muoxkectBe M = {0,1,...,m — 2}. TTonoxxum M' = {0,...,m —2,m — 1}.
[Iyrem mobGaBieHuns K KaxkKjgoMy MHO:KecTBY 1 cucremsbr T sjaemenTa m — 1
obpasyem MHOXkKecTBa 1" M CHCTEMY BCeX TAKHX MHOXKECTB 0603HAYMM Yepe3
T'. Oua umeet mapameTpsl (m,n,t).

Pacemorpum T7'-cesiekTHBHY IO MaTpuiLy, Ha KOTOpoil jpocruraercs s(77).
[TyTem mHBEpCUPOBAHUSA €€ CTPOK J0OLEMCS TOTO, YTOObI CTOJ0EH, COOTBET-
CTBYIOIIWI 37eMenTy m — 1, ob1memy 1t BceX MHOXKeCTB 1", CcTas Hya1eBbIM;
HoJy4eHHy o MaTpuily obo3nadum A’. Bee T'-cemekTopbl MaTpuinsl A’ aBis-
torest Habopamu B aibasure {0, x} u moromy ona T’-au3boHKTHBHA. Marpu-
na A, obpasosannag uz A’ ynanenueM Hys1eBoro ¢roadua, 1-au3bIOHKTUBHA.
B pesynabrare nosrydaem

so(T) < s(A) = s(N) = s(T") < s(m,n,t).

YauTeBasg HPOU3BOJBHOCTH CHCTeMBI ] ¢ mapamerpamu (m — 1,n,t — 1),
IPUXOJUM K HepaBeHcTBY(18), KoTopoe coBmectHo ¢ (12) ofecmednBaer B
PACCMATPUBAEMOM CJIYIae OIEHKY

tlogn
2(2log(t — 1) +¢)’

s(n,m;t) 2 (19)

2-2. Ilycrsb Tpoiika (m — 1,n,t — 1) ve pouycruma. [omoxum

W=y (mljl).
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Tpoiika (m — 1,n/,t — 1) momycruma u CUpaBeINBO HEPABEHCTBO N > 1.
[Tapamerp n yaosierBopsier ycaosuio (14). Ilpasas gacts (14) B cuiy co-
OTHOIIEHHUS (Z‘) < m(’;ff) He npesocxoaut tmn'. Ilosromy n < tmn'. Jlo-
rapudMUpyst 3T0 HEPABEHCTBO W yunuThiBas (11), moaydaem

logn < logm + logn'. (20)

3 (14) Beirexaer, aro n < mt, a noromy logn < tlogm. TToncranoBka
sroro coornomenus B (20) paer tlogn' 2 (¢t — 1)logn. C ydyerom sroro u3
onerku (19), mpuMeHeHHO K J0mycTUMOl Tpoiike (m—1,n',t—1), BeiTekaer
[METTOYKA COOTHOIIEHHU I

tlogn’ S (t—1)logn
(2log(t — 1) 4+¢) ~ 2(2log(t — 1) +¢)’

s(m,n,t) > s(m,n',t) 2 5

npuBosmas K (13). O

Bameuanme 8. [Ipu pacmyuiem t U ecmecmeeHHom Yyeiosuu m < n 6eprHas
u nusicnas ouenku gynryuu s(m,n,t) us meopem 6 u 7 pazautaOmMCEA no
nopadky 6 logt pas. To owce cnpasediuco ors eprheli u HUNCHET OUEHOK
dynryuu so(m,n,t).

Bameuanue 9. /las 4106010 konkpemuol cucmemvt T cnpasedisusv, coom-
HOWEH U

1
550(7') < s(T) < s0(T)-

[TpaBoe HepaBEHCTBO OYEBUIHO, & JEBOE CJACAYyeT U3 TOrO, YTO B Pe3y/ib-
Tare J00aBICHUS K CTPOKAM 7 -CeJIeKTHBHOI MaTPHILI UX WHBEPCHUil 110J1y-

qaeTcd T—,ILI/I3'bIOHKTI/IBHaH MaTpHlla ¢ YABOCHHBIM YHUCJIOM CTPOK. ]
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Introduction

Over the recent decade a number of publications stressed the epistemic
values of cognitive representations in mathematics such as visualisations
and thought experiments. These publications argue for their epistemic roles
in understanding and explaining mathematical facts [Mancosu:2007, 2008],
[Manders:2008a, 2008b|; mathematical discovery |Giaquinto:2007|; and per-
haps the strongest role that of justification [Brown:1999|. They provide case
studies against the oversimplified view that visualisations are superfluous
and can always be reduced to a logical argument. This view underestimates
the epistemic advance of the visual such as emergence of new style of thinking
and developing of new concepts. For instance, in his unpulished paper [Man-
ders:1999] demonstrates that in the case of Descartes’ algebraisation of
geometry the change from diagrams to symbols enables fast algebraic cal-
culations and more importantly, the introduction of the new concept, the
degree of an equation, and the equations solving technique.

This paper contributes an analogous example, that is when the change
in representation facilitates the application. However this time the direction
is reverse: i.e. diagrams help to apply geometry to algebra. The case study
demonstrates how useful geometric properties of groups can be revealed
through visualising them as graphs and then as spatial objects (metric
spaces).

For the analysis of this example, I apply the approach proposed by
[Manders:1999| for the Descartes’ example mentioned above. He considers
mathematical practice as control of the selective response to given information,
where selective response means emphasising some properties of an object

o7
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while neglecting others. From this perspective, representations serve to imp-
lement the principal constituents of selective responses. This approach makes
clear that a change in representation is a valuable means of finding new
properties. A detailed research of these issues is presented in [Starikova:2011,
Starikova:2012].

1 The approach: the role of representations and
selective responses

In mathematical reasoning we often produce and respond to artefacts
or representations: diagrams, formulas, thought experiments and natural
language expressions. According to [Manders:1999|, artefacts help to imp-
lement and control selective responses. Representations also provide new
responses, suitable for the current context: e.g. recognition of a region bounded
by three sides. They also make the representations available for further steps:
e.g. drawing a line between two points. Therefore representations fir and
stabilise the responses and indifferences to particular elements of a structure.

Manders points out that our control over (Euclidean) diagrams is limited.
The Euclidean use of diagrams extensively relies on the appearance of the
diagrams, which means that the diagrams have to be perceptually explicit
and stable under the diagram perturbations. In the Euclidean style of using
diagrams it is possible that some metric properties are unclear. For example,
some segments or angles may appear as equal, when in fact they are non-
equal. Also there is a risk of missing cases in Euclidean diagrammatic practice
(e.g. the case of an obtuse triangle may be missed with considerable conse-
quences).

Alternatively, Descartes’ approach brings about a substantial advance in
problem solving: after the equations are written down, all the calculations
proceed quickly by means of efficient algebraic algorithms and become largely
a “cut-and-dried matter” [Manders:1999, 28|. This is a case of indifference to
the diagram and the application of an algebraic response — solving equations.
Manders makes the important point that the introduction of algebraic no-
tation helps us to apply the fast algebraic algorithms:

Changing the artefact basis of part of the analytic process, to
a representation (algebraic equations) indifferent to diagram ap-
pearance, allows all this progress towards solving problems, un-
impeded by the difficulties of diagram control in Euclidean-style
reasoning.!

[Manders:1999, p. 18]
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Therefore, in the case of an applicative approach, the representation facilitates
the application. What is also beneficial, it endorses a new algebraic notion
to geometry — the degree of an equation.

2 The case study: the geometric approach to
groups

I shall start my case study with explaining the basics of the geometric
approach to groups. Then I will analyse the role of visualisations in the
terms of Manders’ approach of strategic response and indifference. The
geometric perspective on groups is not new. Groups were commonly seen as
transformations of geometric objects, and this view was the core of Klein’s
Erlangen programme [Klein:1873] which aimed to classify and characterise
geometries on the basis of group theory (and projective geometry). However,
in this paper I discuss a new approach, which is based on the idea that
groups as such can be thought of as geometric objects. I shall consider
hyperbolic groups as an important application of this idea and then give it
a philosophical analysis.

2.1 Generated groups

Traditionally groups are introduced as sets equipped with particular
axioms. However, more structure can be endorsed via the notion of generated
groups.

Definition. Definition (generating set). Let G be a group. Then a subset
S C G is called a generating set for the group G if every element of G can
be expressed as a product of the elements of S or the inverses of the elements

of S.

In other words, every element of G can be written as a composition of
symbols (called letters) representing the elements of S and their inverses. A
representation of a non-identity element s as a product of n > 1 letters is
called a word. In a given word the number n € N is called the length of the
word. The word with the length equal to 0 is called an empty word and by
definition it represents the group identity I. Other representations of I by
words of length n > 1 are called group relations.

There may be several generating sets for the same group. For example,
the subsets {1} and {2, 3} generate the group (Z, +), whereas {2} does not.
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Definition. Definition (a finitely generated group). A group with a specified
set of generators S is called a generated group and is designated as (G, S). If
a group has a finite set of generators, it is called a finitely generated group.

For example, the group Z with respect to the generating set {1} designated
as (Z,{1}) is a finally generated group, whereas the group (Q, +) of rational
numbers under addition is not.

2.2 Word metric

On the basis of letters and words one can introduce word metric.

Definition. Definition (a word metric). If g,h € G then the word metric
(with respect to S) ds(g, h) is the length of a shortest word representing g—'h,
where g~th is a word w such that gw = h.

The metric space [(G,S5),ds] may not appear at first glance to give us
much structure to study as compared to that found in the classical metric
spaces, such as the Euclidean or hyperbolic. However it becomes potentially
more intriguing when one observes that a discrete valued metric space can
be compared to an interesting continuously valued metric space such as the
hyperbolic plane [Gromov:1993]. This implies that if in a discrete space any
pair of distinct points is joined by a geodesic segment (the shortest path), it
makes such a metric space comparable to the classical metric spaces in the
same way as a sequence of connected points can be similar to a line. The
intuition is that if we look at a group ‘from a distance’, then the discrete
geometry of the group (determined by discrete-value metric) looks similar
to some continuous-valued approximations of it.

2.3 Cayley graphs as metric spaces

The intuition above can be realised through the introduction of a metric
on Cayley graphs or graphs of groups.

Definition. Definition (a Cayley graph). Let (G, S) be a finitely generated
group. Then the Cayley graph T'(G,S) of a group G with respect to the
choice of S is a directed coloured graph, where vertices are identified with
the elements of G and the directed edges of a colour s connect all possible
pairs of vertices (z,sx), v € G, s € S.

Different choices of generators give different Cayley graphs. In the figure
below the Cayley graphs for (Z,+) are generated by {1},{1,2},{2,3}:
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Fig 3: The Cayley graphs of the generated groups (Z, {1}), (Z,{1,2}) and
(2,{2,3})

Words in a generated group correspond to paths in its Cayley graph,
wherea path between two arbitrary vertices of the graph, x and y, is a
sequence of edges between x and y.

If one takes each such edge to be of a length equal to 1, then the [ength
of the path is equal to the number of unit edges in this path. Therefore, for
any pair of vertices x, y of I'(G, S) the path metric (word metric) dr s(z,y)
on the Cayley graph I'(G,S) can be defined as the length of (one of) the
shortest paths (geodesic segments) connecting = and y.

The set of vertices in a Cayley graph with this path metric is now a
metric space, and the group metric space ((G,S),ds) is isometric to the
Cayley graph metric space (I'(G, S), dr,s) by definition.

By thinking of Cayley graphs as metric spaces one can discover interesting
properties, which turn out to be independent from the choice of generators
for a given Cayley graph. For this reason these properties are considered to
be the properties of the groups themselves and called ‘geometric’ or ‘quasi-
isometric invariants’ (see the next section). Studying these properties makes
up a substantial part of geometric group theory.

2.4 Quasi-isometry

The intuition that groups resemble classical metric spaces has been made
precise using the notion of quasi-isometry. It is based on isometry, which
is a distance-preserving map between metric spaces. Isometry is similar
to congruence in geometry, in that it expresses the idea ‘is the same as’
in a given category. To distinguish it further, quasi-isometry is a weaker
equivalence relation between metric spaces: it is supposed to grasp the idea
‘is similar to’.

Definition. Definition (a quasi-isometry). For metric spaces (M, dy) and
(Ms,dy) a function f:M; — My (not necessarily continuous) is called a
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quasi-isometry if there exist constants A > 1 and B > 0 such that

1

Zdl(l’a@/) — B < dy(f(2), fy)) < Adi(x,y) + B

for all x,y € My and a constant C > 0 such that to every u in My there
exists x in My with do(u, f(z)) < C. The spaces My and My are called
quasi-isometric if there exists a quasi-isometry f:My; — Ms.

Example 1.

1. f:(Z,d) — (R,d) is a quasi-isometry (f(z) = x for any v € 7Z),
where d is the usual Euclidean metric (see the figure below). Indeed,
do(f(2), f(y)) = di(z,y). Take A=1 and B = 0.

2. f: 7% — E? is a quasi-isometry with respect to Fuclidean metric.

3. The Cayley graph of (Z,{1}) as well as the Cayley graph of (Z,{1,2})
and (Z,{2,3}) with respect to word metric are quasi-isometric to (R, d)
(see Figure 3).

A more general proposition is that for a given group all its Cayley graphs
are quasi-isometric. Also, two finitely generated groups are quasi-isometric,
if and only if for some choices of generators, their Cayley graphs are quasi-
isometric. The choice of generators is however unimportant because of the
previous proposition.

2.5 Quasi-isometry invariants: hyperbolicity

Amongst many properties of finitely generated groups that are indepen-
dent from the choice of generators is such an interesting one as hyperbolicity.
The concept of hyperbolic groups was introduced by [Gromov:1987|, which
has since become very influential and given rise to an extensive research
programme. Before this, hyperbolicity was considered only on surfaces and
other differentiable manifolds with a metric. Gromov’s innovation was to
extrapolate it in a more general context, defining it also on discrete objects
such as graphs or groups. The idea is again to embed a Cayley graph of a
group quasi-isometrically into the hyperbolic space H" and apply hyperbolic
geometry to study this group (see also |[Bridson:1999]|). This involves the
notion of a geodesic triangle.

Definition. Definition (a geodesic triangle). A geodesic triangle is a figure
consisting of three different points together with the pairwise-connecting geo-
desic segments.
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Fig 4: A thin hyperbolic triangle

The points are known as the vertices, while the geodesic segments are
known as the sides of the triangle. A geodesic triangle can be considered
in any space in which geodesics exist. For example, a geodesic triangle in
a Cayley graph with the associated word metric consists of three distinct
arbitrary vertices x, y, z connected by three geodesic segments (the sides of
the triangle), from x to y, y to z and z to x respectively.

2.6 Thin (hyperbolic) triangles and negatively curved
groups

The common definition of hyperbolicity is based on the key property
of hyperbolic spaces that the sum of a triangle’s angles is less than «. In
a discrete case as in the case of a graph, there are no angles, yet there is
the word metric. The following notion of d-thin triangles allows us to define
hyperbolicity for this metric in a more general way without appealing to the
notion of angle.

Definition. Definition (a 0-thin triangle). Let 6 > 0. A geodesic triangle
in a metric space is said to be d-thin if each of its sides is contained in the
d-neighbourhood of the union of the other two sides as in the Figure J (see
Gromov:1987, p.120). Then, a geodesic space X is called §-hyperbolic or
negatively curved if every triangle in X is §-thin.

Now let us consider d-hyperbolicity of Cayley graphs. Take any geodesic
triangle in a Cayley graph, for example the triangle 1,2,3 in the Cayley graph
of (Z,{1}) in Figure 3. It is a d-thin triangle, where ¢ = 0. Indeed, each side
is contained in the union of the other two sides: side 1,3 is the union of sides
1,2 and 2,3, and a similar formula applies to the other two sides.

A useful observation is that a triangle pinched in the sides is getting
thinner and eventually collapses into a tripod (a connected graph with no
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circuits with at most three edges and at most one vertex of degree greater
than one). Therefore a tripod is a O-thin triangle, and those Cayley graphs
which are composed of tripods or any other connected graph without cycles
can be considered as hyperbolic spaces. It is also often said that Gromov-
hyperbolic spaces are the ones that exhibit ‘tree-like behavior’.

An important theorem first proven in 1981 by Gromov in his famous
paper about the polynomial growth of groups:

Theorem 2. Gromouv’s Theorem. Any group of polynomial growth contains
a finite index nilpotent subgroup.?

3 Discussion

Finally let me discuss what role the visual representations play in the
geometric approach described above. To contrast to the geometric approach
with the traditional combinatorial, the latter mostly uses symbolic notation.
For example, the elements of the dihedral group of symmetries in an equila-
teral triangle D3 can be written in symbols: I,r, 72, f,fr,fr?. Groups can be
also represented by a multiplication table, and permutation groups are often
written as multiplied matrices. Even if a group has a geometric model, like Ds
does, the algebra represents the concept that was articulated in a geometric
way (symmetries of a geometric object) but now without geometrical allusions:
merely in terms of some abstract rs and fs. We can think of group Ds
more abstractly as a set with group axioms, no longer thinking about group
elements as continuous motion or as permutations. This is where indifference
to the geometric aspects is especially effective. The combinatorial represen-
tations and axiomatic expression of groups are detached from the concrete
nature of the group and can be applied in any scientific field.

Presented groups are the closest algebraic counterparts to Cayley graphs.
Group presentation includes generators and group relations (words equal
the identity or empty words). Here is the group presentation of Ds: < r, f |
r3, f2,rfrf >. This type of combinatorial representation is quite informative
and at the same time, synoptic. It is used in both the combinatorial and in
the geometric approach. However, as demonstrated in the previous section,
for a detailed consideration of group geometry Cayley graph diagrams are
essential.

What makes them effective for example in the case of hyperbolic groups?
Mathematically, the difference between symbolic notation of a generated

2Gromov [1981, 53-78]. For more results establishing important properties of hyperbolic
groups see [Gromov 1987].
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group and its Cayley graph is often said to be insignificant, but the cognitive
difference between the two cognitive representations is crucial.

Indeed, what is mathematically significant here is the response to the
generating aspect of the group (the generators). But cognitively a Cayley
diagram gives more information: e.g. by colours, edges, shapes, the structure
of the group at a glance, and importantly, connectedness. Groups do not
have these properties. It is the diagram that suggests our response to these
properties. One can say that Cayley diagrams basically help us to see groups
as geometric shapes. This makes it possible to study groups by using the
same methods as applied to the classical metric spaces. The main elements
of this practice are (i) the indifference to the discrete structure of the group
metric space, and (ii) the response to the perceptual similarity of particular
Cayley graphs with these metric spaces. These are new responses, unavailable
to the combinatorial approach. They in turn lead to new advances — the
concepts of quasi-isometry, hyperbolic groups and other geometric properties
of groups.

The new responses to the diagrams are applied from geometry, as for
example in Euclidean geometry we respond to the intersections of lines,
figures and their relations in the diagrams. The response is however modified:
e.g. a geodesic triangle does not have to be shaped like a Euclidean triangle.
In other words, some of the Euclidean diagrammatic appearance is neglected,
whereas the more abstract properties of triangularity (three connected ver-
tices) are highlighted.

To summarise, the examples above demonstrate that the geometric res-
ponse to the diagrams of graphs makes it clear how we can naturally integrate
geometric machinery into algebra (geodesics, triangles, metric spaces, hyper-
bolicity). As the case study demonstrates, it may be easier to think of the
geometric and topological properties of an object such as a graph equipped
with a diagram, than of one equipped with algebraic symbolism. As a result,
a particular response to diagrammatic representations facilitates the ongoing
application and developing of new concepts.
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We generalize the notion of semi-isolation for families of closed sets of
types and develop a general approach for the description of binary links
between realizations of 1-types in terms of labels of pairwise non-equivalent
semi-isolating formulas [15, 16| to the generalized semi-isolation.

We use the standard relation algebraic, model-theoretical, semigroup,
and graph-theoretic terminology [2, 3, 4, 6, 7, 8,9, 11, 12, 14, 18, 19| as well
as some notions, notations, and constructions in |15, 16, 1].

1 Preliminary notions, notations, and properties

Definition 1.1. Let 7" be a complete theory, M | T. We consider closed
nonempty sets (under the natural topology) sets p(z) C S'(9), i. e., sets

p(z) such that p(z) = DI [p.i(x)], where [gpi(x)] = {p(z) € S'(2) |

©p.i(2) € p(x)} for some formulas ¢, ;(x) of T.

For closed sets p(z),q(y) C S(@) of types, realized in M, we take
all (p,q)-preserving (p, q)-semi-isolating, (p — q)-, or (q <+ p)-formulas
o(z,y) of T, i. e., formulas for which if a € M realizes a type in p(x) then
every solution of ¢(a, y) realizes a type in q(y). Now, for each such a formula
¢(z,y), we define a binary relation Ry, q = {(a,b) | M = ¢(a,b) Ap(a)},
where |= p(a) means that a realizes some type in p. If (a,b) € Ry g, (a,b)
is called a (p, ¢, q)-arc.

*The work is supported by RFBR, (grant 12-01-00460-a).
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If, in addition, ¢(x,y) is a (p <> q)-formula, i. e., it is both a (p — q)-
and a (q — p)-formula then the set [a,b] = {(a,b), (b,a)} is said to be a
(p7 12 q)—edge.

(p, ¢, q)-arcs and (p, p, q)-edges are called arcs and edges respectively if
we say about fixed or some (p — q)-formula ¢(z,y). If (a,b) is a (p, ¢, q)-
arc such that the pair (b,a) is not an arc for any (q, p)-formula, then (a,b)
is called #rreversible.

Note that if p and q are singletons, ¢(x,y) is a (p, q)-semi-isolating
formula with = ¢(a,b) for a and b, realizing Up and Uq respectively, then
o(z,y) witnesses that a semi-isolates b.

If p is a set and q is a singleton then Ry, q = U Ry uq-
pEP
Below we shall consider nonempty closed sets p(z),q(y) C S(2).

For p(z),q(y) € S(@) we denote by SI,_,4 the set of all pairs (a, b) such
that = ¢(a, b) for some (p — q)-formula ¢(a,b) and a realizing a type in p.
We set Sl q = Slpq U Slgop.

By the definition SI, 4 consists of all arcs linking p and q by (p, q)- or
(q, p)-semi-isolating formulas. For (a,b) € SI,_,q we say that (a,b) witnesses
that p semi-isolates q and a generally semi-isolates b (with respect to (p,q)).

For sets p(z),q(y) € S(&), we denote by SICF(p, q) the set of (p — q)-
formulas ¢(z,y). Let SICE(p,q) be the set of pairs of formulas
(p(x,y),¥(z,y)) € SICF(p, q) such that for any realization a of a type in p
the sets of solutions for ¢(a,y) and ¥(a,y) coincide. Clearly, SICE(p, q) is
an equivalence relation on the set SICF(p, q). Notice that each SICE(p, q)-
class E corresponds to either a set of (p, ¢, q)-edges, or a set of irreversible
(p, ¢, q)-arcs, or simultaneously a set of (p,y,q)-edges and of irreversible
(p, ¢, q)-arcs linking realizations in p and q by any (some) formula ¢ in E.
Thus the quotient SICF(p,q)/SICE(p,q) is represented as a disjoint union
of sets SICFE(p,q), SICFA(p,q), and SICFM(p, q), where SICFE(p,q)
consists of SICE(p, q)-classes corresponding to sets of edges, SICFA(p,q)
consists of SICE(p, q)-classes corresponding to sets of irreversible arcs, and
SICFM(p, q) consists of SICE(p, q)-classes corresponding to sets containing
edges and irreversible arcs.

The sets SICF(p,p), SICE(p,p), SICFE(p,p), SICFA(p,p), and
SICFM(p, p) are denoted by SICF(p), SICE(p), SICFE(p), SICFA(p), and
SICFM(p) respectively.

Let T be a complete theory without finite models,

U=U U{z,00Utur’
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be an alphabet of cardinality > [25(T)| and consisting of negative elements

u~ € U™, positive elements u™ € U™, neutral elements v' € U’, the empty
set @, and zero 0. As usual, we write u < 0 for any v € U~ and u > 0 for
any u € UT. The set U~ U {@,0} is denoted by U=? and U* U {@,0} is
denoted by U=Z°. Elements of U are called labels.

Let v(p,q): SICF(p,q)/SICE(p,q) — U be injective labelling functions,
p(z),q(y) C S(), for which negative elements correspond to the classes
in SICFA(p,q)/SICE(p,q), positive elements and 0 correspond to the
classes in SICFE(p, q)/SICE(p, q) such that 0 is defined only for pNq # &
and is represented by the formula (r =~ y), @ corresponds to inconsistent
formulas, and neutral elements code the classes in SICFM(p, q)/SICE(p, q),
v(p) = v(p,p). For (p,q) # (p’,d') we additionally assume that p,(p,q) N
Pu(p' o) = {@, 0} ifpNq# @ and pNq # 3, and Pupa) (N Pup'a) = {@}
otherwise. Labelling functions with the properties above as well families of
these functions are said to be regular. Below we shall consider only regular
labelling functions and their regular families.

The labels, corresponding to isolating formulas, are said to be isolating
whereas each labelin =~ |J  py(p,q) is semi-isolating. By the definition, each

p,aCS'(9)
isolating label belongs to U~ U{0} UU™, i. e., it is not neutral and it is not
.

We denote by 0p..q(7,y) formulas in SICF(p, q) with a label u € py(p.q)-
If the set p is fixed and p = q then the formula 6, (z,y) is denoted by
Ou(x,y).

Note that if 0, 4(x,y) and 6q,p(z,y) are formulas witnessing that for
realizations a and b of types in p and q respectively the pairs (a,b) and
(b,a) belong to Sl 4, then the formula ¢(z,y) = Opuq(,y) A Oqvp(y, )
witnesses that [a,b] is a (p, ¢, q)-edge. If p(z,y) witnesses that edges [a, D]
are principal for a realizing types in p and for b realizing types in q then the
label u is invertible and the label v € U=° corresponds uniquely to u, and
vice versa. The labels u and v are reciprocally inverse and are denoted by v—1
and u~! respectively. In general case, each label u € U=° has a (nonempty)
set of inverse labels in U=, denoted also by u .

For sets p1,p2, - .-, Prr1 C SH(D) and sets X, Xo, ..., Xx C U of labels
we denote by

SI(p17 X17 P2, X27 R 7 ka pk+1)

the set of all labels v € py(p, p,.,) corresponding to formulas 0y, up,., (7, y)
satisfying, for realizations a in p; and some u; € X1 N Py(p,,ps)s---»> Uk €
X N Pu(pg.prsr)s the following condition:

0p17“7Pk+1 (a,y) - 01)17“1»P27“2:-~~7pk’uk:pk+1 (a,y),
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where
gpl7u1ap27“27~~~7pk’“k,pk+1 ('r7 y) =
= 3w9, 23, . .. Th—1(Opy u1.po (T, 2) A Opy iy ps (T2, T3) A
A epk—lvuk—hpk (xk?—b xk) A epk71tk7pk+1 (:Ekh y))

In view of transitivity of semi-isolation, each formula

Op, UL,P2,U2,.. Pk Uk Pk 1 (z,y)

(possibly inconsistent) has a label in py(p, py.1)-
Thus the Boolean P(U) of U is the universe of an algebra 2 of distributions
of binary formulas (for generalized semi-isolation) with k-ary operations

SI(p17 P2,y Pk, '7pk+1)7

where @ # pi,...,Prs1 C S'(D). This algebra has a natural restriction
to any nonempty family R C P(S'(@)) \ {@} as well as to the algebras of
distributions of binary isolating and semi-isolating formulas [15, 16]. Besides,
if Uy is a subalphabet of U then the restriction of the universe of 2 to the
set. P(Up) and the restrictions for values of operations to the set Uy forms,
possibly partial, algebra 2 | U.

Note that if some set X; is disjoint with p,(p, p,, ), in particular, if it is
empty then

SI(p1, X1, P2, Xo, . ., Pk, Xk, Prs1) = 9,

and if each X; has common elements with p,, p,.,) then

SI(ph X17 P2, X27 -y Pk, Xka pk+1) 7& g.

Note also that if X;  p,(p,p,,,) for some i then
SI(p1, X1, P2, Xo, ..., Pry X, Prt1) =

= Sl(pla Xl N pu(pl,pg)a P2, X2 N pu(pg,pg)a -+ Pk, Xk N py(pk,pk+1)7 pk+1)'

In view of the previous equation, below, considering values

SI(p17X17p27X27 e 7pk>Xkapk+l)>

we shall assume that X; C pyp, piyy)s 2=1,..., k.
If each set X; is a singleton consisting of an element u; then we use u;
instead of X; in SI(py, X1, p2, Xo, ..., Pk, Xk, Prs1) and write

SI(p17 U1, P2, U2,y - - - Pk, Uk, pk+1>-



ALGEBRAS OF DISTRIBUTIONS OF FORMULAS 71

By the definition the following equality holds:

SI(p17 X17 P2, X27 S ) le pk—‘rl) -

= U{SI(Phul,Pz,uz, s 7pkauk7pk+1> ! up € Xy, ...,u € Xk:}.

Hence the specification of SI(p1, X1, pa, Xo, ..., Pk, Xk, Pr+1) is reduced to
the specifications of SI(py,uq, pa,us, ..., Pk, Uk, Prr1). Note also that
SI(p, X, q) = X for any X C py(p.q)-

Clearly, if u; = 0 then p; C p;4+1 for nonempty sets

SI(p17 Ui, P2, Uz, - .., Pi, 07 Pit+1,-- -, Pk, Uk, pk?-‘rl)

and the following conditions hold:

SI(p1707p1) = {O},

SI<p17u17 P2, U2, ..., Pi, 07 Pi+1, - - 7pk7uk7pk+l) =
= Sl(pla Uy, P2, U2, ..., Pi, U;+1, Pi+2, .-, Pk, Uk, pk-i-l)a

where u; , is the label in p,(p, p,.,) for the formula 0y, | u, | p.o(®,Y).
Obviously,

SI(p17u17p27u27 <o Pisy ®7pi+17 s 7pk7uk7pk+1) - {@}

If all sets p; equal to a set p then we write SI,(X;, Xs,...,X;) and
SIp (g, ug, . .., ug) as well as [ Xy, Xo, ..., Xi]p and [ug, ug, ..., uy|p instead
of

SI(p17 X17 P2, X27 R le pk+1)
and
SI(pla Ui, P2, U2, ..., Pk, Uk, pk?-i-l)
respectively. We omit the index - if the set p is fixed. In this case, we write
O us,...up (T, y) instead of Op vy pous....prurp (T, Y)-

Proposition 1.2. (1) Ifp,q C S'(T) consist of principal types then (p,(p,qU

IOV(q,p)) c U
(2) If p,q C SYT), p consists of principal types and q consists of non-
principal types then p,pq = {9} and pyqp) C U™.

Proof is obvious. n
Corollary 1.3. If p(z) consists of principal types then p,) C U=".

Proposition 1.4. Let py,pa, ..., Pry1 be subsets of S*(@). The following
assertions hold.
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(1) If ui € pupspisy)s @ =1,...,k, and some w; is negative then
SI(p1, u1, P2, U2, - - -, Pk, Uk, Prt1) S U™

(2) If u; € pupipiy NUZ2, i =1,... k, then
SI(p1, u1, P2, Us, - - -, Py Uk, Pry1) © U0,

(3) If i € pu(pipisy N(UZPUT"), i =1,...,k, and some u; belongs to
U’ then
SI(P1, u1, Pa, s, - - - s Pry Uk Pry1) © U

(4) If wi € pupipi) NUZY, @ = 1,... .k, then all elements of the set
X = SI(p1,u1, P2, U, - - -, P> Up, Prr1) are invertible and the set X' =
U{v~t | v € X} is contained in SI(Pri1,uy ", Pry Uy 'y, - - - P2, Uy 5 P1)-

Proof. (1)—-(3) follow by the transitivity of semi-isolation.
(4) All elements in X are invertible by (2). Let v' be an element in
v™! € X~ Then for any (p1,0p, 0.p. 1 Prt1)-edge [a,b] such that [b,a] is

& (Pk+1,0py1,0.p1> P1)-edge, there are realizations a; of p;, i = 1,...,k + 1,
such that ag = a, apy1 = b, = Op, wipiss (@i, ai1), 1 =1,.. . k.
Since [a;;1,a;] is an ui-edge for some u; € u; ', i =1,... k, then

0pk+1ﬂ/7pl(bv :L’) - 9Pk+1,U§c,pk7u;1~~-,P2,U’1,p1(b7 CL’),

Whence, U/ € SI(pk—i—h ’LL];17 P, u];_lla -5, P2, ul_la pl) [

Note that the inclusion X~ C SI(pp, 1, u,:l, Pk, u,:_ll, ..., P2,u] ,p1) can
be strict since labels in u; ' may compose new (with respect to X 1) labels
for SI<pk+17 U’Izla Pk, u];_ll) -5 P2, ul_la pl)

Corollary 1.5. Restrictions of U to the sets US?, U=2°, and UZ° U U’ form

subalgebras of the algebra of distributions of binary formulas. The operation
of itnversion is coordinated with the operations of the algebra.

2 Preordered algebras of distributions of binary
formulas

For the set U of labels in the algebra 2 of binary formulas of theory 7',
we define the following relation <:if u,v € U then v <wv if and only if u = v,
O U € Py(pq) U € Pu(pq) for some sets p,q,p’,q' C S (@), pCp,qC d,
and 0p.,.q(a,y) F 0y g (a,y) for any realization a of p. If w <wv and u # v
we write u < v.
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By the definition the relation < is reflexive and transitive. It is antisymmetric
since distinct labels correspond to non-equivalent formulas or to strict inclusions

pCp,aCd.
Below we consider some properties for substructures of partially ordered

e (Ui,

p.a

Proposition 2.1. (1) For any set p C SY(@), the partially ordered set

<U Puv(p,q); I forms a upper semilattice.
q

(2) An element u € pypq \ {9} s I-minimal if and only if for a
realization a of p, the formula 65, 4(a,y) is isolating and tp(a) is the unique
type in p such that for its realizations a', Oy, q(a',y) is consistent.

(3) (monotony) If u € pupq) and u<v thenv € U, § € {—,+}, implies
we U, and if ue U' thenv € U'.

Proof. (1) If uy € pup.qi)s U2 € Pu(p.qy) then for the formulas 0y, q, (%, y)
and 6y, q, (7, y) the label v for the formula 6, ., ¢, (%, y) V Op us.q. (T, y) 18
the supremum for the labels u; and wus.

(2) If 05,u.q(a,y) are isolating formulas and for o’ realizing types in p \
{tp(a)}, Opuq(d’,y) are inconsistent then the label v is <-minimal by the
definition. If the formula 6, 4 (a, y) is consistent and not isolating then there
is a formula ¢(a, y) such that the semi-isolating formulas 0, , (@, y) A¢(a,y)
and 0 ,.q(a,y) A =p(a,y) are consistent. For the labels v; and vy of these
formulas, we have v; # v, v; < u, and vy < w. Similarly, if 0, , 4(a,y) is
isolating and there is o’ realizing a type in p \ {tp(a)} such that 6, ., (d’,y)
is consistent, then taking a formula ¢(x) € tp(a) \ tp(a’) we get distinct
labels vf and v} for 6, q(x,y) A (x) and Op q(z,y) A —1h(x) respectively
such that v{ < wu, and v} < u.

(3) If v € pu(p,q NU™ then for any solution b of the formula 0, 4(a,y),
where = p(a), the pair (a,b) is an irreversible arc. Hence, for any solution
b of Op.u.q(a,y), where u <wv, the pair (a,b) is also an irreversible arc and so
u belongs to U~. Replacing arcs by edges, the same arguments show that
uw<vand v € UT imply u € UT. If u € U’ then the set of pairs (a,b) for
the formula 6, , 4(a,y) contains both irreversible and reversible arcs. This
property is preserved for any label v with v < v, whence v € U’. O

The partial order < has a natural extension to a preorder on the set
P(U): for any sets X,Y € P(U) we put X IY if X = &, or for any z € X
there is y € Y with x <y and for any y € Y there is x € X with x <Jy.
Thus, the algebra 2( is transformed to the preordered algebra (; <) with
the monotonic property with respect to its restrictions to the sets U=°, U=,
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and U'.

There is a natural equivalence relation Fy on the set U of labels: two
labels u; and wuy are equivalent if u; = us or for some p = p; N p2, qi1, qo,
U1 € Puprar)s U2 € Pu(psge)s and the formula 0y, ., q,(7,y) is equal to the
formula 05, 4, q, (7, Y).

The equivalence relation Fgy forms filters on sets of labels based on the
following property: if ui Equa, U1 € pu(p,,qi), and Uz € Py(p,,q.) then there
is a (unique) label (u1 A u2) € Ey(u1) N pupinps,aingz) and for any q 2 qq,
there is a (unique) label ugq € Ey(u1) N pu(p,,q)-

Another natural expansion of the now preordered algebra (2; <) is based
on the properties mentioned that if u; € py(p.qi), U2 € Pupqs), and v €
Pu(arr) then the formulas O ., qor(2,y) and Op ., g (2,Y) V Op uy.q. (€, ) as
well as Op.uy a0 (T, Y) A Opu.qo (T, y) and Op 4y g0 (T, y) A 0p 0y .q0 (2, y) (if the
formulas 0p.u,,q, (2 ¥) A Opusqe(a;y) and Opu, q,(a,y) A —0pu,q.(a, y) are
consistent for some a with = p(a)) have labels in U. We denote these labels
by u o v, uy V ug, uy A ug, and u; A —us respectively. The last label is also
denoted by —ugs A u;.

Note that the operations A for the set p and with respect to p; N ps are
coordinated by Ey.

The label u; o v is the composition of labels u; and v; u; V usy is the
unton or the disjunction of labels u; and uo; uy A ug is their intersection or
conjunction; u; A\ —uq is the relative complement of usy in uq.

Clearly, u; Juy Vug, us Juy Vg, ug Aug Jug, ug Aus Jug, up A —us Juy.

We set

{U1 o U}, if up € Puv(p,q) and v € Pr(q,r)s
,(upov),r) = : ’ ’
(P, (w1 0v),1) { @, if u1 & pu(p,q) OF V& Pu(qr),

([ {u1 Vus}, ifur € pupqn) and Uz € puip.as),
{us}, if u1 € py(p,q) and us ¢ Pv(p,q)
for q C q1 Uqo,
(p, (w1 Vug), a1 Uqe) = ¢ {us}, if Uy € Pu(p,qn) and Uz & Pu(p.q),
for q C q; U qy,
@, if w1 & pup,q) and ur & py(p.q)
L for q C q1 U q,

{Ul A U2}, if u; € Pu(p.q), U2 € Pu(p.q)
and = Ely(ep,mn(a? y) A 0p7u2,q(aa Y))
for some a with = p(a),

a, otherwise,
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{wn Aus},  if wr € pupay U2 € Pu(p.a)
and = Jy(Op,u;,q(@,y) A ~0pus.q(a, y))
for some a with = p(a),

a, otherwise,

(p, (u1A—u2),q) =

(pv (X17X2)7Q) = U{(p7 (u17u2)7q) | u € X17u2 S X2}a TE {Oa\/a/\}a
(pa (Xl A _'X2)7q) = (p7 (_'XQ /\Xl)7q) =
= U{(pa (ul A _‘u2>7q) | up € X17u2 € X2}7 X17X2 € P(U)

Labels u; and uy are consistent if uy A uy € U. If uqy A ug = @ the labels
u; and us are called inconsistent.

The preordered algebra (2(; <) equipped with the equivalence relation Ey
and binary operations (p, (-7-),q), 7 € {V,A,0},and (p, (- A —+),q), p,q C
S (@), is called a preordered algebra with relative set-theoretic operations and
the composition or briefly a POSTC-algebra.

For any sets p,q C S'(@) the structure (p,(p.q); V, A, &) with operations
V and A on labels is an Ershov algebra, i. e., a distributive lattice with zero
@ and relative complements [5] such that for any u,v € py(pq) if v <v and
u' = —u Awv is a label then u A v/ = @ and u V v/ = v, and if the label v’
does not exist then u = v.

A label uw € U\ {@} is an atom or an atomic label if u is a <-minimal
element in U \ {@}, i. e., for any label v € U \ {@} if v <wu then v = w.

By Proposition 2.1, the set of atoms equals the set of isolating labels and,
thus, each atom u € p,(p q) is represented by an isolated formula 0y, (@, y),
where = p(a) and 6, ,.4(a, y) are inconsistent for o’ realizing p \ {tp(a)}.

Let R be a nonempty family of sets of types in S'(@), A be a restriction
of POSTC-algebra 2 to the family R. The structure Ay is atomic if for any
sets p,q € R and for any label u € py(p,q) \ {@}, there is an atom v € py(p,q)
such that v <Qwu. The POSTC-algebra 2 is called R-atomic if A is atomic.
If R ="P(S'(@))\ {2} then the R-atomic POSTC-algebra is called atomic.

Using the definition of atomic structure, of R-atomic POSTC-algebra,
and of small theory we obtain the following assertions.

Proposition 2.2. If R is a nonempty family of finite sets of types in S*(D)
and for any type p € UR, there is an atomic model M, over a realization of
p, then the POSTC-algebra A is R-atomic.

Corollary 2.3. If T is a small theory with finitely many 1-types then the
POSTC-algebra A is atomic.
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3 Ranks and degrees of semi-isolation

Having the si-rank si(u) for labels v € p,p q) as a local variation of Morley
rank [13| we introduce two similar modifications for labels in p,p q)-

Definition 3.1. For triples (p,u,q), where p,q C S'(@), u € U, we define
inductively the rank siy(p,u,q) of semi-isolation:

(1) si1(p,u,q) = 0 if u & py(p,q) OF U = D;

(2) siv(p,u,q) 2 1if u € pypq) \ {D};

(3) for a positive ordinal «, siy(p,u,q) > a+1if there is a set {v; | i € w}
of pairwise inconsistent labels such that v; < w and si;(p, v, q) > a, 7 € w;

(4) for a limit ordinal «, siy(p, u,q) > « if siy(p, u,q) > [ for any 5 € a.

As usual, we write si; (p, u,q) = « if si;(p,u,q) > «a and si;(p,u,q) 2 S
for a € B; siy(p,u,q) = oo if siy(p, u,q) > « for any ordinal a.

Now we define the rank siz(p,u,q).

For u € py(p,q and p € p, we denote by u, the label v € p,(fp1,q) such
that 0p.u.q(a,y) = 0py.0.q(a,y) for a realizing p.

We set sis(p, u, q) = supsi;({p}, up, q).
PEP

If sets p and q are fixed, we write si;(u) instead of si;(p,u,q) and this
value is said to be the j-rank of semi-isolation or the si;-rank of the label u
(with respect to the pair (p,q)), 7 = 1,2. For a formula 6, , 4(z,y) we set
81 (Op,u.q(7,y)) = sij(u).

Clearly, if the theory is small then the si;-ranks of each label are countable
ordinals (having a label w with si;(p,u,q) > w, we get continuum many
complete types r(z,y) D p(x) Uq(y) for some p(x) € p and ¢(y) € q).

By the definition, sip(u) < sij(u) for any label u. For singletons p and q,
siy(u) = sig(u) and this value equals to the si-rank of corresponding label.

Clearly the inequality sis(u) < sij(u) can be strict since a formula (x, y)
can represent a label u for a sequence of types p;, i € w, such that ¢(z,y)
is a (p; — p;)-formula, si(u,,) = 1 and for each 4, there are v; with v; < w,,.
Thus we get siz(u) = 1 and si;(u) = 2.

We have the following inequality for any formula 6, ,4(z,y) and any
realization a of p giving a low bound for the Morley rank of the formulas
Opu.q(a,y) by the siy-rank:

siz(0p,uq(7,y)) < sup MR(bpuq(a,y)) + 1. (1)
Fp(a)
Similarly,
st (Op,ua(,y)) < MR \/ Opuala,y) | +1, (2)



ALGEBRAS OF DISTRIBUTIONS OF FORMULAS 77

where MR’ means the Morley rank with respect to formulas \/ 6,...4(a,v)
Fp(a)
for labels u' € py(p,q)-

The inequalities (1) and (2) imply

Remark 3.2. (1) If a theory T has a finite Morley rank MR/ then si;-ranks
of labels in  |J  pu(pq) are bounded by the value MR'(z ~ x) + 1.
p,aCSH(T)

(2) If a theory T has a finite Morley rank then sis-ranks of labels in

U  Pupq are bounded by the value MR(z =~ z) + 1.
p.qCSH(T)

We set si;(p,q) = sup{si;(p,u,q) | v € U}, sij(p) = sij(p,p). For a
nonempty family R of sets of 1-types, we put si;(R) = sup{si;(p,q) | p,q C
R}. A family R is called si;-minimal if si;(R) = 1. The value si;(p, q) is said
to be the j-rank of semi-isolation or the si;-rank of pair (p, q), and si;(R) is
the j-rank of semi-isolation or the sij-rank of the family R.

Since there are |T'| formulas of a theory T and the inequalities (1) and
(2) hold we obtain

Proposition 3.3. (1) Fach siy-rank in a theory T is either equal to oo or
less than min{|T|*, (MR/(z ~ z) + 1)*}. If the Morley rank MR/(z =~ x) is
equal to an ordinal o then any sii-rank in T is not more than o + 1.

(2) Fach sig-rank in a theory T is either equal to oo or less than

min{|T|", (MR(z ~ z) + 1)*}.

If the Morley rank MR(z ~ x) is equal to an ordinal o then any sig-rank in
T is not more than o + 1.

The estimations for sij-ranks in Proposition 3.3 can be far from exact.
For instance, sij-ranks in w-categorical theories are finite while there are
non-w-stable w-categorical theories.

Proposition 3.4. For any sets p,q C SY (@) the following assertions hold.

(1) If u,v € pyp,q) and u v then sij(u) < sij(v).

(2) If u,v € py(p,q) then sij(uV v) = max{si;(u),si;(v)} and sij(u Av) <
min{si;(u),si;(v)}. The last inequality is transformed to the equality if and
only if there is a label v such that v <wu, v' Qw, and si;(v") = si;j(u) or
si;(v') = sij(v).

(3) The equality sij(p,q) = 0 holds if and only if there are no realizations
of p witnessing that p semi-isolating q.

(4) The equality sij(p,q) = 1 holds if and only if there is a (p — q)-
formula witnessing that a realization of p semi-isolates q, and each such a
(p — q)-formula ¢(x,y) is equivalent to a disjunction of formulas ¢;(x,y)
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such that each formula ¢;(a,y) is either isolating or inconsistent, where |=
p(a).
Proof is obvious. n

Proposition 3.5. For any nonempty family R C S*(@) the following asser-
tions are satisfied.

(1) sij(R) > 1.

(2) The family R is si;-minimal if and only if for any sets p,q C R
each (p — q)-formula ¢(x,y) is equivalent to a disjunction of formulas
wi(z,y) such that each formula ¢;(a,y) is either isolating or inconsistent,

where = p(a).

Proof. (1) is implied by the inequality sij(p) > 1 for any nonempty p C
S1(@) since the formula (a = y) witnesses that a semi-isolates itself, where
= p(a). (2) is an obvious corollary of (1) and Proposition 3.4, (4). O

Remark 3.6. Since for a strongly minimal theory 7T the set of solutions
for any formula ¢(a,y) is finite or cofinite, any (p, p)-semi-isolating formula
¥ (a,y) is represented as a finite disjunction of some isolating formulas v;(a, y)
or as a negation of a finite disjunction of isolating formulas v;(a,y). If
p is a finite set including a non-principal type then the representation of
Y(a,y) is possible only as a finite disjunction of isolating formulas. It means
that si;(p) = 1. If p consists of principal types and there are finitely many
pairwise non-equivalent isolating (p — p)-formulas ¢(a, y) with = p(a) then
sij(p) = 1, too. If there are infinitely many these pairwise non-equivalent
isolating formulas ¢(a, y) then si;(p) = 2.

Definition 3.7. Let o be a positive ordinal, u; and uy be labels in p,p q)
such that si;(uy) = si;j(u2) = . The labels u; and uy are a;-almost identic or
~q j-equivalent (denoted by uy ~q ; us) if sij(ug +ug) < a, where ug +uy =
(Ul VAN _|UQ) V (_|U1 VAN UQ).

Proposition 3.8. The relation ~, ; is an equivalence relation for any set
of labels in p,(pq) having the sij-rank a.

Proof. Clearly the relation ~,, ; is reflexive and symmetric. For the checking
of transitivity we assume that u; ~,; uo and ug ~, ; us. Since (ug A ~ug A
us) < (up A —ug) < (uyg + ug) we have

sij(ur A\ =g Aug) < sij(ug +ug) < o

As ug Aug = (ug Aug Aug) V (ug A —ug A ug) and sij(ug A —ug A ug) < a
for uy ~q ; us, it is enough to prove that si;(u; A us A uz) = . Suppose on
contrary that si;(u; A ug A ug) < . Then sij(ug A ug) = a and

UI/\UQZ(Ul/\UQ/\Ug)V(Ul/\UQ/\_‘u3)
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imply sij(uy A ug A ~uz) = a. But (ug Aug A —ug) < (ug A —ug) D (ug = ug),
and sij(us +u3) < a gives si;(u; Aug A—uz) < a. The obtained contradiction
means that u; ~q ; us. O

By the definition, for any label u € p,p q) having the sij-rank «, there is
a greatest number n € w\ {0} of pairwise inconsistent (or, that equivalent, of
pairwise non-~, j-equivalent) labels us, . .., u, such that u; <w and si;(u;) =
a,t=1,...,n. This number n is called the j-degree of semi-isolation or the
sij-degree of label u and it is denoted by deg;(p, u, q) or by deg;(u). We have
sij(@) = 0 and put deg;(@) = 1.
Proposition 3.9. (1) If u € pyp,q and sij(u) = a then deg;(u) is equal
to the number of pairwise inconsistent labels uy, ..., Uy € py(p,q) having the
sij-rank o, the sij-degree 1, and such that u = u V...V uy,.

(2) If u,v € pu(p,q), Sij(u) = sij(v), and u Jv then deg;(u) < deg;(v).

(3) If u,v € py(p,q) and sij(u) = si;(v) then

deg;(u vV v) < deg;(u) + deg;(v).

The equality in this inequality holds if and only if si;(u A v) < sij(u). If
sij(u Av) = sij(u) then

deg;(u V v) = deg;(u) + deg;(v) — deg;(u A v

).
(4) If u € pu(p,q) is an atom, then sij(u) =1 and deg;(u) = 1.
(5) If for a label u € py(p,q), sij(u) = 1 and deg;(u) = 1, then u is not

neutral.

(6). If u € pu(pq and sij(u) = 1 then deg;(u) is equal to the number of
pairwise inconsistent atoms ui, ..., Uy, € Py(pq) Such that w=u; V...V u,.
Proof is obvious. n

If there is a label u € p,(pq) With si;j(p,q) = si;j(u) then the j-degree of
semi-isolation or the si;-degree deg;(p, q) of pair (p,q) is

sup{deg;(u) | u € py(p,a), 51 (P, @) = si;(u)},

deg;(p) = deg;(p,p)-

If for a nonempty family R of sets of 1-types there is a label v € py(p.q),
pP,q € R, with si;(R) = sij(u) then the j-degree of semi-isolation or the
sij-degree deg;(R) of R is

sup{deg;(u) | u € py(r),si;(R) = sij(u)}.

Clearly, if deg;(p,q) or deg;(R) exist then these values are positive
natural numbers or equal w.
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For an ordinal «, a natural number n > 1, and a set X € {U,U \ {9}}
we put

X [(a,n); = {u € X |sij(u) < aand if sij(u) = a then deg;(u) < n},

X (a,w);=Xla; =] X (a,n);
n>1
Clearly, if « = f+1 then X [ (o, 1); = X [ 3}, and if « is a limit ordinal
then X [ (o,1); = U X [ ;.
B<a

For ordinals a, 8, f € (w+1)\ {0}, and for the algebra 2 of distributions
of binary semi-isolating formulas of theory 7" as well as for expansions and
restrictions A’ of 2, defined in previous sections, we denote by 2 [ (a, 5), and
' [ (o, B); as well as by A, 5; and A, 5 ; the restrictions of these algebras
to the set U | (o, 3);. If B = w, these restrictions are denoted by 2 | ay,
A" | aj, Aoy, and A, .. The restrictions are called the (o, 3);-restrictions
and the oj-restrictions respectively.

Since the si;-rank of each label is positive, non-trivial restrictions (i. e.,
with nonempty sets of used labels) are only the restrictions of algebras with
a > 0. If sij(P(S'(@))) = ap then, taking into consideration the inequality
a > 0, all essential (i. e., reflecting links of sets of labels of semi-isolating
formulas with respect to their sij-ranks) restrictions of these algebras are
formed only for 0 < a < ap.

By Proposition 3.9, we obtain

Proposition 3.10. The algebra of distributions of binary isolating formulas
of theory T coincides with the algebra A | (1,2);. The algebra A | 1; consists
of labels being disjunctions of atoms.

4 Monoid of distributions of binary formulas

on a set of realizations of a family of type
Consider a complete theory T', a set p(x) C S(7T), a regular labelling
function v(p): PF(p)/PE(p) — U, and a family of sets SI,(uy,...,ux) of

labels of binary (p — p)-formulas, u1,...,ux € pu(p), k € w.
Below we show some basic properties for sets

[ug, . ug ] = Slp(ug, . ug).

Proposition 4.1. (Associativity). For any ui,us, u3 € py(p), the following
equalities hold:

[Tur, ugl, us] = [ur, ug, us] = [us, [ug, usl].
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Proof. For the proof of [[uy,us|,us] C [uy,us,us], we take an arbitrary
element v € [[uy,us],us]. Then v € [v/, us] for some v’ € [uy,uy], and for
any realization a of p we have

O (a, z2) F Oy uy(a, x2), (3)
Qv(au y) - ev’,ug ((l, y) (4)

By (3), we obtain
9?)'#3 (a7 Z/) - QU1,U27U3 (av y)' (5)

Thus, (4) and (5) imply
9v<a7 y) l_ eul,UQ,us (aa y>7

and, consequently, v € [uy, ug, us].

Now we prove the inclusion [uy, [ug, us3]| C [uy, us, us]. Take an arbitrary
element v € [uy, [ug, ug]]. Then v € [uy,v’] for some v’ € [ug,us], and for
any realization a of p we have

ev’(a7 y) - QU2,u3 (CL, y)’ (6)
Qv(a, y) - 6U1,U’<au y)- (7)

By (7), we obtain
9u1,v’ (aa y) - emmz,us (CL, y)' (8)

Thus, (7) and (8) imply

Qv(a, y) = 9u1,u2,U3 (a, y)»

and, consequently, v € [uq, ug, ug].

The inclusions [[uy, ug], ug] 2 [u1, us, us| and [uy, [ug, uz|] 2 [ug, ug, us|
are satisfied since, taking labels v; and v, for the formulas 6, ., (z,y) and
By us(,y), we obtain, for = p(a), that the formulas 6, ., (@, V), Ou; us.us (@, Y),

and 0, ,,(a,y) are pairwise equivalent, i. e.,

(Uhuzﬂ = [U17U27U31 = [Ul,vﬂ-

]

In view of associativity, using the induction on number of brackets, we
prove that all operations [-,-,...,-] acting on sets in P(p,(,)) are generated
by the binary operation [, -] on the set P(p,(,)) and the values [ X1, X5, ..., X ],
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X1, Xy, ..., Xk € py(p), do not depend on the sequence of adding of brackets
for

Xiit1,itmtn = [ Xiiv,... i+m,Xz‘+m+1,z‘+m+2,...,i+m+n1,

where X5 = [X1, Xo, ..., Xi].

Thus the structure &J,p) = (P(pu(p)); [+, -]) is a semigroup admitting
the representation of all operations [, -, ..., -] by terms of the language [, ].
Below the operation [-, -] will be denoted also by - and we shall use the record
uv instead of u - v.

Since by the choice of the label 0 for the formula (x ~ y) the equalities
X -{0} = X and {0} - X = X are true for any X C p,(p), the semigroup
&3, (p) has the unit {0}, and it is a monoid. We have

Y-Z=|JyzlyeY,ze 2}

for any sets Y, Z € P(py(p)) in this structure.
Thus the following proposition holds.

Proposition 4.2. For any complete theory T, any set p € SYT), and
the reqular labelling function v(p), any operation SI,(-,-,...,-) on the set
P(pu(p)) interpretable by a term of the monoid &J,p).

The monoid &7, is called the monoid of binary semi-isolating formulas
over the labelling function v(p) or the SI,y-monoid.

By Propositions 1.4 and 4.1, we obtain
Proposition 4.3. For any complete theory T, any set p C SY(T), and the
reqular labelling function v(p), the restriction 635&) (respectively GJE(OP),
6’35(%1)1611) of the monoid &3,y to the set U=* (U=°, U=°UU") is a submonoid
of GJy(p)-

By Proposition 3.10, the (1,2);-restriction of the monoid &3, is iso-
morphic to the I, (p-structure P, ). Besides, the (1, 2);-restrictions of monoids
G’Jf&) and 6’55&) are isomorphic to structures ‘,Bf((;) %f&) respectively,
being restrictions of B, ) to sets of labels of corresponding signs.

5 «a-deterministic and almost a-deterministic
S, (p)-monoids

In the following definition, we generalize the notions of deterministic
and almost deterministic structure B, proposed in [15] as well as of a-
deterministic and almost a-deterministic SI,,)-monoids defined in [16].
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Definition 5.1. Let Uj be a subalphabet of the alphabet U, «a be a positive
ordinal, and n > 1 be a natural number. We put

Pup)ang = U € pup) | sij(u) < a, deg; (u) < n for sij(u) = a},

Pu(p),oni = U Pu(p),ajn:
ncw

The partial subalgebra &3, ) | Uy of the monoid &3, is called (o, n);-
deterministic if for any labels w1, us € py(p).a.n; N Vo, the set [uy, us] N Uy
consists of labels having the si;-ranks < o and contains less than n pairwise
non-~, j-equivalent labels of si;-rank a.

The partial subalgebra &J,,) [ Up of the monoid &7, is called a;-
deterministic if 873, [ Up is (a, 2);-deterministic.

The partial subalgebra &7, ) [ Up of the monoid &7, is called almost
aj-deterministic or (o, w);-deterministic if for any labels uy, uy € Pu(p)a,j N
Up, the set [uy,ug] N Uy consists of labels having the si;-ranks < « and
contains finitely many pairwise non-~,_j-equivalent labels of si;-rank a.

By the definition, each (a,w);-deterministic structure &J,p) [ Up is a
union of its (a, n) j-deterministic substructures, n > 1. So each «-deterministic
structure &J,(p) | Uy is almost aj-deterministic.

If Uy = U we shall not point out restrictions to the set Uy for considered
structures.

Below we show some basic properties of (almost) «;-deterministic partial
algebras &J,p) | Up.

Proposition 5.2. (Monotony) If a structure &J,p) [ Uy is (almost) o;-
deterministic and [ is a positive ordinal then the structure (&J,p) | Us) | B;
is also (almost) oj-deterministic.

Proof is obvious. O

Proposition 5.3. For any monoid &3, ) and ordinals o, 3, where o, B > 0,
B € w+ 1, the following conditions are equivalent:

(1) the monoid &J,p) is (o, );-deterministic;

(2) sij(uoug) < « for any labels uy, us € py(p).a,j,s and if sij(uoug) = o
then deg;(uy o ug) < f3.

Proof. The implication (1) = (2) is obvious.

(2) = (1). Consider arbitrary labels uy, uy € py(p).a,3,- Since, by hypothesis,
sij(ug oug) < o and v < (ug o uy) for any label v € [uy, us|, [u1, us| consists
of labels of sij-ranks < «, and if si;j(v) = sij(u; o ug) = a then deg;(v) <
deg;(u1 o ug) < B. Thus, the monoid &J,p) is (a, 3);-deterministic. ]
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Proposition 5.3 immediately implies

Corollary 5.4. For any monoid &3, and a positive ordinal o the following
conditions are equivalent:

1) the monoid &J, () is almost o ;-deterministic;

( () J i

(2) sij(ug oug) < a for any labels uy, us € puip).a,j-

Corollary 5.5. If sij(p) is an ordinal then the monoid &3, is almost
(sij(p));-deterministic.

Proposition 5.6. If a monoid &3,y is (o, B);-deterministic then the struc-
ture STy (p).a; = SJup) | @ is also an (a, );-deterministic monoid.

Proof. Since for any a;-restriction the associativity, the presence of unit {0},
and the (a, );-determinacy is preserved, it is enough to note that for any
labels u; and wug in &J,(p) ., there is a label v in &J,p) a8, belonging
[u1, ug]. We can take u; o uy for v since, by hypothesis, si;(u; o us) < o and
if sij(u; o ug) = « then deg;(u; o up) < B. O

Proposition 5.7. Ifsi;(p) is an ordinal then the monoid &7,y is (sij(p));-
deterministic if and only if the value deg;(p) is not defined or equals 1.

Proof. If deg;(p) is not defined the ordinal o = si;(p) is limit and can not be
achieved by labels in p, . In particular, for any uy, us € p,(p) the set [u, us ]|
does not contain labels of sij-rank . If deg;(p) > 2 then there are non-~ ;-
equivalent labels w,us € pyp) of sij-rank a. Then [u; V uy,0] contains
the labels u; and wuy, whence the monoid &J,p) is not aj-deterministic.
If deg; (p) = 1 then there is unique, up to ij—equivalence, label in p, )
having the sij-rank «. Since such a label is unique, the monoid &J, ) is
aj-deterministic. O]

Proposition 5.8. The structure B, p) is (almost) deterministic if and only
if the structure 8J,(p) 1,2, 45 (almost) 1;-deterministic.

Proof follows by the 1somorphlsm between &J,(p)1,2,; and Py (p). O

Proposition 5.9. Let p(x) be a set of complete 1-types of a theory T, v(p)
be a regular labelling function, and si;(p) < w. The following conditions are
equivalent:

(1) the monoid &J,p) is (1,n);-deterministic for some n € w;
(2) the set py(p) is finite;
(3) the set pyp)a,; finite;
(4) the set py(p)i,2,; (consisting of all atoms u € py(p)) is finite.

Proof. If sij(p) > 1 then, by si;(p) < w, the set p,(p).1,; is infinite and so the
set p,(p) is also infinite. Since each label in p, )1 ; is a disjunction of labels
in pyp)1,2,; and for any labels uy,...,u, € pyp)1,; the label u; V...V u,
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belongs also to py(p).1,5, the set p,(p) 1,2, is infinite and the monoid &7, ;) is
not (1,n);-deterministic for n € w. Thus, none of the conditions (1)-(4) is
not satisfied.

If sij(p) = 1 then each label in p, ) has the sij-rank 1 and is represented
as a disjunction of labels in p,(p) 1,2;. Thus, the conditions (2)—(4) are equi-
valent. If the set p,(p),1,2,; contains m € w labels then there are 2™ —1 labels
forming the set p,(p). Hence, the monoid &3, is (1,2™ — 1);-deterministic.
If the set p,(p),1,2,; is infinite then, for pairwise distinct labels uy, ..., u, €
Pu(p)1,2,, the set [ug V... up, 0] contains 2™ — 1 labels and, since m is not
bounded, the monoid &3J,p) is not (1,n);-deterministic for any n. Thus, the
condition (1) is equivalent to each of the conditions (2)—(4). O

Definition 5.10. Let p(z) be a set of types in SY(T). A type q(z1,...,2,) €
S(T) is called a (n, p)-type if q(x1,...,z,) 2 | pi(z;) for some p; € p. The
=1

set of all (n,p)-types of T is denoted by Sn,;(T) and elements of the set
Sp(T)= U Snp(T) are called p-types.
new\{0}
A type q(y) in Sp(T) is called p-principal if there is a formula ¢(y) € q(¥)
such that for some p; € p, the set U{p:(v;) | vi € y} U{p(y)} is included in

q(y) and forces q(y).

Lemma 5.11 [1]. For any finite set p of types in SY(T) and a natural number
n > 1 the following conditions are equivalent:

(1) the set of (n,p)-types with a tuple (z1,...,x,) of free variables is
infinite;

(2) there is a non-p-principal (n, p)-type.

Proposition 5.9 and Lemma 5.11 imply

Corollary 5.12. If p(x) is a finite set of complete 1-types of a theory T,
v(p) is a reqular labelling function, and all (2, p)-types are p-principal, then
the monoid &3,y is (1,n);-deterministic for some n € w.

For a set p(z) of 1-types and a positive ordinal «, we denote by SIj . ;
(in a model M of T') the relation of (p, p)-semi-isolation restricted to the
set of formulas of sij-rank < a:

Slpa; = {(a,b) | M =p(a) Ap(b) and a (p, p)-semi-isolates b

by a formula 0, (x,y) with si;-rank < a}.

Clearly, I, = SI,;; for any set p C S'(@). Observing this equality
and an isomorphism between &J,(p) 1,2, and B, (p) the following proposition
generalizes Proposition 4.3 in [15] Proposition 5.15 in [16].
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Proposition 5.13. Let p(z) be a set of complete types of a theory T, v(p)
be a reqular labelling function, and o be a positive ordinal. For j = 2 the
following conditions are equivalent:

(1) the relation Sl, 4 ; (on a set of realizations of p in any model M = T)
18 transitive;

(2) the structure &J,(p)q,; s an almost o -deterministic monoid.

Proof. Let a, b, and c¢ be realizations of p such that (a,b) € SI,,; and
(b,c) € Sl o,; by (p — p)-formulas 6, (a,y) and 6,,(b, y) respectively. If the
structure 8J,(p) a,; is an almost a;-deterministic monoid then si;(uous) < o
and the pair (a,c) belongs to Sl . ; by the (p — p)-formula 6,, ., (z,y).
Since elements a, b, and ¢ are arbitrary we have (2) = (1).

Assume now that for some u1,us € py(p)q,; the set SIp(ui,us) contains
a label u such that si;(u) > a. Then by compactness the set

9(a,y) = {0 0o (a,9)} U {0, (a, ) [ v € Slp(ug, ug), si;(v) < o}

is consistent for some a with = p(a). Consider realizations b and ¢ of p
such that = 6,,(a,b) A 0,,(b, c) and |= g(a,c). We have (a,b) € SI,,; and
(b,c) € Slpa,; but (a,c) ¢ Slp o by the construction of ¢. Thus, the relation
Sl j is not transitive and the implication (1) = (2) holds. O

Note that Proposition 5.13 holds for j = 1 with finite sets p. Note also
that for any ordinal a > 0, there are no (p,#0,,p)-edges, linking distinct
realizations of p and satisfying the conditions v > 0, si;j(u) < «, and
si;(u™!) < o, if and only if the relation SI, , ; is antisymmetric. Since SIj, ,
is reflexive, the definition of v(p) and Propositions 1.4, 5.13 imply

Corollary 5.14. Let p(x) be a set of complete 1-types of a theory T, v(p)
be a regular labelling function, and o be a positive ordinal. For j =1 with a
finite set p and for j = 2, the following conditions are equivalent:

(1) the relation Sly . ; is a partial order on a set of realizations of p in
any model M =T

(2) the structure &J,p)a 15 an almost oj-deterministic monoid and
Puip)a © U=,

This partial order Sl (p)q,; is identical if and only if py(p).a; = {@,0}.

Propositions 1.4 and 5.13 also imply

Corollary 5.15. Let p(z) be a complete type of a theory T, v(p) be a reqular
labelling function, and « be a positive ordinal. For j =1 with a finite set p
and for j = 2, the following conditions are equivalent:

(1) the relation Sl, o ; is an equivalence relation on the set of realizations
of p in any model M =T
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(2) the structure &J,p)a,; 15 an almost aj-deterministic monoid and
consists of labels in U=,

Definition 5.16. An element u € p,(p) is called (almost) deterministic if for
any realization a of p the formula 6,(a,y) has unique solution (has at least
one and finitely many solutions).

Since each semi-isolating formula 6, (a,y) with finitely many solutions is
equivalent to a disjunction of isolating formulas 6,, (a,y), then for j = 1 with
a finite set p and for j = 2, each almost deterministic element has the si;-rank
1 and so belongs to the set of labels in the structure &7, 1,3+1),;, Where
S is the supremum of numbers of solutions for ,(a,y). In particular, each
deterministic element belongs to the set of labels in the structure &7, 1,2,

Clearly if elements u and v are (almost) deterministic then each element
v in u - v is also (almost) deterministic. Hence, the sij-rank 1 is preserved
for compositions uowv of (almost) deterministic elements u and v. Moreover,
the sij-degree 1 is preserved for compositions of deterministic elements.

In Figure 1, the fragments of Hasse diagram are presented illustrating the
links of the structure 63 = &J,(p) with structures above, being restrictions
of &7 to subalphabets of U. Here the superscripts -=0 and -2° point out on
restrictions of &J to the sets US? and U=° respectively, and the subscripts
to the upper estimates for sij-ranks and si;-degrees of labels. In Figure 1, a,
a hierarchy of structures &3, ;, o < si;j(p), j = 1,2, is depicted starting
with the trivial substructure; in Figure 1, b, links between substructures
of &J,),1,; are presented; in Figure 1, c, links between substructures of
SJa41 for 1 < a < sij(p) are shown. For a limit ordinal 8 < si;(p), the
Hasse diagram for substructures of &Jg; is obtained by union of presented
diagrams for o < f. If an ordinal < si;(p) is not limit, the Hasse diagram
corresponds to the union of presented diagrams for o < 3 with the removal

~<0 ~>0
of structures &35/, , ; and &J5,, , ..

6 POSTC-monoids

In this Section, we shall consider both the monoids &J,) and their
expansions by operations and relations of POSTC-algebras containing these
monoids. These expansions

gﬁy(p) = <P(py(p)); S <L VLA, ( A = -)7o>

are called preordered monoids with relative set-theoretic operations and com-
positions over regular labelling functions v(p), or briefly POSTC, () -monoids.
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~ ~~<0 . >0
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Fig. 1

We collect basic structural properties of POSTC,p)-monoids and show
that any expanded monoid &7, satisfying the following list of properties,
coincides with some POSTC,p)-monoid I, ().

Let U =U"U{@,0} UUTUU’ be an alphabet consisting of a set U~ of
negative elements, a set U™ of positive elements, a set U’ of neutral elements,
and zero 0. As above, we write u < 0 for any element u € U™, u > 0 for any
element u € U™, and u - v instead of {u} - {v} considering an operation - on
the set P(U); US* = U~ U {0}, U2 = U" U{0}.

A structure M = (P(U); -, I, V, A, (- A—+), 0) is called a POSTC-monoid
if it satisfies the following conditions:

e the operation - of the monoid (P(U) \ {@}; -) with the unit {0} is
generated by the function - on elements in U such that each elements u,v € U
define a nonempty set (u-v) C U: for any sets X, Y € P(U) \ {&} the
following equality holds:

X-Y:U{u-v|u€X,v€Y};
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if X € P(U) then X -0 =02-X =g

e the relation < on the set P(U) is a preorder with the least element
&; this preorder is induced by the partial order <’ on the set U of labels
(forming a upper semilattice) by the following rule: if XY € P(U) then
X QY if and only if X = &, or for any label v € X there is a label v € Y
with « <" v and for any label v € Y there is a label u € X with u <’ v;

e a label u € U \ {@} is called an atom if v < w implies v = u for any
label v € U \ {@}; only labels in U~ U {0} UU™ may be atoms; the label 0
is an atom; some labels in U=° lay under each label in U’, moreover, if only
labels v € U=° lay under a label v € U’ then there are no greatest labels
among labels v; only labels in U’ lay over each label in U’;

e the operations V, A, (- A =) on the set U form a distributive lattice
with relative complements, moreover, for any elements u,v € U,

udvsuAv=usuVo=u,
(uN—w) =0 < udu;

e the operation o is defined on the set U such that for any labels u,v € U
the label v o v is the greatest element of the set u - v;

e the operations V, A, o on the set P(U) are induced by the corresponding
operations on the set U: if X,Y € P(U) and 7 € {V,A, o} then X 7Y =
{utv | v € X,v € Y}; the operation (- A =) on the set P(U) is also
induced by the corresponding operation on the set U: if X, Y € P(U) then
XANY={un—w|ueXveY}

e the sets U~ and U= are closed with respect to the operations \V, A, (- A
—-); the set U’ is closed under the operation V; if w € U’ and v € U then
(uvwv) el

e repeating the definition in Section 2, for each label u € U, the ranks of
semi-isolation sij(u) > 1 and the degrees of semi-isolation deg;(u) of label
u is defined inductively, si;(@) = 0, deg;(&) = 1, as well as equivalence
relations ~,, j, restrictions X, ;, X, of sets X € {U,U \ {&}} and
restrictions M, ;, M, 5 for restrictions I’ of 9N to sets of labels of si;-
ranks < «, and for labels of sij-rank « to sets of labels of si;-degree < 3;

e the restriction (P(U) \ {@}; -)1.2; of the monoid (P(U) \ {@}; -) is a
I-groupoid;

o if u < 0 then sets u - v and v - u consist of negative elements for any
ve U,
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e if u>0and v > 0 then (u-v) C U=
eifu,v e U=°UU’, and u € U or v € U’, then (u-v) C U’;

e for any element u > 0 there is a nonempty set u=! of inverse elements

u' > 0 such that 0 € (u-v')N (v - u); in this case if u < v and v € U then
-1 -1
u  Coug

?

e if a positive element v belongs to a set vy - vy, where vy ovy € U™, then
ut Coyt oot

By the definition each POSTC-monoid 90 contains POSTC-submonoids
M=0 and M= with the universes P(U~ U {@,0}) and P(U" U {2,0})
respectively, being also POSTC-monoids (with UTUU’ = gand U~UU' = &
respectively).

A POSTC-monoid 9t is called atomic if for any label uw € U \ {@} there
is an atom v € U such that v <.

Note that POSTC-monoids with ordinals sup{si;(u) | u € U} are atomic.
Note also that restricting the notion of POSTC-monoid removing si;-ranks
we get the notion of POSTC;-monoid that coincides with the notion of
POSTC-monoid in [16]. Thus applying the proof of [16, Theorem 6.1], where
a type is replaced by a set of types, we obtain

Theorem 6.1. For any (at most countable and having an ordinal sup{si; (u) |
u € U})) POSTC,-monoid M there is a (small) theory T with a set of types
p(z) C SYT) and a regular labelling function v(p) such that M, ) = M. If
siy coincides with a si-rank then the set p can be chosen to be a singleton.

Extending the construction for the rank si, we get

Theorem 6.2. For any (at most countable and having ordinals sup{si;(u) |
u € U})) POSTC-monoid MM there is a (small) theory T with a set of types
p(z) C SYT) and a regular labelling function v(p) such that M, ) = M.

7 POSTC-monoid on a set of realizations for a
family of sets of 1-types of a complete theory

In this section, the results above for a structure on a set of types, as well
as results in [15, 16] for isolating and semi-isolating formulas, are generalized
for a structure on a set of realizations for a family of sets of types.

Let R be a nonempty family of types in S*(T). We denote by v(R) a
regular family of labelling functions

v(p,q): SICF(p, q)/SICE(p,q) = U, p,q€R,
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pV(R U Pr(p,q)-
p,acR

As in Proposition 4.1, the partial (for |[R| > 1) function SI on the set R x
P(U) x R, which maps each tuple of triples (p1,u1,P2), -, (Pk; Uk, Pkt1);

where U1 € Pupps)s -+ Uk € Pu(pprar), 10 the set of triples (p1,v, Prt1),
where v € SI(py, u1, P2, U2, - - -, Pk, Uk, Pk+1), 1S associative:
SI(SI(p1, u1, P2, U2, P3), us, P4) = SL(P1, u1, P2, U2, P3, U3, Pa) = 9)

= SI(pla Uy, SI(p?a Uz, P3, U3, p4))

for U € Pr(p1,p2)s U2 S Pr(pa,p3)s U3 € Pv(p3,p4)-
Cousider the structure

DjtIJ(R) = <R X P(U) X Ra ',Sl,\/,/\,(' A _")70>

with the partial operations - and o such that
(1, X1, p2) - (P2, X2, P3) = [ J{(P1,u1,p2) - (P2, 2, p3) | w1 € X1, 2 € Xo},

(Plauhpz) : (P2,U2’P3) = {(pl»vap?)) | (S SI(P17U1;p27U27P3)}7
(P1, X1, p2) 0 (P2, X2, P3) = [ J{(P1,u1,p2) 0 (P2, ua, ps) | w1 € X1, up € Xo},
(p17u17p2) o (P27U27P3) = {(plau o vap3)}7

UL € Pu(p1,p2)s U2 € Pu(pa,ps);

as well as the relation < of preorder, being induced by the partial order, of
the same name, on the set of labels and the partial operations V, A, (- A —+)
such that

(p.X. @V (p.Y.q) = J{(pw,q V(pvqlueXveY}

(p.u, @)V (p,v,q) = {(p,uVv,aq)}
(p. X, q) A (p.Y,q) = | J{(bfp.u.q) A (p,v,q) |u€ X,ve Y},
(P, u,a) A (p,v,q) ={(p,uAv,q)},
(. X, @) A=(p, Y, q) = {(p,u, @) A=(p,v,q) | ue X, v eV,
(P.u,q) A=(p,v,q) = {(p,uA—v,q)},

u,v € Pu(p,q)-

The POSTC-monoids M, ), p € R, are naturally embeddable into this
structure. The structure 9, (r) is called a join of POSTC-monoids M, p),
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p € R, relative to the family v(R) of labelling functions and it is denoted

by @ M) If pupq = @ for all p # q the join @ M, p) is free, it is
peR PER
represented as the disjoint union of POSTC-monoids M, ) and denoted by

|_| imV(p)'

PER

By (9) we have

Proposition 7.1. For any complete theory T, for any nonempty family
R C P(SYT)), and for any regular family v(R) of labelling functions,
each n-ary partial operation SI(p1,-,P2,,P3---,Pns"»Pni1) on the set

P(U) is interpretable by a term of the structure € M, ) with fived sets
reR

Pi;---,Pn+1 € R.
Denote by &7J,r) the restriction of 9, ) to the partial operation -.
Using Proposition 1.4 we obtain the following analogue of Proposition
4.3.

Proposition 7.2. For any complete theory T, for any nonempty family
R C S(T) of sets of 1-types, and for any regular family v(R) of labelling
functions, the restriction of the structure &J,(r) to the set U= (respectively
U=0, U2°U U") is closed under the partial operation -.

By Proposition 7.2, the structure &J,r) has substructures GTJE(OR), G’JE(OR)

and 6358’{;%, generated by triples (p,u,q) with v < 0, v > 0, and u €

U=% U U’ respectively, p,q € R. Here, for any triple (p,u,q) in 635&{) the

triple (q,u!, p) is also attributed to G’Jf&).

Replacing for the definition in Section 5 the function v(p) to the family
v(R) of functions we obtain the notions of («, n);-deterministic, oj-determi-
nistic, almost o;-deterministic, and (o, w);-deterministic structures J, ) |
Uy.

Below we formulate a series of assertions that immediately transformed
from the class of structures &J,p) to the class of structures GJ,(g).

Proposition 7.3. (Monotony) If a structure T,y | Uy is (almost) o;-
deterministic and (3 is a positive ordinal then the structure (83, | Us) | B
is also (almost) a;-deterministic.

Proposition 7.4. For a structure 8J,w) and ordinals o, 3, where o, 8 > 0,
B € w+ 1, the following conditions are equivalent:

(1) the structure &J,(w) is (a, B);-deterministic;

(2) for any sets p,q,r € R and labels w1 € py(p,q),a,8.j: U2 € Pu(ar)asis
the inequality sij(uyouz) < o holds and if sij(uioug) = a then deg;(uioug) <

3.
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Corollary 7.5. For a structure 8J,w) and a positive ordinal v, the following
conditions are equivalent:

(1) the structure GJ,(w) is almost o;-deterministic;

(2) sij(u1 oug) < « for any sets p,q,r € R and labels u1 € pu(p.q).a.;
U2 € Pu(qr)a-

Corollary 7.6. If si;(R) is an ordinal then the structure SJ,r) is almost
(sij(R));-deterministic.

Proposition 7.7. If a structure &J,w)y is («a,);-deterministic  then
SGIuR),e; = GJum) | o; is also (o, B);-deterministic.

Proposition 7.8. Ifsi(R) is an ordinal then the structure &3, ) is (si;(R));-
deterministic if and only if the value deg;(R) is not defined or equals 1.

Proposition 7.9. A structure B, (r) is (almost) deterministic if and only if
SJ,(r)12,; 5 (almost) 1;-deterministic.

Let R be a nonempty family of nonempty sets of complete 1-types of
a theory T, v(R) be a regular family of labelling functions, and « be a
positive ordinal. The structure &7, g, is called locally o;-deterministic if for
any nonempty finite set Ry C R there is a natural number n > 2 such that
the structure &3, (r,) is (o, n);-deterministic.

Repeating the proof of Proposition 5.9 we obtain

Proposition 7.10. Let R be a nonempty family of nonempty sets of complete
1-types of a theory T', v(R) be a reqular family of labelling functions, si;(UR) <
w. The following conditions are equivalent:

(1) the structure &J, ) is locally 1;-deterministic;

(2) the set py(p,q) s finite for any p,q € R;

(3) the set py(pq)1, is finite for any p,q € R;

(4) the set py(p,q).1,2,; (consisting of all atoms u € py(pq)) is finite for any
p,q € R.

The notion of (n, p)-type is generalized in the following definition.

Definition 7.11 (K. Ikeda, A. Pillay, A. Tsuboi |10]). Let p1(z1), ..., pn(zs)
be types in S(T) with disjoint free variables. A type q(xy,...,x,) € S(T)

is said to be a (p1,...,pn)-type if q(xy1,...,2,) 2 U pi(x;). The set of all
,'—1

(p1,-..,pn)-types of T is denoted by S, . (T). A theory T is almost w-
categorical if for any types py(z1),...,pa(z,) € S(T) there are only finitely
many types q(z1,...,%n) € Spy...pn(T)-

Generalizing Definition 7.11 we get
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Definition 7.12. Let py(x1),..., pa(z,) be nonempty sets of 1-types in
S(T') with disjoint free variables. A type q(x1,...,z,) € S(T) is said to be a
(P1,- -, Pn)-type if q(x1,...,2,) 2 U pi(x;) for some p; € p;, i =1,...,n.
i=1

The set of all (p1,...,pn)-types of T is denoted by Sy, . (T).

A type ¢(z) in Sp, . p,(T) containing |J p;(z;) for some p; € p;, i =

i=1

1,...,n,is said to be (p1, ..., pn)-principal if there is a formula ¢(y) € ¢(T)
such that

U{pi(a) [i=1,...,n} U{p(@)} - ¢(2).
The following lemma obviously generalizes Lemma 5.11.

Lemma 7.13 [1|. For any nonempty finite sets p1(z1), ..., Pn(xs) of 1-types
in S(@) the following conditions are equivalent:
(1) the set of (p1, - - -, Pn)-types with free variables in (1, ..., x,) is finite;
(2) any (p1,-...,Pn)-type is (P1, ..., Pn)-principal.

By Lemma 7.13, a theory 7' is almost w-categorical if and only if for any
finite sets p1(z1),...,pn(x,) of complete 1-types, each (p1,...,pn)-type is

(p1,- - -, Pn)-principal.
Proposition 7.10 and Lemma 7.13 imply

Corollary 7.14. If R is a nonempty family of finite sets of complete 1-
types of a theory T, v(R) is a reqular family of labelling functions, and all
(p1, P2)-types, where p1,p2 € R, are (p1, p2)-principal then the structure
ST, m) is locally 1;-deterministic for j = 1,2.

Corollary 7.15. If T s an almost w-categorical theory then for any
nonempty family R of finite sets of complete 1-types and a reqular famaly
v(R) of labelling functions, the structure &J, gy is locally 1;-deterministic
for 3 =1,2.

For a nonempty family R of nonempty sets of 1-types in S(7') and a
positive ordinal «, we denote by Slg . ; (in a model M of T') the restriction
of set of (p — q)-links, p,q € R, to the set of formulas of si;-ranks < a:

SIr.a; = {(a,0) | tp(a) € p,tp(b) € q,p,q € R,

and a (p, q)-semi-isolates b by a formula 6, q(x,y), with si;-rank < a}.

Proposition 7.16. Let R be a nonempty family of nonempty sets of complete
I-types of a theory T, v(R) be a regular family of labelling functions, and
a be a positive ordinal. For j = 1 with R consisting of finite sets and for
7 =2, the following conditions are equivalent:
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(1) the relation SIg o (on a set of realizations of types in UR in any model
M = T) is transitive;
(2) the structure T, (r)a,; 5 almost oy-deterministic.

Proof. is identical to the proof of Proposition 5.13 almost word for word. [J
Propositions 1.4 and 7.16 imply the following assertions.

Corollary 7.17. Let R be a nonempty family of nonempty sets of complete
L-types of a theory T, v(R) be a regular family of labelling functions, and
a be a positive ordinal. For 7 = 1 with R consisting of finite sets and for
7 =2, the following conditions are equivalent:

(1) the relation Slg . ;, in any model M =T, is a partial order;

(2) the structure ST, (rya,; 5 almost aj-deterministic and pym)a,; <
U=Y.

The partial order Slg o ; is identical if and only if pyr).a; = {9,0}.

Corollary 7.18. Let R be a nonempty family of nonempty sets of complete
1-types of a theory T, v(R) be a regular family of labelling functions, and
a be a positive ordinal. For 7 = 1 with R consisting of finite sets and for
7 =2, the following conditions are equivalent:
(1) the relation Slg a;, in any model M |=T, is an equivalence relation;
(2) the structure ST, r)a,; i almost aj-deterministic and pym)a,; <
U=°,

The results above substantiate that the diagram in Figure 1 admits the
transformation replacing the set p of types by a nonempty family R C

P(5'(2)) \ {a}.

8 POSTCgr-structures

Definition 8.1. Let R be a nonempty family of nonempty sets,
U=U" U{o,0luUurut’

be an alphabet consisting of a set U~ of negative elements, a set Ut of
positive elements, a set U’ of neutral elements, the empty set @, and zero 0.
If p and q are sets in R, we write v < 0 and (p,u,q) < 0 for any element
u e U™, u>0and (p,u,q) > 0 for any element v € UT; US? = U~U{g, 0},
U=% = UTu{@,0}. For the set R? of all pairs (p, q), p,q € R, we consider
a regular family p(R) of sets u(p,q) C U containing & such that

e 0 € u(p,q) if and only if pNq # &;
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e u(p,q) Nu(p,d) = {2,0} for (p,q) # (p’,q) with pNq # & and
p'Nd # @;

e u(p,q) Nu(p,d) = {@} for (p,q) # (p’,q) with pNg = & or
p'Nq # ;

e U wu(p,q) =U.

p,9€R

Below we write u(p) instead of p(p, p), and considering a partial operation
- on the set R x P(U) x R we shall write, as above, (p,u,q)-(q,v,r) instead

of (p,{u},q) - (q,{v},r).

A structure
M= (R xPU)xR; -, <, V,A, (- A =+),0)

with a regular family u(R) of sets is said to be a POSTCRg-structure if the
following conditions hold:

e the partial operation - of the structure (R x P(U) x R; -) has values
(p,X,q) - (p',Y,q) only for p’Nq# @, X C u(p,q), Y € u(p',q), and it
is generated by the function - for elements in U: for any sets X, Y € P(U),
o #X Culp,q), @ #Y C u(q,r), the following equality is satisfied:

(p.X.q) - (q,Y.r) = J{(p.z.q) - (q.y.x) |z € X,y €Y},

and if some of XY is empty then (p, X,q) - (q,Y,r) = &;

e cach restriction M,y of M to {p} x P(u(p)) x {p} is isomorphic to
a POSTC-monoid with the universe P(u(p)), p € R; atoms u € u(p) in
M, p) are called p-atoms;

e cach restriction M,pq), PN q = @, of M to {p} x P(u(p,q)) x
{a} has empty partial operations - and o; the restriction of 9, q) to the
relation < is a preordered set ({p} x P(u(p,q)) x {q}; Jp.q) with the least
element (p, @, q), the preorder <, 4 of this structure is induced by the partial
order <, . on the set u(p, q) of labels (forming a upper semilattice) by the
following rule: if X, Y € P(u(p,q)) then X <, Y if and only if X = @, or
for any label u € X there is a label v € Y with u <, 4 v and for any label
v € Y there is a label u € X with u < 4 v;

e a label u € u(p,q) \ {@}, where p # q, is said to be a (p,q)-atom
if v 9,4 u implies v = u for any label v € u(p,q) \ {@}; only labels in
w(p,q) N (U~ UUT) may be (p,q)-atoms; some labels in u(p,q) NU=° lay
under each label in u(p,q) N U’, moreover, if only labels v € u(p,q) N U=°
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lay under a label u € u(p,q) NU’ then there are no greatest labels among
labels v; only labels in u(p,q) N U’ lay over each label in u(p,q) N U’;

e the operations V, A, (- A —-) are defined on each set u(p,q) in the
structure M, 5 q) and form a distributive lattice with relative complements
on u(p,q), moreover, for any elements u,v € u(p, q),

udpqVouNv=usuVo=vs uv=43J,

e the relation < on the set R x P(U) x R is a preorder with minimal
elements (p, 2, q), p,q € R; this preorder is induced by the union <y of
preorders <, in the structures M, ), p € R, and of preorders < 4 in the
structures M, p.q), P, 4 € R, p # q, on sets of labels in these structures: if
X,Y € P(U) then (p,X,q) < (p/,Y,d) if and only if p = p’, q = ¢, and
X = @ or for any label © € X there is a label v € Y with u <y v and for
any label v € Y there is a label v € X with u <y v;

e the partial operations V, A, (- A =) are defined on the set Rx U xR in
the structure 9% being unions of corresponding operations on the sets u(p)
in M,y and on the sets pu(p,q) in Mp.q), P # q;

e the partial operation o is defined on the set R xU xR in the structure 91
being obtained from the union of corresponding operations in the structures
Mup), P € R, by the following extension: if vy € pu(p,q) and uy € p(q,r)
then there is unique element v € u(p,r) such that (p,u;,q) o (q,us,r) =
(p, v, r); this element v is the <, ,-greatest label in the set (p, u1, q)-(q, uz, r),
it is called a composition of elements u; and uy and it is denoted by uy o us;

(p,u1,9) 0 (q,9,r) = (p,9,q) - (q,uz,1) = (p,,q) - (q, D, 1) = (p,,r);

e the partial operations V, A, o on the set R X P(U) xR are induced by the
corresponding partial operations on the set RxU xR: if (p, X, q), (p',Y,q) €
R x P(U) x R and 7 € {V, A, o} then the value (p, X,q) 7 (p/,Y,q) is not
defined or it is defined and coincides with the set {(p,u,q) 7 (p/,v,¢') | u €
X,v € Y}, in which all values are defined; the partial operation (- A =-) on
the set R x P(U) x R is also induced by the corresponding partial operation
on the set R x U x R: if (p, X, q), (p/,Y,¢') € R x P(U) x R then the value
(p, X,q) AN=(p',Y,q) is defined only for p=p', g =¢, X, Y C u(p,q) and it
is equal to {(p,u,q) A= (p,v,q) |u e X,v e Y}

e cach of the sets U~ and U=Y is closed under operations V, A, (- A = -);

the set U’ is closed under the operation V; if u € U~ and v € UZ° then
(uVvw)elU,
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e repeating the definition in Section 3, each label u € U \ {@} obtains
inductively the j-ranks of semi-isolation sij(u) > 1, j = 1,2, and the j-
degrees of semi-isolation deg;(u), sij(@) = 0, deg;(@) = 1, as well as the
following attributes are defined: the equivalence relations ~ ;, restrictions
Xoj and X, 55 of sets X € {U,U \ {@}}, and restrictions 91, ! g for

o5 a,B,j
restrictions 9 of the structure M to the set of labels of sij-ranks < «a, and

for labels of si;-rank o to the set of labels of si;-degree < f;

e the restriction (R x (P(U) \ {@}) X R; )12, of the structure 9 is an
Ir-structure;

o if u € u(p,q) and u < 0 then the set (p,u,q) - (q,v,r) and (r,v',p) -
(p,u,q) consist of negative elements for any v € u(q,r) and v' € (r, p);

o if u € u(p,q), v € p(q,r), u > 0, and v > 0, then the set (p,u,q) -
(q,v,r) consists of elements in U=Y;

e ifu € pu(p,q) NUZUT), v e ulqr)N(U=2UU’), and u € U’ or
v e U, then (p,u,q) - (q,v,r) C U,

e for any element u € u(p,q) with « > 0 there is a nonempty set u™!
of inverse elements v’ > 0 such that (p,0,p) € (p,u,q) - (q,v,p) and
(q,0,q) € (q,u,p) (p,u,q), moreover, if u<tv and v € UT then u™! C v™!;

e if an element (p, u,r), where u > 0, belongs to a set (p,v1,q)-(q,ve,r),
where V1 0 Vg € U+7 then (I',U_l,p) g (I',’U;l, q) ’ (q7 Ufla p)

By the definition, each POSTCg-structure 2 contains POSTCgr-substru-
ctures 9MM=Y and 9M=Y being restrictions of M to the sets U= and U=
respectively.

A POSTCgr-structure M is called atomic if for any nonempty label u €
w(p), p € R, there is a p-atom v € U such that v<,u, and for any nonempty
label u € u(p,q), p,q € R, p # q, there is a (p,q)-atom v € U such that
v dp g U

Combining the proof of Theorems 6.1 and 9.1 in [15] and of Theorems

6.1 and 8.1 in [16] as well as of Theorems 6.1 and 6.2, we get

Theorem 8.1. For any (at most countable and having ordinals sup{si;(u) |
u € U}) POSTCRr-structure M there is a (small) theory T with a nonempty
family R! C S(T) of nonempty 1-types and a regular family v(R’) of labelling
functions such that M, gy = IN.

In conclusion, we note that, using the operation -°4, the constructions
above can be transformed for an arbitrary family of sets of types in S(7T).
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OB OJTHOM BOIIPOCE
BAPTAKOBA U HEIIIAJIUMA JIJI51
METABEJIEBBIX TPVYIIII
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HoBocubupckuit rocyapcrBeHHbIH TeXHUYECKUTT YHUBEPCUTET,
np. K.Mapxkca, 20, Hosocubupck, 630073, Poccus

e-mail: algebra@nstu.ru

B.I'Bapnakos u M.B.Hemaaum B [1| paccmoTpesnn Bompoc 0 HauMeHb-
IIeM YHCIe COOTHOLIEHWH HEKOTODPBIX TPYIN B 3aJaHHON CHCTeMe IOPOK-
JAIONIAX. DTOT BOIPOC CBA3aH ¢ IpoOJeMoil ckauka coorTHomenuit. CyTh
1po0JIeMbI B CJI€/IYIOIIEM.

[Iycts F' — cBOGoHAS TpYyIIIa KOHEYHOTO paHra u [ - HeKoTopas ee HOp-
MaJIbHasl TIOATPYIIA, MOPOYKACHHAS KaK HOPMAJIbHAA MOATPYIIIa KOHETHBIM
JHCIOM d7eMeHTOB. O003HAYHM MUHUMATBHOE IHUCIO0 MOPOZKIAIONHUX R Kak
HOPMAJIbHON oarpynmsl gepe3 dp(R).

[Tycrs R — kommyrant rpyuust R. 'pyuna F'/R' copep:kur HOpMaJib-
Hyto abeseBy nojarpyniy R/R', koropas siBagercst MOJyJeM HaJ KOJIbIOM
Z(F/R'). Qnementsl rpynnbl F//R' 1eficTByIOT Ha MOIYJI€ CONMPSIZKEHHEM.
Tak kak smementsl u3 R/R' geficTByior npu 3TOM TOXKIecTBenHO, T0 /R’
MOZKHO PaCCMATpPUBATL KaK MOAyIh Haj daktop-rpynmnoit F/R mo R/R/,
to ectb /R ssasierca Z(F/R)— moaynem. Eciu noarpynna R KoHeYHO 110~
pOKJIeHa Kak HopMaJsbHas noarpyina B F, ro Z(F/R)— monyas R/ R’ takxe
KOHEYHO TOpoxKaeH. OBO3HAYNM HAUMEHbINee KOJIMYECTBO MOPOKIAIONIIX
sToro Mojy/id depes dp/r(R). Odeumuo, uro dp(R) < dp/r(R/R’). Bepro
JH, 9TO JiJIst J1Io6o# HopMaJsibHO# moarpynnsl R u3 F, mias koropoit dp(R)
KOHETHO, UMeeT MecTo papeHcTBO dp(R) = dp/r(R/R')? B stom coctonT
1podJIeMa CKauKa COOTHOITEHUIA.

3aMerumM, 9YTO aHAJOTHIHBIE BOIIPOC MOXKHO HCCIEI0BATH HE TOJBKO JIJIst
KOHEYHO ITOPOKIEHHON CBOOOMHON rpymnmnsl F, HO u aja ob6oit rpynmns G.
Wrak, nycts G — mpousBoibHas rpynna, N — ee HOpMaJbHas IOATPYI-
114, UMEIOIIas KOHEYHOE YUCI0 TOPOXKIAIONIX KaK HOPMAIbHAL MOArPYIIIA.

I'pynna N/N' asasercs Z(G /N ) — mopynem. Onpejesus dg(N) u dg/n(N/N')

*Pabora Bermonuena npu dbunancosoii moanepkke PODIU, npoexr 12-01-00084
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KaK PaHbIIle, CIIPOCHM, Jiist Kakux rpymi G pasenctso dg(N) = dg/n(N/N')
crpapeyiuBo s 060l N < G ¢ orpanndenuem dg(N) < oo?

YrBepxkaenue 1. Ilycts G — paspemmumag rpynma u N — HOPMaJb-
Hasg noArpynna u3 G, JONycKalolas KOHEYHOe YHUCJIO0 MOPOXKIAIONNX KaK
nopmaabnag noarpymma. Torna dg(N) = dg/n(N/N').

HokazarenabcTBo. [Tycrh s1emenTst {1y, . .., 7, } TOPOKIAIOT HOPMAITD-
ryto noarpyniy N mo momyaio N, 1o ects (ry, ..., 7,)¢ N’ = N. JToctaToano
J0Ka3aTh, 9T0 TOrAa (11, ..., 7,)% = N.

Iycrs M = {ry,...,r,)¢ ul, I > 2, NU obosnauaer [-blii KOMMYTaHT
rpymnmsl V.

Nmeem MN' = N. Orcioga mjig ao6oro [ > 2 moaydnm
N =M[MN' MN'|=MN"=...= MN®.

Tax kak 151 Hexkoroporo [ rpynma N rpusnansua, o M = N. YTBep-
JKJIEHHE JIOKA3aHO.

ABTOpy crarbu cTasio n3BecTHO fokazareiberBo A.KO.Obiranckoro yraep-
xaenus 1 jtst 1060 koreunoit rpynmner G. JlokazarebeTBo OBLIO OTIIPaB-
qeno AFO.OmpmanckuMm cocraBurensMm "KoypoBckoit TeTpagn’.

C apyroit cTtopotsbl, B pafore 2| HalieHbl HEOOXOUMBIE U JIOCTATOUYHBIE
YCJIOBHSI, TPU KOTOPBIX I'PYIINA, COBIATAIONIAS CO CBOMM KOMMYTAHTOM H TI0-
POXK/IeHHAs] KOHEYHBIM MHOYKECTBOM KJIACCOB COMPSI?KEHHBIX JJIEMEHTOB, He
COBIIAIAET C HOPMAJILHBIM 3aMbIKAHUEM OIHOTO 3jieMenTa. Feaun G — Ttakas
rpymma, 1o oueBnIHO dg(G) > 1, Ho dg/(G/G') = 1. Oanaxo, kKak oTMeda-
eT aBTOp |2|, BOpoC 0 CyIecTBOBAHUA TAKUX TPYII (G OCTAETCS OTKPBITHIM.

Kak o6brano obosmaamum [g, h] = g~ 'h~'gh nag mobbIx 31eMenToB g, h
u3 HeKOTOpoii rpynms! G.

B [1] aBTopsI pacemorpesn cBoboaHyIo rpyuiy F panra 4, mopoz gaoiee
MHOZKECTBO KOTOPOH COCTOUT W3 3JEMEHTOB X, Y, 2,1, U /B ee HOPMATbHBIE
MOJArPYTIIIBI

M = <xp’zq7 [Ivy] ) [Z7t]>F>

N = <xp’zq’ [?L’,y], [th]>F’

r7e p, ¢ — B3aUMHO TPOCThIe HATYpaJIbHbIE YHCIa, 00abImre 1. OHI J0Ka3aIH

IIpeanoxkenme 1. /I1g BCAKOro HATYpaJabHOTO § UMeeT MeCTO paBeH-
CTBO

F/(Mrs(F)) = F/(Ns(F)),
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e vs(F) obo3Havaer s — bIif YaeH HUKHEro [eHTPAJbHOTO psija Tpynibl F.
ITo onpesenennio 1 (F) = F, vip1(F) = [(F), F] npu i > 1.
Bapaakos u Hemaaum B [1] cdopmyiupoBaiu ey onmumii

Bomnpoc. Moxuo 1 npenoxkenne 1 0000IUTH HA CIydail MeTabeaeBbIX
rpymn! MHbIME c/TOBaMu, CIPABEIINBO JIH PABEHCTBO

F/(MF") = F/(NF")?

OTBer Ha TOT BOIPOC OTPUIATETBHBIN nake 0e3 MpenoI0KeHns, ITO
P W @ B3aMMHO TIPOCTHI, U CJEYET N3 CIACAYIONETO YTBEPKIACHUI.

Vreepxkaenue 2. Ilpu 106X p, ¢ > 2 KOMMyTaTop [z, y| He TpUHAT-
JIeKuT noarpymme M.

HoxkazareabcTBo. Paccmorpum Bioxkenne Marmyca (1 ¢cBOOOIHON MeTa-
Gesieoii rpynnel F/F" B rpynny marpun M :

(T 0 (7 0 _zot_Zo
H=Ne 1 )T ey 1) T ey 1 )P T ey 1)

31ech depTa o3HAYaET 00pa3 dJaeMeHTa u3 Ipynnbl F' B ¢BoOOIHOIT abereBoii
rpynme F' = F/F’, {e1, 5, €3, 4} — Gazuc croboamoro mpasoro Z(F) — momy-
ng T. Heobxomumble cBeieHus 0 BJIoKeHIH Maruyca npuBeIeHbl, HallpUMeD,
B [3, 4].

Herpynno Beraucants 06passl sjaementos xP, 29, [z, y][z,t] B rpynme mat-
puit:

o g 0
H= es(1+zZ+...+z27Y 1 )7
. 7 0
= es(1+z+...+2z7Y 1 )7

1 0
([z, yllz, thp = ( e1(g—1) +ey(l —77) —|—€3(Z— D+e(l1-2) 1 ) .

[Iycrs R — nopmaJgbaas nojarpyuna u3 M, nopoxjiennas Marpunamu
7 0 z4 0
a=(T9)e=(3 1)
1 0
P= ( 61(1+T++fp_1) 1 ) ’Q_ < 63(1+§+“_+§q—1> 1 )a

1 0
V= ( e1(T—1)+ el —T) +e3(t —1) +es(1 —2) 1)'
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[Tpu Baoxkennn MarHyca sjeMeHT [z, y] orobparKaercs B MaTPHUILY

W:(q@—niez(l—f) (1))

JlokaxkeMm, 9TO 3Ta MaTpUIla He MPUHAITEKNAT .
Nmeem

(4,0, P,Q, V)" = (A)"(C)"(P,Q, V)™ = (A)[A, MJ(C)[C,M|(P, Q, V)"
Tax kak AC = C'A, to
(A, C, P,Q, V)" = (A)(C)[A,M][C, M|(P, Q, V)™

Ecm marpuna W npunaamekuT HOpMaJabHOW moarpynme R, To OHa IpH-
HAJIEKUT TTOATPYIIIIe

[A, MI[C,M|(P,Q, V)™.

[Tpoussenennem kommyTatopos [A, f]¥1, f € M, sBasercs marpuna Buia

((1—15”)71 (1)>7

riae 71 € T. Ananoruano, obast marpura u3 [C, M] umeer Bu

( (1 —171)72 (1) ) ’

e 7o € T. U3 Bxoxygenud W B R caemyer, 4T0 HAWJLYTCA TaKUE JEMEHTBI

a, B,y € Z(F) u 11,75 € T Takue, aro

el—D+e(l-7)=n(1-2")+n(1-2)+ea(l1+T+...+3 )+
(1)

tesB(14+z+... +2 N tery@—1) +exy(1 =) +esy(f — 1) +egy(1 —2).

[Iycrn
T1 = €101 + e300 + e33 + €40,

(2)
Ty = €151 + exf + e33 + e4fs.
3 (1) u (2) nosyuaem

g-l=01-)n+ (1 -8/ +(1+7+...+7 Na+F-1)7, (3)
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1-72=01-7")ag+ (1 =295+ (1 —T)7, (4)
0=(1—-azs+(1 -2+ (1+Z+...+27HB+E - 1)y, (5)
0=01-7")as+ (1 -298s+ (1 —2)7. (6)

13 (4) caenyer Py = B5(T — 1) mag wexoroporo (5 € Z(F'). 3uaunt
I=0+Z+...+73" Hag + (1 =296 + 1. (7)
113 (6) aHAJIOTHYIHO MOJTY UM

0=1-7), +(14+Z+...+27 Y+~ (8)

JIsT HeKOTOporo oy € Z(F'). Beiunras u3 (7) paBencTso (8) moaydum

1+Z+... +2HX+(1+Z2+...+27HY =1 (9)

st #ekoTopbix X, Y € Z(F). Ilyerb €1 — KOpeHb YpaBHEHHUST
1+Z4...+72 1 =0,
a €9 — KOPEHb YpaBHEHUS
1+z+...+2z71 =0.
[MoacraBiss €1 U €2 B (9), MOAYIUM IPOTUBOPEUNE. Y TBEPKICHUE JOKAZAHO.
JINTEPATYPA
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1 Bseaenne

B nanmoit pabore st (popMyJI MPOU3BOJILHOM N-3HAYHON JIOTHKHU HPE/I-
JIATAIOTCS CIOCOOBI 3aanust Mep 61M30CTH (PACCTOSHUI, METPHUK) U CTeIe-
Hell HeJ0CTOBepHOCTe , HeOOXOUMMBIX /ISt aJITOPUTMOB KJACTEPHU3AIUN Ta-
kux 3Hannii. CTenenb HeJOCTOBEPHOCTH BO3HUKJA KAK AHAJOT MEpbI OIPO-
BEPXKHUMOCTH. B MHOrO3HA4HOM CJIydae IPOMEXKYTOUYHbIe 3HAUYCHHS HUCTUH-
HOCTH MOXKHO PAacCMaTpPUBATh KAaK CTENEHH JOCTOBEPHOCTH, a YePe3 UHCJIO
TaKUX MoJe/eil 1 B KOTOPHIX (bOPMyJIa JIOXKHA, BEIPAXKAECTCS CTeleHb Hel0-
CTOBEPHOCTH. DTOT IIOJAXO0J PACHIHPSAET U 00001IaeT paHee pacCMOTPEHHBIC
B |1, 2, 3, 9, 14] cayuan gust n = 2;3 u Gonee mas jgoruku JlykaceBu-
qa. 3HAYEeHUs] UCTUHHOCTH (DOPMYJT MOYKHO (B YACTHOCTH) PACCMATPUBATH
KaK WX JI0JIM UCTHHHOCTH, WM KaK UX BO3MOXKHBIE (CYObeKTUBHBIE) BEPOSIT-
HOCTH, COLJIACOBAHHBIE ¢ TabIUIAMU MCTHHHOCTH. HakoHen, Kak 3HAaYeHUs
OIEHKHU OMUOOIHOCTH (DOPMYJIbI-BBICKA3bIBaHHsl (IO YEHHOIO OT JKCIIEPTa
win 6a3el 3Hauuil (B3)) B wHTEpUpeTAINE, KOTOPYIO MPETOKIT U H3YIal
. Ckorr u npyrue [4]. Beibop wHTEpIpeTanny 3aBHCAT OT permaeMoii 3a,1a-
qn. B crarbe, Kak mpuMep, 11 HOHHMAHUA PACCMaTPUBAETCs MHOIO3HAYHAS

*Pabora BbImosiHeHa npu ¢puHAHCOBOM nmomaepkke POOU, kox mpoekta 11-07-00345a.
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noruka Jlykacesuda mjist Jiro6oro HarypassHoro n > 3 [4]. Bamernm, aro me
BCe Jl0Ka3aHHble B |1, 9] pe3ysibraThl nepenocsaTest Ha o0umil caydait. Yuca
n — S,k U ApyrHe onpeaendeMble HUKE IapaMeTPhl MOXKHO PACCMATPUABATD
KaK KO3(DUIUEHTH 11 afalTalid U ONTUMH3AIUN BBOIUMBIX PACCTOS-
HHUIl U Mep HeZOCTOBepPHOCTH. Jljig IIpUBJEYCHHS BePOATHOCTHBIX JIOTHYe-
CKUX BBICKA3bIBAHUIT 3KCIIEPTOB K IIOCTPOCHUIO PEINAONIHX (DYHKIMIA HYKHBI
CI10CcO0BI BLIYUCICHUI PACCTOAHUIT MKy TAKIMH 3HaHHAMEA. B macTosmee
BpeMd IIPOSBIACTCS OOILIION HHTEpeC K NOCTPOCHUIO peIraomuX OyHKIMi
[1, 2, 13, 15], a TakKe Ha OCHOBe aHATM3A IKCIEPTHON HHMOPMATINY, 3a,1aH-
HOM B BUJIE JIOTMYECKUX BBICKA3bIBAHUIT (DOPMY.I), Oy YEHHBIX OT HECKOJIb-
KHX 3KCIePTOB WK n3 B3, peaausanum nporneccos aganTalui U COrIacoBa-
HUsI BbICKa3biBanuit [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15|. Eciu Boicka3biBa-
HHUS SKCIIEPTOB IIPEJCTABICHE B BHIE (DOPMYJ Nn-3HAYHONR TaOyJIHPOBAHHON
ngoruku (HampuMep, Joruku Jlykacesuua wim apyrux [4]), To mosydeHHbIe
pesy/ibTaTbl HPUMEHUMbl K HUM. IIpejIozKeHHbIe 31eCh PACCTOSHUA U Me-
PBI HEJOCTOBEPHOCTH MOTYT OBITH MCIIOJb30BAHBI JJIs PEIeHUsT PA3JInIHbIX
npodbJeM B 00JaCTH pacio3HaBaHWs 00Pa30B W MCKYCCTBEHHOTO WHTEJLIEK-
ta. IIpoBeen aHaIn3 OPUYMH BOSHMKHOBEHUS ABAPUIHBIX CUTYAlRid HpH
ABTOMATHYECKOU 3ampaBke eMKocTH. st bopMmysr (KOHKPETHBIX OTKa3ax)
HCCIIEI0BAHO TOBEJCHNEe PACCTOAHUI 1 yKazaHa paboTOCIIOCOOHOCTD CTemne-
HH HEJOCTOBEPHOCTH Ha (DOPMYyJIax—BHICKA3LIBAHUAX O HEHCIIPABHOCTSIX.

2 IlocranoBKa 3a/ia4ym U IpeaBapuTeibHbIE CBe-
JTeHus

B monorpadun I.C. JI6osa n H.I'. Crapresoii 1], paborax H.I". 3aropyii-
KO [2] u cTarbe |9] paccMaTpuBaICs U PeIIaIcs BOIPOC 06 ONPeIeTeHIN Pac-
cTostHUsE MeKy (hOpMyJIaMu UcUucaenus BoickasbiBanuii (LIB) ¢ momoripio
upuBJedeHust MaJIoil Teopun moxeseil B [1, 2, 3, 9, 14]. B aanunoit pabo-
Te OylyT PAcCMOTPEHBI MOJAEIBHBIE CIIOCOObI BBEIEHHs PACCTOAHHMN Ha 7-
SHAUHBIX (C 7 3HAYEHUAME MCTHHHOCTH) DOPMYJIax, st KOTOPBIX YAAJIOCH
(TouHee, I KIACCOB SKBUBAJIEHTHBIX (DOPMYJT) 10KA3aTh CBOHCTBA METPHU-
KH. X0oTeJI0ch Obl UMeTh XapaKTEePUCTUKY UHMOPMATHBHOCTH (DOPMYJI I
PaHKHPOBAHUST MHOTO3HAUHBIX BBICKa3bIBaHuil Kak B |1, 9]. s 91oii nein
IPO3BOJIBHON MHOrO3Ha4IHON (opMmyse Gyger conocrasieHa Mepa (CTeneHs )
ee HeJOCTOBEPHOCTH, OTPAXKAIOMAA YACTOCTh JOKHOCTH (GOPMYJIBI B MOJIE-
79X (Teopum) WM HEJIOCTATOYHYI0 HCTHHHOCTH (hOPMYJIbl (BBICKA3BIBAHUS
sKcrepra, u3 B3) B ucmoib3yeMbIX KOHEIHBIX Kiaaccax Mojeseit. Obumit ciry-
Jaii K 9ToMy cBOANTCA. VI3y9aroTcsa n yCTaHABINBAIOTCA MOJIE3HbIE CBOHCTBA
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MepBI HEJIOCTOBEPHOCTH. [Ipu 3TOM MpencTaBIsiioT OCOOBIH MHTEpPeC MOje-
JIM, B KOTOPBIX (bOPMYJIBI MOYTH UCTUHHBI (6J1MzKe K 1) WM MOYTH JIOKHBI
(3Havenust fasbiie or 1). BeejenHass mMepa MO3BOJHT, B YACTHOCTH, MO €€
3HAYEHUIO Ha (POPMYyJe KOCBEHHO CYIUTh O HAJUYUU M KOJUIECTBE MOIEIei
JIAHHON TEOPHH, B KOTOPHIX OHU OY/IYT JIOZKHBIMHE. | OBOPST O BHICKA3LIBAHUAX,
MBI BCera OyaeM nMeTh BBUILY (DOPMYJIBI JIOTUKH.

IIycts p,q,r ¢ uHIeKCaMu mId 0€3 HUX CYTh IIPOIO3HIMOHAJIBHBIE IIe-
peMeHHbIe; -, — — JOTHIeCKHe CBA3KH, a CKOOKM (, ) — BCIIOMOraTebHbIe
cuMBOJIBL. OmpeaeanM MoHITHe hOPMYIbI. DaeMeHTapHbIME hopMyIamMu Oy-
JeM CYHTATh P, q,7T,...; ecin A u B — dopmysr, To 1) A — dopmyna u 2)
A — B — ¢dopmyna. Hukakue apyrue KOHEUHBIE MOC/IEI0BATETHHOCTH HC-
XOTHBIX CHMBOJIOB, KPOME TeX, UTO IIOCTPOEHBI B COOTBETCTBUU C IIYHKTaMHU
1) - 2), we spasirorcs Gopmyaamu. KoHeYIHO MOXKHO U cpasy J00aBJIsaTh U
JIpyTHUe CBSI3KH.

[TocpemcTBOM HCXOMHBIX CBI30K OIPEIEISIIOTCS JIPYTUE JJOTHIECKHIE CBsI3-
KH:

pVqg=(p— q) = q (u3blOHKIHMS),

pAqg=—(-pV—q) (KOHbIOHKITHS),

p=q=(p— q) N(q— p) (3KBUBATIEHTHOCTH ).

Marpuna suga ME =<V, = —, {1} > uasbiBaercs n-3nadnoil Marpu-
neit JTykacesuua (n € N,n > 2), rae V,, = {0, =, =25, ..., 2=2 1}; = ecrp
yHapHAas u — OWHAPHAS OTepaIus UMILTHKAINT, OTIPeIeIeHHbIe Ha, MHOYKe-
cTBe V,, caeayionumM o0pa3oM:

—r=1—xz,x—y=min(l,1 —x+y). Onepanun TUIBIOHKINH U KOHb-
IOHKITUH BBOJSITCSI CJIEAYIONTHM obpasoM: x Vy = (x — y) — y = max(x;y),
x Ay = —(-z V -y) = min(z,y). B apyrux Jjorukax jgesaercs aHAJIOMHY-
HO, MEHSIIOTCSI TOJIPKO TabOJIMIBI UCTUHHOCTHA. BhIOOp moaxossineil JTOrnKu
BOIIPOC IPAKTUYIECKHIl 1 3aBUCHT OT KOHKPETHOI IpuKIa1Hoit obractu. o-
OaB/IeHUs] HEJIOTHIECKUX aKCHOM K JIOTHKe, JaeT TeOPUIO, H, BOODIIe rOBOPI,
YMEHBIIAET KOJIUIECTBO UCXOIHBIX MOIEICH. DTO MOTOMY, UTO T0OABISIOTCS
HOBbIe akcrnoMbl. HO 3TuM JierajibHO 3aHUMAaThCs He OyaemM. Bee n3iioxkeHHoe
JaJjee, 3a UCKJII0YEHNEM MPUBEIEHHBIX TPUMEPOB B pa3esie 7, HOCUT OOTIHii
XapakTep.

Hanee njist ynpotenusi 0603HadeHui, psaaoM ¢ hbopMmyioit (HoacTpovHo)
Oy/ieM YKa3blBaTh ee 3HAYeHWe UCTUHHOCTH B MOJXOJAIINX MOJeaxX [9].
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3 Omnpenenenne MoJaeJbHOTO PACCTOSTHUSA HA N-
3HAYHBIX (hopMyJIax

Jaaum cHavasa HeoOXOANMbIe ONpee/IeHrs 1 0003HAIeHHS.

Onpenenenne 1. MuoxkecrBo stemenTapabix dopmyn S™(¢), uenosb-
3yeMBbIX TpU HAnucaHuu (HpOPMYJIbl (MHOTO3HATHON JIOTHKH) ¢, HA30BEM HO-
cumenem Popmyav, Q.

Onpegenenne 2. Oobeaunenne nocureseit popmyd (S™(X)), BXogsiux
B MHOKECTBO (DOPMYJI X, HA30BEM HOCUMENEM COBOKYNHOCTIU (POPMYA X, T.€.

Sm(2) = U S"(p).

pED

Onpenenenne 3. Copokynuocts Q" (X) = {goﬁkp eSX),k=1,..,n—
1} HA30BEM MMOIHCECTNEOM BOSMONCHULT 3HAMEHUT (UCMUNNOCTU) HOCUME-
seti bopmyst. Huzknuit nHieke y sjeMeHTapHON HOPMYJIB YKA3bIBAET €e 3Ha-
qeHre UCTUHHOCTY B N-3HATHON JIOTHKE.

Onpenenenne 4. Modeavio M nazoBem Jio6oe mogMuozxkecTBo Q" (X)
Takoe, 910 M He COAepzKUT OJHOBPEMEHHO (hopMyJT ¢ kM P T BCEX
pasaununbix k, 1 u moboro nocurens ¢ € S(X).

MmuozkecTBO Beex Mozeneit 6yaem obosnadars P(S(X)).

Jlist ynpormennst 3anucy, BepXHUil WH/IEKC B 0003HAYEHNUST, O3HATATOITHI
3HAYHOCTH BBICKA3bIBaHH, Oy/I€M OIYCKATh, KOI/[A U3 KOHTEKCTa 9TO SICHO.

Jlemma 1. (o MomuocTH MHOKecTBa Mojereit P™(S(X))). Obmiee wmnc-
JIO MoJiesIel N-3HaYHON JIOTHKU ¢ KOHEYHBIM MHOXKeCTBOM HOCHTEJICH paBHO
IP(S(E))] = nlSE),

HokazarenbcTBo. JloKaykeM JjleMMy HHIyKIHeit.

[Iycts S(X) = {A}; |S(2)] = 1. Torma P(S(X)) = {{A}, {A%}’ .
{Aﬁ}7 0} u |[P(S(X))| = n. Ilycthb yrBepKaeHuE JeMMbl BepHO i S(X) =
{AY A2 A1 |S(D)| =k — 1. Torma |P(S(X))] = nS®,

Hokaxkem yreepzaenne gemmbl 1ia S(YX) = {Al) A2 AR} |S(X)] = k.
U3 Toro, uro Bepno pasencrso P(S(Y)) = P(S(X))UU{M U {A}}|M €
P(S(E))}U{MU{A’Z;%HM e P(S(X2))u... U{MU{A’;HM € P(S(2))}},

nosyunm Braouenne P(S(X')) D P(S(X)) U{M U {A¥}M € P(S(2))}
U{M U {A%HM e P(S(X)U..U {M{A’%HM € P(S(X))}}. Hokaxewm

obparroe BKJIOYeHue. Ilycrs M € P(S(E’)i7 torga ecom AY € M, rne | €
nl n=2" 0}, o M\AF € P(S(X)); ectu AF ¢ M, o M € P(S(%)).

n—1’n—1’

Cnenosarennno, P(S(X)) C P(S(X)) YU{M U{A*}|M € P(S(%))}u{M U
{A%HM e P(S(Y)u..u {MU{A’%HM € P(S(X))}}. Buaaut, BepHbI
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pPaBEHCTBA

[P(SE))] =[P(SEN|+ PSE))] + ... +|P(S(X))| =

= n|P(S(2))| = n * nlSO] = pISEHL = pIsE)

Yro u TpedoBajioch jl0Ka3aTh.

Jlaaum oupese/ieHus 3HAYCHUHE UCTHHHOCTU (POPMY/ Ha MOJIEJIN.

Onpenenenue 5. SﬂeMeHTapHaﬂ cbopMyJIa mepeMenHas A npuHuma-
em na modeau M sHavenue —, rne k=1,. — 1, ecim A IS M, T.e.

M’:AL = A% c M.
n—1 n—
Onpenenenne 6. DiementapHas popMyra—epeMentnas A npunumaem
Ha modeau M snavwenue 0, ecoin Ail ¢ M nast Becex k=1,..,n— 1.

JaJtee, ucnoab3ys omnpeaesaeHuss KCTUHHOCTHBIX 3HaYeHU (dopMysa i
JIOTUKH JIyKaceBuya, moIydaeM:

3) M| = (A&B) ki & (M[=A»ruM|=Ba),iemin(p,q) =k

4) M| = (A\/B)k < (M|=A» nM|=B.),riemax(p,q) =k

Bo Bcex ocTaqbHBIX ciydasx hbOpMy/Ibl IPUHAMAIOT 3HadeHus 0.

Jast GOopMyITUpPOBKY IPYTUX CBOWCTB, BBeIeM 0003HATCHHUSI:

Modgs) (A)% = {M|M € P(S(X)),M| = A%} — IIOJMHOZKECTBO
MoJIesteif, Ha KOTOpbiX dhopmyta A npumumaer 3uadenne k/(n — 1) u
Modg(s)(Ao) = {M|M € P(S(X)), M| # A%,ZL;I‘,H‘G k=1..n—1} -
IOJIMHOYKECTBO MOJIeJielt, Ha KOTOPHIX (opMmysia A J0XKHA.

CdopmyaupyeM BazKHbIE [JIst TATBHEHIIEr0 TeOPETHKO-MOIETBHBIE CBOi-
cTBA:

Jlemma 2 . 1) Modgs) ((A&B) ) =U,- H(Modg sy (A )= N
Mods(s)(B) &)U (Mods(s)(A) ﬂMOds )(B)_2.);

2) Mods(s)((AV B) s ) = Up:o((Mods 5)(A )ﬁ U Modss)(B) »)U
(Mods(g)(A)%UMOdS(E)(B)ﬁ,

3) MOdﬂm(ﬁA)ﬁ = MOdS(E)(A)”;iIk;

4) UiZi Modys(sy(A) & = P(S(X))\Modss) (=A)

Takum obpaszom, Ji060it dopmyse ¢ rTakoit, yro S(p) C S(X) coor-
BETCTBYeT COBOKYMHOCTL Modg(x) (cp) e, k=1,..n—1- voxeneil u3

P(S(X)), na koropsix hopmya ¢ HpI/IHI/IMaeT 3HAUeHHS — & =, k=1,.,n-1
COOTBETCTBEHHO.

Ounpepesieane 7. Hazosem dbopMmysibl ¢ u ¢ skeusaienmuvmu (1aiee
Kopotko ¢ = 1), ecu |Jp—; Modg(z)(ap)% = UrZ, MOds(E)(’QD)ﬁ. D10

oTHOITeHne Ha (popmyJiax OyAeT OMmHOWEHUEM IKEUBAACHMHOCNMU. Y TAKUX
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9KBHUBAJIEHTHBIX (DOPMYJT BCErjia COBIAIAIOT MHOXKECTBO MOJeei, e OHn
npunuMatoT 3nadenne (. /g oboOmeHnss MOXKHO PacCMaTpPUBATL 3TO DPa-
BEHCTBO HAYMHAs CYMMHPOBaHUE ¢ 2, WIK 3 U T.J., & BMECTO OJIHOT'O 3Hade-
Husi B (bOPMYyJIe PACCTOSTHHS UCTOJB30BATD U3 BIOHKITHIO MPEIBIIYIIIX 0
HAYAIBHOTO HHIEKCA CyMMEpOBaHud. O4ueBuIHO, 9T0 HGOPMYJIbI OYAyT SKBH-
BAJIEHTHBI, €CJIH OHU UMEIOT OJTHO U TOKe MHOXKECTBO MOJIeJIel JITsi KazK/I0r0
k (6osiee TOHKAST IKBUBAJEHTHOCTD). B 9TOM ciiydae MOKHO BBECTH PacCTO-
sIHUe ¢ BecaMu JIJIs Kaxk0ro k, Moaudurupys (cMOTpH HEzKe 3aMedanue 1)
CJIEJIYIOTIee OMpe/IeIeH e,

Onpenenenne 8. Paccmosanuem wmexiy dopmyrnavu ¢ u ¢ (npu
yeaosun S(p)|JS(¢) C S(X)) na xoneunom muozxkecrtse mozeseir P(S(X))
1-3HAYHO} JIOTHKH HA30BEM HOPMUPOBAHHY O OOOOIIEHHYIO CHMMETPUAIECKY IO
Pa3HOCTD, T.€. BETHIUHY

| Uzt Modg(s) (0 & &tbo)| + | UpZi Modis) (wodetd x|
pses)(p, ) = PISE)] '

3ameuanue 1. DT0O PACCTOSHHE SIBISIETCS €CTECTBEHHBIM 0000IIEHTEM
pPacCTOSAHUA I 2-3HAYHON JIOTMKHU. [IogCHUM CMBICT II€pBOIO CJaraeMoro
B yucauTese ¢hopMyabl. B HeM IMOJCYUTHIBACTCA YUCJIO Mojese (hOpMYJIbI
¢ C Pa3JIMIHBIMYU HEHYJIEBBIMH UCTHHHOCTHBIMU 3HAYEHUSIMU, a POpMyJIa 1)
HpPH 9TOM JIOJIZKHA OBITH JIOKHONH. AHAJOIMYHO MHTEPIPETUPYETCS] BTOPOE
cjaaraemMoe ¢ 3aMeHOil MHeKCOB y ¢opMmys ¢ u . [lo cyTtu cBoeit cymma B
YUCJUTE]IE BBIPAXKEHUs JaeT HEKOTOPYIO CHMMETPUYECKYIO PA3HOCTh BCEX
MoJiesie JIjIs 9TUX JIBYX (DOPMY.JI.

O4eBuaHO, UTO HUKHee 3HadeHne k B 00be IMHeHNHE MOYKHO BAPbUPOBATD:
3aMEHUTH €ro Ha MOIXO/IsIee pa3yMHOe ¢ TOUKHU 3PEHUs IKCIEPTOB YUCJIO S:
n—1>s> 1, upu 3TroM dopmyEpyeMbie Jajiee CBONCTBA PACCTOSHUN U UX
JIOKA3aTe/IbCTBA CUJIBHO HEe U3MEHTCHA. BBUY TPOMO3KOCTH OOIETro CJIydast
Jlajiee MPUBOJIMM TOJIBKO Caydail k = s = 1,HO JJ0Ka3aTeJIbTBO IPUMEHUMO U
K CJIVYalo KOIJIa pacCMaTPUBAIOTCS He TOJIBKO JIOYKHbBIE 3HAYCHHUS JI71s1 BTOPOii
13 GOPMYJT B MOJIENH, HO ¥ ¢ MAJIeHBKIMH 3HAYEHUSIMUA HCTUHHOCTH (OJIN3KH-
v K 0), ecin Py 5TOM 3aJaHO MOJAXO/AIIee OTHONIEHHE SKBUBAJTEHTHOCTH.
AnajiornaHoe 3aMedaHue sl MapaMeTPOB CIIPABEJINBO MIPU OMPEIeTeHIH
Mepbl HejiocToBepHocTH (eM. masiee). Bosee obiiee paccTosHue MOy duTCd,
ecJIM BBOJUTH PACCTOSHUE KAK BBIIIE, HO ¢ Kodddunuentamu- secamu a(i),

3aJIaHHbIe, HATIPUMED, IKCIEPTOM
Shzta(k)|Modg(s) (@i &ho)|+3 721 a(k)|Modg sy (po&t i )
( ¢) _ n—1 n—1 B CIl
pPsx) (@, ¥) = TS ' y
qae ToJIydeHus (MM HAJUYHsI) HECKOJBKHUX CIOCOO0B 3a1anust Koaddunu-
€HTOB, a 3HAYUT PACCTOAHUI, MOXKHO PACCMOTPETH YCPEIHEHHOE C BECaAMH

HOBO€ paCCTOdHUE. Bozuukaer BOITPOC O HaXOXKJEHUHN PACCTOAHUA nanboJiee
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AJCKBATHO YINUTBHIBAIOIICTI'O KazKJA0€ U3 UMEIOIINXCA. TOT CbaKT7 YTO 93TO TOXKE
pacCcTOsHUSA CJIeAyeT U3 JIPYTHX cooOpakeHuil, HO B Takoil (popmysie Gosee
TOHKO YUUTHIBAETCS BEC MoJesIeil COOTBETCTBEHHO MHTEPIPETALNN 3HATCHUS
NCTHHHOCTH Ha Heil (pOpMyJI, TaK B BOZMOKHOCTH yUeTa PACCTOSHUN 33 aH-
HBIX C HOMOIIBIO APYTruX KO3(DMUIMEHTOB (HAIPUMED, OT KCIEPTOB WJIH
uHTepnperann). /langee 3mech, 71 MPOCTOTHI W3A0KEHHsI, PACCMaTPHBAEM
caydaii, Korja Bce Kod(dduImeHTs, Kak B omnpejienaenun 8 , paBubl 1. To,
9TO B3s/IM 3HadeHue popmyanl 0 B popMy/ie pacCTOSHUST TOXKe He BarKHO.

4 CBoiicTBa pacCTOIHNHA

Teopema 1. (o cBoiicTBax paccTogHus ps(x)). ra mobsix dbopmyr ¢,
takux, 910 S(p) J S (¢ ) S(X) crpaBeIUBBI CJIeYIONIIE YTBEPAKICHHST:

1) 0 < pssy (9, ¥) <

2) psm) (0, ¥)=pse) (%90);

3)p 2)(%0 V)=0& ¢ =9

1) pseo (@)=l U Upsi (Mod(p) . @ Mod(y) ) = P(S(X)),

n—1

e G- HpHMOG obbeuHeHune;

5) ps) (¢, ¢) <ps )(so,x)ﬂ)S( >(x,w),

6) ECHH ' = %, 10 psx) (!, V) =ps) (¢, ).
JlokazaTeJabCTBO POBOINM st Ka)K,ZLOI‘O IIyHKTA.

1) Ouesnmno, uto 0 < pg(x)(@,) < 1. Bepxuss u HUXKHAS IDAHUIBI
nocTzKUMBL. [Ipusenem mpumepsl (pOPMYJI, Ha KOTOPLIX OHH JIOCTUTAIOTCS:

- ps) (ps ) = 0;
- Ilyctb ¢ - dopmyia, He TPUHUMAIONIAA HPOMEXKYTOUYHbIE 3HAYCHUS
il k=1,..,n—2, T0 ~p- Takyke He NPUHAMAET 3HAYEHHS ——  k =
n—17

n

1,...,n—2. Torna pgi(p, ~¢) = 1.
) JlamHoe CBOHCTBO CJIeIyeT U3 OmpeIeeHus PACCTOSTHUS U CHMMETPU Y-

HOCTHU CBSI30K.

3) Hokazxem HeoObxoaumocTh. HeTpyiHo moHITH, 9T0

(0, 9) = 0 &30 (|Modss) (9) x| + [Mods(s) (1) _|)—
—2 Y S Modsgs) (e & )|=0, mam
22‘i<|Mods<z (¢) e | + [ Mods z><w>m| =
— 25 S Modgs, (s@ e &etp o)) (1)

O‘IeBI/I,ZLHO qTO
>y [Modses)(9) x| = 32301 00 [Modsy (o k&t
Yoist [Modss) (v) x| = 35000 Y05y [Modss) (9= &t e )| =
Z:(|M0d5(z)(<ﬁ)%| + [Mods(s) () x_|) =

nl

)|; anamoruamno
1
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= 23001 Yoos) [Modss (e & )| + 3032 [Modss) (¢ _e_&io)| +
+ Shsy [Modssy(wokep )| (2)
Berauras (1) u3 (2) , noxyanm Zz;i(lMOds(g)(@%&wo)l +
+ | Modss) (poletp e )[) = 0= Y021 [Modss (¢ s &) = 0
= Uil Mod(p) « € Uiy Mod(¥) « ,  (3)

Mo CUMMETPpUN UMEEeM

w1 [ Modys) (podetp & )| = 0= UpZy Mod(p) e 2 UyZy Mod(4) &«

n—l

(4)
CaeioBaressio, u3 (3) u (4) momyaaem neobxommvoe | I~ Mod(y) & =
o Modysy () . = 9 =1

Jokazxem obparnoe: ecaun ¢ = 1, T0o p(p,1) = 0. [To onpenerennto
© = 1 0o3HAvYaeT, 4TO

Uizt Modss) ()« = UyZy Mods(s) (v) . Toraa UyZy Mod(p) & C

Z;i Mod(d))% = MOd(QO%&Q/}O) = 0. O4eBUHO, YTO CIPABEJIMBLI UM-
ITHKAIIT

|M0d(g0 k &¢0)| = 0 j1s1 JTIOOBIX k = |M0d(g00&:1/1 )| = 0 j1/1e JTI0OBIX

k;
Uizt Mod(p i &o) [+ U2 Mod(¥_& &)

= plp, ) = s et = 0. Yo u Tpebosa-
JIOCh.

4) fleno, o p(p,¢) = 1 & |UpZ) Modss)(o_e_&tpo)| +
+ | UiZ) Modsisy (woletr e )| = 0¥ (5)

W, PACCMATPUBAs BCGBOSMO}KHBIG CJIydan Jiist ONPEIENEHNsT THCIa BCEX
mogiedteit, mveem nlS® = | )2 iMod(gp e &)+ Uiz iMOd(Q/J e &epo)|+
+Up- U”lﬂfmﬂwz)&w I+ Modgoevn)] . (6)

I/Is (5) (6) OJIy TaeM, aro;
| Uyt Upsy Mod( 2 &b o )| + [Mod(pobetho)| = 0,

T.e. U Y O,ZLHOBpeMeHHO He TPHHUMAOT 3HadeHne ) 1 pas3JIndHble 3HAYe-
Hud. Eciin p npunumaer 3uavyenue we 0, 7o 3nauenue 1 odg3aresibHo pasHo 0,
nmosromy, | J;'—] Z;}(Mod(go)% ®Mod()_1_) = P(S(X)). To ecrs mozesn
MOd(gD)% g k= 1,...,n — 1 u Mmomenu Mod(zﬁ)ﬁ gl =1,...n—1
0bpa3yIoT HelepeceKanuecs MHOXKECTBA, IPHIeM UX 00beIuHeHne 3aII0/1-
HsIeT BCe pacCMaTPHBAEMOe MPOCTPAHCTBO MOJEIeH.

5) JlokaxkeM HepaBEHCTBO TPEYrObHUKA. 110 ONpeIeIeHII0 PACCTOSHUI,
IPOCTHIME TPEOOPAZOBAHUSIMI HAJT BHIPAZKEHUSIMU, IOy IUM BEPHBIE UMILII-
Kalliu 1, B KOHIIe, Tpebyemoe
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Uizt Mod(p e &xo)| + UpZy Mod(iobex e )|

)

p(@vX) = IS
| Uizt Mod(p_e_&io)| + [ UyZy Mod(pobetp e )|
plp,) = S ,
| Uizs Mod(t_s_&xo)| + | UjiZy Mod(tofex )|
(w: ) NE)] )
Mod(goﬁ&x(]) = ?:_Ol(goﬁ&x()&wﬁ). CeoBaTe/1IbHO
n—1n—1 n—1n—1
plp, )5 = || | Mod(p o &oxokewr )|+ | | Mod(pobex s &b )],
k=1 1=0 k=1 1=0
n—1n—1 n—1n—1
Pl )" = [ Mod(p_«_&ioex i )|+| | | Mod(polet) s &x 1),
k=1 1=0 k=1 1=0
n—1n—1 n—1n—1
P, xS = || | Mod(¥ o &xobep )|+ | | Mod(tolex « & 1 )],
k=1 1=0 k=1 1=0
n—1 n—1 n—1 n—1
Pl )N =35 " [Mod(ip s &xolety  )+Y Y [Mod(ipobex e &b o )|+
k=1 i=1

k=1 l=1

n—1 n—1

+ ) [Mod(p_s_&xo&etho)| + Y [Mod(polex_i_&ibo),
=1 k=1

—1n—-1
|

n—1
Mod(p & &okex_1 )|+
k=1

=1 =1

Mod(pofetp s &ex 1)+

—1n—-1
|

n—1
p, )l =%~
k=1

=1 =1

n—1 n—1

+Y [Mod(p & &iolexo)| + ) [Mod(pobex_x &),
k=1 k=1
n—1n-1 n—1 n—1
p(, )" = [Mod(t_x &xolep 1 )|+ | Mod(dobex & &p 1 )|+
1 1=1

T

1 0=1

T
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+30 ]Mod(w%&x()&goo)]—i—zz;i |M0d(1/10&xﬁ&g00)|. Hepagencrro
(o, x) < ple, ) + p(, x) Jerko caegyer U3 HOJTYyYIEHHBIX PABEHCTB;
6) DxpuBaneHTHOCTH O = ? o3mAuaet, 4o |7, Mod(gpl)% =

-1
= Up_, Mod(p*) x_ =(orpannumpag Ha OZHO U TO K€ MHOXKECTBO) HMEEeM
- n—1

- Z\/[oal(@i%1 &) = UpZ; ]\/[od(@i% &1by), ocrapieecs aHAJOTHYHO M

PABEHCTBO PACCTOSHUIN JTOKA3AHO.

Sameuanmne 2. 113 Teopemsbl 1 caenyer, 9To HA KJIACCAX IKBUBAJICHTHO-
CTH N-3HAYHBIX (POpMY MOKHO 3 pexTuBHO 3aa1h MeTpuKky. 13 3ameqa-
Hust 1 cjieyer, 9TO €CTh U JPYTue PACCTOSHUS, HAIPUMED, ecn (DUKCHPO-
BaTh BMecTo () Ipyroe 3HaYeHre UCTHHHOCTH, I0Ka3aTeIbCTBO Mpoiiier. Bae-
JIEHHOE PACCTOSTHIE PACCMATPUBACTCS HA KOHETHOM MHOKecTBe P"(S(X))
Beex Mojieseit. Tak Kak J0Ka3aTeabCTBa He UCTOIB3YIOT CBOHCTB BCETO MHO-
JKecTBa MOJIeJIell, TO PACCTOsIHUE MOXKHO PAcCMaTpUBaTh Ha JIOOOM OCMbIC-
JIEHHOM TIOJIMHOZKECTBE BCEX MOjeJieil, ecju 3TO HeOOXOAMMO HMJIN BbITEKa-
eT W3 yCJO0BUH KOHKPETHOW 3aa9u. Beruncjienne paccTosTHNE MOYKHO yIIPO-
CTUTD, TMOCKOJIBKY HOCHTEH (DOPMYJT YACTO COCTABJILAIOT HEOOJBIIOE MOJI-
MHOKECTBO Beex Hocuteneit hopmysa. Pabortas ¢ MojeasMu Ha STUM TO-
MHOKECTBOM HOCHTeJIEH, yipocTaTcs Heobxoaumble mojicuersl. Ciieytonmast
TeopeMa JOKa3bIBAET B OOIIEM C/Iydae BO3MOZKHOCTH YIPOICHHS.

Teopema 2 (006 WHBAPHAHTHOCTH PACCTOSIHUS TIPH T0OABIEHUN HOBBIX
nepemenbix). s mobeix S(Xo) u S(X;) Takux, 1aro S(p) JS(¢) C S(X)
C S(X1) mMeeT MeCTO PaBEHCTBO Pg(ny) (¢, ¥) = ps) (@, ).

HoxkazarenbctBo. Pacemorpum S(X1) = S(Z0) U{x}, x ¢ S(X).
pu stom P(S(1)) = P(S(Ze)) UUSZHM Uy M € P(S(S)}) n
[P(5 (%)) = n|P(5(30))]-

Tawcae sepuo | UyZy Modisis,) (¢ e &y)| = n| U2y Modssy)(_x_&io))-
Takum o6paszoM, BEpHO

n

Y

P(S(51)) = P(S(%0)) UU {MJfx 2} M € P(S(20))} =
~~ 7 k=1 ~~

1

~
n—1

(.




116 A. A. Bukernrees

| Uit Modss,) (i &io)| + | UpZy Modgis,) (pobets o))

= ps(z)(p, ) = 5]
n| Uzt Modssg) (¢ &xbo)| +n| UpZ) Mods sy (podet) e )|
R TSR]
= Ps(n0) (9, 9).
Ilycrs Temeps |[S(X1)\S(Zo)] = [{A', ..., A"} = m > 1. Torma
Ps(s0) () = psseyutan (@, ¥) = .. = psme)Utami (@) = psis) (@, ¥),

YTO U TPeDOBATIOCH JOKA3aTh.

3ameuanme 3. 13 TOJBKO 9TO JIOKA3aHHOI'O CJIEJIYeT, 4TO IPeoJI0-
JKeHUe O KOHEYHOCTH B TeopeMe 1 MOXKHO yOpaTh. Y IPOIEeHne BbIYHCICHUS
paCCTOHHI/Hu/I COCTOUT B YMEHBINTEHNUH JJO KOHEYHOT'O KaK Y1CJIa HOCHTeﬂeﬁ, TaK
U 9HUCJIa PACCMATPUBAEMBIX Mojiesieil. Bo3aMoxkHo, pajbHeiilee yMeHbIICHIE
YUCIA MOJeIel N1 BBeJIeHUs PACCTOSHUS, KpOMe YTOUYHEHUsST aKCHOM IIPH-
KJIQJ[HOM TEOpHUM, HOBBLIX PE3yJIbTATOB, BO3MOXKHO HOTpEOYyeT IPUBJIEYCHUE
KOTHUTUBHBIX METOJOB B pacrno3naBanuu. llpu momcke crnocoboB 3ajaHus
paccTosinusi ObLIO PacCMOTPEHO OOJIBIIOE KOJUYECTBO JPYTUX BapUAHTOB,
OTJIMYHBIE OT IPEJJIOZKEeHHBIX BBIIIE, HO JIjI HUX CBOMCTBA METPUKHU HE BbI-
HOJTHSLIUCh. B HaIlM IIaHBI 9TO HE BXOJIMJIO, HO BO3MOXKHO B HEKOTOPBIX
HPUKJIQIHBIX 33/a9aX JIOCTATOYHO U MEPbl CXOACTBA Wi OJIU30CTH. 3ame-
THM, 9TO B I€pBOil (hopMyJie pacCTOAHUS MOYKHO BMECTO uHjeKca () B34Th
W JpyTHe 3HAYeHUsI HCTHHHOCTH (KOHEYHO, HAIIPUMEp, MPH CAMOM CTPOTOM
OTHOIIIEHUH IKBUBAJIEHTHOCTH ), U, COOTBETCTBEHHO, IOMEHIB MHOZKECTBO WH-
JIEKCOB CYMMMPOBAHHMSI, IOJYUUM JIPYTO€ PACCTOSHUE MEXKIY (POpMYJIaMHu,
MOXKHO BBLIEIUTH U HECKOJIBKO 3HAUEHUH, HAIPUMED IO MePBLIM JIBYM HJIH
bostee. 3aTem, B3sB YCPEJTHEHHYIO CYMMY BCEX TAaKHX PACCTOSHUII C Beca-
MU, TOJIYIUM HOBOE PACCTOSHUE, 0OJIee TMOJTHO YIUTHIBAOIIEe BCe 3HAYEHUSI
UCTHHHOCTH (bopMmys1. AHATOr TeopeMbl 2 BepeH U JJjIs Mepbl HeJI0CTOBEp-
Hoctu. Jlajsee sTuM B pajbHeiieM OyaeM IMOJIb30BaThesd. V3 MpUBeIeHHBIX
JIOKA3aTe/IbCTB W BBEJICHHBIX PACCTOAHHI CJaeayeT IOJICKa3Ka KaK OIpeje-
JISTH PACCTOSHUE MeKJy MHOTOMecTHbIMU (popmynavu Vcuuciaenus mpesu-
KaTOB. ,ZLJIH 9TOT0 HaJA0 HUCIIOJb30BaTh HU3MEpHUMble MHOI'O3HaYHbIEe MOJEJIN
TEOPHUHU OIIUCHIBAEMOil IPUKIAIHON 00IacTH U B TAKOH MOIEIN Ha peasin3a-
nustx (perreHnsx ) bopMyJT OMpeesiTh PACCTOSIHAE KAK YKA3AHO BBIIIE TeM
WM WHBIM CIIOCOOOM TPUBJIEKAs] KOHEYHOZHAUHYIO ( MM BEPOATHOCTHYIO)
Mepy JiJIsl BBIYUCJIEHHS Mep HYXKHBIX (POPMYJIbHBIX MHOZKeCTB. CBoiicTBa
METPHKHU B MOJIE/TN HA IKBUBAJIEHTHLIX (hOPMY/Iax Oy/yT BHITOTHATHCS, aHa-
JIOTHYHO TIOCTYTIAeM C MepOil HeJOCTOBEPHOCTH. TaK 4TO W B 3TOM BaZKHOM
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CJIy4dae NIT mosiBisaoTcsa UHCTPYMEHTHI JJId aJallTallu Pa3JIUYIHBIX aJIr0-
PUTMOB KJacCTepHu3allull, ITIOUCKa KOJJICKTUBHbLIX aJI'OPUTMOB C BEeCaMHU.

5 Omnpenesienne Mepbl HEJOCTOBEPHOCTH
N-3HAYHBIX (pOopMYyJI

Uctunnas dbopmyna Ha MOJENH SBJIAETCA JOCTOBEPHOW M MOITOMY He
MOXKeT OBITh HeJ0CTOBepHOI. JIoxKHasg bopMy/ia HA MOIE/H He STBIAETCA J10-
CTOBEPHON 1 3HAYUT HeAO0CTOBEpHA. POPMY/Ia C TPOMEKYTOIHBIM 3HAUEHHEM
UCTUHHOCTH SBJISIETCA YaCTUIHO HETOCTOBEPHON. DTO COT/IACOBBIBALTCST TaK-
JKe ¢ mHTepIpeTanueil IpoMeKyTOUHbIX 3HaYannii nctuaaocTn M. Bepma- A.
Kapnenko [4] gepe3 0 u 1. 113 cka3aHHOTO CJI€JIyeT, YTO BBOJIMMAsl CTENEeHb
HEJIOCTOBEPHOCTH OINPEIENISeTCs YaCThIo Mojesel, rae 3HaueHns (hOpPMYJIbI
He ABJIAI0TCA ncTuHHBIME. [101X0/1 K Onpejie/ieHri0 Mepbl HeTOCTOBEPHOCTH B
N-3HAYHOM CJIydae oTpazkaer BKJaJ (B HEIOCTOBEPHOCTh) 3HAYEHUI MCTHH-
HOCTU (POpMYJIbI, He BKIo4Yasg 1. OH OCHOBaH Ha CBOWCTBE TaKUX 3HAYCHHIT
HCTHHHOCTH (DOPMYJIBL: YeM GoJibIie (J4acToTa) Mojieseil Ha KOTOPBIX JTaHHOe
BBICKA3BIBAHUE MPUHUMAET He UCTUHHOE (He paBHOe 1) 3HAUeHHe, TO TeM
MeHble (B 4acrora) MoAeseil, rae ono Oymer MCTUHHO (B ZAHHON H3ydae-
moii Teopuu) . Ilpn ycaosun uctuHHOCTH (DOPMYABI (2 9TO HAM BarykKHO) Ha
HEKOTODOIT Mosiesin (HEKOTOPOit TeOpHH ), 1 YeM GOJIhIe MOJIeIel Ha KOTOPHIX
OHA HEJIOCTOBEPHA, TeM MeHbIIe MOJe/Iel Ije OHa MCTHHHA. Ecan Ha MHO-
rux MoJzesssx popmyJia HeJOCTOBEPHA, TO YUCI0 MOJIeJel ¥ HOBOI'O PacCIIu-
penust Teopuu (Teopun ¢ 106aBAEHHOI 3T0i DOpMyIIOit) OyeT CyIecTBeHHO
menbIe. Torga Mepa HeJ0CTOBEPHOCTH OY/IeT, eCTECTBEHHO, BhilTe. JacTOThI
Mojteseil, B KOTOPHIX 3HAYEHHUST UCTUHHOCTU (DOPMYJIBI HE paBHBI 1, Tpeia-
raercs (10 MHTEPIPETAINH) YIUTHIBATH ¢ BECAMH, TPOTOPIMOHATBHBIME €€
JnoxkuocTH . [losromy ducsio Mojesieit ¢ MEHBITUMHU 3HAYCHUSIMH UCTUHHOCTH
dopmyJibl cjiejlyeT yauThbiBaTh ¢ 00JibiinM Kodpduiuenrom-secom. llepeii-
Jem K opmasibHOMy ompesesenuio. Mepy uepocroseproct Igxy(p) s
dbopmyner 3 (X)) = {p[S(p) C S(X)} n-3HadIHOil JOTUKE 3313 UM B BHIE

n—2 |M0ds(z)(90nil )l
Lsey(0) = 2o
=0

[Tapamerpsi ; B bopmyste (B 061eM CJIydae) MOHOTOHHO He BO3PACTAIOT
C POCTOM HHJEKCA CyMMUpOBaHusd. Hammpumep, Ipu HEYeTHOM I MOZKHO B3STh
0<a; <1;
TAKIMI: a; +a,_1_; =1 Vi=0,..%L ;
ap > o Yk <7q.
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CymeCTBOBaHI/Ie TaKuX IMapaMeTpoB O4Y€BUIAHO. OTMequHbIe COOTHOIIIE-
HUSA BBITEKAIOT, HAIIPUMED, W3 CBOUCTB MHTEpIpPETAIANA a9 N-3HAYHOU JIO-
ruku JIyKaceBuya.

Sameuanue 4. B ciyuae n = 2 u o; = 1 moaydaeMm Mepy OIpPOBEPKH-
moct Kak B [1, 9] . B obmem ciydae BMecTo n — 2 MOKHO PacCMaTPUBATH
n—s (s BMecTo 2-Ku), re s 6ombiie 1, HO MeHbIe n— 1 (9T0 COOTBETCTBYET
paBeHCTBY () COOTBETCTBYIONIUX BECOB Il Mojieseil ¢ GosibmmM (HampuMep,
0.7) 3HaYeHHeM UCTHHHOCTH (DOPMYJIbI (MpeHebperasi, eCau 3T0 JOIMYCTHMO,
MAJIBIM THUCJIOM MOJIeJIei, IJle OHA He MCTHHHA). B IpHBEIeHHOM Olpejieie-
Huu s = 2. B npuioxkenusix Bce (purypupyonme B oupeIe/IeHun mapamMeTpbl
ABAAIOTCA aJaTUPYEMBIMI W ONNTAMU3HPYEMBIMHY 110 HAHJIEHHBIM KPUTEPH-
dM KadecTBa B KOHKDeTHOI 3asade. [lepBoHadaibHO MIAHIPOBATIOCH 33/1a-
HUEe MepBhl HeJOCTOBEPHOCTH KAaK PACCTOSHHE OT TOXKIECTBEHHO UCTUHHOM
dopmyabl. Boobie roBopst, He SICHO, YTO TpeJlaraeMble HaMU KOJLIEKTUB-
Hble paccTogHusd or 1, Oy/yT 3aJaBaTh BBEJIECHHYIO BbIllle MEPY HEJI0CTOBEP-
HocTr. OKa3aaoch, 9TO TAKOE PACCTOSHEE (METPUKA) TOJHO YIUTHIBAIOIIEe
MHOTO3HAYHOCTH (DOPMYJI CYIIECTBYET, HO 3TO MPEAMET JIPYTOHl CTATHU aB-
TOpa COBMECTHO ¢ MouM MaructpantoMm Kabanosoit E.C.

6 CsBoiicTBa Mepbl HEJIOCTOBEPHOCTN

Teopema 3.(0 coiicTBax Mepbl [g(x)). s mobeix dopmyn ) €
®(X)BepHO
1) 0 < Igm)(p) < 14
) Ls(zy (e )+fs( y(mp) =1
) 1
)

(]

3) Ises) (&) = max{Is(s)(#), Iscs) (V) };

4 IS(E)(<P\/¢) < mlﬂ{fs@ (%), s (¥) )5

5) Isi) (¢ V ¥) + Iss) (&) = Iss) () + sz ().

,Z[OKaSaTe.TIbCTBO IPOBOIUTCH IS KAyKIO0TO IIYHKTa IIpU S=2.

1) HepaBenctBo 04eBuHO, T.K. MOds(Z)((,Oﬁ) HOMAPHO HE IEPECEeKa0T-

cd, a B 00beinHennn 1a0T Bee MuoKecTBO P(S(X)). CroiicTBo 1) mokazaHo.
2) Isix)(¢) + Is(x)(—y) =(pacuuceiBast n nepecrapisisi ciaraemoie)

_ |Mods(s)(¢o)l [Modg(s) (1)l
= Q0 5(o)] +an‘,1 SIOM] )‘"‘
Modg (¢ i
a1 _ |[P(SCON
+> i 1(042+04n 1-i) 75 = s = L

3) Pacmumem mo ompefesieHnio crenenu HejocToBepHocTH 1A Ig(s) (),
Iy (p&tp) n nostyunm pasencrsa:

2 [ Modses) (&) 1))
n(ply) = 2 EN -
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[Modg(sy(v_i_ &y g ) [Modgsy(v_k_&y_i )
Sy (e e M P
=1 nlSCOI IEO)]]
|M0d5(2)(50 i &111 i )l
— n—1 n—1 (7)
? nlSCO)] .

=2 [Modgisy(p_i )| n=2 n=l|Modgs)(p i & _x )|
Ise(0) = Do oy = D) Ty >/ E———
- :

i 1|M0d5(2)(90n%1&¢ﬁ)| 2 L [ Modss) (o _i &ip_s )
2SO T2 % ] -

I
[ M

|M0d5(2)(90ﬁ&1/)n31)|
Qi RS : (8)
Brorunras (8) u3z (7), HOﬂyqaeM:

\Mods(z)(w%&zﬁ%)\

IS(E)(SD&%D)—]S(E)( ) =20 Doke Lo TS
|M0d5(2)(80 zl&w%)l

n— 1 ) i
Z nlSQOI

|Modg(sy(p_i &Y i )

2 Zk 0(0% ;) n\SE)II ——+

n 1, |M0d5(2>(50n%r&¢ﬁ)|
+2 0 ‘ P >0
HOJIy‘{I/IJII/I a0 Ig(s) (&) > Ign)(p). AHamormdanoe HepaBeHCTBO MOXK-
HO nojtyunTh s dopmyast P: Igsy(p&tp) > Igsy (). Caenosarensbno
o) (&) > max{Ig) (), L) (¢ )} CaoiicTBO 3) JOKa3aHO.
4) PacnuceiBag 10 onpe/jiesieHnio Mepsl HejocToepHocTH Lg(x) (90 V 1)),
I0JIy9aeM CIpaBe/IiBble PABEHCTBA;

2 [ Modsis)((p V) i n—2 [Modges) (0 s &b )
=0 1=0 k=0
‘MOdS(E)(‘P‘kI&"/’ i )l "2 \Mods@)(s&ﬁ&¢ﬁ)|

+2 ko ST )~ 2ico ETDS) IR (9)
Pacruurenm moapodno seipazxenue Igs)(p):

n—2 |M0d5(2)(¢ﬁ)| n- n! |M0d5(2)(90ﬁ&w%)|
Issy(p) = Do ISl - Z % NEOI N

2 L Modsmy (v s &b s )| 22 L [Modsmy(p i &t i )|
e %Z PEOS] T2 SIEOSI] -
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[Modg(sy(p i &Y i )
i Al )] :
Ucnosb3yst noydennsie pasencrsa, sorantas (9) u3 (10) nosygaem:
|]V[Ods(2)(90%&w k)

n—2 n—1 pry T
15(2)( ) = Isy(p V) =05 aid mES] +
; qudS(E)(V’%&d)nil |[Mods sy (¢ i &y k )|
Z =0 0‘1 > k=0 M) = Zk —0 k o % mEIo»)]
|M0d5(2)(50il&¢41)\

i n— n—

Zz 20 Qi D g Qi IS =
\MOdS(z)(w%&iﬁ%l)\

Z Zk o % SO > 0.

OTKy;La crenyet, uTo Igs) (@ V1) < I (¢). AHAIOrIYHOE HEPABEHCTBO
noryanM Jaa gopmyst ¥: Igsy(p V) < Igs)(v) => Igm)(e V )
min{ gy (¥), Isx)(¥)}. Croitcrso 4) noxaszamo.

5) Uz dopmyn (7)- (10) memocpeacTBerHo cieayer dbopmyia:

Issy (@ V) + Lses) (p&etp) = Iss)(0) + Lsesy (V).

ameuanue 5. KoHeuno, Mepy HeJOCTOBEPHOCTH (DOPMYJIBI MOKHO ObI-
JIO BBECTH 4Yepe3 UCTHHHOCTHBIE 3HAUECHUS OTPUIAHHSA (DOPMYJIBI, ¢ MOHO-
TOHHO HEyOBIBAIOMIMMHU KOIDDUIMEeHTaMu, HO 3TO 1O CYHIECTBY U CJEJIaHO.
CBsI3b BBEIEHHOI CTEIIEHN HETOCTOBEPHOCTH (DOPMYJIBI C TPUBEIEHHBIMU BbI-
e PACCTOSHUSIMHU MEKJy ee KOMIIOHEHTAMH W HX HeJOCTOBEPHOCTIMU He
Takas TIpOCTad KaK B CAydae JOTHYECKHX HCUHCIeHHE nmpu n = 2, n = 3
[1, 9, 18, 19, 20, 22, 25]. MOKHO CMeJIO HPEJANOI0KHUTD, UTO B JIOGOM JIpY-
rOM U3 IPUBEIEHBIX CJAYYIaeB HET MPOCTOH CBI3U MEXK/Iy HEIOCTOBEPHOCTHIO
camMoit (bopMyJibl, PACCTOSTHHEM MEXKy €e 00Pa3yIoIMMU KOMIIOHEHTAMH H
CTEIeHSIMU HeIOCTOBEPHOCTH STUX KOMIIOHEHT.

7 Amnpobanusa mmoaxoaa

B xagecTse nmpumepa HaMU PACCMOTPEHO JIE€PEBO COOBITHIT, MCITOIH3YEMO-
ro /I aHAJIU3A MPUYIUH BOSHUKHOBEHUS aBAPUIHBIX CUTYAIIUN IPU aBTOMA~
TU3UPOBAHHON 3ampaBke eMKocTH. CTPYKTypa jiepeBa COOBITHH BKJIIOYAET
OJIHO TOJIOBHOE COObITHE (aBapusi, MHIUIEHT ), KOTOPOE COEJIMHSIETCS ¢ HAbO-
POM COOTBETCTBYIOIINX HHUZKECTOSIUX COOBbITHI (0mmbOK, 0TKa30B, Heb1a-
FOMPHSITHBIX BHEITHUX BO3/EHCTBHIT), 00pa3yOIINX elu MPHInH (CleHapHn
aBapuii).

ITpoaHaTM3UPOBAHBI 3aMUCAHHBIE [0 JepeBY (OTKA30B 3alPABKU) pPas-
JIMYHbIE CJIOKHBIE JIOTHYECKHE BHICKA3BIBAHUST IKCIIEPTOB (hOPMYJIBI) O KOH-
KPETHBIX 0TKA3aX 3aIPABOYHON CTAHIINK U HAIIEHBI PACCTOSHUSI MEK LY Pa3-
JUYHBIME (POPMYJIAMH U CTEIeHW WX HEJIOCTOBEPHOCTH TPHU PA3JTHIHBIX 7.
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PeSyﬂbTaTbI BBIYMCJICHUN TOKA3aJIN aJJCKBATHOCTD (COFﬂaCOBaHHOCTb C MHeE-
HUSIMHU CIEIHATICTOB U 9KCIEPTOB) MPeTaraeMoro Hojxoa, GOIbIIYI0 KOp-
PEKTHOCTH U MOX0XKEeCTh PE3YJIbTATOB CO CAYUasdIMA N = 2 U N = 3,5, a TaKXKe
OBICTPYIO CTADMIM3AINIO BBIYHCISEMBIX BEJIMINH € YBEJHYCHHEM THCIA 7.
Yuopsiodenne GhoOpMYJI 10 CTENeHn (BO3pacTaHusi) HeJOCTOBEPHOCTH COTJIa~
CyeTrcd He TOJBKO C MHEHHAMHMU OIIBITHBIX 3KCIIEPTOB aBTOMaTI/ISI/IpOBaHHOIU/I
3ampaBKH, HO U Pe3yJbTaTaMu, HOJTyYeHHbIME st 1 = 2 u n = 3 [9].

Obo3naynM 0a30BbIE COOBITHSA, KOTOPbHIE H3HAYAJIBLHO OBLIM 3aIlUCAHBI
mudpamMu B BepummHax gepeBa, depe3 Al, ..., A13 . CoOblTHus, MOSBICHTE
KOTOPBIX HPUBOJHUT K aBAPHUH, MOYKHO 3aMUCATH CJIEIYIONUM 00Pa30M !

(A2 V Auz), (A1 A A7), (AL A Ag), (AL A Avg), (AL A A, (A2 A Az),
(Aa A Ayg), (A A Aqy), (Aa N Ag), (A3 AN Az), (As A Ayg), (As A Aqq), (
AgNA7), (AgNAg), (AgN A1), (AsANAgN A7), (AsANAgAAg), (AsAAg N Ar),
(As N Ag N Ag), (As N Ag AN Ag), (A5 A Ag A Agg), (As A Ag A Ary).

C apyroit cTropoHbI, CymecTByeT HAOOpP COOLITHII, KOTOPBIil rapaHTHUpPY-
€T H€ BO3HUKHOBEHUE I'OJIOBHOI'O CO6bITI/IH npu ycjaoBuu, e€CJIn HU OJHO U3
cOOBITHIT, BXOJMIIUX B HEro, He mpousoiijer. Tak aBapus He Mpousoiijer,
HampuMep, ecau He Oyner cobbituii (Ay, Ag, As, Ay, As, A1a, A13) unm cobbi-
it (A7, Ag, Ag, A1, A11, A1z, Ai3).

Jlastee orpejie/iuM pas/imaHbie COOBITHSI U MOCYUTAEM PACCTOSTHUE MEZKJLY
HUMH 1 Mepy OIPOBEPKUMOCTH.

01 = (A2 V (A5 A Ag))-1anmoe cOOBITHE COCTOUT B TOM, 9TO HPOU30iimer
OOPBIB Temeil 0T JAaTIMKOB 00bEMA T03bI MM OJHOBPEMEHHO OTKAaXKeT Pac-
XOZOMep U JATYUK yPOBHS. BO3HHKHOBEHHE TOJIBKO 9TOI0 COOBITUS HE BEIET
K TOJIOBHOMY COOBITHIO, T.€. K aBapUN.

w2 = ((Ag V A3) V (A5 A Ag)) - 910 cOOBITHE, 3aKJIIOYAIONIEECS] B TOM,
9TO OTePaTOP HE 3HAT O HEOOXOAMMOCTH OTK/IIOUEHUS] HACOCOB MIN OTKA3aJI
PacXosoMep WIH IIPOU30ILI0 TO, IYTO OJHOBPEMEHHO OTKA3aJH PACXOI0Mep
U JaTYHK YPOBHS, IPHUBEIET K aBapHUH.

w3 = (A5 N\ (A7 V Ag)) - OTKa3 pacxogoMepa U OTCYTCTBUE PEAKITUN OTIe-
paropa Ha orka3z CAB/JI mpuBener K roJoBHOMY COOBITHIO..

w4 = (As N Ag) V Ay))- cobbiTie — OTKa3 CPeACTB BBLAAYH CHIHAIOB HJIH
orkiouerne CAB/I He moBmedeT aBapuiiHOM CHTyaIlHH.

w5 = (A1 V (A7 V Ajy))- Ipu OTKa3e BBIKJIIOYATES HACOCA CPA3y BO3HH-
KaeT aBapus.

we = (Aa V (Ag A As) V Aj2)- Ipu COBOKYIHOCTH THX COOBITHIT aBapHsi
TaKzKe HaCTYyIIacT.

w7 = (A12 V Aj3)- 37€ch aBapusi BOSHUKHET BCJIEJICTBHE HE OCYIIECTBIIe-
HUsI KOMAH/IbI Ha OTKJIIOYEHHE.

B Tabsuie npeacraBiaeHsl (MIOCYUTAHHBIE) JIJT KAZKJIOH MAPBI BBICKA3bI-
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BaHUN PACCTOAHUSA B TPEX3HAYHON JIOTMKE C IIPOCTEHIINM PACCTOAHUEM.

1 Y2 ¥3 P4 5 2 %
V1 0 0,247 0,222 0,111 0,148 0,136 0,037
Vg 0,247 0 0,37 0,358 0,284 0,284 0,21
V3 0,222 0,37 0 0,259 0,333 0,358 0,259
Oy 0,111 0,358 0,259 0 0,074 0,158 0,148
5 0,148 0,284 0,333 0,074 0 0,049 0,074
o 0,136 0,284 0,358 0,158 0,049 0 0,098
o7 0,037 0,21 0,259 0,148 0,074 0,098 0
Tabuna 1. Paccrosinne MexK 1y BbICKa3bIBAHUSAME
2 3 4 5
01 - 0,3703 | 0,2265 | 0,148
o - 0,5679 | 0,3574 | 0,2725
3 - 0,59259| 0,4453 | 0,325
V4 - 0,3518 | 0,2109 | 0,136
©s - 0,166 0,07 0,036
6 - 0,216 0,097 0,0512
o7 - 0,2777 | 0,15625| 0,1
Tabauma 2.
2 3 4 5
©1 0,375 0,1481 | 0,078 0,04
Vg 0625 0,3209 | 0,1289 | 0,067
V3 0,625 0,3703 | 0,2656 | 0,208
Oy 0,375 0,111 0,046 0,016
Vs 0,125 0,037 0,2656 | 0,208
V6 0,1875 | 0,037 0,0078 | 0,032
o7 0,25 0,1111 | 0,0625 | 0,04
Tabsuna 3.
B rabaune 2 — Igx) (@) = ‘Mﬁi((—zg)(fm;
B rabmune 3 — Igx)(p) = W + 0, %jjs((;gf%)l; PesynbraThr

BBIUHCICHUN 171 OOJNIBIIUX N JOTUKH JIyKaceBuda He MPUBOIUM BBUIY T'PO-
MO3KOCTH Ta0JIuI 1 HeDOJbINONH pa3HuIbl B oTBeTax. Jlaxke KJacrepusaiuu
9TuX (OPMYJ IO pa3HBIM PACCTOSHASAM Jal0T OAWH OTBET. AHAJOTHIHOE 3a-
MedaHWe CIPABEeJINBO W JIJIs1 CTIEIINAJILHOTO PACCTOSTHAS B 9-3HAYHON JIOTTKE
st 6anka u3 350 dopmysr. Ha ocHoBe mccienoBanuil MOIMHOXKECTB ITOTO
Hanka hopMyJI IPeI0zKeHa THI0Te3a, YTO HAUHHAA ¢ H-3HAYHOCTH U JAJIbIIe
paccrosiiue Ha popmyJiax HPAKTUIECKH HE U3MEHSIeTCS.
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8 3BakJIroueHune

B 3amadax m aaropuTmax pacrno3HaBaHUs 00pa30B BaXKHBIM HWHCTPYMEH-
TOM SBJISETCSH BO3MOXKHOCTH BBIYUC/ISTH PACCTOSHUS MEK/y H3ydaeMbIMH
obbekTamu. Hamnmume moaxosgmeii reoMmerpun (METPHUKH) TIO3BOJIAET YTy -
MmaTh pacrno3HaBaHue W Kiactepusanuio |1, 21, 24] u re3ucw. Haxoxnenne
HYKHOU MeTpUKHU I JIy4Ileld KaacTepwsanuu — npobjeMa B paclo3Ha-
BaHuu 00pazoB. llpenmokeHHbIe PACCTOAHUA TO3BOJSIOT AJATTUBHO OO~
Oparb Hy»KHbIe METPUKHU M JlaKe BbIOpaTh M3 HUX JIy4NIYI0 B KOHKDPETHOI
3aja4n. [Ipu 3TOM Ha 3HAHUYI IKCIEPTOB MOYKHO CMOTPETH KaK Ha JOIMOJI-
HUTEJIbHBIE JJaHHbIE, TTO3BOJIAIONINE D0JIee aJeKBATHO BCKPHITH MMEIONTUECs
NPUYUHHO-CJIEJICTBEHHBIE CBSI3H MeYK/y IepeMeHHBIMH 33/Ia9i U TOCTPOUTH
PeIaoIy o (PyHKIIHIO.

[IpejiiozkeHHbIE PACCTOAHKUS U MEPbl HEJOCTOBEPHOCTU 00J1a1aI0T 110J1€3-
HbIMHE cBofcTBamu |1, 2, 9, 17, 23, 24, 25|. 11 nosromy MOryT GBITH HCIIOJIB30-
BaHBI IpU co3mannu B3, anaim3e, KaacTepu3arui 3HAHAH 1 WX TOMOTHEHUH.
Paznmynble cTeneHn HeTOCTOBEPHOCTU BBICKA3bIBAHUM U PACCTOSHUS MeK-
JIy HUMH TIO3BOJIAT HAXOJIUTh HYXKHBle MeTPUKH KaK I KJIacTepPU3aIuu
sHaHuil 6a3 3maHwmii [1, 22|, Tak U B ajAropuT™Max pacNoO3HABAHUU 0OPA30B
[1, 5, 6, 7, 8, 9], a Takke ;s coryacoBaHUil 3HAHUN SKCIepToB. BBeneH-
Hble TIOHATHS MOTYT NPUMEHATHCS TPHU TOCTPOSHUN JTOTHIECKAX PENTAIONTIX
dbyHKIHNIt Ha OCHOBE COITACOBAHHBIX YKCIEPTHBIX BhICKa3biBaHUil. Harm mo/i-
XOJI JIaeT BO3MOYKHOCTh He COIVIACOBBIBATH BBICKA3BIBAHU, a HUCIOJIb30BATH
pa3IMYHble PACCTOAHUS (HAIPUMED, KAK BBIIIE WK OT IKCIEPTOB), a 3aTeM
HOJIyYaTh JJIsT IPUMeHNiT KOJIJIEKTUBHbBIE DACCTOSHUS.

B macrosiiee BpemMs BO3pOC MHTEPEC K NOCTPOSHUIO PEITalonuX (hyHKITU i
Ha OCHOBe aHAJIN3a YKCIEePTHON HHPOPMAIUN, 33/ TaHHOH B BU/IE BEPOITHOCT-
HBIX JIOTHYECKUX BBICKA3bIBAHNN HECKOJBbKUX IKCIEPTOB, PeaJu3alliil Mpo-
eCCOB JIANITAIINY W COTJIACOBaHWs BbICKasbiBaumii [1, 4, 5, 6, 7, 10, 11, 12,
13, 14, 15|. Ecn BbICKa3bIBaHHsI 9KCIEPTOB IPEJICTaBICHbI B BHEe (HOPMYJI
IPOU3BOJILHON N-3HAYHON TabyJInpOBAHHOI JOTUKH (HATIPUMED, KaK JIOTH-
Ka Jlykacesuda [4]), To mosydeHHbBIE BBITIE PE3YIHTATH TPUMEHUMBI K HUM.
[Ipenmaraemslii TOIX0O/ pactiupsaeT U 0000IIaeT caydan n = 2, n = 3 U OT-
JMYAETCST OT BEPOATHOCTHOTO mojxoaa [10, 11, 12], mOCKOJIbKY B yKA3aHHBIX
paborax orcyrcTByioT Tabaunbl ucruanoctu |3]. IIpomekyrounpie 3nadenus
HCTHHHOCTH (DOPMYJI MOXKHO TaKzKe PACCMATPUBATH KaK HeYeTKHe (BeposiT-
HOCTHbBIE) 3HAYEHHs] MCTHHHOCTH WM KaK 3HAYEHUsT OTNMTHOOYHOCTH BBICKA3bI-
Banrust (110 uaTepuperanuu /1. Ckorra). Emie pas orMeTnm, 4To NpHBeIeHHbIE
JIOKA3aTeJbCTBA TPOXOIAT JJIs JIOOBIX N-3HAYHBIX TaOYJIUPOBAHHBIX JIOTHK
KaK HEeYeTKOll Joruke 1mo 3aje u Joruke bamaBuna mis He4eTKUX 3HAUCHHIT
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UCTUHHOCTHU. DTO TaK MOCKOJIBKY B 3TOM CJIydae IPUMEHUMBI TPeIIaraeMble
MO/IEH.

SlcHO, 9TO pa3IMYHble BBICKA3BIBAHUSI YKCIEPTOB (M ¢ OOTBETCTBYIOIIIE
1M (bOPMYJIBI) COMEPIKAT PASTUIHOE KOTHUECTBO HH(MDOPMAIUH, TIOITOMY BO3-
HUKAeT BOINPOC O PAHKHUPOBAHUU BBICKA3bIBAHUII dKCIepToB. B mcciempye-
MOM CJIyvae MOYKHO MMPOBECTH PAHAKUPOBAHUE TIO CTETIEHN HEJTOCTOBEPHOCTH,
VIOPSAJIOUNBasA pacCMaTpUBaeMblil aHcaMbJib (pOPMYJT 110 3TOMY IapaMeTpy.
Kpome TOro MOKHO paccMOTPETh BOIPOC O COBMECTHOCTH U /UJIU TPOTHBO-
PEINBOCTH MHOXKECTBA BBICKA3BIBAHUNA.
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1 Bseaenne

Bajada onpeaeneHnsa Mep OJU30CTH MKy 3HAHUSIME OBLIa MOCTABJICHA,
emé . C. JIooBeim u H. T. Saropyiiko. [lox 3nanusMu 1o ipa3yMeBarOTCs
KpaTkie 0000IEHHBIE OMHCaHust HHMOPMAINH, COMEPKAIINXCST B JAHHBIX |3,
5].

B gauHO# paboTe TAKUMU 3HAHUSME SIBJSIOTCST BBICKA3BIBAHUST (IKCIEP-
TOB), KOTOPble MOYKHO 3aIUCaTh B BUJE (HOPMYJ KOHETHOZHAYHON JIOTHKH
JIykaceBud4a.

Panee, qast caydast MHOTO3HAQYHON JIOTHKH OBLIM BBEIEHBI PACCTOSHIE
1 Mepa OMPOBEPKUMOCTH, KOTOPbIE OBLIN HEOOXOMMMBI /IS N3y YeHHS IKC-
nepraoit uadopmanuu (3, 4, 6, 12, 14].

B paborax |7, 8, 11, 13|, aHAJIOTHYHO CJIy9al0 KJIACCHYECKON JIOTHKH |3,
4], GBI BBEJAEHBI CJICYIONINE BEJIMIMHBI HOBOE PACCTOSIHHE MKy Pop-
MyJIaMH TSTH3HAYHO JoruKu JIyKaceBuda Ly u Mepa HEJOCTOBEPHOCTH BbI-
CKa3bIBAHMIT SKCIIEPTOB (paBHAs PACCTOSHHIO ME¥K Iy COOTBETCTBYIOIIEH BbI-
CKa3bIBAHUIO POPMYJIBI Ly J10 TOKIECTBEHHO UCTHHHON (hopmyibl). Takxke
OBLIM ONpeIeTeHbl M TOKA3aHbI CBOMCTBA ITHX BEJUUNH, YIATHIBAIOIIAE Ce-
MaHTHKY CXOJCTBA U Pa3jndust HHPOPMAIUN B STUX BbICKA3bIBAHUSIX.

*Pabora BeImosnena nmpu ¢puHAHCOBOH nogaep:kke POOU, kox mpoekTa 11-07-00345a.
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s naabHeRIero ncrioib30BaHns STHX BEJIUYWH Ha IMPAKTHKE HEeOOXO-
JUMO OGOBIIUTH UX HA CIydaii n-3Ha4HOl JoruKy L,, (171 n1>2), onpeIequTh
U JI0Ka3aTh CBOMCTBA, 4TO SABJIdeTCA MepBoii 3a1adeit namHoi padorsl. CBOii-
CTBa MOTYT IPUMEHSATbCSI B aHaJU3e 0a3 3HAHMIA.

O1HO U3 BO3MOXKHBIX IPUMEHEHUH PACCTOSHUSA U MePhl HEJIOCTOBEPHOCTH
— UCHOJIb30BaHUE UX B KJaCTepU3alui KOHEYHBIX MHOKECTB BBICKA3bIBAHNUIA,
KOTOpble MOYKHO 3alucarb B BUJe Jiorudeckux dopmys. Takum obpasom,
BTOpasd 3ajiada JaHHOH paboThl — IOKA3aTh NMPHUMEHEHHE STHX BEJIUYUH B
KJIACTEePU3AIUN MHOXKECTB (DOPMYJI ¢ YIETOM OCOOEHHOCTEH MHOTO3HAYHOI
Jgoruku. Panee Kiacrepusanust MHOKECTB Jorndeckux (opmys (a, Tem 6o-
Jiee, MHOPO3HAYHBIX) HE HCHOJIH30BAIAC.

Takke He0OXOTUMO ITPOAHAJTUIUPOBATD PE3YJIHTATHI AIalTHPOBAHHBIX K
JIOTHYECKUM (POPMYJIaM AJTOPUTMOB KJIACTEPU3AIMH IIPU PA3IHIHBIX 11

2 KonaeuyHo3HadHadg Joruka L,

Omnpenenenne 2.1. [Tponozununonanbubiii a361k L

1. x, ¥, 2,...— HOPMYJIbI;
2. -, = — NPONO3HIMOHAJbHBIE CBA3KN (OTPHUIAHWE U UMILTHKAINA );

Y

3. (, ) — BcOMOTaTebHBIE CHMBOJIBI.

Oupenenenne 2.2. opmyiia:

1. x,y, z,...— POPMYJIBI;
2. ecnn @ w1 — HOPMYIBI, TO =P U Y—Y — TOKe HOPMYIIBI;

3. HUKaKWe JPyTue KOHEeYHbIE TMOCJeI0BATEeNbHOCTH W3 WCXOHBIX CHM-
BOJIOB, KPOMe TIOCTPOEHHBIX B CHJIy TYHKTOB 1 — 2, ¢dpopmynamu He
ABJIAIOTCA.

Hanpumep, n-3naunas Mmarpuvnas jioruka Jlykacesuua L, onpejessercs
normueckoit marpuueit M, =<V, =, —, {1} >, rne V,, = {0, 15, .., 2=2 1}
~— MHOZKECTBO 3HAYEHUI MCTUHHOCTH; —, — — YHApHas OLepalds OTPUIla-
HMs 1 OMHApHAs Oollepalys UMILIMKAIME COOTBETCTBEHHO, OLPee/IEHHbIE Ha,
muoxecTBe V,; {1} — BbIIeIeHHOE 3HAYCHEE UCTHHBI.

Jloruueckue ornepanuu Ha MHOZKeCTBE Vj, OIPEIEIAIOTCS CIeLy FoIHUM 00-
pazoM:

-z = 1 — z; (orpunanmue)



Hossre mozebabie MeTpuku st popmyn B N-3Ha9IHOIH JIOTHKE 129

r —y=min{l,1 —x + y}. (nMmmnKanus)

Hepes 9TH ONEPAIUN BBIPAZKAIOTCS JAPYTHE:
zVy=(x—y) —y=max{z,y}; (au3ponkuns)
Ay =-(—zV-y)=min{z,y}. (konblonknus) [2]

3 OcHoOBHBIE onpeeeHnd N 0003HAYEHU

Y. — KOHeYHOe MHOXKecTBO hopmys L,.

S(p) — MHOKECTBO LEPEMEHHBIX, UCHOJb3YEMbIX IIPU HAucanuu Hop-
MyJIBl @ Jtoruku L, (HocuTens Gopmyisl ¢ € X).

S(X) = Uyes S(¢) — MHOKECTBO NEPEMEHHBIX, YTACTBYIONINX B HalH-
cannu Bcex Gopmya u3 X (HOCHTENb MHOXKeCTBa ).

3amuch ¢_x_ 03HaYAeT, 9TO HOPMYJIa @ MPHHIMAET HA MOJIEJN 3HATCHHE

n—1
o k=0,...,n—1.
Oupejiesienne 3.1.
Hazosém Mozenbio M KOpTeXK W3 O3HAYEHHBIX MEPEMEHHBLIX W 3HAYCHUE

dopMyJIbl TTPU JJAHHOM O3HAYMBAHWH.

M He comepKUT OJHOBPEMEHHO Pk WP L, s soboro k # 1. O6osHa-
THM MHOKECTBO Beex Mojeneit kak P(S(3)). fcno, uro |P(S(X))] = nlS®)
6]

Buepseie ucnosib3oBaHne TEOpUU MOJEel U MOJEIN JIJIS ONpeIeTeHusI
PACCTOSHAS MEXKIy JOTHIecKUMU (hOPMYJIaMU TpeI0KUI HePBHIi aBTOP
3, 4, 6, 12, 14].

B pa6ore [6] onpenesensl cBoiicTBa MOjesI€eii 1 IpYIHe CBSA3AHHBIE OHPe-
JeJICHUA.

Onpenenenne 3.2.

HaszoBém bopMysibl ¢ U 1) S5KBUBAJIEHTHBIMA (¢ 7 1)), eciu OHH MMEKT
OJIHO M TO K€ MHOYKECTBO MOJIeJIell B KayKJIOM 3HAYEHUH MCTHHHOCTH |3, 4,
6).

B nanbneiiniem s KpaTtkocTH OyAeM IMOJIb30BaThCs CJIeAYIONUMU 000-
SHAYEHUAMU:

M(p Lk ) — KOJMYeCTBO MOJIeNeli, Ha KOTOPBIX (hopMyJIa ¢ MPUHHUMAET
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4  Paccrossaue mexay ¢dpopmynaamu L,

B jaHHOM pasjiesie pe3yabTaThl sl Cydas MsITH3HATHON Joruku 7, 8,
11, 13] 06061ienbl Ha N-3HAYHBINA ciiydail. B onpejeneHnn paccTosiHus Mbl
YUIUTBIBAEM PA3HUILY MEXKJIy 3HAYCHUSIMHU JIBYX (hOPMYJT Ha KaxKI0i MOJIeIH,
TeM CaMbIM TOJIHBIM 00PAa30M HCIOJIB3YEeTCHd MHOTO3HAYHOCTH (DOPMY.I.

EctecTBeHHO peosoKuTh, YTO 4eM MEHbIIIe MOJIY/Ib PA3HOCTH MKy
3HAYEHUSIMU @ 1 Y, TeM HopMyasl bosee 63K B JanHON Moneau. Ciemno-
BaTEJIbHO, YMHOXKUM KOJUYECTBO MOJIe/Iell ¢ OJIMHAKOBBIMU MOJLYJIIMU Pa3-
HOCTHU Ha KO3 durnument, yunrbiBatonuii 6,im30cth 3uadenuit popmyr. B ka-
qecTBe TaKuX KO3 MUIMEHTOB BO3bMEM N UCTUHHOCTHBIX 3HAYEHU 151 L,,:

ﬁ@wﬂzO-waOHJWF%T-;Lp+ﬂﬂ;%?nilyku+
+JNZ:?Z:3+JﬂLn)+n_ me—iq%+MFi70)

1 2 n—2 n—2
M oo+ M(——, 1)+ M(1

+"—2.<M(o" 2)+M(n_2,0)+M(ni1,)+M(1, ! ))+

n—1 —1 n—1 n—1
n—1 n—1
]k—l| k l
1-(M(0,1 MlO .
SRCCSITRIES 3 3p = BYPCWEN

Ocraércst TOIBKO HOPMUPOBATD BEJIMIHHY .

Onpejyienenne 4.1.

«Paccrosauem» mexxay dopmyiamu ¢ W 1 n-3HadHON Joruku L, mpu
S(p)JS(@) C S(X)na muokecrBe P(S(X))HA30BEM BEITUUHHY:

3
—
—

n—

1

B Ik — 1| kool
p(¢7¢> - IS ’

- M( ) (1)

n—1 n—1n-1

B
Il

01

Il
=)

Cuiesytorast TeopemMa MOKa3bIBaeT, YTO BEJIMUNHA, OLIPEIeJEHHAS DABeH-
crBoM (1), IefiCTBUTEIBHO ABJISETCS PACCTOSTHUEM.

Teopema 1:
«Paccrosgaues mexay nByMmst hopmyaamMu L,,, onpeaeaé HHOe paBeHCTBOM

(1), agst JOOBIX @, 1), X € X yIOBAETBOPSET CJELYIONNAM CBOHCTBAM:

L 0<p(p,v) <1
p(o, ) =0 ¢ =;
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- W
g
—~

(0, x) + p(x; ¥);

=1, = U1 = ple, ) = pler, thr);
plp, ¥) = p(—p, ~);

p((p A1), (@ Vb)) = ple,¥)

p(p, ) = ple = ¥, — ¢).

JoKka3areabeTBO AaHAJOTMIHO JOKA3ATENbCTBY 3TOM TeOpeMbl /I CIIydast
IATU3HAYHOM JIOruKH [13] ¢ Menosb30BaHueM MeTOIOB IUTHPYEMbBIX pabor.

IIpumepw: B ciyuae nsirusnaunoit joruku p(z Ay, x Vy) = 0.4, p(x A
yNzANw,x — w) = 0.2576.

Samevanue 1:

Ceoiicta 2) — 4) — 310 cBOlicTBa MeTpuku. TakuM 06pa3oM, Mbl TI0-
JIYYIIE METPHIECKOE IPOCTPAHCTBO HA KJIACCAX SKBUBAJICHTHBIX (DOPMYTI —
BBICKA3bIBAHUIA.

A B

Sameuanue 2:

Be3 orpanuyenust 0OITHOCTH MOYKHO CHHTATH, 9TO (DOPMYJIBI © U Y — ITO
dopMyIBI OT OHOTO YNCTIA TEpEMEeHHBIX, HEKOTOPbIe TlepeMeHHbBIE B KOTOPBIX
OPUHUMAIOT KOHCTAHTHBIE 3HAYEHUS.

O6001eHns BBEAEHHOTO PacCTOAHNA MeXK 1y (hop-
myaamMu L,

Paccrosiaue, 3agannoe ¢hopmysioit (1) 910 paccTosHue /s Cydast, KOrjaa
BCe 3HAUEHMS BCEX IepeMeHHBIX 3apaHee He U3BeCTHHI. Tenepb paccMOTPUM
cJIydail, KOra W3BECTHBI KOHKPETHBIE HCTUHHOCTHBIE 3HAYEHUS HEKOTOPBIX
nepemenubix (Hanpumep, x1 = 0, wiau x1 TouHO He paBHO 1 U Z—j) B pa6o-
Tax |7, 8| onpeneseno Takoe paccTosHHE JUIST Cydasl MATH3HAYHON JIOTHKH
Jlykacesuaa. O600IUM ero Ha N-3HAYHBIN CJIydaii.

Ilycts mepemennble zy,...7, x; € S(p)UJS®), i = 1,..,p,
p =1S(p) U S(¢)| coorBeTcTBEHHO MPUHUMAIOT My, ..., My, My; < N UCTHH-
HoCTHBIX 3HadeHni. Torma dopmysna s HAXOXKJICHHsS PACCTOAHUS MEXKLY
dopMyamMu ¢ u 1) BBINIAIUT CJICAYIONIIM 00pa3oM:

() = - Y Do o MGG 7). (@)

B panHoMm ciydae npm pacdére pacCTOSHUS PacCMATPUBAIOTCA HE BCe
MOJIE/IH, & MOAMHOZKECTBO U3 My -...- My, Mozeseit. CaMm pacuéT mpou3BOAUTCS
10 TOMY 7K€ NMPUHIIAILY.
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Dopmyna (1) sBiIsieTcst 9acTHBIM caydaeM (2), ecm my = ... = m, = n.
Hns p'cnpasemyinBa Teopema 1 ¢ 3amenoit p Ha p'. JJokasarejbcTBo aHa-
JIOTHYHO.

Ecnn Bce my - ... - my, Mozeneil 3amymMepoBaTh, T0 GopMyTy (2) MOKIO
HepeIncaTh B BUE:

P (e, ¢) = ml.},.mp ST M () — My()], (3)

rae M;(p) 3uagenne dbopmyist ¢ Ha Mogean M;, i =1,....mq - ... - my,.

ITpumep: Tlycts ¢ = (x — y) V 2z, ¥ = (x ANy) — z — dopmysr
Tpéx3uaudnoil jJornku Jlykacesuua. U mycTh mepemenHble, BXOAAIINE B 9TH
(bopMyﬂbl NpUHEMAIOT caetylomue snadenns: ¢ € {3,1}, y € {1}, z €
{0, 1,1}. Torma p'(¢, 1) = 0,3333 (upu s1oM, p(p, ) = 0,2037).

5 Mepa HeJO0CTOBEPHOCTI BBICKA3bIBAHUI

B knaccuaeckoit jioruke 1moj uHGOPMATHBHOCTHIO BHICKA3BIBAHUS MOIPa-
3yMEBAETCsl OTHOCUTEIHLHOE UUCTI0 MOJIEIeH, Ha KOTOPHIX JAHHOE BBICKA3bI-
BAaHUE YKCIEPTA JIOKHO, WU, YTO TO YK€ CaMOe, HOPMUPOBAHHOE PACCTOSTHUE
OT BBICKA3bIBAHUSI JI0 TOXKIECTBEHHO MCTUHHON (bopmysbl. Hem OoJibiie MO-
Jiesteil, Ha KOTOPBIX BBICKA3bIBAHNE HE UCTHHHO, TEM OHO MeHee JIOCTOBEPHO.
[lTonsiTue padboraer B caydae BBIIOJHUMOM (DOPMYJIBI, T€ UMEOIIei XOTsT Obl
OJIHY MOJIeJIb CO 3HAUYEHHEeM MCTUHHOCTH OJIu3Koe K 1.

060611151 XOPOIIO U3y YeHHBIR CJIyYail usiru3nadnoi soruku |7, 8, 11, 13|,
3a/1a[UM MepPy HeJO0CTOBEPHOCTH JIIA CAydasi N-3HAYHON JTOTUKH L,.

Onpenesnenne 5.1.

Mepa uemoctoseproctu I(p) as dbopmysn n-3HauHoit joruku L, npu

S(p) C S(X), na muoxectse P(S(X)) 3a1aéTcss paBeHCTBOM:
o M(e i)
n—2 npn—1—4 =
](80) =pp,1) = Zi:() n,11 ) n\S(Z)\l (4)
Teopema 2:
Mepa HeIoCcTOBEPHOCTH, ONpe/IeJéHHas paBeHCTBOM (4), st 1100bIX (hop-

MYJT (0, 1), X € X YJAOBJETBOPSET CJICIYIONUM CBOHCTBAM:

LO<I(p) <1

2. I(p) + I(=p) = 1;

3. I(p A) = max{I(p), I(¥)};

4. I(p V) <min{l(p), I(4)};

5. I V) + I(p A1) = 1) + 1(v);
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10. I

Mepy HeZ0CTOBEPHOCTH MOXKHO HMCIOJIb30BATH MPH aHAJIU3€ MHOXKECTB
BBICKA3bIBAHUI CJICJIYIONIMM OOPa30M: eCJIE Mepa HeJIOCTOBEPHOCTH BBICKA-
3bIBaHUsA OJIM3KA K %, TO 3TO BBICKa3bIBAHWE MOYKHO B JaJbHEHIeM He yUu-
THIBATH, TAK KAK OHO He HECET ompejeseHHoil nadopmannu (He GJIM3KO Kak
K HYJIIO, TaK U K TOXKJIECTBEHHO HCTHHHON (hopmyie).

6 Kuacrepusanusa MHOXKeCTB BbICKA3bIBAHUM

Kaacrepusaiiust - 910 pa3dbuenue HMCXOJLHOIO MHOXKECTBA OOBEKTOB Ha
TO/IMHOKECTBA (KJIACTEPHI), IPU KOTOPOM KayKJIblii 00bhEKT MOXKET ObITh 0T-
HECEeH K OJHOMY WJIM HECKOJhKHM 3apaHee HEeM3BECTHBIM KjaccaMm. BHyTpwu
KazKJIOr0 KJIacTepa JOJIZKHBI OKA3aThCd CXOKHE 00LEKTHI, & 00bEKTHI PA3HBIX
KJIACTEPOB JOI2KHBI KaK MOXKHO OOJIbIIIEe OTJINYATHCH.

Tax Kak A1 TaKUX MHOXKECTB M3BECTHBI TOJbKO PACCTOSHUS MEKIY
dopmysiaMu U PACCTOAHUS OT KaxKJI0f (DOPMYJIbI JI0 TOXKAECTBEHHO HCTHH-
HOTi, OB BHIOpAHBI JBa OOIIEN3BECTHHIX AJTOPUTMa KJIaCTepu3aInn, B KO-
TOPBIX PACCTOSHUE NMeeT BazKHOe 3Ha4YeHHUe, U alalTHPOBAHbl B JIAHHON pa-
boTe I KJIaCTePU3aIUd KOHEYHBIX MHOXKECTB JIOTHIECKUX (hopMy.I.

5.1. Uepapxuueckuii aJropuTm

ITyctb ecth MHOXKECTBO 00bekTOB [. Kiacrepusanus mpoucxogauT Jubo
myTéM arsiomepanuu (00beuHeHns 60Jiee MEJKUX KJIACTEPOB B 60J1ee KPYII-
Hble), Tu60 MyTEM pasJiesleHns KPYITHBIX KJIACTePOB Ha boJiee Mejkue. B pe-
3yJIbTaTe MOJYJaeTcd CIeAYIoNas CTPYKTYpa: COBOKYIHOCTh H BIOKEHHBIX
IOJAMHOKECTB S (KJIACTEPOB), YAOBJIETBOPSIONIAX CBORCTBY: HPHU JIOOBIX S
u So u3 H ux nepecedenne S () Se mbo mycro, aubO COBIATAET € OTHUM U3
aux [10].

['pacdudeckn Takasi CTPYKTYpa HpeJICTABISIETCS B BUIE JEHIPOIPAMMEI.

HNepapxunyeckuii aJiroputT™M A4 KJIacTepU3anuu MHO>KeCTBa (pop-
My L,
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Cuauasa 3a7aéM KOHETHOE MHOYKECTBO (POPMYJI N-3HATHON Jjorukn JIy-
KACeBHUYA.

[Iepen nagasiom paboThl ajaropuTMa 3ajaém Beanuuny delta — maxcu-
MAJIBHYIO PA3HUILY MEKIY MEpaMU HEIOCTOBEPHOCTH FJIEMEHTOB OTHOTO KJTa-
crepa. JTO SIBISETCS KPUTEPUEM OCTAHOBKH.

Crpoum MaTpuIly PacCTOSTHUI JI/TsT 38 [aHHOTO KOHETHOTO MHOKeCTBa (hop-
MYJI (JJTsT TOCTPOEHUS UCIIOJIB3YEeM PACCTOSHHE).

HUmepayua:

[Iar 1. Nmem dhopmMysibl, MeK Iy KOTOPBIME — HAUMEHBIIIEEe PACCTOSTHHUE,
u 00beMHSeM WX B OJUH KJIACTep.

Eciu rakux dpopmyn >2, to:

Cayuaii 1. p(¢,v) = p(¢¥,X) = Pmin. Toraa obbvenunsiem @, 1, x B oJuH
KJIaCTeP.

Cayuait 2. p(¢1,02) = p(¥s,P4) = Pmin. Lorma obbeaunsieM 1, Qo B
OJMH KJIACTED, & Y3, Y4 — B APYILOW.

IMTar 2. /lasee, o0beuHsieM KJaacTephl 10 OJHOMY W3 MeTO/OB. B jgaH-
HOM CJIy9ae, o MeToy OJmzkaiiimero cocema. [lepecanTbiBaeM MaTpPUILY 110
CJIEIYIOIIEeMY MPABUILY:

p(@rs pij) = min{ p(p, vi), p(@r, ¢5) }-

Wrepannm npomozKalTesa, MOKA He BBIIOJHATCS KPATEPUl OCTAHOBKH
(To ecTh, MOKa BesmunHa delta He JOCTHTHET 33 AHHOTO 3HAYCHWS).

IIpumep:

PaccMoTpuM MHOXKECTBO U3 BOCBMH (DOPMYJI MATH3HAYHON Jtoruku JIy-
KACEeBHYA.

pr=2 = yipa="2(r = y)ips=(rV2z) 2> yipa= (T AYy)V2) = w
ps =y = (@N2);06 = (tyV(z = 2)) 2 wior = ((z = y) = 2) > w;ps =
(w—=2)A(y = x).

VX Mepbl HEJOCTOBEPHOCTH COOTBETCTBEHHO PABHBIL:

I(p1) = 0,2000; I(¢2) = 0,8000; I(03) = 0,3000; I(p4) = 0,3584;

I(g5) = 0,3000; I(06) = 0,4092; I(¢7) = 0,2716; I(p8) = 0,3416.

Crpoum marpuity paccroguuii (cm. Tabsuna 1), uenob3ys paccTosHue
(1)

Tabauma 1. Marpuna paccrognuii
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1 2 3 4 5 6 7 8

1 |0 0,7600| 0,1000| 0,3416] 0,4560] 0,3876| 0,2500] 0,4248
2 0 0,6840] 0,5472] 0,5000] 0,5004] 0,6420] 0,5032
3 0 0,3248| 0,5120| 0,3660| 0,2460] 0,4712
4 0 0,4032| 0,0508] 0,1300] 0,4421
5 0 0,4212] 0,4276] 0,1416
6 0 0,1688] 0,4628
7 0 0,4756
8 0

Hawnwmensbiee paccrosaue = 0,0508, mexay dopmynamu @4 u pg. O0b-
eIUHSIeM UX B KJIACTED Y46, U JIaJIee, JTefCTBYEM II0 aJTOPUTMY BBIIIIE.
Wrepanz 1: min p(pi, 0j) = 0,0508 = p(4, ps). Kmactepsr: 1, 0o, @3,
i#j

P16, P5, L7, ©8, 5:070508
Wreparmst 2: H;inﬂ(%%) = 0,1000 = p(p1,ps). Knacrepsr: 13, ©a,
i#j

P46, Ps5, P17, P8, 5 :0,1000
reparmus 3: IIQDP(%%) = 0,1300 = p(¢7, pa6). Kmacrepor: @13, ¢,
i#j

V67, Ps5, Ps. 0 =0,1376.
Wrepanus 4: Iggnp(%%) = 0,1416 = p(ps, ps). Kracrepsr: 13, @2,
i#]

D467, P58, 0—=0,1376.
Wrepamust 5: Igéljn p(pi, ;) = 0,2460 = p(p13, paer). Karacrepi: oa, @ss,

13467, 0 —0,2092.
Urepamus 6: rggnp(soi,soj) = 0,4032 = p(wss, P13a67). Kmacrepni: py,
i#£]

V1345678, 0—0,2092.

I/ITepaHI/IH T p(gpg, 801345678) = O, 5000. KJIa.CTep ©12345678 ) :0,6000

Ecnu nepen Hagamom paboThl aaropuTMa 3a1aéM 0, PaBHYIO, HAPUMED,
0,1500, To aJITOPUTM OCTAHABJIMBAETCH MIOCJIE YeTBEPTON UTEPAITUN U BBIIAET
pe3yJIbTAT:

Knacrep 1: pl, 3. Knacrep 2: . Knactep 3: ¢4, @g, @7. Kmacrep 4:
¥5, ¥8-

5.2. Aaroput™m K-cpeguux (k-means)

[IycTh umeercss MHOXKecTBO 00beKTOB [. CHavanma KaKuM-I100 00pa3oM
BEIOUpatoTcst K HAaYaJIbHBIX TOYeK (IEHTPOB). 3aTeM OCYIIECTBISIETCS MO-
CJe0BATEIbHOCTD UTEpAIUil, KayK/1asd U3 KOTOPBIX COCTOUT UX JIBYX IIAroB:

1. O6uosienue kiacrepos. Ilpu 3aganusix K nenrpax Cy, k = (1,2, .., K)
KaxKIbIil 00beKT ¢ € [ mpunuchiBaeTcsd K Ouzkaiimemy u3 meHTpon Cl.
Takum obpazom, obpasyorcs Kiaactepsr Sg, k = (1,2, .., K).

2. O6uoByienne TMEeHTPOB. [y Kaxkm10T0 Kjaacrepa Sy BBIUUCISIETCS €ro
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HEHTD TsZKeCTH (BHYTPUKJIACTEPHOE CpeJHee), KOTOPBIil 00bsIBISeTC s
HOBBIM HeHTpoM (.

[Ipomnecc ocranaBIMBaeTCs, KOT/Ia KJAACTephl Ha Iare ¢ COBHAIAYT C KJa-
crepamu Ha mare ¢ — 1 [10].

Anaroput™M K-CcpegHUX A4 KJIACTEPU3ANUU MHOXKECTBA (POPMYJI
L,

PaccmoTrpuM KoHEYHOE MHOXKECTBO JIOTHYECKUX (POPMYT Ly,.

HenTpamu OyayT siBiIdTbcA HeKOTOpble K GOpMYI U3 JaHHOIO MHOZKe-
cTBa. CHavaa ompeaeasieMcs ¢ KOJIHIeCTBOM KJIACTePOB, 3aTeM OA0PaeM
HEHTPHI KJIACTEPOB, aHAIU3UPYsI MATPUILy paccrosiHuii. st mpocrorsr, Oy-
JIEeM CUHMTATD CJIEYIONIee:

— IEHTPHI JTOJKHBI OBITH TPUMEPHO PABHOY/IAJIEHBI JPYT OT JAPYTa;

— PacCTOSHUS MEXKJy KJIACTepaMHu JIOJZKHBI OBITh MAKCHMAaJIbHO BO3-
MOXKHBIMH, ¢ VIETOM IIPEIbIIYIIETro MyHKTA.

Hmepavyus:

[MTar 1. ITpunuceiBaem Kazkayio popMyry U3 MHOXKECTBA K OjiHKaiieMy
[EHTPY.

ar 2. enTp Mmacc — 310 croabder 3uadenuii joruku L,. st omnpee-
JIEHHUS 9TOrO CTOJIONA YIUTHIBAETCS CIIEIU(pUKA MHOTO3HAYHBIX JIOTHICCKUX
dopmy.r:

Berauciisiercs cpemaee apudmerndeckoe S, 3HAUEHU 7/EMEHTOB OTHOTO
KJIACTEPa HA KAKJO0W MOJIEJIN.

Ecnu S, mpuHaIIe;K0T MHOYKECTBY JIOTHIeCKUX 3HadYeHunit V,, = {0, ﬁ,

. Z—:f, 1}, TO OHO 3AIIUCHIBAETCA B CTOJIOEI 3HAYCHUH.

Ecmu S, ¢ V,,, To B cTos10e1 3HaUeHUIT 3aIUCHIBACTCS OJIMKAlIITee CHU3Y
(nm GmzKaiinee CBEpXy, 9TO ONPeNessieTcs 10 Hadata paboThl aJIropuTMa,)
sHavenue u3 V,, (4To06bl 0CcTaBaThCs B TOM 7Keé MHOXKECTBE MOJIeNeil, TO eCTh,
B TOIT Ke joruke L,).

Urepamuu npoao/zKaloTcsd, MOKa KJAcTepbl He OCTAHYTCA TaKUMHU ZKe,
KaK Ha MpeJIblAyIneil nTepaiuu.

IIpumep:

Paccvorpum MHOXKECTBO U3 BOCHME (DOPMYJT U3 TPEIBIIYIIETO MPUMe-
pa. HomycTtum, HAM HYKHO TIOJIYIUTH TPHU KJjacTepa. AHAJIU3UDPYS MATPHUILY
paccrosiauii, BeIOHpaeM meHTpaMu hopMyIbl p9,04,05. (p(p2, p4) = 0,5472,
P2, ¢5) = 0,5000, p(a, 5) = 0,4032).

Pacnpenensem ocrasmnecs popmysast o neaTpam. [oxyuaiores kiacre-

pbL:

©2; P1, L3, P4, L6, P75 P5, P8-
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Nimem nenTpol Macc. PaccMoTpuM HArJISIHO, KAK 3TO MPOUCXOJIHT.
Tabauna 2. Oupejie/ieHne MEHTPa Mace KJaacTepa

X|y |z|wW |5 | ps | Csg
0l2 [0]0 [5 |5 |&h
1 1 1 3

ila (000 |5 |5 16

¢i=(1+1) /2=
c:= (1 +3) 2=
JotrycTtuM, B KadecTBe 3HAYEHUS MbI OIpEIEJHINCHL OpaTh OsnzKaiiiree
cBepxy 3nadenne. Torma Cy = %. Ocranpbaoe — anajiorudno. Takum obpazoM,
MBI BBIIHC/ISIEM IMEHTPHI TIKECTH KJIACTEPOB.
CuoBa pacupegenaseM (hbopMyJibl T0 0OHOBJIEHHBIM IeHTpaM. [ToaydatoTes
CJIeJIYIONNe KIaCTePHI:

oo luwo |
ALY
— =
N
)

iy

—

¥Y2; L1, L3, P4, L6, P17, P5, £8-

Knactepsr He n3mennance. Cite10BATETHHO, AJITOPUTM OCTAHABJINBAETCS
U BBIJAET MOJYYHUBIIAECS KJIACTEPhl B KAaUeCTBe pPe3yJIbTaTa.

3amMeTuM, 9TO OPU TAKOM HAYAJBHOM BBIOODE MEHTPOB MOJIY YUBIIAECS
KJIACTEPHI COBIAIAIOT € KJACTEPAMH HA MATOW HTepalliil MepapxXuaecKoro
aATOpPUTMA.

7 Ilpumepsi

Boin coznan 6ank u3 250 pa3audHbIX JOTHIeCKHX (DOPMYJI, OTKY/1a CJIY-
JafHbIM 00pa30M BBIOUpAIUCH MOAMHOXKecTBa hopmy/a. C IMOMOIIBIO a1al-
THPOBAHHBIX AJTOPUTMOB, OIMUCAHHBIX B MPEIbLAYINEM pasiese, ObLIO KJa-
crepuszoBano Gosee 30 rakux mogmHoxkecTB (0T 8 0 30 dbopmysn B Kak-
JOM HO,ZLMHO}KQCTBG) Ipu Ppa3JIMYHbIX I, IAe 1 — 3TO 3HAYHOCTL JIOTUKH Ln
st naHHBIX BRIYWCAeHUH paccrosiaue (1) W amanTHpOBaHHbBIE AJTOPUTMBI
KJIACTEePU3AIUU OBbLIN IPOTPAMMHO peaan30BaHbl. CJI0:KHOCTH BBIYHCJICHHS
PACCTOSIHAA — YKCIOHEHIINAILHAS.

Huxke mpejcrapiienbl TUIAYHBIE ITPUMEPbl MHOXKECTB (DOPMYJI, B ILIPO-
1ecce KaaCTepu3aInu KOTOPBIX 00Pa3yTcs HECKOJIBKO HEOTHOIIEMEHTHBIX
KJIACTEPOB.

L. =((zAyAz)— w)

2. 2((xAyAz)— (xVw))
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3. z—= (w—(xVy))
4. w— (xr—(yV=2)
TAY)V(YyAz)V(zAw)

xVyY)AyVz)A(zVuw)

8.
9.

10. z — (w

Hepapruveckuti arzopumm
[Tokazanbl uTEpaIMi aJITOPUTMA IPU PA3JIUIHBIX N JIJId JOTUKH JIyKace-
BHYa. JHAUEHHE  3apaHee He 3aJaHO.

L {1} {2}; {3}; {4); {5}; {6}; {7}; {8}; {9}; {10} 0 = 0,00000
2: {1}; {2}; {3}; {4}; {5}; {6}; {7, 8}; {9}; {10} 6 = 0,00000
1}; {2} {3, 4, 10}; {5}; {6}; {7, 8}; {9} 6 = 0,00000
1,2,3,4,7, 8,10} {5}; {6}; {9} 6 = 0,37500
,2,3,4,5,6,7,8,10}; {9} & = 0,43750
2,3,4,5,6,7,8,9, 10} § = 0,56250

Y

3:{

4: {

5: {1

6: {1
1: { ¥ {2} {3} {4}: {5}; {6}: {7}; {8}; {9}; {10} 6 = 0,00000
2: {1}: {2}: {3}; {4}; {5}; {6}: {7, 8}; {9}; {10} & = 0,01852
3: {1}; {2}; {3, 4, 10}; {5}; {6} {7, 8}; {9} & = 0,01852

£ {1, 2}; {3, 4, 10}; {5}; {6}: {7, 8%; {9} 6 — 0,16667

5:{1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} ¢ = 0,16667

6: {1, 2}; {3, 4, 7, 8, 10}; {5, 6}; {9} & = 0,22222

7:{ . 7,8, 10}; {5, 6}; {9} 0 = 0,35802

8: { 5,6, 7,8, 10}; {9} § = 0,46296

9{ 5,6,7,8,9,10} § = 0,57407

J

bl

{1} {2}; {3} {4} {5}; {6}; {7}; {8}; {9}; {10} 6 = 0,00000
2: {1}; {2}; {3}; {4, 10}; {5}; {6}; {7}; {8}; {9} & = 0,00781
3: {11; 12): {3, 4, 10); {5); {6); {7}; {8); {9} & — 0,00781
4:{1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} 0 = 0,01562
5: {1, 2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} 0 = 0,15104
6: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} 6 = 0,15104
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7 {1, 2,7, 8}; {3, 4, 10}; {5, 6}; {9} § = 0,15104
8 {1,2,3,4,7,8,10}; {5, 6}; {9} § = 0,34505
9: {1, 2,3,4,5,6,7,8, 10}; {9} § = 0,47266

10: {1,2,3,4,5,6,7,8,9, 10} 6 = 0,57682

n=>o

L {1} {2} {3} {4}; {5} {6}; {7}; {8}; {9}; {10} 6 = 0,00000
2: {1}; {2}; {3, 4, 10}; {5}; {6}; {7}; {8}; {9} 0 = 0,00840
3:{1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} ¢ = 0,01600
4: {1, 2}; {3, 4, 10}; {5}: {6}; {7, 8}: {9} § = 0,14600
b: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} 6 = 0,14600
6: {1, 2,7, 8}; {3, 4, 10}; {5, 6}; {9} § = 0,14600
7:{1,2,5,6,7, 8} {3, 4, 10}; {9} § = 0,28760
8:{1,2,3,4,5,6,7,38,10}: {9} § = 0,47760
9:{1,2,3,4,5,6,7,8,9,10} 6 = 0,57760
n=>6
{1 {28 {3} {4k {5} {6}; {7} {8}; {9}; {10} 6 = 0,00000
{1} {2} {3}; {4, 10}; {5}; {6}; {7}; {8}; {9} 0 = 0,00864
{1} {2} {3, 4, 10}; {5}; {6}: {7}; {8}; {9} 6 = 0,00864
{1} {2} {3, 4, 10}; {5}; {6}; {7, 8}; {9} 6 = 0,01481
{1 2} {3, 4, 105 {5}; {6}; {7, 8}; {9} 6 = 0,14028
{1, 2} {3, 4, 10} {5, 6}; {7, 8}; {9} 6 = 0,14028
:{1,2,7,8); {3, 4, 10}; {5, 6}; {9} & = 0,14028
:{1,2,3,4,7,8,10}: {5, 6}; {9} 0 = 0,32948

9: {1,2,3,4,5,6,7,38,10}: {9} § = 0,48056

10: {1,2,3,4,5,6,7,8, 9, 10} § = 057778

ITpu n=6 u jmajiee — cocraB KJacTePOB Ha KazKJ0H UTEpPAIUy COBIIAIaeT.
MensieTcst TOIBKO 0.

O~ O Ot i W N —

Anzopumm k-cpednux

Hentpor — dopmyast 1, 3, 9. /g onpeneneHus MeHTpa MacC paccMaT-
puBaeM Kak Ojvkaiiiiee CHU3Y, Tak U OjmzKaiiliee ¢Bepxy 3HAYEHHE U3 MHO-
JKEeCTBA JOTUYECKNX 3HAUYCHUN.

n—2

Bomzkaiiiee causy: urepanuii 2; knacrepst: {1, 2, 5, 6}, {3, 4, 7, 8, 10},
{9}; § = 0,25000.

Bomzkaiiiee csepxy: urepanuii 2; knacrepsi: {1, 2,5, 6}, {3, 4, 7, 8, 10},
{9}; § = 0,25000.

ITpu n=3 u jpajee cocraB KAACTEPOB OCTAETCSA TaAKUM 7K€, KaK IpU N—=2.
MeHsieTCsT TOJIBKO 0.

1. =(zA (y > 2))
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2. (x—=y) — (y =)

3. =(yVz)

4. (x—=2)—=(z2—>y — (y—2x)
5.y = (x V2)

6. y = (x A 2)

7. (= y)A(zVyV2)

8. (yVz)—= (xANyAzAw)

9. =((x = y) = 2)

10. =(z = (w — (x Vy)))
11. —(
12. =(x A (yV 2))
13. =(y = (zV 2))

M. (= (yAz2)V(z—2)
15. =((z = 2) = vy)

Uepapruveckutl arzopumm

IIycTs 3agana 0=0,5; 3Ha9HOCTD Joruky n=7. Torma aJropuT™ ocTaHaB-
JINBAETCS HA JIECATON UTEPAIMH U BBIIAET KJIACTEPHI:

{1, 12}; {2, 4, 5, 6, 9, 14, 15}; {3, 8}; {7}; {10, 11}; {13}; § = 0,22449.

Ha cnenyrormieit nrepamun 0 pasaa yxxe 0,62925.

Anzopumm k-cpednux

Wcxons u3 pe3yabTaToB KJIaCTePU3AME C IIOMOIIBI0 HEPAPXUUIECKOTO aJl-
ropuT™Ma, 10J01UpaeM 1eHTpbl OyAyimux Kjiacrepos: 1, 5, 7, 10.

n—2

Bomzkaitiee causy: nrepanumii 2; kaacreps: {1, 12, 13}, {2, 4, 5, 6, 9, 14,
15}, {7}, {3, 8, 10, 11}.

Bomzkaiiiee ceepxy: urepanuii 2; knacrepst: 1, 12, 13}, {2, 4, 5, 6, 9, 14,
15}, {7}, {3, 8, 10, 11}.

n=3

Bomzkaitiee causy: urepanuii 2; knacrepst: {1, 8, 12, 13}, {2, 4, 5, 6, 9,
14, 15}, {7}, {3, 10, 11}.
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Bomzkaitiee cBepxy: urepanuii 2; kaacrepst: {1, 8, 12, 13}, {2, 4, 5, 6,
9, 14, 15}, {7}, {3, 10, 11}.

n=4

Brmkaiiee cuusy: urepanuii 2; knacrepst: {1, 3, 8, 12, 13}, {2, 4, 5, 6,
9, 14, 15}, {7}, {10, 11}.

Bomzkaitiee cBepxy: urepanuii 2; kaacrepst: {1, 3, 8, 12, 13}, {2, 4, 5,
6, 9, 14, 15}, {7}, {10, 11}.

IIpu n=5 1 gajee cocTaB KJIACTEPOB M KOJIMYECTBO UTEPALM TaKoe ¥Ke,
Kak npu n=4.

8 Habuionenns m BBIBOJABI JJid Pa3JIMIHBIX 1,
n>2

Ncxoaa u3 paccMOTPEHHBIX MPUMEPOB, OBLIN CAEIAHBI CJIEIYIONINE Bbi-
BOJIBIL:

1. st n = 2,...,6 HabJogaeTcd pa3Huia B coctaBe Kiaactepos. Haunnas
¢ n = 7 KJacTephbl U MOCTIETOBATEIHHOCTD UTepaIuil s 000uX aaropuTMOB
He MeHsIorTcs (7 — 9TO MaKCHMAaJbHOE TaKoe 3HAYeHHe N JIsi MHOKECTBA
PaAcCCMOTPEHHBIX TPUMEPOB. /I HEKOTOPBIX MHOYXKECTB (pOpMyJI COCTaB KJta-
CTEPOB HE MeHsIeTCsl Tocae 1 — 4, Jyisi HEKOTOPhIX — TI0cjie N = 5. W T. 11.).

Takum 0O6pa3oM, BO3HUKAET THUIIOTE3a O HeleJeco0OPa3sHOCTH HUCHOJIB30-
BaHUS JIOTUKH OOJIBION 3HAYHOCTH B PEATBHBIX 331a4ax. JacTHIHO 3TO TO/I-
TBEPK/IAeTC CaMOil KOHCTPYKIMEH BBEJIEHHOI'O B JIAHHOU pabore paccros-
HUS.

2. s ajropurmMa K-CpeJHuX IIPU BBIYUCJICHUN TIEHTPOB Macc HabJio/1a-
I0TCS OJTHY H Te YKe Pe3yJIbTaThl KaK IIPH 3aMeHe CPeTHero apudMeTmaecKoro
OJNMKAMIIIIM cBepXy 3HadYeHueM u3 Vn , Tak W OJIMKANTINM CHHSY.

9 3akJIrodeHune

Paccrosgnme Mexk1y JOrmdecKUMU (pOpMyJIaMu B Mepa, HeJO0CTOBEPHOCTH
BBICKA3bIBAHUN 00ODIIEHBI Ha CJaydail N-3HAYHOI JIOTMKH, B IIOJHON Mepe
Y4UUTbIBasd MHOI'O3HAYHOCTDL; JOKa3aHbl CBOMCTBA 3TUX BeJIMYUH, CXO2KHE CO
CBOICTBaAMH pacCTOdHuA U MEPbl KaK B CJIy4ae KJIACCUIECKO JIOTUKH, TaK
n B CJIy4dae TATU3HAYHOMN. HOMI/IMO 9TOT0, onpeJjesyieHbl U JOKa3aHbl HOBBIE
CBOICTBA, BKJIIOYaloNue B cebsl ONepaIuio UMILTHKAIMH, 9TO ABJISIETCS 0Y€Hb
BAYKHBIM JIJI AHAJIU3a PEAJbHBIX BBICKA3BIBAHUI, TaK KaK TaKHe BBICKA3bI-
BaHUd 4aCTO UMEIOT BUJ «€CJIA. .., TO...>» WK «...CJedyeT. .. >.
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Taxke omrpesie1éH oOIIHil crydail paCCTOSTHUS MEXKJTY JIOTHIeCKuMU hop-
MyJIAMH, KOIJIa HEKOTOpble 3HAYEHUd MEPEMEHHBIX 3apaHee U3BECTHBI, YTO
TaKyKe sBJISIeTCS aKTYaJbHBIM JJIs PeaJbHBIX 33124, KOTIJ/Ia HEKOTOpas WH-
dopmarug yxke 3amaHa.

ZLHH KJIaCTePpU3allui MHOXKECTB MHOT'O3HAYHbIX BBICKa3blBaHUI aJdaITn-
POBaHBI JiBa aJrOPHTMAa KJIACTEPU3AIMH — HepapXudeckuii u K-cpeaanx (k-
means). B 06oux caydagx HCMOJIb3YeTCsl PACCTOSHHE MeXKIy (hopMyaamu
U yUdTBIBaeTcs crenudura (GpopMysr KoHedHO3HAYHO JTorHKY JIyKaceBuya.
Pesynbrarsr paboThl aJrOpUTMOB OBLIH UCCAEI0BAHBI Ha MPUMEPAX IpH pas-
JUYHBIX 11.

B nmanbreiimem niaHupyeTcs aHAJN3 PE3YJIBTATOB KJIACTEPU3AIMH MHO-
JKECTB, COCTOANINX U3 OOJIBIIEro, 4eM TPUANATH, KoJndecTBa (hopmyJi, Gpop-
MaJIU3allfs 9TUX Pe3yJbTaToB. Tak:ke ILIAHUpPYETCS NpUMEHeHHe CBOMCTB
PACCTOSIHUAA U MePBhl HEeJOCTOBEPHOCTHU NPH aHAIN3€ MHOYKECTB BBICKA3bIBa-
HUIl 3KCIEPTOB.
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1 IIpobiema KOMOMHMPOBAHUS JIOTUK

[MoMuMO KJIaCCHYECKOl JIOTUKH IPEAUKATOB (BBICKA3BIBAHUIT) CYIIECTBY-
eT OOJIBIIOe KOJIMYeCTBO TaK HA3bIBAEMbIX HEKJIACCHYECKUX JOrukK. [lomumo
pPacCCMOTPEHNU 3TAX JIOTHK W30JMPOBAHHO APYT OT APYTa, MOXKHO CTaBATH
BOIIPOC O HEKOTOPBIX OIEepaIsaX HaJ STUMHU JIOTUKAMH, YTO IMOTEHITUAJIHHO
naer OeCKOHEYHBIH CIeKTP KOMOWHAIUN JIOTUK.

IlocTranoBka 3amaun. Ecth HeckoabKo JIoruk: Ly, Lo, ..., L,. Kak M0ox-
HO CKOHCTDPYHUpPOBaTh JOruky Lo u3 Ly, Lo, ..., L,?

N3BecTHO HECKOIBKO CIIOCOO0B KOMOMHUPOBAHUS JIOTHK:

cias (fusion) mMoganbHBIX JOTHK [1],
o cmrerenue (fibring) soruk [2],

e E-cmasbiBaHust 1J1s1 JTOTHK onucanuii [3],

rpadoseie citerenus (graph-theoretic fibring) [4].

B nannoit crarbe Oy/aeT npejIozKeH HOBBIH 10/1X0/] K KOMOMHHUPOBAHUIO
JIOTHK, GA3MPYIONIHICS Ha CBA3bIBAHUM TUIOB. Takas ornepanus (CBA3bIBa-
HHE THUIIOB) BO3MOXKHA HPU OCOBOM CIIOCOGE TPEICTaBIeHUs JIeyKTUBHBIX
cucTeM, IpHA KOTOPOM IBHO OIUCHIBAIOTCS THIBI BHIPpAXKeHHIl, a TaK»Ke OTHO-
IeHue 00IIee-9acTHOe MKy STUMHU TUIIAMH. DTOT CIOCO0 MpeICTaBIeHHSs

*Pabora oimosnnena B HI'Y upu nonnepxkke Cubupckoro Ornenenuss PAH (Uurerpa-
UMOHHBIA PoeKT 3), a Takxke upu dbuHancoBoil nomuepxke Poccuiickoro dounna dyuua-
MEHTAJIbHBIX uccaenoBanuii (mpoekt 12-01-00460-a).

144
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ACAYKTUBHBIX CUCTEM pPEaJIM30BaH B BHAE A3BIKa d)OpMaJIbHOIU/I MaTeMaTHu-
ku Russell [5], paspaboranroro asropom. Kparkuii CiucoK XapaKTepHCTHK
9TOrO sI3bIKa (IPEJICTABICHUS ey KTUBHBIX CHCTEM ):

e Russell - 370 MeTancuuc/ienne, mo3BOJIAIONIEE 33/1aBATH ITHPOKHIT CIIEKTP
DA3JIMYHBIX JeIYKTUBHBIX CHCTEM, TeopeM ¢ (bOPMAaJTbHBIX JOKa3a-
TeJIbCTB B HUX,

® ICIIOJIb3YIOTCS KOHTECTHO-CBOOOJHBIE I'PDAMMATHUKM JIJIsi CHHTAK-
CHUCa BBIpaKCHU,

e B Russell ucnosbsyercsi cucrema THIOB (COPTOB), KaK 4acTh IPaM-
MAaTHUKH,

e B Russell umeercs cunTakcrmdyeckas KOHCTPYKIUS ONpPeAeTeHUH, KO-
TOPblEe PeaJu3yIT KOHCEPBATUBHbIE PACIIMPEHUs] AaKCUOMATUKU.

Wcexomambie Koapl peanu3aiun sg3bika Russell, a Takzke popmainzoBanHblit
¢dparMeHT MaTeMaTHKU Ha 6a3e TEOPUH MHOXKECTB U UCUUCICHUS IPeITHKa-
TOB 1 HAOOP TECTOBBIX CKPUIITOB, JOCTYITHBI 110 CCBHLJIKe Www . russellmath. org

2 Cucrema THUIIOB

Onpenenenne 1. Cucmema munos T 2amo
o mnooicecmeo munos T,
e Ounaproe ommuowerue < Ha 1.

Kak mpaBmio < TpaH3UTUBHO U pedIeKCUBHO.

Tunbl U3 cucTeMbl THIIOB SIBISIIOTCS 6 MOYHOCMU HETePMUHAIbHBIMHI
CHMBOJIAMH TpaMMaTHKH. [lapbl THIOB n3 < 00pa3yroT IEIHbIE IPaBUIA
rpammMaTuku (Gy:

t1 <ty oTOOparkaercss B HPABUIO to — g

Taxke, TUNBI MOrYT OBITH MHTEPHPETUPOBAHBI KaK MOMAMUA B ONUCHIBA-
eMoii IeJIyKTUBHOHM cucTeMe. DTO O3HAYaeT, 94TO | 00pasyeT oHmoA02UN0
paccMaTpuBaeMoii peaMerHoit obacTu (e yKTUBHON CUCTEMBI).

IMTpumep 1. Cuneyaapnas cucmema munos 044 NPONO3ULUOHAALHOT AO0-
2uKkU. BoAbWUHCMB0 NPONO3UYUUOHAALHDLE A02UK UMEIM, CUHLYAAPHYIO CU-
cmemy munos, Komopas cocmoum u3 e0uHCmeenH 020 muna (HemepmuHaia)
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wff, osnauarowezo mun “npasuavro nocmpoennas popmyra” (well-formed

formula). I'pammamuka nponosuyuoHaibHOl A02UKY CO CEAZKAMU —>, A U —
6 PEH® nomauuu:

<wff>u= 2 <wff>|(<wff>o<wff>)|(<wff>AN<wff>)

ITpumep 2. Cucmema munos dasa ucwucienus npeduramos. Umeem 8 mu-
na: wff - mun daa dopmya, term - mun das mepmos u mun var 0AA
nepemennoixr. I'pammamura so2uku npedukamos 0aa cuznamypol ¢ 00HUM
dsyrmecmuuLM npeduramom p, 00not deyrmecmuol dynryued f u cnuc-
KOM NEPEMEHHBLT V1, . . ., Vy 6 Homayuu PEH®:

<wvar > = vy |v2 | ... |V,

<term > = <war >
<term > = f ( <term >, <term >)

<wff>:u p(<term>, <term > )

<wff>u= 2 <wff> | (<wff>— <wff>)
<wff>u= (<wff>A<wff>)]|(<wff>V<wff>)
<wff>u=V <wvar><wff> |3 <var><wff>

B dannom caywae munoe var u term ceAasanvl, OMHOWeEHUEM <
var < term

IIpumep 3. Cucmema munos daa meopuu mrogcecms c xkaaccamu. Pacuwiu-
DAL, CUCTEMY TUNOE OAA UCHUCAEHUA GOICKA3BLEAHULT NPU NOMOULL MUNG
class svipastcenuti - kaaccos. Tunwv set u class naxodamea 6 omuowernuy <,
a umenno, set < class, makum obpazom, Mol MOHCEM NOOCTNABAAMD TEPMbL
muna set 6 nepemenrvie muna class, Ho ne Haobopom.

MozKHO BbLIEAUTH TPU yPOBHS abCTPAKIMU HPU TOJ00HOM OIUCAHUU J1e-
JIYKTUBHBIX CHCTEM

® ONMOoAOZUNECKUT = CHCTeMa TUTOB (MOHSITHSI ¥ OTHOIIEHHEe <),
e cunmarcuveckuti — IpaBuiIa TPAMMATAKH,

® codepoicamesvrvlll = aKCUOMBI, OTIPE/ICTICHUS 1 TEOPEMBbI.
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Ha onTosornyeckom ypoBHe (CaMOM BBICOKOM YDOBHE abCTPAKIINK) BbIIeJIsI-
IOTCS TOJBKO THUIbI (MOHSATHS) U OTHOUIEHUsI O0IIee-IaCTHOE MKy HUMH.
Ha BTOpPOM ypOBHE - yPOBHE CHHTAKCHCA BBIPAXKEHUN - ONpeiessieTcd a3bIK,
Ha KOTOPOM HM3JIaraeTcs yiKe MOCJIeTHUN - coepKaTeabHblil ypoBeHb. [Ipu
9TOM HMeeT MEeCTO CJeAYIONas MernoYKa OTOXKIeCTBAEHNIA:

THUI NEPEMEHHO! = JIOTMYECKNI COPT = HETEPMWHAJI TPAM-
MATUKU = [IOHATUE

3 CBga3bIBaHUEe TUIIOB

Ounpepenenne 2 (CeassiBanue Tunos). [ycms T - amo cucmema munos.
s xaorcdoti napu t,s € T esedem 0603narerue

Tt=s — (T’ < U{(t, 3)})

[ocne cBsi3pIBaHuS ¢ ¢ S MOCPEACTBOM M0DABICHHS TApLl (¢, S), TO €CTh
BBeJIeHUs t < S, Mbl pPa3peliaeM IOJCTaB/IATh B IEPEMEHHbIE TUIIA S BblPazKe-
Hug tuna t. [locie cBga3bIBAHUSA TUIIOB MBI [OJyYaeM CJieiytoniuii 3 dexT:

® pAacCIIUpeHrne MHOYKeCTBa MPABUJIBHO MOCTPOEHHBIX BhIPAXKEHWUIH,
® DACIIMpPeEHUe MHOXKeCTBA J0KA3YEeMBbIX YTBEPKJIEHUI,

® HeEICIIHbIC IIPpaBUJIa 'PaMMaTHKH, aKCUOMaTHKa U OIIpeACcJICHHUA HE Me-
HAI0TCA.

CpsasplBanme THNA t ¢ § B ACJyKTUBHO cucreMe 000o3HaunM depe3 D=5,

Onpepenenne 3 (KomOuuanus jegyKTUBHBIX cucteM). [Tycmos Dy u Do
- dse dedykmueHbie cucmemv, (¢ QU3BIOHKMHMU CUCTIEMAMY MUN0ES), U
teTy, s €Ty - dsa muna. Toeda

o Dy U Dy - noanocmnio ne3asucuman KomMourayua,

o (D1 D)% - xombunuposarnas cucmema, 6 K0Omopot ecmb 63aUMO-
deticmeue wacmeti nocpedcmseom munog t u s

Ceasvieanue munoe Mocem ouims npoumepuposaHro.

SameTnM, 9TO Omeparus CBI3bIBAHNS THIIOB TOJTHOCTHIO TPO3PAYHA: CBSI-
3bIBAHUE THIIOB JICHCTBYeT Ha HamboJsiee aOCTPAKTHOM YPOBHE - OHTOJIOTHU-
9eCcKOM (TO eCTh HA YpPOBHE cHCTeMbl TUIOB. OHO HE MEHSIeT HU MPAaBHI
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rpaMMAaTUKH, TO €CTh CUHTAKCUYIE€CKOT0, HU aKCUOMaTIIeCKOTO, TO €CTh CO-
JePKATETbHOTO YPOBHSI.
Jlnst ABYX THIIOB t1 M ty MBI MOYKEM CBA3aTh X B 0OOMX HAIPABJICHHSX:

11 <ty m 9 <1y

B takom ciryda mpl OysieMm nucarh t; = to, M FOBOPUTD, UTO t1 U ty OTOXKIECTB-
JeHbl. [lelicTBATENLHO, t] = t9 03HAYAET, YTO HETEPMUHAJEBI {1 U t9 B3aUMO3a-
MeEHACMBI B 'PaMMaTUKe Bblpa}KeHI/IfI, IIO3TOMY OHH MOI'YT paCCMaTpUBATbCA
KaK 00UH TUIL.

Onpenenenne 4 (Obmiee onpesenenne cBs3biBanus). Jaa dannod cucme-
ML munos T, ceasvieanue munos B amo MHOMCECTNE0 Nap MUN0E:

BCcTxT
Ecmu D+, ..., Dy - 1Be 1elyKTUBHBIE CHCTEMBI ¢ CHCTEMaMu TATIOB T1, ..., T,,
B ={(t1,$1),..., (tm,Sm)} - cBsI3bIBaHKE THIIOB Ha O0'bEMHEHHON CHCTEME

108 | J;., 7i, TO MbI MOKEM OIIPEeIeTUTh KOMOUHUPOBAHHYIO JIe/[y KTUBHY O
CUCTEMY:

(Dl U...U Dn)B — ( N ((Dl U... U Dn)t1<s1)t2<sg) . '>tm'<8m

4 CeMaHTHKa CBA3bIBAHUA TUIOB

ITOCKOIBKY munst - 3TO B TOYHOCTH COPMA B JOTHIECKON TepMUHOIOTHH,
TO JIJII CEMAHTHKH eCTeCTBEHHO PacCMATPUBATL MHOIOCOPTHBIC CTPYKTYPHI,
KaK, HATIPHMED, ITO JIeJIaeTcs B crarbe [6].

Ounpepesienne 5 (Asrebpansaius cuaTakcuca). Kaowcdoe neyenroe npasu-
A0 2PAMMATUKY T = t — W noposcdaem aa2edpaudeckyio Onepayut0 *, Ha
MHOICECMEe euipastcerutl darnotl dedykmueHnotl cucmemobt:

® MECMHOCTMB T - 3O KOAUYECTNEO HEMEPMUHAADHHIL CUMB0A06, 6CITIPE-
HYanwWuUxrca 6 T,

® COPma apeymeHImos r - 1Mo Coomeemcmeyrouue HEmepmurnaibl,
® COopm 3HAYEHUA - IO t.

3aMeTuM, 4TO, B CHJIY MHOTOCOPTHOCTH, BCE OMEPAINH *, OYAYT BCIOTY
olpejiesIeHbl JIjisl [IePeMEHHbIX COOTBECTBYIOIIMUX cOpTOB. /i 3a1anuoii Je-
JYKTUBHON cUCTEeMBbI [) MbI MOYKEM OTPeJeTUTh CHTHATYPY O p JIjIsd ajaredpbl
BBIpaskeHuit F/p 910t cucrtembr, 1 padoTaTh ¢ ajaredpaMu JaHHOW CUTHATYPHI.
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Onpenenenne 6 (Jlornueckue copra). I[Tyems D - dedyxmusnas cucmema.
Kaotcdwti copm (mun) t, asastouutica noomunom HeKomopozo muna, Komo-
PO UCTIOADIYEMCA KAK TUT, BUPAHCERUS, UCTLONDSYIOULE20CHA 6 GKCUOME UAU
onpedensenuu 6 D HA3D6aEMCA NO2UYECKUM.

ITpumep 4 (Jloruka mepsoro nopsiaka). Eemo mpu copma:
® COpM NepemMenHHvLL,
® copm mepmos,
e copm popmyan.

Copm popmya - ro2uneckutl, 8 mo epems Kax COPMaG MEPMOS U NEPEMEHHHLT
- Hem.

B ortmmynm or mogxoja, NpuHATOTO B aDCTPAKTHON ajarebpanyeckoii ce-
MAHTHKe JIOTHK [7|, yIPOCTUM CHTYaIWio U OyJeM CYUTATh, 9TO JJIsi OMpe-
JleJIeHUsl ICTHHHOCTH TeX W WHBIX BBIPAYKEHUIl JIOTHYeCKUX THUIIOB Y HAC
€CThb COOTBETCTBYIOIIUE JIOTHIECKHE KOHCTAHTEI.

Onpenenenne 7 (Cunrakcudeckoe omnpejesrenne uetunsl). [ycmo D - de-
dyrmuenas cucmema. Mo 2060pum, wmo ucmura onpedesena 6 D, ecau das
Ka2#c0020 A02UMECK020 TUNG S eCTb KOHCTAHMA | 5 MUNG S U GKCUOME T 5.

Ecau B feAyKTuBHOI cucteme D ompejiejieHa UCTHHA (TIPH TOMOIITH JIO-
IUYIECKAX KOHCTAHT), TO MOYKHO JIETKO OMPEJIEIUTh CeMAHTUKY jist D.

Onpeaenenune 8. /laa sadannot dedyxmuenol cucmemv, D, 6 xomopot
onpedeseHa UCmuHa, CEMaHMUKa 0A% D - 5mMo KAacc MHOZ0CODMHBLT aA2e0D
Kp cuenamypwv op.

Ha yposne cucmem munos, t < s saeuem ekA0UEHUE HOCUMENET COOM-
sememeyrowur copmos A; C Ay kax nodareebp, drs eécex aneebp A € Kp.

Onpenenenne 9 (Cemanrudeckoe onpejenenne ucrunbl). Feau A € Kp, e
- NO2UMECKOE BUPAINICEHUE MUNG S € NEPEMEHHUMU T, U 4 - KOPMENC INEMEH-
mos uz A (coomeecmeyouus copmos), mo snauenue mepma (upascerus)
e(a) 6 aneebpe A onpedeasemes cmandapmmusim 06pasom.

Muv 2060pum, wmo e ucmunmno na A npu 03nauuéanul a, ecau

et(a) =T
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Yro mpousoiiner ¢ cemManTukoit Kp, ecam Mbl cBsizkeM Tunbl ¢t n s 7 B
cemanTuke Kp Her orpanudenuii na nocurenu Ay u Ag ps aaredbp uz Kp.
CeaspiBanue t ¢ s Baeder orpanndenne: A; C A,

nosTomy A; moKHA ObITH Togaarebpoit Ay, Ecau tunet ¢ m s cBsS3aHbI
1 HEBO3MOYKHO V/IOBJIETBOPUTDH orpanudenust A; C A,, oCcTaBasiCh B KJacce
Kp, MBI TPUXOIMM K CEMAaHTUIECKON HECOBMECTHOCTH TAKOTO CBA3bIBAHUSI
[Jisi KOHKPETHBIX TUMOB. YOpaB TUI ¢ U S U3 PACCMOTPEHUs, MBI TTOJIY-
YUM OCMBICACHHYIO CEMAHTHKY JIJIsT OCTaBIIelics JacTu. TakuMm obpasom, B
MHOTOCOPTHOM CJIyYae, CeMAHTHIECKAs HECOBMECTHOCTD YACTHU /16Ty KTHBHOM
CHCTEMBbI OCTABJISIET BO3MOKHOCTH COJIEPKATEILHO OMEPUPOBATH OCTABIIET-
Cs1 9aCThIO.

Onpegenenune 10. ITycmov D - dedykmuenan cucmema, Kp - ee cemanmu-
ka ut us - dea muna. Obosnanwum uepes K5 kaace anzebp, noayuermol
us Kp nocae naxsadvseanus oepanuvenus Ay C Ag.

ITpumep 5 (Cunrakcuc kombunarun CPL u IPL). Pacemompum xaaccuve-
CKY10 nponodunuonasvhyio soeuky (CPL) u unmyuyuonucmekyo nponosu-
yuonanoryto aoeury (IPL): P w I ¢ munamu t, and t; coomeecmesento.

D= (PUI)=t

Jloruka D - 310 KoMOunamusi, Koropas BKodaer P u [. Ecan Mbl moj-
CTaBUM B CXEMbl aKCHOM AJIdA [ BblIpazK€HUA U3 JIO'MKU P, MbI HE€ I10J1Yy41UM
HOBBIX CXE€M aKCHUOM.

ITpumep 6 (Cemanrtuxa D). Iloanas u koppekmuas cemanmura: deycopms-
Hote anzebpu. Odun copm t; - smo copm das Tetimunzosoti anreebpo. H, emo-
potli cmopm t, - amo copm 6y.aesoli anrzebpv. B, xomopas 6ydem nodaszebpot
s H: BCH

5 BpiBoamMocTh 1 TOXK/JeCTBeHHasd NCTUHHOCTD

Ianee Oyaem orepupoBaTh MOHATAEM YTBEDKIEHUsI B AeYKTUBHON CH-
creme D. A UMeHHO, YTBepPXKJIEHUE - 3TO KOHCTPYKIINS BUIA 0 = %, rie
hi,...,hg - CIHCOK BbIpazkeHuii (IPEMOCHIIOK) U P - BhIpasKeHue (3aKIIio-
qeHue) a.

hi,.h
Onpegenenune 11. Ymeepocdernue a = =228 yaszuigaemces moostcoecmee-

HO UCTNUHHBM 6 cemanmuke Kp, ecau das 110000 arzebpu, A € Kp u aro-
6020 o03navusarus b nepemennur T u3 a 6 amol anzebpe, u3 Mo20, 4YMO

suipascenus hi(b) ucmunnv das scex i < k, caedyem, wmo swvpascerue p(b)
MaxHCce UCTUHHO.
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Kaxpoe yrBepxjienue a = ’”Tﬁ MOPOXKTAET YACTUIHYIO k-MeCTHYIO

olepanuio -, Ha MHOYKECTBE BCeX BblpakeHuil Fp neJlyKTUBHON CHUCTEMBI

D:

Onpegnenenne 12. ITodcmanoska 0 Ha3v6aemes HECUMMEMPUNHBLM YHU-
duramopom kopmeosrcets svpasicerud (ay, ... ar) u (by, ..., bg), ecau

e 0 coenacosara no Munam ¢ MUNGMU NEPEMEHHBIT GUPAHCEHUT A1, . . . , Ay,
e O(a;) =0b; dan ecex i < k.

Jlemma 13. Ecau necummempuunvil ynuduramop 0 oas dsyx xopmeorced
suipasicenuti a u b cywecmseyem, mo on eQUHCTGEHEH.

Zokxazamenvecmeo. Chenayer U3 HECUMMETPHIHOCTH: (PAKTUICCKU 3HAYCHUA
HOJICTAHOBKH 6 - 9TO MOABHIpaykKeHUs BhIpaXKeHUN 13 KopTexKa b. O

B cuity jeMwbl, ec/ii HECUMMETPUYHBIHT YHUMDUKATOP JIJIsd KOpTexkKeit a n
b cymecTByeT, TO 0603HAYUM ero uni(a;b).

o (8) = 0(p), ecmu cymectByer yauduxarop 0 = uni(h,e)
O i uHaYe

31ech cuMmBosioM | 0603HaYEHO HeolpeeaeHnoe 3uadenue. B cuiry jem-
MBI 13, oneparnus b, ompeaeaeHa KOPPEKTHO.
HOHHTI/IG BbIBOJAUMOCTH CTaHdapPTHOE:

Onpenenenne 14. [lycmv B - mroocecmeo ymeeporcdenuti 6 dedyxmuerot
cucmeme D, a = % - ymeepotcdenue, P - mepm cuznamypu {y |b €
B}. To2da P - amo 6w600 a u3 B, ecau 6 anszebpe svparcenutl 3Havenue

P(hy, ..., hg) onpedesero u ewnoaneno P(hy, ... hy) = p.

Tenepn, eciim A - MHOXKECTBO aKCHOMATHYECKUX YTBEPXKAeHUIT D, TO MbI
Oy/ieM TOBOPUTH, UTO YTBEPIXKJIEHHWE ( BBHIBOAUTCA B [), ecim CyIiecTByer
BBIBOJ, PP u3 A.

Onpenenenune 15. Cemanmura Kp das dedyxmuenot cucmemovr D na-
avisaemcea Koppexkmmotl, ecau awboe eveodumoe 6 D ymeepocoenue 6ydem
mootcdecmsenno ucmunho 6 Kp.

Teopema 16 (Coxpanenne KoppekTHOCTH). Koppexkmmuocmb corpanaemcs

npu C8A3v6AHUU TMUNOB. ECAU CEMAHMUKA KD ona 860y%mueH01'1 cucmemasl

D 6wina xoppexmna, mo K5 maxoce 6ydem woppexmna das D'=5.
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Jloxazameavcmeo. Tlpu nmomornm WHAYKINK 110 TJIyOMHE BHIBOIA, YTBEDIK Ie-
HIe TeOPeMbl MOXKHO CBECTH K BBIBOJLY 3a OJIMH IIAT, TO eCTh K AKCHOMATHYe-
CKUM yTBep:KIeHusM. llycts a = }”Pfhk - AKCHOMATHYECKOe YTBEpIKICeHUe
B cucreme K5, TIocKOIBbKY omepanus CBA3bIBAHUS THIOB He MeHseT (op-
MBI aKCHOM ¥ MPaBHJ IPAMMATHKH (KpOMe MeMHbIX), TO B cucreme D ecTh
AHAJIOTHYHOE YTBepKIeHne a’ = hllp—,h;“ EuHCTBEHHOE 9TO MEHSIETCS - ITO
TO, 9TO TOCJ€e CBI3BIBAHUSI TUIOB ¢ U § CTAJO BO3MOYKHBIM TTOJCTAB/ISTEH B
IepeMeHHble THIA § BhIparxkKeHwst Tuma t. [1o3ToMy yTBep:KIeHHWEe a CTATO
IPUMEHUMO B 00Jiee IMUPOKOM Kpyre Caydaen, deMm a'.

Mycrs A € Kp, n hA(b) = T; nna seex i < k. Tlycth cpemu Beex mepe-
MEHHBIX 1, . . . , Ly, BXOJSIIAX B THIOTE3BI YTBEPKICHHUS @ €CTh IepeMeHHast
x; THIA S, a BbIpaykeHue b;, moicrasiseMoe B z;, uMeer Tul t. Ilockosn-
Ky mias A seimonaeno A; C A,, To Takas HOICTAHOBKA KOPPEKTHA M JJIsI
YTBEDZK/IeHNs @', TO €CTh BCE IPE/IOCHIIKN A, OyayT BBIIOTHEHBI U s .
[Iycth 7 - 37O TUN BBHIpaxkenus p. Tak kak Kp KOppeKTHash CEMAaHTUKA, TO
(p)A(b) = T,. Ecin tun r oramuen ot ¢, To Toraa p(b) = T,. Ecan ke
r = t, To mockoabKy A; C A, W KOHCTAHTHI UCTUHHOCTH JIJIsT THIOB © U §
JOMKHBI COBIAATH, TO TakzKe moxydmmM pi(b) = T,. O
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1 m-TpaH3uTHBHBIE NIPEACTABJICHUA

Hanomuum, uro m-2pynnot HasbiBaercs ajarebpandeckas cucrema G cur-
warypel m = (-,e,"1 VA, L), e (G, e, 7tV A) aBaserca (-rpynmoit
U OJTHOMECTHAs OIE€PAIUs , €CTb aBTOMOPMU3M BTOPOTO TOPSIKA I'PYIIIHI
(G,-,e,”1) m anruuzomopdusm pemerku (G, V, A), T.e. 11g MoObIX T,y € G
BEPHBI COOTHOIITEHUST

(2Y)s = T, (Ta) = 2, (T V Y)s = T A Yy (TAY)se = T V Y.

B nanpreiitmem m-rpynny G ¢ pUKCHPOBAHHBIM aBTOMOP(U3MOM , 3a-
muckiBaeM kak napy (G, ). Tlycrs A~ HeKOTOpOE JIMHEHHO YHODPSITOYeHHOe
MHOZKECTBO M (— PEBEPCUBHBIN aBTOMOPdU3M 2-T0 mopsaka A, TO ecTb ist
061X A, A € A Bepro ((MNa)a = A u A < XN & (Na > (N)a. Yepes
Aut(A) 0b60o3uauuM rpyiiry (OTHOCHTEJIBHO CYNEPHO3UIAN) BCEX MOPSIIKO-
BBIX mozicTanoBOK A. I'pymnna Aut(A) mMozker ObITH IpeBpAIIeHa B M-IPYIIILY,
ecJIM ONEpanus , 3aaeTCd PH MOMOIIbI0 PABEHCTBA ¢, = aga JJisi BCs-
koro g € Aut(A). Cornacuo [1], npedcmasaernuem m-zpynno. (G, ) mopsii-
KOBBIMH TIOJICTAHOBKAMH JIMHEWHO YIOPSTOUEHHOTO MHOYKeCTBAa A dBjIsIeTcst
(-romomopdusm v @ G — Aut(A) Takoit, ato ((9).)v = a(g)va nias moboro
g € G. Dror dakr 3amuceiBaeMm B Buge ((G)v, A, a). Ecin v ecrs uzomop-
dbu3m, TO TpeacTaBieHne Ha3bIBaeTCs mounwum W Toraa mmiem (G, A a).
OrmeruM [1], 9T0 BegKasg m-Ipylia JOMYCKaeT TOYHOE IpeICTaBJIeHne M0-
PSIZIKOBBIMHU TIOJICTAHOBKAMHE TOJXOJISAIIET0 JTHHEHHO YIIOPSI0IeHHOIO MHO-
JKECTBA.

[pexcrasnenne ((G)v, A, a) HA30BeM M-MpPaH3uMueHbM, €CTH JJIsl BCEX
A, A € A, ObITh MOXKET 3a MCKJIIOUEHHEeM TOYKH 0, CYNIECTBYeT Takol T €
Gy = gr.((G)v,a), aro (N\)x = N'( 31ech o— Touka A, HEOIBHKHAS OTHOCH-
TeJIbHO JIeHCTBUS a).

[Iycts (G, )— mpoU3BOIbHAST M-TPYTIA U V— ee BBIMyK/Iast {-IOATrpyIIIa.
Kak o6biuno, uepe3 R(G : V) 0603HaYMM MHOXKECTBO MPABbIX CMEXKHBIX
kjaccoB (-rpynmnbl G o ee BbiyKJoO# (-noarpynme V ¢ mopsakom: Vi <
Vy Torma m TosibKO TOTJA, KOTJa v < ¥y g Hekoroporo v € V. Ecin

154
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JIAHHBIA TOPSAIOK JmHeeH, To V' HazbiBaeTcd cnpamaatoused. meer mecto
CJIeIYIOIIAd.

Teopema 1. ITycmo (G, )~ m-epynna u'V - ee cnpamasrouan (-nodepynna.
Toz0a cyuecmeyem aunetino ynopadouenmnoe muoscecmeo, onpedeasemoe V,
makoe, wmo 2pynna 0onYckaem m-mpaH3umueHOe NPedcmasAeHUEe NOOCTMa-
HosKamMu 2mo20 mmoscecmea. O6pammo. Jas 6CAK020 M-MPAH3UMUCHO20
npedecmasaerus ((G)v, A, a) natidemes enpamanrowasn (-nodepynna V, onpe-
deaarousan A.

Boimykitast (-onrpynma V- m-rpynmet (G, ) HA3BIBAETCS npedcmasaiio-
wetl, ecan V-cupsMJIsIionias U He COJAEPKUT HeeJUHUIHBIX 1M-U/1eaJ10B.

Teopema 2. [Ipoussosvnaa m-zpynna (G,.) donyckaem mounoe m-mpar-
aumusHoe npedcmasierue moz0a u mosvko moezda, k0204 ona codeprHcum
npedcmasaatouyio -nodzpynny.

Kak o6prano, neemnuanuanas m-rpynna (G, ) Ha3BIBAETCS NOINPAMO M-
HEPA3N0AHCUMOT, €CITH TIePECeTCHIE BCEX e HeeIMHUIHBIX M-1/1€AJT0B 0TI Y-
HO OT €JINHUIIBI.

CaenctBue 3. [lodnpsamo nepasaoscumasn m-2pynna (G, ) donyckaem mow-
HOE M-MPAH3UMUBHOE NPEICNABAECHUE.

CaenctBue 4. Beaxoe mruo2006pasue m-2pynn noporcoaemcs m-2pynnami,
dONYCKAOUUMYU MOYHOE M-MPAH3UMUSHOE NPEICTNABAECHUE.

CdopmynupoBaHHbIe BbIllle PE3YJIBTATHI OMyOJINKOBAHBL B [2].

2 IlpeacraBjieHus U cOjeTeHUs M-TPYII

IIycrs (G,9Q,a), (H, YJLb)— IPEAICTABIEHHs M-TPYIN g,go) u (H,1) co-
orercTBeHHO U Q = L1(J{o1}*"UR1, T = LalJ{02}72|JRs. Paccmorpum
craHzaprHoe (B cmbiciae (-rpynn) civterenne GWrH. Beakuii ssement f €
GWrH umeer Bug f = ({g,},h), tae g, € G,r € T, h € H B [4] na GWrH
OBLII OIlpejiesieH PEeBEPCUBHBIM aBTOMOPGU3M BTOpPOro mnopsiaka ¢Wriy mo
npasity (£)pWrt = ({(9)¢ (o}, (b)), mpespamaomsti GWr H 5 m-rpymny.
[Mycrs X = oxT. Omnpeaennm Ha Y orobpazkenue d mo npasuiy: (w,7)d =
((w)a, (1)b). fcuo, uro d- peBepcuBHBI aBTOMOPGhU3M BTOPOrO MOPSIIKA
Y u (01,09)d = (01,07). OnpeiesiuM Terepb JeHCTBEE JT€MEHTOB IPYIIIIBI
GWrH na X no npunnuny "mpasas'dacth jeiictByer Ha "neBoit"u nHaobo-
POT, a HMEHHO:
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(E(U)f)gta (()))a) ecn w < 01, t 2> 0,
wW h), ectm w < 01, t < 09,
(w, t)({g-}, h) = ((w)ge, (t)h), ecom w > 01, t < 09,

((w)gp, (t)h), ecnm w > o1, t > 0g.

$lcHo, 9TO TAK OIpejeeHHOe eCTBHE SBISETCA TOYHBIM U MOPIIKO-
BoiM, T.6e GWrH C Aut(X). Ilposepum, uto (f)pWryp = dfd. Tak kax
IPOBEPKA OJHOTHUIIHA, TO PACCMOTDPUM JIMIIL OJMH CJAy4ail, Hanpumep, w <
o1,t > o0y. Torma (w,t)(f)eWry = ((w)aga, (t)bhb). Hdamee, (w,t)d =
(w)a, (1) 1 (w)a > or, (1)b > oy, Tlooromy ((w)a, (£)b) fd = ((w)agqmms: (YD) =
((w)agy, ()bh)d = ((w)agsa, (t)bhd), aTo U HoKa3bIBaeT yTBep:KjeHue. Ta-
KkuM oOpazom umeem npeacrasiaenne (GWrH, Y, d) rpynnet (GWrH, oWri),
KOTOpOe Oy/1eM Ha3bIBATh CnAemeHuem m-rpyn noacranosok (G, Q,a), (H,T,b).

Paccmorpum m-tpansutusroe npejacrasienne (G, A, a). CrangapTHo, 0T-
HOIIIEHHEe SKBUBaJeHTHOCTH O, ompejeneHHoe Ha A, OygeM Ha3bIBATH OTHO-
IIEHUEM M-9KEUBAAEHTMHOCTAU, €CTTH OHO SIBJISIETCsI BBITYKJIBIM 1 wOw' <
(w)zO(w')x mra moboro © € G,.. Yepe3 Lo 0003HAUNM MHOXKECTBO BCEX
3s1eMeHTOB (7, OCTABJIAIOIINX BCE KJIACChI 9KBUBAJECHTHOCTH Ha MecTe. MHO-
KecTBO Lg sBasgercs m-uaeasom G u m-rpymma G = G/Le neiictByer
TOYHO W M-TPAH3UTHUBHO HA JHHEHHO yrmopsijioueHHOM MHOKecTBe {1/0. Ba-
(buKcupyeM HEKOTOPBIH KJiacC m-3KBHBAJEHTHOCTH /\. DTO MHOXKECTBO, B
3aBHCUMOCTH OT CBOHCTB IpPEJICTABJICHNS, TIO3BOJILAET IOCTPOUTH HOBOE MHO-
xectBo V u m-rpynny Gy, jefcTByonyio Ha HeM m-rpan3utusho. [lycrb
¥ =V XxQ/O. Umeer Mecro ciiepyroniast Teopema.

Teopema 5. [lycmov npedecmasaenue (G, A\, a) m- mpansumusno u na A
onpedenena m-konepyanyua . Tozda (G, A, a) usomoppra eroocuma 6 cnae-
menue (GyWrG, 3, d).

CaencrBue 6. [lycmo (G, A, a)- m-mpan3umuenas 2pynna nodcmaHnosox
u3 npoussedenus U -V mnoz006pasuti m-epynn U, V. Toezda (G, A, a) uso-
MOPPHO BAOHCUMA 6 CNAECMEHUE NOOTOOAULUT M- MPAHZUMUCHBLL 2DYNN
nodcmanosokr uz mHoz206pasuti m-zpynn U, V.

Pesyabrarsr 31010 MyHKTa OIyOJIMKOBaHb! B [3]

3 Mmuoroobpas3ust m-rpyuil

cno, 9TO0 HA M-TPyNIy MOXKHO CMOTPETh KaK Ha aJredpamvdecKyio Cu-
cremy curnarypbl m = (-, e,”t VA, ). Knacc M Becex m-rpynn o6pasy-
eT MHOrooOpa3ue curHaTypsl m. OTHOCHTETHHO TEOPETUKO-MHOYKECTBEHHOTO
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BKJTTOUeHUsT M SIBJISIETCS 9aCTUYIHO YIIOPSIOYeHHBIM MHOKeCTBOM. BoJtee To-
ro, M ecTb perieTka OTHOCUTEIHHO €CTECTBEHHO OIPEIeJeHHBIX Olepaliuii
nepecedenuss u oobeIuHenns MHOTO0Opasuit m-rpymnin. Obo3HadunM depes 7
MHOr0ooOpasie m-Tpylil, oIpeenseMoe TOXKISCTBOM T, = T °, a depes A-—
MHOroobpasue Bcex abesieBbIX m-TPyIII.

Pacemorpum npescrasienus (G, a) u (H, A, b). Pukupyem HEKOTOpOe

KOHEYHOe, HO Ipou3BosibHOe, MHOKecTBO ¢ = {w,(Z,7%) || p = 1,...,N}
CJIOB CHTHATYDBI M OT TE€PEMEHHBIX T = (Ty,Za,...T,). Jagee, paceMor-
puM mpousBosbHbIl h = (hy, he,...h,) € H™ u TpoM3BOJbHYIO APy TO-

ek A\, (A)b € A. Hyers Ay = {(Nw,(h, hy)} U {((N)b)w,(h, h.)}. Scno,
aro Ag JmHeRHO ynopsitodeno. Bygem rosoputh, uto (G, (), a) MUMHKpH-
pyer (H,A,b), eciu maiinyres o, (a)a € Q u g = (91,92,---9,) € G"
TaKye, 9TO JIMHEHHO ymopsaodeHHOe MHOXKeCTBO (o = {()w,(7,0x)} U
{((0)a)w,(g, Gx)} coxpanser cTpykTypy Ag, T0 ecThb ((a)a®)w, < ((a)a )w, <
(N w, < (N6 )wy, tae €, = 0, mubo 1.

[pexncrasnenne (G, €2, a) mumukpupyer m-rpymny (H,, ), ecam oHO Mu-
MUKDUDPYeT ee Bestkoe mpejcrapienue. Hakower, npeacrasienne (G, €, a)
MUMHKpHUpYeT MHOToOOpasue V, ecin (G, ) € V u (G,€), a) MuMukpupyer
Bce rpymmsl 13 V. Hecmoxno 3ameruts, ecan (G, 2, a) mumukpupyer V, TO
(G,.) nopoxuaer V.

Onpenenum Inv : Z — 7 o npasuiy (z)Inv = —z. Torna napa (Z, Inv)
ecTh m-rpymmna. Paccmorpum pasoe peryisiproe npejcranienne (Z, 7, Inv),
rie (z)Inv = —z. BepHo.

IIpennoxxenune 7. [Ipedcmasaenue (Z,7,Inv) mumurkpupyem Z.
Caencrsue 8. ([1]) T = var,((Z, Inv)).

Yepes Z* 0603Ha4UM aJJITMTUBHYIO IPYIIILY [EJBIX YACEI, MOy YCHHYIO U3
Z, nytem obparienus mopsaka. OTHOCHTETHHO KOOPIMHATHOTO MOPSIIKA TIPS~
Moe Iipou3Bejienue 7, X 7* aBnsercd (-rpynmnoit. OupejgenuM oToOparkKeHue
Exch : ZxZ* — 7 X Z* no ipasuiy (x,y)Exch = (y,z), tae (z,y) € ZXZ*.
Torna mapa (Z x Z*, Exch) 6yner m-rpynmoit. PaccMoTpuM nuHeiHO yIIo-
psIIOUEHHOE MHOXKeCTBO A = 7, {0}@2*. Hepes (2)1((2)2) obozradmm 1€~
Ment A crporo menbmmit (Gosbmmit) o n onpemenmnm Exch : A — A mo
npasuiy (z);Exch = (2)2, (2)2Exch = (2); u (0)Exch = o. fchHo, urto
Exch - pepepcuBHBIil aBTOMOPGhDHU3M BTOPOro mopsiaka A.

IIpennoxkenne 9. [Ipedcmasaenue (Z x Z*, A, Exch) mumurpupyem A.
Caeacrsue 10. ([4]) A =var,,((Z x Z*, Exch)).

Crenyromasi TeopeMa IMO3BOJIAET MPUMEHSTh TEXHWKY CIJIETEHUil npu
n3ydeHun Muoroobpasuit. Bosee Touno.
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Teopema 11. ITycmv mroz006pasue m-pynn U nopostcdaemca KAaCCOM M-
epynn U u mroz000pasue m-2pynn V mumukpupyemcs xiaccom m-zpynn V.

Tozda U -V = var, (W), ede W= {({UWrV,bWrc)}, (U,b) € U, (V,T,c) €
V.

Caencrsue 12. 1) I" = var,,(Wr™(Z,Inv)), 2) A" = var,,(Wr™*(Z x
Z*, Exch)).

TeopeMbl 9TOTO paz/ena JoKa3aHbl B [5].
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Day of problems



JABE HEPEIIIEHHBIE 3AJIAYI O
I'PYIIITIAX N AJITEBPAX

B. A. YUypkun

Nucruryr maremaruku C.JI. Cobosrea CO PAH,
up. Axan. Konriora, 4, Hosocubupcek, 630090, Poccust

e-mail: churkin@math.nsc.ru

Yoam [1] ormerni psi npobiem 06 u3omMopdHOM Birozkeruu rpymi Jlu B
I'PYIILY IepecTaHOBOK CYETHOIO MHOXKeCTBa. JacTh U3 HUX PelleHa MOJI0KH-
TeJIbHO, B YaCTHOCTH, JJisl JiuHeiHbIX rpymi Jlu (cm., Hanpumep, [2]). dus
HeJUHeRHBIX Ipymil Jlu npobuema n30MOPGHOrO BIOKEHHS OCTACTCS Hepe-
mrenHoit. Ilpeamaraercsa HecKoIbKO OoJiee YACTHBIX U OoJjiee oOMIUX 3a/1a9 B
TOM 7K€ HAIlPABJICHUH.

1. BruiaabIBalorces 1 130MOpQHO B IPYIIIY HePeCTAHOBOK CUYETHOI'O MHO-
JKECTBA CJICJLYIONIHE TPYIIIbL:

a) bakTOP-TPyIITa HUIBIOTEHTHO TPYIIIBI BENECTBEHHBIX YHATPEYOJTb-
HBIX MATPUIL IIOPAIKA 3 110 HeTPUBHAILHON JUCKPETHON MOATPYIIIE e HeH-
TpA;

6) yHUBEPCAJbHAS HAKDBIBAIONIAS IPYIIIA JJIs YHUMOLYISPHONR IPYIIIbI

B) rpynnbl CreifHOepra HaJl KOHTHHYATBHBIM TTOJIEM;

) Ipyla YHUTAPHBIX OMEPATOPOB CENapabebHOrO THILOEPTOBA MPO-
CTPAHCTBA.

Cummerpudeckas: Ommmaelinas gopma Ha BemecTBeHHON asredpe Jlu L
HA3bIBACTCST UHBAPUAHMHOL, eCTTN IPUCOeINHEeHHbIe onepaTopsl ad (a) : © —
la,z], x € L, KOCOCHMMETPUYIHBI OTHOCHTEIHHO 3TOH (DOPMBI MpH BCEX
a € L. Ussectno, uro dopma Kuaaunra ais g8 KJIACCUIECKUX ITPOCTHIX
anredp Jlu mHBapuaHTHA, HEBBIPOXKIeHA U cUMMeTpudHa. TeM He MeHee, aJ-
rebpbl ¢ Takoit opMoil MOIyT UMETh HEHY/IEBOH pas3peluMblii pajinKaa u
JlazKe MOTYT ObITh pa3pernuMbIiMu. JeThIpexXMepHbIX aaredp ¢ Takoit popmoit
BCero 4, ToTa KaK Pa3/JnIHbIX YeThipeXMepPHBIX aareop JIu 6eckoreTHO MHO-
ro. EcTh Hajek/1a HA aHAJOTHYHBIH pe3y/IbTaT B MPOW3BOJBHON KOHETHOM
pa3mepHocTH. llpemmaraoTes cienyormne 33 a40.

2. a) Onucarh Bce BEIECTBEHHBIE KOHEYHOMEpHbIe aaredpsr Jlu, Ha Ko-
TOPBIX CYIIECTBYET WHBAPUAHTHAS HEBBIPOXKIECHHAS CUMMETPUIECKasd OMIu-
Hefinas dopma.
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6) BepHo J1u, 9T0 B KazKI0f Pa3MePHOCTH YHCJI0 TAKUX aaredp ¢ TOUHO-
CTBIO /10 u30MOpdu3Ma KOHEIHO?

B) YUto Gyzer B ciaydae, Korjaa aaredpa UMeeT HYJIEeBOH HEHTD U [EeJOIHC-
JIEHHBIE CTPYKTYPHBIE KOHCTAHTHI B MOIXOISINEM Oasuce?

[Mocnennsst 3a1a9a nHTEpECHA B CBA3U C Kjaaccudukarueil KpucTraiio-
rpahuyuecKkuX Pyl JIBUZKEHU MCEeBIOEBKINIOBBIX MpocTpancTB. [lepBas
— B CBA3W ¢ Kjaccudukamumeit rpymn JIu, uMeOmux CTPyKTYpy TCEBIOPHU-
MaHOBa MHOI000pa3usd.

Jluteparypa:

1. Vaam C. Hepemennsie maremarnaeckue 3agaqu// Hayka, M., 1964.
2. Epmos 10.J1., Uypkun B.A. O6 oxnoit 3amaue Yaama// Jlokaamupr
Axkamemun Hayk, 2004, T. 399, Ne 3, C. 307-309.



PROBLEMS ON CLASSIFICATION
OF COUNTABLE MODELS OF
COMPLETE THEORIES

S.V. Sudoplatov

Sobolev Institute of Mathematics,
4, Acad. Koptyug avenue, Novosibirsk, 630090, Russia;
Novosibirsk State Technical University,
20, K.Marx avenue, Novosibirsk, 630073, Russia;
Novosibirsk State University,
2, Pirogova street, Novosibirsk, 630090, Russia

e-mail: sudoplat@math.nsc.ru

We pose some open problems being arisen in connection with the general
studying of countable models of complete theories [1, 2]:

e Problem of descriptions of hypergraphs of prime models, Rudin—Keisler
preorders, and distribution functions of number of limit models and the other
countable models for various natural classes of algebraic systems;

e Problem of hierarchical description, as well as the description of inter-
relation of limit models and the other countable models;

e Problem of hierarchical description, as well as the description of inter-
relation of countable homogeneous models of small theories and of countable
theories with continuum many types;

e Problem of the existence of algebraic examples of [-Ehrenfeucht theories;

e Problem of the existence of [-Ehrenfeucht theories in various classes of
theories and, in particular, in the class of simple theories that do not have
types with the infinite own weight;

e Problem of existence of [-Ehrenfeucht w-stable (superstable) theory;

e (E. A. Palyutin) Problem of existence of a theory T" with
w< P(T) <2

e Problem of existence of a theory 7' with w < L(T) < 2¥ (for small
theories, it is a reformulation of the Vaught problem);

e Problem of existence of a theory T with w < NPL(T') < 2¥.
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Abstracts

Maria Dimarogkona, Petros Stefaneas. Semantic Networks and the
Theory of Institutions.

Abstract. In this short article we claim that a new relation can be
developed between the well-known theory of institutions and semantic net-
works. In particular, we argue that the many different types of semantic
networks that have been used in the field of applied computer science can be
formalized mathematically using the theory of institutions. We demonstrate
the first steps towards such an institution-based theory of semantic networks,
using the familiar proof that first-order logic is an institution to provide an
indicative such framework.

F.A. Dudkin. On the embedding of Baumslag-Solitar groups in generalized
Baumslag-Solitar groups.

A generalized Baumslag-Solitar group (GBS group) is a finitely generated
group G which acts on a tree with all edge and vertex stabilizers infinite
cyclic. Let p and ¢ be co-prime integers, not equal to 0,1, —1. We prove that
Baumslag—Solitar groups BS(p,q) is embedded into G if and only if in G
equation z~'yPx = y? is solvable with y # e. (equally Le A(G), there A is
modular homomorphism).

. Ezternal modalities and fized points.

Properties of fixed points of modal formulas and defining formulas are
investigated.

A.G. Pinus. The prorerties of rigidity, pseudosiplity, transitivity of
algebras, which are expressed in the language L.

We give some examples of non-elementary properties of algebras which
are expressed in the language L,

L.N. Pobedin. Computability with oracle in both classical and alternative
infinity.

It has been carried out the contrastive analysis ZF with AST (Alternative
Set Theory).

E.N. Poroshenko. On Universal Equivalence of Partially Commutative

Metabelian Lie Algebras.
In this paper, we consider partially commutative metabelian Lie algebras
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whose defining graphs are cycles. We show that such algebras are universally
equivalent iff the corresponding cycles have the same length. Moreover, we
give an example showing that the class of partially commutative metabelian
Lie algebras such that their defining graphs are trees is not separable by
universal theory in the class of all partially commutative metabelian Lie
algebras.

L.A. Sholomov. Disjunctive and selective matrices.

Let 7 be a collection of some subsets T of a finite set M. A Boolean
matrix with columns indexed by elements of M is called (i) T-disjunctive,
(ii) T-selective, if, for all T'€ T and ¢ ¢ T, (i) the disjunction of columns
from T don’t covers the column 4, (ii) the minimal subcube including all
columns from 7T don’t contains the column ¢. These matrices appear in
underdetermined data storage problems. In the article, we learn intercon-
nection and properties of 7 -disjunctive and 7T -selective matrices, obtain
upper and lower bounds for minimal number of rows of these matrices.

Irina Starikova. Searching for a Different Perspective on Groups: Some
Philosophical Reflections.

The paper offers a philosophical approach to visual representations in
mathematics as leading to a new resourceful approach. Namely, it discusses
examples when the change of visual representations facilitates application of
algebraic approach to geometry and vise versa.

S.V. Sudoplatov. Algebras of distributions of formulas with respect to
generalized semi-isolation.

We generalize the notion of semi-isolation for families of closed sets
of types and define algebras of distributions of formulas with respect to
generalized semi-isolation. We describe structural properties and hierarchies
for these algebras.

E.I. Timoshenko. On Bardakov and Neshchadim’s one question for
metabelian groups.

V.G.Bardakov and M.V.Neshchadim in the paper “On the number of
relations in free products of abelian groups” published in the Siberian Ma-
thematical Journal (2012) proved some Proposition for nilpotent groups.
Authors ask, whether it is correctly for metabelian groups. We are answered
in the negative on this question
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A.A. Vikentiev. Model Metrics and Unreliabilities for Logical Formulas,
Applications in Pattern Recognition and Cluster Analysis.

We consider formulas of n-valued logic. Such formulas could be used as
records of experts’ judgments or formulas. We use methods of mathematical
logic and models theory for n-valued logic to define metrics on formulas
(propositions) and unreliability (uncertainty, unauthentic) measures. We
study properties of such metrics and measures. The novelties of this paper
are the definition of metrics on the classes of equivalent formulas and the
definition of uncertainty (unreliability, unauthentic) measures together with
finding their good properties. We also note their importance for cluster
analysis, creating of deciding functions and pattern recognition.

A.A. Vikentiev,R.A. Vikentiev, E.S. Kabanova. New model metrics
for formulas in n-valued logic and measure of unreability in clasterization
algorithms.

We consider formulas of n-valued logic. Such formulas could be used
as records of experts’ judgments We use methods of mathematical logic and
models theory for n-valued logic to define metrics on formulas (propositions)
and uncertainty (unauthentic) measures. We study properties of such metrics
and measures. The novelties of this paper are the definition of metrics on the
classes of equivalent formulas and the definition of unauthentic (uncertainty,
unreliability) measures together with finding their good properties. We also
note their importance for cluster analysis, creating of deciding functions and
pattern recognition.

D.Yu. Vlasov. Type binding as a method of combining logics.

The approach to the combination of logics, which based on the type
binding, is proposed. Syntactic and semantic sides of this approach are
observed, the correctness preservation theorem is proved: correctness is pre-
served at type binding operation.

A.V. Zenkov. On representations of m-groups.
This article is a short survey of the recent results in the study of
representations of m-groups and their applications to the theory of m-group
varieties.
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V.A. Churkin. Two problems on groups and algebras.
Two unresolved problems on groups and algebras

S.V. Sudoplatov. Problems on Classification of Countable Models of
Complete Theories.
Problems on Classification of Countable Models of Complete Theories
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