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INTRODUCTION 3

Introduction

Algebra and Model Theory 9

The 10th International Summer School �Problems Allied to Universal
Algebra and Model Theory �- Erlagol 2013� was held 25�29 of June 2013 in
the camping center �Erlagol� in Altai mountains. The School was organized
by Algebra and Mathematical Logic Department of Novosibirsk State Tech-
nical University (NSTU) and by Sobolev Institute of Mathematics SB RAS.
Professors Victor D. Mazurov, Alexandr G. Pinus and Evgeny I. Timoshenko
were the chairmen of Organizing Committee of School. Professors Alexandr
V. Mikhalev, Evgeniy A. Palyutin, Konstantin N. Ponomarev, Vladimir
N. Remeslennikov, Vitaliy A. Roman'kov, Sergey V. Sudoplatov and Associ-
ate Prof. Evgeny N. Poroshenko were the members of Organizing Committee.

The School was supported by RFBR (grant � 13-01-06028) and by grant
of NSTU, having a special purpose.

The Collection of Papers is composed by some articles of the participants
of School, being connected with the subject of School.
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Erlagol 2013
10th International Summer School-Conference

�Problems Allied to Universal Algebra

And Model Theory�

(June, 24-30)

June, 25

Plenary talks. Chairman Sergey V. Sudoplatov

Corresponding Member of the Russian Academy of Sciences,
Prof. V.D. Mazurov (Novosibirsk, Russia).

Periodic Groups with Given Orders of Elements.

Prof. E. I. Timoshenko (Novosibirsk, Russia).

Systems of Elements Preserving Measure on Varieties of Groups.

Prof. V.G. Puzarenko (Novosibirsk, Russia).

Computability on Admissible Sets.

Short Talks

Chairman Vadim G. Puzarenko

A.K. Koshcheeva (Izhevsk, Russia).

New Logical Constants in Pretabular Superintuitionistic Logics.

F.A. Dudkin (Novosibirsk, Russia).

On Embeddings of Baumslag�Solitar Groups into GBS-groups.

I. B. Gorshkov (Novosibirsk, Russia).

Recognizability of Symmetric Groups by Set of Element Orders.

V.Yu. Gubarev (Novosibirsk, Russia).

Functor �Cover� and its Applications.

D.A. Zhinzhilov (Omsk, Russia).

On Associative Rings with Boolean Algebra of Stable Tolerances.
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June, 26

Plenary talks. Chairman Evgeniy I. Timoshenko

Academician of the Russian Academy of Sciences, Prof. Yu. L.
Ershov (Novosibirsk, Russia).

Valuation of Fields (Hensel's Lemma, Krasner's Lemma, etc.).

Prof. S.V. Sudoplatov (Novosibirsk, Russia).

Algebras of Distributions for Semi-Isolating Formulas of a Complete
Theory.

R.A. Popkov (Novosibirsk, Russia).

Classi�cation of Countable Models of Complete Theories with Continuum
Many Types.

Short Talks

Chairman Fedor A. Dudkin

Dr. I. V. Starikova (Bristol, Great Britain).

Groups and Graphs: Some Philosophical Aspects.

Dr. T.K. Vinogradova (Saint-Petersburg, Russia).

(1) On Non-Smooth Optimization Problems.

(2) �Not Only about Lobachevsky�.

Dr. D.Yu. Vlasov (Novosibirsk, Russia).

Binding of Types as a Method of Combining Logics.

D.M. Smelyanskiy (Moscow, Russia).

On Models of Second Order Theories. Some Criteria of Completeness.

Dr. A.V. Zenkov (Barnaul, Russia).

Representations of m-groups.

June, 28

Plenary talks. Chairman Victor D. Mazurov

Prof. A. P. Pozhidaev (Novosibirsk, Russia).

RLT-algebras, Filippov Algebras, and Poisson Algebras
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Dr. V.A. Churkin (Novosibirsk, Russia).

Crystallographic Groups of Motions of Pseudo-Euclidean Space R3,3.

Prof. L.A. Sholomov (Moscow, Russia).

Disjunctive and selective matrices.

Short Talks

Chairman Alexander P. Pozhidaev

Dr. L.N. Pobedin (Novosibirsk, Russia).

Generalized Computability in Classical and Alternative In�nity.

Dr. A.M. Popova (Novosibirsk, Russia).

Automorphism Group of the Ring ZS4.

Dr. E.V. Grachev (Novosibirsk, Russia).

Signi�cative Points of Triangulations of Three-Component Systems.

A.V. Men'shov (Omsk, Russia).

On Systems of Equations in Free Abelian Groups.

Yu.A. Mikhal'chishina (Novosibirsk, Russia).

Local Representations of Braid Group

June, 29

Day of Problems

Presented by Yu. L. Ershov, V.D. Mazurov, E. I. Timoshenko, S.V.
Sudoplatov, V.G. Puzarenko, V.A. Churkin.
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THEORY OF INSTITUTIONS
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1 Semantic Networks

Semantic networks can be described as a tool for representing knowledge.
In this sense, a semantic network is a diagrammatic representation consisting
of boxes, arrows and labels which re�ects a way of thinking about knowledge,
namely, that it is organized in concepts and relations between them. These
diagrams are directed graphs, in which each node represents a concept, or a
proposition, and each arrow a relation between concepts, or propositions,
which is sometimes designated by an appropriate label. These relations
are of primary importance, because they o�er the basic structure for the
organization of knowledge, and they are chosen depending on the application
for which a network is created. Thus, semantic networks represent propositi-
onal information, and they come in di�erent types depending on the semantic
relations that they employ. We should also mention here that apart from
knowledge representation, they are also used to support automatic systems
of reasoning. As external computer representations, they allow functions
similar to those of a data base, as well as correct inference. This is achieved
through the use of algorithms applied on internal realizations of semantic
networks, which are handled by an interpreter.

To give an example, de�nitional networks constitute a type of semantic
networks which focuses on the subtype, or is-a, relation between a concept
type and a de�ned subtype. The �rst such network, which is also the most
ancient known semantic network, was designed in the third century CE
by the Greek philosopher Porphyry in the context of his commentary on
Aristotle's Categories. With it he attempted to explain the method used

8



SEMANTIC NETWORKS AND THE THEORY OF INSTITUTIONS 9

by Aristotle to de�ne his categories by determining the genus or general
type and the di�erentia which distinguishes di�erent subtypes (species)
of the same super-type (genus). The �rst realizations of such networks
were used to de�ne concept types and relation patterns for mechanical
translation systems; Margaret Masterman's system [8] was the �rst to be
called a semantic network. Among contemporary systems, descriptive logics
constitute extensions of the features of Porphyry's tree. The latter, as well as
many types of descriptive logical systems, are subsets of classical �rst-order
logic. They belong to the class of monotone logical systems, in which new
information always leads to a monotonic growth of the number of provable
theorems, and no part of the old information can ever be deleted, or modi�ed.
Two recent descriptive logical systems are DAML and OIL, which are used
for the representation of knowledge in the semantic web.

Implicational networks are another type of semantic networks which
focuses on the relation of implication - as its name reveals -, and is used to
support automatic reasoning systems. Depending on the way in which such
systems handle implication, the corresponding networks can be designated as
belief networks, causal networks, Bayesian networks, or truth-maintainance
systems. Chuck Rieger [5], for example, developed a version of causal networks
which he used to analyze problem descriptions in english and translate
them into a network which could support meta-reasoning. Judea Pearl [6],[7]
- on the other hand -, who developed techniques for the application of
statistics and probabilities in the �eld of arti�cial intelligence, introduced
belief networks, which are causal networks on whose arrows probabilities are
added as labels. In fact, sometimes di�erent methods of reasoning can be
applied to the same basic graph with the addition of labels which indicate
truth-values or probabilities.

The most common among these methods are logical reasoning and pro-
babilistic reasoning. Methods of logical implication are mainly used in truth-
maintainance systems (TMS) [9]. A TMS begins from nodes whose truth-
value is known, and spreads in the whole network, combining forward and
backward reasoning. Due to its nature, it can be used for the veri�cation
of the network's consistency, the search for contradictions, or the �nding of
positions where the network can be modi�ed with the addition, or deletion, of
nodes. The result is a kind of non-monotonic reasoning called belief revision.
A big part of the forward and backward reasoning of a TMS can be adjusted
to a probabilistic interpretation, since truth and falsity can be thought of as
probabilities with values 1.0 and 0.0 respectively. But the continuous �eld of
probabilities from 0.0 to 1.0 requires �ner interpretations and computations
of a higher complexity. Pearl (2000), among others, studied extensively
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probabilistic logic in belief and causal networks.
Finally, we should not fail to mention that although implicational networks

focus on the relation of implication, they are capable of expressing all dyadic
connectives by allowing a conjunction of inputs and a disjunction of outputs
in a propositional node. Gentzen [10] has shown that a collection of im-
plications of this form - called sequents - can express all of propositional
logic.

Semantic networks appeared for the �rst time as a means for the con-
ceptual analysis of language, and only later did they develop into a tool for
the representation of knowledge, and the construction of automatic systems
of inference. Their formal aspects are � as we have seen � almost identical
with those of traditional logical systems, and in terms of expressiveness they
are equivalent to �rst-order logic1[2]. Thus, it seems that what is special
about them is that they use a graphic notation.

It has been argued that this graphic notation is an advantage of semantic
networks over symbolic logic, because it allows for all the information about
an entity to be stored in one node, and indicates the information relevant
to it through arrows directly connected to this node. To the contrary, in the
case of logical notation, the scattering of information not only destroys the
readability of the formula, but also obscures the semantic structure of the
sentence from which it derived. This argument is only a part of another,
more complicated one, which concerns the nature of semantics and how
di�erent notations can lead to di�erent systems with di�erent pragmatic
uses. Graphic notation is also thought to have heuristic value, as it helps
the readers discover patterns which would be di�cult, if not impossible, to
detect using linear notation. Finally, it seems that its main advantage is its
ability to present direct connections clearly, while linear notation must be
based on repeated appearances of variables or names.

2 The Theory of Institutions

The theory of institutions was developed in the context of computer
science, but the scope of its applications has grown much wider to include
even art, like music and theatre. According to Joseph Goguen - who introduced
it together with Rod Burstall - the purpose of this theory was to systematically
study general properties of logics, including the representation, implementa-

1Simple semantic networks can be appropriately extended so that they can express the
same logical information with �rst-order logic [17], while every semantic network can be
converted into a set of �rst-order formulas.
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tion, and translation of logics, by formalizing the notion of "a logical system"
using elegant categoric-theoretical constructions called institutions [3]. The
idea of creating such a theory was directly relevant to the state of computer
science at the time; an enormous diversity of di�erent logics were used in
it, which naturally led to a need for a way of bringing �an order to that
chaos�. Goguen and Burstall responded to this by developing the theory of
institutions.

De�nition. An institution I consists of

1. a category Sign, whose objects are called signatures and whose arrows
are called signature morphisms.

2. A functor Sen : Sign −→ Set, giving to each signature a set whose
elements are called sentences over that signature,

3. a functorMod : Sign −→ Catop giving for each signature Σ a category
whose objects are called
Σ−models, and whose arrows are called Σ− (model) morphisms, and

4. a relation �Σ⊆ |Mod (Σ) | × Sen (Σ) for each Σ ∈ |Sign|, called
Σ-satisfaction, such that for each signature morphism φ : Σ → Σ

′
,the

Satisfaction Condition

m
′
�Σ Sen (φ) (e) i�Mod (φ)

(
m
′
)
�Σ e

holds for each m
′ ∈ |Mod

(
Σ
′) | and each e ∈ Sen (Σ).

Every logical system consists of two basic elements: its syntax and its
semantics, namely, its syntactical features and the meaning of its symbols.
These two elements, although of a di�erent nature, are linked by the satis-
faction relation. Model theory, which combines abstract algebra and logic,
studies the relation between a formal language and its interpretations, or
models. But while traditional model theory supposes a stable vocabulary
(usually some �rst-order language), the notion of an institution allows us to
consider many di�erent vocabularies simultaneously. An institution consists
of a category of signatures (the various vocabularies) such that associated
with each signature are sentences, models, and a relationship of satisfaction
that, in a certain sense, is invariant under change of signature. Two familiar
examples of this set-up are equational logic and �rst-order logic (or model
theory). In equational logic, a signature Σ declares the function symbols
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that are available, Σ-sentences are equations using these function symbols,
and Σ-models are Σ-algebras. In �rst-order logic signatures in addition give
relation symbols, sentences are the usual �rst-order sentences, and models
are the usual �rst order structures. In both cases satisfaction is the familiar
relation.

The essence of the institution notion is, according to Goguen and Burstall,
that a change in signature (by using a signature morphism) induces �consistent�
changes in sentences and models in a sense made precise by the Satisfaction
Condition. This goes a step beyond Tarski's classic �semantic de�nition
of truth�[4], and also generalizes Barwise's �Translation Axiom�. The wide
range of consequences, and the fact that even for equational logic the Satis-
faction Condition is not entirely trivial, suggested to Burstall and Goguen
that this step has some substance. Moreover, it is a basic and familiar fact
that the truth of a sentence (in logic) is independent of the symbols chosen
to represent its functions and relations. In other words, it is a basic and
familiar fact that - in logic - truth is invariant under change of notation,
and it is this fact that the Satisfaction Condition was designed to re�ect. In
this way, institutions allow us to study the general structure of the various
formal languages, without taking into account their syntactic and semantic
di�erences.

A number of logical systems have been shown to satisfy the de�nition
given above including equational logic, �rst order logic, Horn-clause logic,
Horn-clause logic with equality, and �rst order logic with equality. For the
present purposes we will present, in some detail, a sketch of the proof for
the case of many-sorted �rst-order logic.

Theorem 1. (Many-sorted) �rst-order logic is an institution.

Proof. (Sketch) The �rst we need to do is de�ne the category of �rst-order
signatures FoSig.

A �rst-order signature Ω is a triple 〈S,Σ,Π〉 where
S is a set (of sorts),
Σ is an S∗ × S-indexed family of sets (of operator or function symbols),

and
Π is an S∗-indexed family of sets (of predicate or relation symbols),

where S∗ is the Kleene start of S: S∗ =
⋃
i∈N
Si, S0 = {λ} (the empty string),

S1 = S, and Si+1 = {ws|w ∈ Si ∧ s ∈ S} where i > 0.
A morphism of �rst order signatures φ : Ω → Ω

′
, is a triple 〈φ1, φ2, φ3〉

where
φ1 : S −→ S

′
is a function,
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φ2 : Σ → Σ
′
is an S∗ × S-indexed family of functions (φ2)u,s : Σu,s →

Σ
′

φ∗1(u),φ1(s) and

φ3 : Π→ Π
′
is an S∗-indexed family of functions (φ3)u : Πu → Π

′

φ∗1(u).
Thus the objects of the category FoSig are �rst order signatures, and its

morphisms are �rst order signature morphisms.

Next, we have to de�ne the category FoMod which has �rst order models
as its objects, and �rst-order morphims as its morphisms.

For a �rst-order signature Ω, an Ω-model (or Ω-structure) A consists of
an S-indexed family |A| of non-empty sets 〈As|s ∈ S〉, where As is called

the carrier of sort s, and
an S∗×S-indexed family α of functions αu,s : Σu,s → [Au → As] assigning

a function to each function symbol, and an S∗-indexed family β of functions
βu : Πu → Pow (Au) assigning a relation to each predicate symbol, where
Pow (A) denotes the set of subsets of A.

For π ∈ Πu with u = s1...sn and ai ∈ Asi for i = 1, ..., n we say that
�π (a1, ..., an) holds� (in A) i� (a1, ..., an) ∈ β (π).

A �rst-order Ω-homomorphism f : A→ A′ of Ω−models is an S-indexed
family of functions fs : As → A

′
s such that the homomorphism condition

holds for Σ, and such that for π ∈ Πu with u = s1...sn and with ai ∈ Asi for
i = 1, ..., n

β (π) (a1, ..., an) =⇒ β'(π) (fs1 (a1) , ..., fsn (an)).

FoMod, which has Ω-models as objects and �rst order Ω-homomor-
phisms as morphisms, extends to a functor FoMod :FoSig → Catop as
follows:

Given a �rst-order signature morphism φ : Ω→ Ω′, de�ne the functor

FoMod (φ) : FoMod (Ω′)→ FoMod (Ω)

to send: �rst of all, A
′
in |FoMod

(
Ω
′) | to A = φA

′
de�ned by

As = A
′

s′
for s ∈ S with s

′
= φ1 (s),

αu,s (σ) = α
′

u′ ,s′

(
(φ2)u,s (σ)

)
for u ∈ S∗, s ∈ S and σ ∈ Σu,s where

u
′
= φ∗1 (u) and s

′
= φ1 (s),

βu (π) = β
′

u′
((φ3)u (π)) for u ∈ S∗ and π ∈ Πu with u

′
as above;

and secondly, to send f
′

: A
′ → B

′
in FoMod

(
Ω
′)
to f = φf

′
: A → B

in FoMod (Ω), where A = φA
′
and B = φB

′
, de�ned by fs = fs′ where

s
′
= φ1 (s). It is easy to see that this construction does indeed give a functor.

The next step is to de�ne the sentences over a �rst-order signature Ω,
which is done the usual way, by �rst de�ning terms and formulas. For the
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variables, let X be a �xed in�nite set of variable symbols, and let X : X → S
with X−1(s) in�nite for any s ∈ S be a partial function, i.e. sort assortment;
X also denotes the S-indexed set with Xs = {x ∈ X |X (x) = s}. Finally, an
Ω-sentence is de�ned to be a closed Ω-formula. If we let FoSen (Ω) denote the
set of all Ω-sentences, and we additionally de�ne the e�ect of FoSen on �rst
order signature morphisms, we get the functor FoSigSen : FoSig→ Set,
which gives for each signature Ω the set of all sentences which can be de�ned
on it.

Now in order to show that �rst-order logic is an institution, it remains
to de�ne the satisfaction relation and to verify the Satisfaction Condition.

Given a sentence P , de�ne AsgnX (A,P ), the set of assignments in A for
which P is true inductively as follows:

if P = π (t1, ..., tn) then f ∈ AsgnX (A,P ) i�
(
f# (t1) , ..., f# (tn)

)
∈

β (π), where f# (t) denotes the evaluation of Σ-term t in the Σ-algebra part
of A with the values of variables given by the assignment f using initially:

AsgnX (A, true) = AsgnX (A)
AsgnX (A,¬P ) = AsgnX (A)− AsgnX (A,P )
AsgnX (A,P&Q) = AsgnX (A,P ) ∩ AsgnX (A,Q)
AsgnX (A, (∀x)P ) = {f |AsgnX (A, f, x) ⊆ AsgnX (A,P )},

where AsgnX (A, f, x) is the set of all assignments f
′
that agree with f except

possibly on the variable x from X.
Then a model A satis�es a sentence P with variables from X, that is,

A � P , i� AsgnX (A,P ) = AsgnX (A).

Finally, the veri�cation of the Satisfaction Condition was proven using
charters and parchments [15][16], but it is too complicated to be presented
here.

3 Towards an Institutional Framework

for Semantic Networks

Symbolic logic and semantic networks constitute - in essence - di�erent
ways of representing information. A logical system represents information
using a linear notation, while a semantic network does the same using a
graphic notation. In order to realize this, it su�ces to consider Peirce's
relational graphs, which belong to the type of assertional networks2. Charles

2Assertional networks are designed to assert propositions. Unlike de�nitional networks,
the information in an assertional network is assumed to be contingently true, unless it is
explicitly marked with a modal operator. Some assertional networks have been proposed
as models of the conceptual structures underlying natural language semantics [1].
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Fig 1: One of Peirce's relational graphs, taken from [1].

Sanders Peirce [12][13] developed the algebraic notation which, with a change
of symbols by Peano [14], has become the modern notation of predicate
calculus. Nevertheless, even after he had done so, Peirce kept on looking for
a graphic notation that would more clearly show �the atoms and molecules
of logic�. To this end he devised his relational graphs, an example of which
we see in �gure 1. This graph contains three branching lines of identity, each
of which corresponds to an existential quanti�er variable in the algebraic
notation.The words, or phrases, attached to these lines correspond to the
relations or predicates in the algebraic notation. Thus �gure 1 corresponds
to the following formula in predicate calculus:

(∃x) (∃y) (∃z) (isStagirite (x) ∧ teaches (x, y) ∧ isMacedonian (y)∧
conquersTheWorld (y) ∧ isDiscipleOf (y, z) ∧ isOpponentOf (y, z)∧

isAdmiredByChurchFathers (z)).

But although every semantic network can be translated into symbolic
logic, there is no commonly accepted formalization for doing so. To the
contrary, there are many di�erent individual formalisms, and the transition
between them is not a straight-forward task. The variety of symbolisms
and expressions used as mathematical formalisms for semantic networks are
very useful, but we claim that the institutional machinery - using tools
from abstract model theory - can provide a general logical framework for
their representation. In particular, Horn-clause logic and �rst-order logic
institutions pave the way for such a framework.

It does not come as a surprise that the vague notion of a semantic network
can be formalized - in the context of the theory oftion institutions - in a
way very similar to that of �rst-order logic [11]. Using the �rst-order logic
institution as an �umbrella�, we can handle the formal representation of
semantic networks via institutions embedding. More speci�cally, the institu-
tion of semantic networks can be identi�ed with the institution of Horn-
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clause logic with negation, which is embedded into the �rst-order logic
institution. What follows is a brief sketch of the relevant proof.

Theorem 2. Semantic networks form an institution.

Proof. (Sketch) In order to show that semantic networks form an institu-
tion, it su�ces that we follow the relevant proof for many-sorted �rst-order
logic step by step, and adjust it accordingly to accommodate the notion of a
semantic network. To begin with, we must de�ne the category SemSig which
has as objects semantic signatures and as morphisms semantic morphisms.

A signature Ω ∈ SemSig consists of a set S (of sorts) and an S∗-indexed
family of sets Π (of predicate or relation symbols). Sorts correspond to
concept types, and predicate symbols to relations between them.

A semantic morphism φ : Ω → Ω
′
is a tuple 〈φ1, φ2〉 where φ1 : S → S

′

is a function and φ2 : Π→ Π
′
is a family of functions (φ2)u : Πu → Π

′

φ∗1(u).
At this point it becomes obvious that the only di�erence with �rst-order

logic is that in the case of semantic networks we have no operator or function
symbols. By leaving out function symbols, we go on to de�ne �rst the functor
SemMod : SemSig→ Catop, and then the functor

SemSigSen : SemSig→ Set.

The former gives for each signature Ω the category of Ω−models, and the
later the set of all sentences that can be de�ned on it. Finally, we de�ne
the satisfaction relation just as in the case of �rst-order logic, and get the
veri�cation of the Satisfaction Condition as a straightforward consequence
of its �rst-order logic counterpart.

The institution of semantic networks - which can be identi�ed with the
institution of Horn-clause logic with negation - allows us to study their
general properties without taking into account their syntactic and semantic
di�erences, just as we can do for �rst-order languages through the institution
of �rst-order logic. The full signi�cance of such a study is yet to be assessed,
since it is yet to be conducted, but given the current extensive use of
di�erent semantic networks in projects like the semantic web and in arti�cial
intelligence, the study of their general structure is more relevant than ever.
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Ãðóïïà íàçûâàåòñÿ õîïôîâîé, åñëè âñÿêèé å¼ ãîìîìîðôèçì íà ñå-
áÿ èìååò òðèâèàëüíîå ÿäðî, ò.å. ÿâëÿåòñÿ àâòîìîðôèçìîì. Äàëåå áóäåì
ñ÷èòàòü, ÷òî p è q âçàèìíî ïðîñòûå öåëûå ÷èñëà, íå ðàâíûå 0, 1, -1. Áà-
óìñëàã è Ñîëèòåð [1] âïåðâûå ïðåäëîæèëè ñåðèþ ïðèìåðîâ íåõîïôîâûõ
ãðóïï ñ äâóìÿ ïîðîæäàþùèìè ýëåìåíòàìè è îäíèì ñîîòíîøåíèåì, îíè
òåïåðü îáîçíà÷àþòñÿ

BS(p, q) = 〈a, t‖t−1apt = aq〉.

Ýòè ãðóïïû îêàçàëèñü èíòåðåñíûìè è ñ äðóãèõ ïîçèöèé: ãåîìåòðè÷åñêèõ
ñâîéñòâ, ôóíêöèé ðîñòà, ôóíêöèè Äýíà è ò.ä. (ñì. [2])

Áóäåì íàçûâàòü êîíå÷íî ïîðîæäåííóþ ãðóïïó G îáîáùåííîé ãðóï-
ïîé Áàóìñëàãà�Ñîëèòåðà (GBS ãðóïïîé) åñëè ãðóïïà G ìîæåò äåéñòâî-
âàòü íà äåðåâå òàê, ÷òî ñòàáèëèçàòîðû âåðøèí è ðåáåð � áåñêîíå÷íûå
öèêëè÷åñêèå ãðóïïû. Ïî òåîðåìå Áàññà-Ñåððà ãðóïïà G ïðåäñòàâèìà â
âèäå π1(A) � ôóíäàìåíòàëüíîé ãðóïïû íåêîòîðîãî ãðàôà ãðóïï A (ñì.,
íàïðèìåð, [3] èëè [4]), âåðøèííûå è ðåáåðíûå ãðóïïû êîòîðîãî áåñêî-
íå÷íûå öèêëè÷åñêèå ãðóïïû.

Âñÿêîé GBS ãðóïïå G ìîæíî ñîïîñòàâèòü ãðàô ñ ìåòêàìè (Γ, λ), ãäå
Γ � êîíå÷íûé ãðàô, à λ : E(Γ)→ Z \ {0} ìåòêè íà ðåáðàõ Γ. Ìåòêà λ(e),
íàïèñàííàÿ íà ðåáðå e ñ íà÷àëîì â âåðøèíå v, îïðåäåëÿåò âëîæåíèå
αe : e→ vλ(e) öèêëè÷åñêîé ðåáåðíîé ãðóïïû 〈e〉 â öèêëè÷åñêóþ âåðøèí-
íóþ ãðóïïó 〈v〉 (ïîäðîáíåå î ãðàôàõ ñ ìåòêàìè è èõ ñâîéñòâàõ ñìîòðè
�1).

Îòìåòèì, ÷òî GBS ãðóïïû äîâîëüíî àêòèâíî èññëåäîâàëèñü â ïî-
ñëåäíåå âðåìÿ [5], [6], [7]. Â ÷àñòíîñòè, àêòèâíî îáñóæäàëàñü ïðîáëåìà
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èçîìîðôèçìà GBS ãðóïï: îïðåäåëèòü àëãîðèòìè÷åñêè êîãäà äâà äàí-
íûõ ãðàôà ñ ìåòêàìè çàäàþò èçîìîðôíûå GBS ãðóïïû. Íåñìîòðÿ íà òî,
÷òî â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ ïðîáëåìà èçîìîðôèçìà áûëà ðåøåíà
[8], [9], [10], â îáùåì ñëó÷àå ñóùåñòâîâàíèå àëãîðèòìà íå óñòàíîâëåíî.

Ïóñòü T � äåðåâî íà êîòîðîì GBS ãðóïïà G äåéñòâóåò êàê îïèñà-
íî âûøå. Ýëåìåíò g ∈ G íàçûâàåòñÿ ýëëèïòè÷åñêèì åñëè îí ôèêñè-
ðóåò íåêîòîðóþ âåðøèíó. Åñëè g íå ýëëèïòè÷åñêèé, òî îí ãèïåðáîëè÷å-
ñêèé: ñóùåñòâóåò g-èíâàðèàíòíàÿ îñü íà êîòîðîé g äåéñòâóåò ñäâèãàìè
íà ïîëîæèòåëüíîå öåëîå l(g). Îïðåäåëåíèå ýëëèïòè÷íîñòè ýëåìåíòà êîð-
ðåêòíî, íå çàâèñèò îò êîíêðåòíîãî äåéñòâèÿ è äåðåâà, è îïðåäåëÿåòñÿ
òåîðåòèêî-ãðóïïîâûìè ñâîéñòâàìè ãðóïïû G [11].

Îïðåäåëèì ìîäóëÿðíûé ãîìîìîðôèçì ∆: G → Q∗. Äëÿ äàííîãî
g ∈ G âûáåðåì ïðîèçâîëüíûé íåòðèâèàëüíûé ýëëèïòè÷åñêèé ýëåìåíò
a ∈ G, òîãäà äëÿ íåêîòîðûõ öåëûõ m è n, íå ðàâíûõ 0, âûïîëíÿåòñÿ
ðàâåíñòâî g−1amg = an. Â ýòîì ñëó÷àå ïîëàãàåì ∆(g) = m

n
. Íåñëîæíî

äîêàçàòü, ÷òî òàêîå îïðåäåëåíèå êîððåêòíî. Ìîäóëÿðíûé ãîìîìîðôèçì
èãðàåò âàæíóþ ðîëü â èññëåäîâàíèè GBS ãðóïï.

Ïóñòü p è q � âçàèìíî ïðîñòûå öåëûå ÷èñëà, íå ðàâíûå 0, 1 è −1.
Ïîíÿòíî, ÷òî åñëè BS(p, q) ⊆ G, òî p

q
∈ ∆(G). Îáðàòíî, åñëè p

q
∈ ∆(G),

òî â ãðóïïå G ðàçðåøèìî óðàâíåíèå x−1ypx = yq, îäíàêî, íåÿñíî, âåðíî
ëè, ÷òî â ýòîì ñëó÷àå ãðóïïà BS(p, q) ÿâëÿåòñÿ ïîäãðóïïîé ãðóïïû G.
Â 2007 ãîäó Ã. Ëåâèòò [10] ñðåäè ïðî÷èõ çàìå÷àíèé ïèøåò, ÷òî ñêîðåå
âñåãî íå âåðíî òî, ÷òî ãðóïïà G ñîäåðæèò BS(p, q) åñëè p

q
6= ±1 ïðèíàä-

ëåæèò ∆(G). Òàêèå ñîìíåíèÿ âåñüìà åñòåñòâåííû, ÷òîáû ýòî óâèäåòü
ðàññìîòðèì ñëåäóþùèé

Ïðèìåð. Ïóñòü G � GBS ãðóïïà çàäàííàÿ ãðàôîì ñ ìåòêàìè Ã, ñì.
ðèñóíîê. Òîãäà G ∼= 〈x, y, s|x2 = y3, s−1y2s = x3〉.

Ñóùåñòâóåò åñòåñòâåííûé ãîìîìîðôèçì èç BS(4, 9) ∼= 〈a, t|t−1a4t =
a9〉 â ãðóïïó G çàäàííûé íà ïîðîæäàþùèõ òàê:

ϕ :

{
a→ x,
t→ s.
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Îäíàêî, ýòîò ãîìîìîðôèçì íå ÿâëÿåòñÿ âëîæåíèåì. Äåéñòâèòåëü-
íî, ïî ëåììå Áðèòòîíà (ñì. �1) êîììóòàòîð [a2, ta3t−1] 6= 1 â ãðóï-
ïå Áàóìñëàãà-Ñîëèòåðà, íî åãî îáðàç â ãðóïïå G ðàâåí [x2, sx3s−1] =
[y3, y2] = 1.

Òåì íå ìåíåå âëîæåíèå óäàåòñÿ íàéòè.
Òåîðåìà. Ïóñòü G � GBS ãðóïïà è p è q � âçàèìíî ïðîñòûå öå-

ëûå ÷èñëà, íå ðàâíûå 0, 1 è -1. Ãðóïïà Áàóìñëàãà�Ñîëèòåðà BS(p, q)
âêëàäûâàåòñÿ â ãðóïïó G òîãäà è òîëüêî òîãäà, êîãäà p

q
∈ ∆(G).

Íàðÿäó ñ ïðîáëåìîé èçîìîôèçìà GBS ãðóïï, âèäèìî, ñòîèò èññëåäî-
âàòü ïðîáëåìó âëîæåíèÿ GBS ãðóïï: îïðåäåëèòü àëãîðèòìè÷åñêè êîãäà
äâà äàííûõ ãðàôà ñ ìåòêàìè A1 = (Γ1, λ1) è A2 = (Γ2, λ2) çàäàþò òàêèå
GBS ãðóïïû, ÷òî ãðóïïà π1(A1) âêëàäûâàåòñÿ â ãðóïïó π1(A2).

Ãèïîòåçà. Ïðîáëåìà âëîæåíèÿ GBS ãðóïï ðàçðåøèìà.
Â ïîëüçó ýòîé ãèïîòåçû ìîæíî ïðèâåñòè ðåçóëüòàòû ðàáîòû Õ. Áàñ-

ñà [12]. Â ýòîé ðàáîòå ðàçðàáîòàíà òåîðèÿ íàêðûòèé ãðàôîâ ãðóïï è
äëÿ äâóõ ãðàôîâ ãðóïï A1 è A2 ïðèâåäåíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ âëîæåíèÿ π1(A1) â π1(A2). Ñ äðóãîé ñòîðîíû, ýòè óñëîâèÿ ñôîð-
ìóëèðîâàíû òàê, ÷òî òðåáóåòñÿ íåìàëî óñèëèé, ÷òîáû ðåàëèçîâàòü èõ â
êîíêðåòíûõ ñëó÷àÿõ. Â 2009 ãîäó [13] àâòîð óñïåøíî èñïîëüçîâàë òåðå-
ìó Õ. Áàññà äëÿ îïèñàíèÿ âñåõ ïîäãðóïï ãðóïïû BS(p, q) â òåðìèíàõ
ãðàôîâ ñ ìåòêàìè ïðè ïðîñòûõ ðàçëè÷íûõ p è q, à â 2010 ãîäó [14] îïè-
ñàë ïîäãðóïïû êîíå÷íîãî èíäåêñà ãðóïïû BS(p, q) è ñîîòâåòñòâóþùèå
èì ãðàôû ñ ìåòêàìè ïðè âçàèìíî ïðîñòûõ p è q.
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Â ñòàòüå èçó÷àþòñÿ íåïîäâèæíûå òî÷êè ìîäàëüíûõ ôîðìóë è ñâîé-
ñòâà îïðåäåëÿþùèõ ôîðìóë äëÿ ýòèõ òî÷åê.

Ðàíåå àâòîðîì áûëî äîêàçàíî, ÷òî äëÿ ôîðìóë ñ âíåøíèìè ìîäàëü-
íîñòÿìè "âîçìîæíî"(ýòî îçíà÷àåò, ÷òî ëþáîå âõîæäåíèå ìîäàëüíîñòè
"íåîáõîäèìî"íàõîäèòñÿ ïîä äåéñòâèåì íåêîòîðîé ìîäàëüíîñòè "âîçìîæ-
íî") è ïîçèòèâíûì âõîæäåíèåì âûäåëåííîé ïåðåìåííîé èõ íàèìåíüøèå
íåïîäâèæíûå òî÷êè òàêæå îïðåäåëèìû ñ ïîìîùüþ ôîðìóë ñ âíåøíè-
ìè ìîäàëüíîñòÿìè "âîçìîæíî"íà òðàíçèòèâíûõ ìîäåëÿõ. Áîëåå òîãî,
äëÿ òàêèõ ôîðìóë èõ íàèìåíüøèå íåïîäâèæíûå òî÷êè îïðåäåëèìû ñ
ïîìîùüþ èòåðàöèè. Òî åñòü ñâîéñòâà ýòèõ ôîðìóë àíàëîãè÷íû ñâîé-
ñòâàì ôîðìóë, â êîòîðûõ âñòðå÷àåòñÿ òîëüêî ìîäàëüíîñòü "âîçìîæíî".
Ýòî îçíà÷àåò, ÷òî â ìîäàëüíûõ ëîãèêàõ äëÿ îïðåäåëèìîñòè íàèìåíüøèõ
íåïîäâèæíûõ òî÷åê âíåøíèå ìîäàëüíñòè èãðàþò ðåøàþùóþ ðîëü. Ýòî
çàìå÷àíèå ïðèâîäèò ê èññëåäîâàíèþ ôîðìóë ñ âíåøíèìè ìîäàëüíîñòÿ-
ìè "íåîáõîäèìî". Äîêàçàíî, ÷òî äëÿ ôîðìóë ñ âíåøíèìè ìîäàëüíîñòÿ-
ìè "íåîáõîäèìî"è ïîçèòèâíûì âõîæäåíèåì âûäåëåííîé ïåðåìåííîé èõ
íàèìåíüøèå íåïîäâèæíûå òî÷êè òàêæå îïðåäåëèìû ñ ñîõðàíåíèåì ïî-
çèòèâíîñòè ïàðàìåòðîâ ñ ïîìîùüþ ôîðìóë ñ âíåøíèìè ìîäàëüíîñòÿìè
"íåîáõîäèìî"â ðåôëåêñèâíõ è èððåôëåêñèâíûõ ìîäåëÿõ ñî ñëàáûì óñëî-
âèåì êîíôèíàëüíîñòè âîçðàñòàþùèõ öåïåé, ÷òî ïîäòâåðæäàåò âàæíîñòü
âíåøíèõ ìîäàëüíîñòåé. Òàêèì îáðàçîì, ìîæíî ñêàçàòü, ÷òî âíåøíèå ìî-
äàëüíîñòè ñîõðàíÿþòñÿ ïðè ïåðåõîäå ê îïðåäåëÿþùèì ôîðìóëàì. Ýòî
ñòàâèò çàäà÷ó èññëåäîâàíèÿ ñâîéñòâ ôîðìóë, ñîõðàíÿþùèõñÿ ïðè ïåðå-
õîäå ê îïðåäåëÿþùèì ôîðìóëàì.

Ìîäàëüíûå ïðîïîçèöèîíàëüíûå ôîðìóëû ñîñòàâëÿþòñÿ èç ïðîïîçè-
öèîíàëüíîé êîíñòàíòû⊥ (ëîæü) è ïðîïîçèöèîíàëüíûõ ïåðåìåííûõ p, q, r, . . .
ñ ïîìîùüþ áèíàðíûõ ñâÿçîê ∧, ∨ è óíàðíûõ ñâÿçîê ¬, � è ♦.

Øêàëà Êðèïêå 〈W,R 〉 ñîñòîèò èç íåïóñòîãî ìíîæåñòâà W è áèíàð-
íîãî îòíîøåíèÿ R íà W . Ìîäåëü Êðèïêå 〈W,R, v 〉 ñîñòîèò èç øêàëû
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Êðèïêå 〈W,R 〉 è îçíà÷èâàíèÿ v. Îçíà÷èâàíèå v � ýòî ôóíêöèÿ, êîòî-
ðàÿ êàæäîé ïåðåìåííîé q ñòàâèò â ñîîòâåòñòâèå ïîäìíîæåñòâî v(q) ìíî-
æåñòâà W . Çíà÷åíèå ïåðåìåííîé qi áóäåì îáîçíà÷àòü ñîîòâåòñòâóþùåé
ïðîïèñíîé áóêâîé Qi. Ôóíêöèÿ v åñòåñòâåííûì îáðàçîì ïðîäîëæàåòñÿ
íà ôîðìóëû: êîíñòàíòå ⊥ âñåãäà ñîîòâåòñòâóåò ïóñòîå ìíîæåñòâî, ñâÿç-
êàì ¬, ∧, ∨, �, ♦ ñîîòâåòñòâóþò äîïîëíåíèå, ïåðåñå÷åíèå, îáúåäèíåíèå
è ñëåäóþùèå îïåðàöèè íà ìíîæåñòâàõ:

�A = {x | ∀y(xRy ⇒ y ∈ A)}, ♦A = {x | ∃y(xRy ∧ y ∈ A)}.

Ïóñòü äàíà ôîðìóëà ϕ(p, q1, . . . , qn) îò ïåðåìåííûõ p, q1, . . . , qn è ìî-
äåëü Êðèïêå 〈W,R, v 〉, â êîòîðîé çàäàíû çíà÷åíèÿ Q1, . . . , Qn ïåðåìåí-
íûõ q1, . . . , qn, à çíà÷åíèå ïåðåìåííîé p íå çàäàíî. Ôîðìóëà ϕ îïðåäå-
ëÿåò íà ìîäåëè 〈W,R, v 〉 îïåðàòîð Fϕ(P ) = ϕ(P,Q1, . . . , Qn). Ìíîæå-
ñòâî P íàçûâàåòñÿ íåïîäâèæíîé òî÷êîé îïåðàòîðà F , åñëè âûïîëíÿåòñÿ
P = F (P ). Åñëè íåïîäâèæíàÿ òî÷êà P ñîâïàäàåò ñî çíà÷åíèåì íåêî-
òîðîé ôîðìóëû ω(q1, . . . , qn), òî ôîðìóëà ω îïðåäåëÿåò íåïîäâèæíóþ
òî÷êó P .

Ïåðåìåííàÿ âõîäèò â ôîðìóëó òîëüêî ïîçèòèâíî, åñëè âñå åå âõîæ-
äåíèÿ íàõîäÿòñÿ ïîä äåéñòâèåì ÷åòíîãî ÷èñëà îòðèöàíèé.

Ôîðìóëà ω ñîõðàíÿåò ïîçèòèâíîñòü ïàðàìåòðîâ, åñëè äëÿ êàæäîãî qi
âåðíî, ÷òî åñëè qi âõîäèò â ϕ òîëüêî ïîçèòèâíî, òî è â ω ïåðåìåííàÿ qi
âõîäèò òîëüêî ïîçèòèâíî.

Øêàëà Êðèïêå < W,R > íàçûâàåòñÿ øêàëîé ñ óñëîâèåì êîíôèíàëü-
íîñòè áåñêîíå÷íî âîçðàñòàþùèõ öåïåé, åñëè äëÿ ëþáîé áåñêîíå÷íî âîç-
ðàñòàþùåé öåïè x1Rx2R . . . (xi íå ðàâíî xj) ñóùåñòâóåò xi òàêîé, ÷òî
äëÿ ëþáîãî xiRy ñóùåñòâóåò xj òàêîé, ÷òî yRxj.

Òåîðåìà 1. Äëÿ ëþáîé ôîðìóëû ϕ(p, q1, . . . , qn), ïîçèòèâíîé ïî p, ñ
âíåøíèìè ìîäàëüíîñòÿìè �, ñóùåñòâóåò ôîðìóëà ω(q1, . . . , qn), ñîõðà-
íÿþùàÿ ïîçèòèâíîñòü ïàðàìåòðîâ, ñ âíåøíèìè ìîäàëüíîñòÿìè � è
îïðåäåëÿþùàÿ íàèìåíüøóþ íåïîäâèæíóþ òî÷êó îïåðàòîðà Fϕ â ëþáîé
÷àñòè÷íî óïîðÿäî÷åííîé ìîäåëè ñî ñëàáûì óñëîâèåì êîíôèíàëüíîñòè
âîçðàñòàþùèõ öåïåé.

Àíàëîãè÷íàÿ òåîðåìà âåðíà è äëÿ ñòðîãî ÷àñòè÷íî óïîðÿäî÷åííûõ
ìîäåëåé ñî ñëàáûì óñëîâèåì êîíôèíàëüíîñòè âîçðàñòàþùèõ öåïåé.

Êîíñòðóêöèÿ ÷åðåñ÷óð ãðîìîçäêà, ñëîæíà è òðåáóåò ìíîãî äîïîëíè-
òåëüíûõ îïðåäåëåíèé, ÷òîáû ïðèâîäèòü åå çäåñü. Â ïîëíîì âèäå åå ìîæ-
íî íàéòè â äèññåðòàöèè [1]. Äëÿ äîêàçàòåëüñòâà äîñòàòî÷íî òùàòåëüíî
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ïðîñëåäèòü çà íèæíåé ÷àñòüþ êîíñòðóêöèè, îòâå÷àþùåé çà âíåøíèå ìî-
äàëüíîñòè. Ýòî äîñòàòî÷íî òåõíè÷åñêàÿ çàäà÷à.

Â ñâÿçè ñ ýòèì ðåçóëüòàòîì âîçíèêàåò îáùàÿ ïðîáëåìà èññëåäîâàíèÿ
ñâîéñòâ èñõîäíîé ôîðìóëû ϕ, êîòîðûå ìîæíî ïåðåíåñòè íà îïðåäåëÿþ-
ùóþ ôîðìóëó ω.

Ëèòåðàòóðà
[1] Íåïîäâèæíûå òî÷êè ìîäàëüíûõ îïåðàòîðîâ, äèññåðòàöèÿ íà ñî-

èñêàíèå ó÷åíîé ñòåïåíè ä.ô.-ì.í., Íîâîñèáèðñê, 2001, 237 ñ.
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Êàê õîðîøî èçâåñòíî êðóã àëãåáðàè÷åñêèõ ñâîéñòâ àëãåáðàè÷åñêèõ
ñèñòåì è îòíîøåíèé ìåæäó ïîñëåäíèìè âûðàçèìûõ â ðàìêàõ ÿçûêà èñ-
÷èñëåíèÿ ïðåäèêàòîâ ïåðâîãî ïîðÿäêà äîñòàòî÷íî îãðàíè÷åí. Â òî æå
âðåìÿ, ïðàêòè÷åñêè âñå ýòè ñâîéñòâà è îòíîøåíèÿ ìîãóò áûòü âûðàæå-
íû â ðàìêàõ ÿçûêà âòîðîãî ïîðÿäêà. Îäíàêî ýòà ìîùü ÿçûêà âòîðîãî
ïîðÿäêà, ñ äðóãîé ñòîðîíû, ïðèâîäèò ê òîìó, ÷òî ôàêòè÷åñêè íåâîçìîæ-
íà îáùàÿ ñîäåðæàòåëüíàÿ òåîðèÿ ìîäåëåé ýòîãî ÿçûêà. Â ýòîì ïëàíå
ïðîìåæóòî÷íîå ïîëîæåíèå ìåæäó ÿçûêàìè ïåðâîãî è âòîðîãî ïîðÿäêà
çàíèìàþò áåñêîíå÷íûå ÿçûêè âèäà Lωαω ïîñòðîåííûå êàê íåêîòîðîå ïî-
äîáèå (îáîáùåíèå) ÿçûêà ïåðâîãî ïîðÿäêà è, â òî æå âðåìÿ, çíà÷èòåëüíî
áîëåå âûðàçèòåëüíûå, ÷åì ÿçûê ïåðâîãî ïîðÿäêà.

Ïðè ýòîì öåëûé ðÿä ñâîéñòâ àëãåáðàè÷åñêèõ ñèñòåì âûðàçèìûõ èç-
íà÷àëüíî, â ñèëó èõ èñõîäíîãî îïðåäåëåíèÿ, â ÿçûêå âòîðîãî ïîðÿäêà
îêàçûâàþòñÿ âûðàçèìûìè ôîðìóëàìè áåñêîíå÷íûõ ÿçûêîâ. Â êà÷åñòâå
ïðèìåðà ïîäîáíîé ñèòóàöèè óêàæåì íà ðàáîòû àâòîðà [1], [2] â êîòî-
ðûõ, â ÷àñòíîñòè, óñòàíàâëèâàåòñÿ âîçìîæíîñòü ïîäîáíîé âûðàçèìî-
ñòè â áåñêîíå÷íûõ ÿçûêàõ äëÿ îòíîøåíèé ãåîìåòðè÷åñêîé ýêâèâàëåíò-
íîñòè óíèâåðñàëüíûõ àëãåáð, ñèíòàêñè÷åñêîé íåÿâíîé ýêâèâàëåíòíîñòè
àëãåáð, îïðåäåëèìîñòè êëàññè÷åñêèõ Ãàëóà-çàìûêàíèé ïîäàëãåáð óíè-
âåðñàëüíûõ àëãåáð è ò.ä.

Ïîäîáíûì âîïðîñàì, ñâÿçàííûì ñ ïîíÿòèåì æåñòêîñòè àëãåáðàè÷å-
ñêèõ ñèñòåì (îòñóòñòâèÿ íåòðèâèàëüíûõ àâòîìîðôèçìîâ, ýíäîìîðôèç-
ìîâ ¾íà¿) è èõ òðàíçèòèâíîñòè, à òàêæå íåêîòîðûì ñâîéñòâàì ñâÿçàí-
íûì ñ êîíãðóýíöèÿìè àëãåáð è ïîñâÿùåíà ýòà ðàáîòà.

Íàïîìíèì (ñì., ê ïðèìåðó, [3], [4]), ÷òî àëãåáðàè÷åñêàÿ ñèñòåìà íàçû-
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âàåòñÿ æåñòêîé (ýïèæåñòêîé, onto-rigid â òåðìèíîëîãèè [4]), åñëè îíà íå
èìååò íåòðèâèàëüíûõ àâòîìîðôèçìîâ (íåòðèâèàëüíûõ ýíäîìîðôèçìîâ
íà ñåáÿ). Î÷åâèäíûì îáðàçîì ýòî ñâîéñòâî, â ñëó÷àå êîíå÷íîñòè ñèãíà-
òóðû, çàïèñûâàåòñÿ íà ÿçûêå èñ÷èñëåíèÿ ïðåäèêàòîâ âòîðîãî ïîðÿäêà.
Â òî æå âðåìÿ îíî íå ìîæåò áûòü çàïèñàíî íà ÿçûêå ëîãèêè ïåðâîãî
ïîðÿäêà ( ê ïðèìåðó, ñóùåñòâóþò áåçàòîìíûå, à, çíà÷èò, ýëåìåíòàðíî
ýêâèâàëåíòíûå áóëåâû àëãåáðû êàê æåñòêèå (ñì. [5]), òàê è íå ÿâëÿþ-
ùèåñÿ òàêîâûìè). Áîëåå òîãî, ñóùåñòâóþò äàæå ñ÷åòíûå ýëåìåíòàðíî
ýêâèâàëåíòíûå ñèñòåìû êîíå÷íîé ñèãíàòóðû îäíà èç êîòîðûõ æåñòêàÿ,
äðóãàÿ � íåò: ïóñòü A = ω ÿâëÿåòñÿ ïåðâûì áåñêîíå÷íûì îðäèíàëîì, à
B � ëþáîå ýëåìåíòàðíî ýêâèâàëåíòíîå A ñ÷åòíîå îòëè÷íîå îò A ëèíåé-
íî óïîðÿäî÷åííîå ìíîæåñòâî, òîãäà, î÷åâèäíûì îáðàçîì, A � æåñòêàÿ
ñèñòåìà, à B � íåò. Ïîêàæåì, ÷òî òàêîå íåâîçìîæíî äëÿ ñ÷åòíûõ àëãåá-
ðàè÷åñêèõ ñèñòåì ýêâèâàëåíòíûõ â ÿçûêå Lω1ω. Ïî ïîâîäó îïðåäåëåíèÿ
ÿçûêà Lω1ω ñì., ê ïðèìåðó, [6].

Äëÿ ëþáîãî íàòóðàëüíîãî n àëãåáðà A = 〈A;σ〉 íàçûâàåòñÿ (ñì., ê
ïðèìåðó, [3]) n-òðàíçèòèâíîé, åñëè äëÿ ëþáûõ a1, . . . , an, b1, . . . , bn ∈ A
òàêèõ, ÷òî ai = aj òîãäà è òîëüêî òîãäà, êîãäà bi = bj ñóùåñòâóåò
ϕ ∈ AutA òàêîé, ÷òî ϕ(ai) = bi äëÿ i 6 n. Áåç òðóäà, íà ïðèìåðå
ïëîòíûõ ëèíåéíûõ ïîðÿäêîâ çàìå÷àåòñÿ, ÷òî ñâîéñòâî, ê ïðèìåðó, 1-
òðàíçèòèâíîñòè íå ìîæåò áûòü çàïèñàíî íà ÿçûêå ïåðâîãî ïîðÿäêà, â òî
âðåìÿ êàê îïðåäåëåíèå n-òðàíçèòèâíîñòè ôîðìóëèðóåòñÿ â ÿçûêå âòîðî-
ãî ïîðÿäêà. Ïîêàæåì, ÷òî äëÿ ñ÷åòíûõ àëãåáðàè÷åñêèõ ñèñòåì ñâîéñòâà
n-òðàíçèòèâíîñòè, êàê è ñâîéñòâà æåñòêîñòè, âûðàçèìû â ÿçûêå Lω1ω.

Õîðîøî èçâåñòíî (ñì., ê ïðèìåðó, [6]) ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà Ñêîòòà ([7]) Äëÿ ëþáîé íå áîëåå ÷åì ñ÷åòíîé àëãåáðàè÷å-

ñêîé ñèñòåìû A = 〈A;σ〉 íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû ñóùåñòâóåò
ïðåäëîæåíèå ΦA â ÿçûêå Lω1ω òàêîå, ÷òî äëÿ âñåõ íå áîëåå ÷åì ñ÷åò-
íûõ ñèñòåì B óñëîâèÿ

1. B |= ΦA;

2. B ∼= A

ðàâíîñèëüíû.
Ïîêàæåì, ÷òî òåîðåìà Ñêîòòà âëå÷åò âûðàçèìîñòü ñâîéñòâà æåñò-

êîñòè äëÿ íå áîëåå ÷åì ñ÷åòíûõ àëãåáðàè÷åñêèõ ñèñòåì íå áîëåå ÷åì
ñ÷åòíîé ñèãíàòóðû â ÿçûêå Lω1ω. À èìåííî èìååò ìåñòî

Óòâåðæäåíèå 1.Æåñòêèå ñ÷åòíûå àëãåáðû âûäåëÿþòñÿ ñðåäè ñ÷åò-
íûõ àëãåáð ôèêñèðîâàííîé ñèãíàòóðû ñîâîêóïíîñòüþ Lω1ω-ôîðìóë ýòîé
ñèãíàòóðû.
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Äîêàçàòåëüñòâî. Ïóñòü A = 〈A;σ〉 æåñòêàÿ íå áîëåå ÷åì ñ÷åòíàÿ
àëãåáðà íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû σ. ×åðåç σ′ îáîçíà÷èì îáîãàùå-
íèå ñèãíàòóðûσ äîáàâëåíèåì íîâîé êîíñòàíòû c. Ïóñòü d ∈ A. ×åðåç Ad

îáîçíà÷èì îáîãàùåíèå àëãåáðû A äî ñèãíàòóðû σ′ ïóòåì èíòåðïðåòàöèè
êîíñòàíòû c ýëåìåíòîì d. ×åðåç ΦAd îáîçíà÷èì ñîîòâåòñòâóþùåå Lω1ω-
ïðåäëîæåíèå èç ôîðìóëèðîâêè òåîðåìû Ñêîòòà, à ÷åðåç ΦAd(x) Lω1ω-
ôîðìóëó ïîëó÷àþùóþñÿ èç ΦAd çàìåíîé êîíñòàíòû c íà ïåðåìåííóþ x.
Òîãäà äëÿ ëþáûõ ýëåìåíòîâ d1, d2 ∈ A èñòèííîñòü ôîðìóëû ΦAd1

(x) íà
ýëåìåíòå d2 â àëãåáðå A îçíà÷àåò ñóùåñòâîâàíèå àâòîìîðôèçìà àëãåá-
ðû A ïåðåâîäÿùåãî ýëåìåíò d1 â ýëåìåíò d2. Òåì ñàìûì, äëÿ ëþáîé íå
áîëåå ÷åì ñ÷åòíîé àëãåáðû B ñèãíàòóðû σ, íà B èñòèííà ñîâîêóïíîñòü
Lω1ω-ôîðìóë

Σ = {ΦA → &d∈A ∀x, y(ΦAd(x)&ΦAd(y)→ x = y)|
A � ëþáàÿ íå áîëåå ÷åì ñ÷åòíàÿ σ-àëãåáðà}

òîãäà è òîëüêî òîãäà, êîãäà B æåñòêàÿ σ-àëãåáðà. Óòâåðæäåíèå 1 äîêà-
çàíî.

Àíàëîãè÷íàÿ ñèòóàöèÿ èìååò ìåñòî è äëÿ ñâîéñòâà ýïèæåñòêîñòè.
Íàïîìíèì, ÷òî - ôîðìóëà íàçûâàåòñÿ ïîçèòèâíîé, åñëè ïðè åå èíäóê-
òèâíîì ïîñòðîåíèè íå âîñòðåáîâàíû ñâÿçêè ¬ è →.

Â ðàáîòå [8] äîêàçàí ñëåäóþùèé àíàëîã òåîðåìû Ñêîòòà.
Òåîðåìà 1 ([8]). Äëÿ ëþáîé íå áîëåå ÷åì ñ÷åòíîé ñèñòåìû A =

〈A;σ〉 íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû ñóùåñòâóåò ïðåäëîæåíèå Φ+
A

ÿçûêà Lω1ω òàêîå, ÷òî äëÿ ëþáîé íå áîëåå ÷åì ñ÷åòíîé ñèñòåìû B =
〈B;σ〉 óñëîâèÿ

1. B |= Φ+
A ,

2. ñóùåñòâóåò ýïèìîðôèçì ñèñòåìû A íà B

ðàâíîñèëüíû.
Ñëåäóþùåå óòâåðæäåíèå î âûðàçèìîñòè â ÿçûêå Lω1ω ñâîéñòâà ýïè-

æåñòêîñòè äëÿ ñ÷åòíûõ ñèñòåì âûòåêàåò èç òåîðåìû 1 ïîäîáíî òîìó, êàê
óòâåðæäåíèå 1 âûòåêàåò èç òåîðåìû Ñêîòòà.

Óòâåðæäåíèå 2. Ýïèæåñòêèå ñ÷åòíûå àëãåáðû íå áîëåå ÷åì ñ÷åò-
íîé ñèãíàòóðû âûäåëÿþòñÿ ñðåäè ñ÷åòíûõ àëãåáð ýòîé ñèãíàòóðû ñî-
âîêóïíîñòüþ Lω1ω-ôîðìóë.

Äîêàçàòåëüñòâî ýòîãî óòâåðæäåíèÿ äîñëîâíî ïîâòîðÿåò äîêàçàòåëü-
ñòâî óòâåðæäåíèÿ 1 ïðè çàìåíå ôîðìóë ΦAd íà ôîðìóëû Φ+

Ad
è ññûëîê

íà òåîðåìó Ñêîòòà ññûëêàìè íà òåîðåìó 1.
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Íàêîíåö îòìåòèì, ÷òî îãðàíè÷åíèå â ôîðìóëèðîâêàõ óòâåðæäåíèé
1, 2 íå áîëåå ÷åì ñ÷åòíûìè àëãåáðàìè A ñóùåñòâåííî. Äåéñòâèòåëüíî,
ïóñòü A íåêîòîðàÿ íåñ÷åòíàÿ æåñòêàÿ (ýïèæåñòêàÿ) áåçàòîìíàÿ áóëå-
âà àëãåáðà (î ñóùåñòâîâàíèå òàêîâûõ ñì. [5]). Ïî òåîðåìå Ëåâåíãåéìà-
Ñêîëåìà äëÿ ÿçûêà Lω1ω ñóùåñòâóåò ñ÷åòíàÿ áóëåâà àëãåáðà B ýêâèâà-
ëåíòíàÿ àëãåáðå A â ÿçûêå Lω1ω, à, çíà÷èò, B ñ÷åòíàÿ áåçàòîìíàÿ áóëåâà
àëãåáðà, êîòîðàÿ, êàê õîðîøî èçâåñòíî, íå ÿâëÿåòñÿ íè ýïèæåñòêîé, íè
æåñòêîé.

Î÷åâèäíûì îáðàçîì ñ ïîìîùüþ ôîðìóë ΦAd äîêàçûâàåòñÿ è ñëåäó-
þùåå óòâåðæäåíèå.

Óòâåðæäåíèå 3. Äëÿ ëþáîãî íàòóðàëüíîãî n, åñëè A = 〈A;σ〉 n-
òðàíçèòèâíàÿ íå áîëåå ÷åì ñ÷åòíàÿ àëãåáðàè÷åñêàÿ ñèñòåìà íå áîëåå
÷åì ñ÷åòíîé ñèãíàòóðû è B íå áîëåå ÷åì ñ÷åòíàÿ ñèñòåìà ýêâèâà-
ëåíòíàÿ ñèñòåìå A â ÿçûêå Lω1ω, òî è B ÿâëÿåòñÿ n-òðàíçèòèâíîé.

Äëÿ ëþáîé àëãåáðû A = 〈A;σ〉 è ëþáûõ a, b ∈ A ÷åðåç ΘA
a,b îáîçíà÷èì

ãëàâíóþ êîíãðóýíöèþ àëãåáðû A ïîðîæäåííóþ ïàðîé 〈a, b〉. Êëàññè÷å-
ñêèì ÿâëÿåòñÿ ñëåäóþùåå îïèñàíèå ãëàâíûõ êîíãðóýíöèé

Ëåììà Ìàëüöåâà ([9]). Äëÿ ëþáîé óíèâåðñàëüíîé àëãåáðû A =
〈A;σ〉 è ëþáûõ a, b, c, d ∈ A ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1. 〈c, d〉 ∈ ΘA
a,b,

2. ñóùåñòâóþò íàòóðàëüíîå n, òåðìû p0(x̄0, y), p1(x̄1, y), . . . , pn(x̄n, y)
ñèãíàòóðû σ è êîðòåæè ýëåìåíòîâ c̄i èç A òàêèå, ÷òî c = p0(c̄0, y), d =
pn(c̄n, y) è äëÿ 0 6 i < n pi(c̄i, b) = pi+1(c̄i+1, a).

Òåì ñàìûì, î÷åâèäíî, ÷òî äëÿ ëþáîé íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû
σ ñóùåñòâóåò Lω1ω-ôîðìóëà ΦCon(x, y, u, v) ñèãíàòóðû σ òàêàÿ, ÷òî äëÿ
ëþáîé àëãåáðû A = 〈A;σ〉 è ëþáûõ a, b, c, d ∈ A 〈c, d〉 ∈ ΘA

a,b òîãäà è
òîëüêî òîãäà, êîãäà A |= ΦCon(c, d, a, b).

Íàïîìíèì (ñì., ê ïðèìåðó, [3]), ÷òî àëãåáðà íàçûâàåòñÿ ïðîñòîé (ïîä-
ïðÿìî íåðàçëîæèìîé), åñëè îíà èìååò ëèøü äâå êîíãðóýíöèè 5 è 4 (åñ-
ëè ó íåå ñóùåñòâóåò íàèìåíüøàÿ ñðåäè êîíãðóýíöèé îòëè÷íûõ îò 4). Â
ñèëó ñóùåñòâîâàíèÿ ôîðìóëû ΦCon(x, y, u, v) èìååò ìåñòî

Óòâåðæäåíèå 4. Êëàññû ïðîñòûõ (ïîäïðÿìî íåðàçëîæèìûõ) àë-
ãåáð ôèêñèðîâàííîé íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû àêñèîìàòèçèðóå-
ìû ñ ïîìîùüþ íåêîòîðîé Lω1ω-ôîðìóëû.

Â ðàáîòàõ [10], [11] äîêàçàíû ñëåäóþùèå óòâåðæäåíèÿ
Òåîðåìà 2 ([10]). Äëÿ ëþáîãî Lω1ω-ïðåäëîæåíèÿ Φ, åñëè Φ èìååò

ðîâíî k ïîïàðíî íåèçîìîðôíûõ ñ÷åòíûõ ìîäåëåé, ãäå ℵ1 6 k < 2ℵ0, òî
Φ èìååò ìîäåëü íåñ÷åòíîé ìîùíîñòè.
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Òåîðåìà 3 ([11], V = l). Äëÿ ëþáîãî Lω1ω-ïðåäëîæåíèÿ Φ, åñëè Φ
èìååò ðîâíî k ïîïàðíî íåèçîìîðôíûõ ìîäåëåé ìîùíîñòè ℵ1, ãäå 1 6
k < 2ℵ1, òî Φ èìååò ìîäåëü ìîùíîñòè 2ℵ1.

Èç óòâåðæäåíèÿ 4 è òåîðåì 2, 3 âûòåêàåò
Ñëåäñòâèå 1. à) Ëþáîå ìíîãîîáðàçèå V óíèâåðñàëüíûõ àëãåáð íå

áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû, èìåþùåå ðîâíî k ïîïàðíî íåèçîìîðôíûõ
ñ÷åòíûõ ïðîñòûõ (ïîäïðÿìî íåðàçëîæèìûõ) àëãåáð, ãäå ℵ1 6 k < 2ℵ0,
èìååò ïðîñòóþ (ïîäïðÿìî íåðàçëîæèìóþ) íåñ÷åòíóþ àëãåáðó.

á) (V = L) Ëþáîå ìíîãîîáðàçèå V óíèâåðñàëüíûõ àëãåáð íå áîëåå ÷åì
ñ÷åòíîé ñèãíàòóðû, èìåþùåå ðîâíî k ïîïàðíî íåèçîìîðôíûõ ïðîñòûõ
(ïîäïðÿìî íåðàçëîæèìûõ) àëãåáð ìîùíîñòè ℵ1, ãäå 1 6 k < 2ℵ1, èìååò
ïðîñòóþ (ïîäïðÿìî íåðàçëîæèìóþ) àëãåáðó ìîùíîñòè 2ℵ1.

Â ðàáîòå [12] (â ïðåäïîëîæåíèè GCH) äîêàçàíî, ÷òî ñïåêòðû ïðîñòûõ
àëãåáð (ñîâîêóïíîñòè áåñêîíå÷íûõ ìîùíîñòåé ïðîñòûõ àëãåáð) ëþáîãî
ìíîãîîáðàçèÿ èìåþò âèä ëèáî ∅, ëèáî {ℵ0}, ëèáî {ℵ0, 2

ℵ0}, ëèáî [ℵ0,∞).
Òåì ñàìûì, èç ýòîãî óòâåðæäåíèÿ è óòâåðæäåíèÿ ñëåäñòâèÿ 1 âûòå-

êàåò
Ñëåäñòâèå 2 (V = L). Ëþáîå ìíîãîîáðàçèå V óíèâåðñàëüíûõ àëãåáð

íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû, èìåþùåå êîíòèíóàëüíóþ ïðîñòóþ
àëãåáðó, íî ó êîòîðîãî ÷èñëî òàêîâûõ ïîïàðíî íåèçîìîðôíûõ àëãåáð
ìåíüøå ÷åì 22ℵ0 èìååò ïðîñòûå àëãåáðû ëþáîé áåñêîíå÷íîé ìîùíîñòè.

Àëãåáðà A íàçûâàåòñÿ ïñåâäîïðîñòîé ( ñì., ê ïðèìåðó, [3], [13]), åñëè
ëþáàÿ åå íåîäíîýëåìåíòíàÿ ôàêòîð àëãåáðà èçîìîðôíà åé ñàìîé. Àë-
ãåáðà A íàçûâàåòñÿ p-ïñåâäîïðîñòîé (ñì. [14]), åñëè åå ôàêòîð ïî ëþáîé
ãëàâíîé êîíãðóýíöèè ëèáî îäíîýëåìåíòåí, ëèáî èçîìîðôåí A.

Äëÿ ëþáîé Lω1ω-ôîðìóëû Φ è ëþáîé Lω1ω-ôîðìóëû Ψ(x, y) ÷åðåç
RelΨΦ îáîçíà÷èì Lω1ω-ôîðìóëó ïîëó÷àåìóþ èç Φ çàìåíîé ðàâåíñòâà x =
y íà ôîðìóëó Ψ(x, y). Òîãäà, åñëè Ψ îïðåäåëÿåò íà A êîíãðóýíöèþ Θ,
òî ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû: A/Θ |= Φ è A |= RelΨΦ.

Èìåþò ìåñòî:
Óòâåðæäåíèå 5. Ñîâîêóïíîñòü p-ïñåâäîïðîñòûõ ñ÷åòíûõ àëãåáð

ëþáîé íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû σ àêñèîìàòèçèðóåìà â êëàññå
âñåõ ñ÷åòíûõ àëãåáð ýòîé ñèãíàòóðû ñ ïîìîùüþ íåêîòîðîé ñîâîêóïíî-
ñòè Lω1ω-ôîðìóë.

Î÷åâèäíî, ÷òî ñîâîêóïíîñòüþ ïîäîáíûõ ôîðìóë ÿâëÿåòñÿ {ΦA →
∀u, v(∃x, y¬ΦCon(x, y, u, v)→ RelΦCon(x,y,u,v)ΦA|A�ïðîèçâîëüíàÿ σ-àëãåáðà
}.

Íàïîìíèì ïðè ýòîì, ÷òî ΦA � ôîðìóëà Ñêîòòà äëÿ àëãåáðû A.
Óòâåðæäåíèå 6. Ñîâîêóïíîñòü ïñåâäîïðîñòûõ ñ÷åòíûõ àëãåáð ëþ-

áîé íå áîëåå ÷åì ñ÷åòíîé ñèãíàòóðû σ àêñèîìàòèçèðóåìà â êëàññå âñåõ
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ñ÷åòíûõ àëãåáð ýòîé ñèãíàòóðû ñ ïîìîùüþ íåêîòîðîé ñîâîêóïíîñòè
Lω1ω-ôîðìóë.

Ïîäîáíîé ñîâîêóïíîñòüþ ÿâëÿåòñÿ {Φ+
A&∃x, y(x 6= y → ΦA)|A � ïðî-

èçâîëüíàÿ σ-àëãåáðà }.
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1 Ââåäåíèå

Ïîä êëàññè÷åñêîé áåñêîíå÷íîñòüþ ìû ïîäðàçóìåâàåì ñòðîéíóþ òåî-
ðèþ áåñêîíå÷íûõ ìíîæåñòâ, ðàçðàáîòàííóþ â ZF. Àëüòåðíàòèâíàÿ áåñ-
êîíå÷íîñòü áûëà ïîñëåäîâàòåëüíî ðàçðàáîòàíà â àëüòåðíàòèâíîé òåîðèè
ìíîæåñòâ (AST) ÷åøñêèì ìàòåìàòèêîì Ï. Âîïåíêà. Åãî òðóä, ïåðâîíà-
÷àëüíî èçäàííûé íà ñëîâàöêîì ÿçûêå áûë ïåðåâåäåí íà ðóññêèé ÿçûê è
èçäàí â èçäàòåëüñòâå Èíñòèòóòà ìàòåìàòèêè ÑÎ ÐÀÍ (Íîâîñèáèðñê) â
2004 ã. ïîä íàçâàíèåì �Àëüòåðíàòèâíàÿ òåîðèÿ ìíîæåñòâ. Íîâûé âçãëÿä
íà áåñêîíå÷íîñòü� è ïðåäñòàâëÿåò ñîáîé ìîíîãðàôèþ [1] â 611 ñòðàíèö.
Íàëè÷èå àëüòåðíàòèâû âñåãäà ïîëåçíî â íàó÷íûõ èññëåäîâàíèÿõ, îäíàêî
ïðÿìûå ñîïîñòàâëåíèÿ ZF è AST îêàçûâàþòñÿ âåñüìà çàòðóäíèòåëüíû-
ìè. Ïðè÷èíîé ýòîãî ÿâëÿåòñÿ òî, ÷òî â ýòèõ òåîðèÿõ çà îñíîâó âçÿòû
äîñòàòî÷íî ðàçíûå îáúåêòû. Òåì íå ìåíåå, îáå ýòè òåîðèè ïðåòåíäóþò
íà îïðåäåëåííóþ ïîëíîòó (ZF íåñîìíåííî), à ïîòîìó èõ ñðàâíèòåëüíûé
àíàëèç ÿâëÿåòñÿ àêòóàëüíûì. Äëÿ ïðîâåäåíèÿ òàêîãî àíàëèçà ó íàñ âîç-
íèêëà ñëåäóþùàÿ èäåÿ: âçÿòü ïîäõîäÿùóþ ìàòåìàòè÷åñêóþ êîíñòðóê-
öèþ â ZF è ïîìåñòèòü åå â AST. Òîãäà íàãëÿäíî áûëè áû âèäíû äîñòî-
èíñòâà è íåäîñòàòêè îäíîé è äðóãîé òåîðèè ìíîæåñòâ. Â äàííîé ðàáîòå
íà ðîëü òàêîé êîíñòðóêöèè ïðåäëàãàåòñÿ òàê íàçûâàåìàÿ îáîáùåííàÿ
âû÷èñëèìîñòü.
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2 Îáîáùåííàÿ âû÷èñëèìîñòü â ZF

Ïîä îáîáùåííîé âû÷èñëèìîñòüþ ïîíèìàåòñÿ âû÷èñëèìîñòü íà ìà-
øèíàõ Òüþðèíãà ñ îðàêóëîì. Òàêàÿ âû÷èñëèìîñòü íà ñåãîäíÿøíèé äåíü
íå ÿâëÿåòñÿ ñëèøêîì ýêçîòè÷íîé äëÿ òåõ ìàòåìàòèêîâ, êîòîðûå çíàêî-
ìû ñ ýòèì ïîíÿòèåì, íî àâòîð ýòîé ñòàòüè, æåëàÿ áûòü ïîíÿòíûì áîëåå
øèðîêîìó êðóãó ìàòåìàòèêîâ, ñ÷èòàåò ñâîèì äîëãîì ïîÿñíèòü, îòêóäà
áåðåòñÿ òåðìèí �îðàêóë�.

×òî òàêîå ìàøèíà Òüþðèíãà ïîÿñíÿòü èçëèøíå. Ñëåäóþùèé ýòàï â
ðàçâèòèè ïîíÿòèÿ âû÷èñëèìîñòè � îòíîñèòåëüíàÿ âû÷èñëèìîñòü. Ïóñòü
ìàøèíà m âû÷èñëÿåò íåêîòîðóþ ôóíêöèþ îòíîñèòåëüíîãî ìíîæåñòâà
A: {m}A(t). Òîãäà ê îáû÷íîé ìàøèíå Òüþðèíãà äîáàâëÿåòñÿ ñïðàøè-
âàþùàÿ êîìàíäà: X ∈ A? Åñëè A � ðåêóðñèâíîå ìíîæåñòâî, òî ïîëó-
÷èâ íà ñâîé âîïðîñ îòâåò {0, 1} (äà èëè íåò), ìàøèíà ðàáîòàåò äàëüøå
ïî ñâîåé ïðîãðàììå. Ìîæíî çàìåíèòü ìíîæåñòâî A õàðàêòåðèñòè÷åñêîé
ôóíêöèåé F (x). È òîãäà ìû ïðèõîäèì ê ïîíÿòèþ ìàøèíû Òüþðèíãà ñ
îðàêóëîì.

Ôîðìàëüíî ìàøèíà ñ îðàêóëîì åñòü ïàðà m[F ], ãäå m � âû÷èñëè-
ìàÿ ïðîãðàììà (çàïèñü íà íåêîòîðîì ôîðìàëüíîì ÿçûêå, ò.å. êîíñòðóê-
òèâíûé îáúåêò), à F (x) � ïðîèçâîëüíàÿ ÷èñëîâàÿ ôóíêöèÿ (òåîðåòèêî-
ìíîæåñòâåííûé îáúåêò, îðàêóë). Îáû÷íî ôèêñèðóåòñÿ íåêîòîðàÿ âçàèì-
íî-îäíîçíà÷íàÿ ã�eäåëåâñêàÿ íóìåðàöèÿ âñåâîçìîæíûõ ìàøèí è íå äèô-
ôåðåíöèðóþòñÿ ìàøèíà è åå íîìåð.

Òîò îáúåêò, êîòîðûé äàåò ìàøèíå îòâåò íà åå âîïðîñ, ñëåäóÿ Òüþðèí-
ãó, íàçûâàþò îðàêóëîì, ïîòîìó ÷òî îí äàåò ïðàâèëüíûé îòâåò, îáõîäÿñü
áåç êàêîãî-ëèáî ÿâíîãî ñïîñîáà íàõîæäåíèÿ ýòîãî îòâåòà.

Ïåðâîíà÷àëüíî â òåîðèè àëãîðèòìîâ ðàññìàòðèâàëèñü âû÷èñëåíèÿ ñî
âñþäó îïðåäåëåííûìè îðàêóëàìè. Òåîðèÿ âû÷èñëåíèé ñ òàêèìè îðàêó-
ëàìè ìàëî ÷åì îòëè÷àåòñÿ îò îáû÷íîé òåîðèè àëãîðèòìîâ. Íî êîãäà F (x)
� ÷àñòè÷íàÿ ôóíêöèÿ, òî ìàøèíà m ìîæåò íå ïîëó÷èòü îòâåòà íà ñâîé
âîïðîñ îò îðàêóëà. Ñàìîå åñòåñòâåííîå ñîãëàøåíèå � ýòî ñ÷èòàòü, ÷òî
â ýòîì ñëó÷àå ïðîöåññ âû÷èñëåíèÿ ïðåðûâàåòñÿ áåçðåçóëüòàòíî. Òàêèì
îáðàçîì, ïðè ðàáîòå ìàøèíû m ñ ÷àñòè÷íûì îðàêóëîì F (x) âîçìîæíû
òðè ñëó÷àÿ:

(1) ìàøèíà m íà âñå ñâîè âîïðîñû ïîëó÷àåò îò îðàêóëà F îòâåòû è
îñòàíàâëèâàåòñÿ ñ âûäà÷åé ðåçóëüòàòà;

(2) ìàøèíà m íà âñå ñâîè âîïðîñû ïîëó÷àåò îò îðàêóëà F îòâåòû è
ðàáîòàåò áåñêîíå÷íî;

(3) ìàøèíà m íà íåêîòîðûé âîïðîñ íå ïîëó÷àåò îòâåò îò îðàêóëà F
è çàñòðåâàåò.
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Äëÿ ÷àñòè÷íîãî îðàêóëà F (x) îñîáûé èíòåðåñ èìååò ñëåäóþùàÿ ñå-
ìàíòèêà âîïðîñîâ, êîòîðàÿ çàäàåò ìàøèíà m îðàêóëó: �îñòàíîâèòñÿ ëè
ìàøèíà m ñ íîìåðîì x, ðàáîòàÿ ñ îðàêóëîì F?�. Êàê õîðîøî èçâåñò-
íî, âîïðîñ îá îñòàíîâêå ìàøèíû Òüþðèíãà ÿâèëñÿ ïåðâîé ðåêóðñèâíî
íåðàçðåøèìîé ïðîáëåìîé. Äëÿ ÷àñòè÷íîãî îðàêóëà F (x) ïîÿâëÿåòñÿ âîç-
ìîæíîñòü ñôîðìóëèðîâàòü ïðîáëåìó îñòàíîâêè ñëåäóþùèì îáðàçîì:

gF (x) =


0, åñëè x[F ] îñòàíàâëèâàåòñÿ;
1, åñëè x[F ] ðàáîòàåò áåñêîíå÷íî;
íå îïðåäåëåíî, åñëè x[F ] çàñòðåâàåò.

Òàêàÿ âàðèàöèÿ ïðîáëåìû îñòàíîâêè òåñíî ñâÿçàíà ñ äæàìï-îïåðà-
öèåé, è äëÿ íå¼ îêàçûâàåòñÿ ñïðàâåäëèâûì ñëåäóþùèé

Îñíîâíîé ðåçóëüòàò. Ñóùåñòâóþò ÷àñòè÷íûå îðàêóëû F , äëÿ êî-
òîðûõ ôóíêöèÿ GF (x) F -âû÷èñëèìà.

Òàêèå îðàêóëû íàçûâàþòñÿ íîðìàëüíûìè, â ÷àñòíîñòè, òàêèì îðà-
êóëîì ÿâëÿåòñÿ ãèïåðàðèôìåòè÷åñêèé îðàêóë.

Åñòåñòâåííî, âîçíèêàåò âîïðîñ î êàêèõ-ëèáî ïðèëîæåíèÿõ òàêîé òåî-
ðèè àáñòðàêòíî âû÷èñëèìûõ ôóíêöèé. Îêàçûâàåòñÿ, ÷òî ñ ïîìîùüþ
îáîáùåííîé âû÷èñëèìîñòè ìîæíî îïðåäåëèòü ðåêóðñèâíîñòü ôóíêöè-
îíàëîâ âûñøèõ òèïîâ, íàïðèìåð, âèäà ϕ(α(x)). Ìû íå ìîæåì íåïîñðåä-
ñòâåííî íà ëåíòó ìàøèíû Òüþðèíãà çàïèñàòü ôóíêöèþ α(x), íî ìû ìî-
æåì çàïèñàòü íîìåð ìàøèíû (íàòóðàëüíîå ÷èñëî), êîòîðàÿ âû÷èñëÿåò
ôóíêöèþ α(x) ñ îðàêóëîì F (Êëèíè, [2]).

Äàëüíåéøèå èññëåäîâàíèÿ ïîêàçàëè, ÷òî äëÿ òîãî, ÷òîáû êëèíèåâ-
ñêàÿ âû÷èñëèìîñòü ôóíêöèîíàëîâ âûñøèõ òèïîâ îáëàäàëà çàìêíóòû-
ìè ñâîéñòâàìè F -ïåðå÷èñëèìûõ ìíîæåñòâ, àíàëîãè÷íûìè ñòàíäàðòíîé
òåîðèè àëãîðèòìîâ, íåîáõîäèìî, ÷òîáû îðàêóë F îáëàäàë äîñòàòî÷íî
ñèëüíûì ñâîéñòâîì. Äëÿ íåãî äîëæåí áûòü ñïðàâåäëèâ íåêèé êâàçèàë-
ãîðèòìè÷åñêèé àíàëîã àêñèîìû âûáîðà, ò.å. ÷òîáû äëÿ íåãî ñ îðàêóëîì
F ìîæíî áûëî áû èç ëþáîãî íåïóñòîãî F -ïåðå÷èñëèìîãî ìíîæåñòâà âû-
äåëèòü îäèí ýëåìåíò. Ôóíêöèÿ, âûäåëÿþùàÿ ýòîò ýëåìåíò, íàçûâàåòñÿ
ñåëåêòîðíîé ôóíêöèåé, à îðàêóë, îáëàäàþùèé ñåëåêòîðíîé ôóíêöèåé,
íàçûâàåòñÿ ðåãóëÿðíûì.

Èòàê, îòìåòèì ñëåäóþùèå òðè ñâîéñòâà, íåîáõîäèìûå äëÿ ïîñòðîå-
íèÿ ëþáîé ñîäåðæàòåëüíîé òåîðèè F -âû÷èñëèìûõ ôóíêöèé:

(i) îðàêóë F íàäåëåí òðàíñôèíèòíîé ñòðóêòóðîé;
(ii) îðàêóë F íîðìàëåí;
(iii) îðàêóë F ðåãóëÿðåí.
Åñòåñòâåííî âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè òàêîé êîíöåïöèè

îáîáùåííîé âû÷èñëèìîñòè, ïðè êîòîðîé îðàêóë áûë áû âñåãäà ðåãóëÿðåí
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(êàê â ñëó÷àå ãèïåðàðèôìåòè÷åñêîãî îðàêóëà). Òàêàÿ êîíöåïöèÿ áûëà
ðàçðàáîòàíà â [3]. Â íåé âû÷èñëèìîñòü íà ìàøèíå Òüþðèíãà ðàññìàòðè-
âàåòñÿ íå ñ îäíîìåñòíûì, à ñ äâóìåñòíûì îðàêóëîì H((x, y).

Ïðè ðàáîòå ìàøèíû Òüþðèíãà ñ äâóìåñòíûì îðàêóëîì H(x, y) ìà-
øèíà x ìîæåò ïîëó÷èòü îäèí îòêàç íà ñâîé âîïðîñ îðàêóëà H, è òåì
íå ìåíåå, ïðîäîëæèòü ñâîþ ðàáîòó äàëüøå ïî ñâîåé ïðîãðàììå. Îãðà-
íè÷èìñÿ ñëó÷àåì òîëüêî îäíîãî îòêàçà. Â ñëó÷àå ïîëó÷åíèÿ ïîâòîðíîãî
îòêàçà ìàøèíà çàñòðåâàåò. Â ñâîþ î÷åðåäü îðàêóë H â íåêîòîðûõ ñëó-
÷àÿõ ìîæåò äàòü îòêàç ìàøèíå íà åå âîïðîñ, íåñìîòðÿ íà òî, ÷òî ó íåãî
èìååòñÿ ïðàâèëüíûé îòâåò. Òîãäà îðàêóë îêàçûâàåòñÿ ôóíêöèåé óæå íå
îäíîé, à äâóõ ïåðåìåííûõ H(x, y), è áóäåò ðåàãèðîâàòü íå òîëüêî íà çà-
äàâàåìûé ìàøèíîé âîïðîñ, íî è íà ñàìîþ ñïðàøèâàþùóþ ìàøèíó x.
Òàêèì îáðàçîì, îðàêóë H(x, y) � ýòî ÷èñëîâàÿ ôóíêöèÿ, ïðèíèìàþùàÿ
çíà÷åíèÿ 0, 1, 2 (2 åñòü êîä îòêàçà íà âîïðîñ). Îêàçûâàåòñÿ, ÷òî òàêîé
äâóìåñòíûé îðàêóë âñåãäà (ïî ïîñòðîåíèþ) îáëàäàåò H-âû÷èñëèìîé ñå-
ëåêòîðíîé ôóíêöèåé, ò.å. ñïðàâåäëèâà òåîðåìà:

Òåîðåìà 1. Îðàêóë HG(x, y) ðåãóëÿðåí, ãäå G(α) � ôóíêöèîíàë òèïà 2.

Çàêàí÷èâàÿ ðàññìîòðåíèå îáîáùåííîé âû÷èñëèìîñòè â ZF, îòìåòèì,
÷òî áîëåå åñòåñòâåííî ðàññìàòðèâàòü âû÷èñëåíèÿ íà ìàøèíàõ Òüþðèíãà
ñ äâóìåñòíûì îðàêóëîì H(x, y) (â âèäó ðåãóëÿðíîñòè îðàêóëà H(x, y) ïî
ïîñòðîåíèþ).

3 Îáîáùåííàÿ âû÷èñëèìîñòü â àëüòåðíàòèâ-

íîé òåîðèè ìíîæåñòâ (AST)

Â ýòîé ÷àñòè íåîáõîäèìî ðàçúÿñíèòü íåêîòîðûå ïîëîæåíèÿ àëüòåð-
íàòèâíîé òåîðèè ìíîæåñòâ.

Íà ñòð. 62 ñâîåé ìîíîãðàôèè [1] Ï. Âîïåíêà ââîäèò ïîíÿòèå ïîëóìíî-
æåñòâà, à èìåííî. Ñêàæåì, ÷òî êëàññ X åñòü ïîëóìíîæåñòâî, åñëè ñó-
ùåñòâóåò òàêîå ìíîæåñòâî Y , ÷òî X ⊆ Y . Òîò ôàêò, ÷òî îáúåêò åñòü
ïîëóìíîæåñòâî, çàïèñûâàåòñÿ Sm(x). Îïðåäåëåíèå ïîëóìíîæåñòâà ñëå-
äîâàòåëüíî ìîæíî çàïèñàòü òàê:

Sm(X) :⇔ Cls(X) ∧ (∃Y )(Set(Y ) ∧X ⊆ Y ).

Ïîëóìíîæåñòâî, íå ÿâëÿþùååñÿ ìíîæåñòâîì, íàçûâàåòñÿ ñîáñòâåííûì
ïîëóìíîæåñòâîì.

Äàëåå àâòîð çàìå÷àåò, ÷òî ñîáñòâåííûå ïîëóìíîæåñòâà ñóùåñòâóþò,
è ïðèâîäèò íåêîòîðûå ïðèìåðû ñîáñòâåííûõ ïîëóìíîæåñòâ. Áîëåå òîãî,
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îí îòìå÷àåò, ÷òî ñ ïðèìåðàìè ñîáñòâåííûõ ïîëóìíîæåñòâ ìû âñòðå÷à-
åìñÿ íà êàæäîì øàãó. Îäèí èç ýòèõ ïðèìåðîâ ìíå õî÷åòñÿ ïðèâåñòè.
Ðàññìîòðèì ìíîæåñòâî êíèã â êàêîé-ëèáî îáøèðíîé áèáëèîòåêå. Òîãäà
êëàññ èíòåðåñíûõ êíèã � ïðèìåð ïîëóìíîæåñòâà. Çäåñü ñëåäóåò îòìå-
òèòü, ÷òî ïîëóìíîæåñòâî � ýòî íå÷åòêèé îáúåêò. Îáðàùåíèå âíèìàíèÿ
íà ñóùåñòâîâàíèå íå÷åòêèõ îáúåêòîâ ÿâëÿåòñÿ ñóòüþ AST.

Ðàçóìååòñÿ, ÷òî ìàòåìàòèêó, ðàáîòàþùåìó â ZF (êàê è àâòîðó ýòîé
ñòàòüè), ôàêò ñóùåñòâîâàíèÿ ïîëóìíîæåñòâ íå âûçûâàåò æåëàíèÿ ðàáî-
òàòü ñ íèìè. Íî îêàçûâàåòñÿ, ÷òî ñ íèìè ðàáîòàòü è íå íàäî. Ðåêîìåí-
äóåòñÿ ëèøü ïðèçíàòü èõ íàëè÷èå. Äàëüíåéøàÿ ðàáîòà ïðèâåëà àâòîðà
AST ê áîëåå êîíñòðóêòèâíîìó ïîíÿòèþ, à èìåííî, � ê ïîíÿòèþ ãîðè-
çîíòà.

Ïîïûòàåìñÿ ïðîÿñíèòü ýòî ïîíÿòèå.
Àëüòåðíàòèâíàÿ òåîðèÿ ìíîæåñòâ çàíèìàåòñÿ åñòåñòâåííîé áåñêî-

íå÷íîñòüþ, ò.å. òàêîé ôîðìîé áåñêîíå÷íîñòè, êîòîðóþ ìû ìîæåì îá-
íàðóæèòü â ðåçóëüòàòå ïóñòü äàæå ìûñëåííîãî îïûòà. Êàæäûé íàø
âçãëÿä, êóäà áû îí íè áûë íàïðàâëåí, âñåãäà ÷åì-òî îãðàíè÷åí. Ëèáî
íà åãî ïóòè îêàçûâàåòñÿ òâåðäàÿ ãðàíèöà, ÷åòêî åãî ïðåñåêàþùàÿ, ëè-
áî îí îãðàíè÷åí ãîðèçîíòîì, â íàïðàâëåíèè ê êîòîðîìó óòðà÷èâàåòñÿ
ÿñíîñòü íàøåãî âèäåíèÿ. Ïî-âèäèìîìó, ìîæíî ãîâîðèòü î ãîðèçîíòå íà-
øåãî ïîçíàíèÿ, óìà, ìûñëè. Ñàì ãîðèçîíò ïðèçíàåòñÿ ÷åòêèì ÿâëåíèåì,
îäíàêî òî, ÷òî íàõîäèòñÿ ïåðåä ãîðèçîíòîì, âûäåëÿåòñÿ íå÷åòêî. Âåðíåå,
ïî íàïðàâëåíèþ ê ãîðèçîíòó ìû âñòðå÷àåìñÿ ñ ôåíîìåíîì íå÷åòêîñòè.
Âîò íà ýòó íå÷åòêîñòü â AST âîçëàãàåòñÿ òà ðîëü, êîòîðóþ èãðàåò áåñ-
êîíå÷íîñòü â êëàññè÷åñêîé òåîðèè ìíîæåñòâ.

Êàê ìîãëà áû âûãëÿäåòü òåîðèÿ îáîáùåííîé âû÷èñëèìîñòè ñ îðà-
êóëîì â AST? Äëÿ ýòîãî íàì, ïðåæäå âñåãî, ïðèøëîñü áû îïðåäåëèòü
ïîíÿòèå ãîðèçîíò Γ. Ïóñòü ýòî áóäåò äîñòàòî÷íî áîëüøîå êîíå÷íîå íà-
òóðàëüíîå ÷èñëî S. Òîãäà ïðèìåì ñëåäóþùåå ñîãëàøåíèå. Ðàññìîòðèì
îáîáùåííóþ âû÷èñëèìîñòü ñ äâóìåñòíûì îðàêóëîì H(x, y). Òîãäà, åñ-
ëè ìàøèíà y îñòàíàâëèâàåòñÿ çà ÷èñëî òàêòîâ ñâîåé ðàáîòû ìåíüøåå,
÷åì ÷èñëî S, òî îðàêóë H íà âîïðîñ ìàøèíû x äàåò îòâåò H(x, y) = 0.
Åñëè æå ìàøèíà y íå îñòàíàâëèâàåòñÿ çà S òàêòîâ ñâîåé ðàáîòû, òî áó-
äåì ñ÷èòàòü, ÷òî â ýòîì ñëó÷àå ìàøèíà y ðàáîòàåò áåñêîíå÷íî, è îòâåò
îðàêóëà ïîëàãàåì H(x, y) = 1. Ïî ñóòè äåëà, ìû ìîæåì ïîâòîðèòü êîí-
ñòðóêöèþ ïîñòðîåíèÿ äâóìåñòíîãî îðàêóëà HG(x, y), íåñêîëüêî âèäîèç-
ìåíÿÿ ñåìàíòèêó âîïðîñîâ è îòâåòîâ. Ðàçóìååòñÿ, äåòàëüíîå ïîñòðîåíèå
îðàêóëà H(x, y) â AST ïîòðåáóåò äîñòàòî÷íî äëèííîãî îïèñàíèÿ, è ýòî
îïèñàíèå æåëàòåëüíî áûëî áû ïðåäúÿâèòü, íî ïîñêîëüêó íàñ èíòåðåñó-
åò ñðàâíèòåëüíûé àíàëèç ZF è AST, ýòî îïèñàíèå íå ÿâëÿåòñÿ öåëüþ
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äàííîé ñòàòüè. Ïîýòîìó ïîêà ìû àíîíñèðóåì ñëåäóþùèé ðåçóëüòàò: â
AST ñóùåñòâóåò àíàëîã HG(x, y) äâóìåñòíîãî íîðìàëüíîãî è ðåãóëÿðíî-
ãî îðàêóëà, îáëàäàþùåãî òðàíñôèíèòíîé ñòðóêòóðîé.

4 Çàêëþ÷åíèå

Ðàññìîòðåâ îäíó ìàòåìàòè÷åñêóþ êîíñòðóêöèþ (îáîáùåííóþ âû÷èñ-
ëèìîñòü) â ZF è AST, ìû ïðèõîäèì ê ñëåäóþùèì âûâîäàì, êîòîðûå
ñôîðìóëèðóåì â âèäå òåçèñà. Íà÷íåì ñ AST.

1. Â àëüòåðíàòèâíîé òåîðèè ìíîæåñòâ ïîíÿòèå êîíå÷íîãî ÿâëÿåòñÿ
÷åòêèì ïîíÿòèåì, ò.å. âñå òî, ÷òî îãðàíè÷åíî ãîðèçîíòîì, ÿâëÿåòñÿ êî-
íå÷íûì. Îäíàêî ëþáàÿ òåîðèÿ ìíîæåñòâ íå ìîæåò îáîéòèñü áåç ïîíÿòèÿ
áåñêîíå÷íîãî. Â AST ðîëü áåñêîíå÷íîñòè áåðóò íà ñåáÿ îáúåêòû, ëåæà-
ùèå çà ãîðèçîíòîì. Ýòî íå÷åòêèå îáúåêòû.

2. Òåîðèÿ ìíîæåñòâ ZF ÿâëÿåòñÿ ñòðîéíîé òåîðèåé áåñêîíå÷íûõ ìíî-
æåñòâ. Â ýòîé òåîðèè ïîíÿòèå áåñêîíå÷íîãî ïîëó÷àåò ïîëíóþ ÷åòêîñòü.
Îäíàêî ñëåäóåò çàìåòèòü, ÷òî ïîíÿòèå êîíå÷íîãî â ýòîé òåîðèè ïåðåñòà-
åò áûòü ÷åòêèì. Ýòî òðåáóåò ïîÿñíåíèÿ. Ðàçóìååòñÿ, â ZF åñòü ÷åòêîå
îïðåäåëåíèå êîíå÷íîãî ìíîæåñòâà, íî äâà ÷èñëà 1010 è 101010 â ýòîé òåî-
ðèè ñ÷èòàþòñÿ ðàâíîêîíå÷íûìè. Çàìåòèì, ÷òî ïî ñîâðåìåííûì ïðåä-
ñòàâëåíèÿì ôèçèêè âòîðîå ÷èñëî ïðåâûøàåò ÷èñëî àòîìîâ âî Âñåëåí-
íîé. Ïîýòîìó, êîãäà ìû ðàññìàòðèâàåì êîíå÷íîå ìíîæåñòâî â ZF, òî íå
î÷åíü ïîíÿòíî, ÷òî ìû èìååì â âèäó. Ïîíÿòèå êîíå÷íîãî â ZF ñòàíîâèòñÿ
íå÷åòêèì.

Ìû çàêîí÷èì íàøó ñòàòüþ ñëåäóþùèì òåçèñîì, ñîñòîÿùèì èç äâóõ
ïóíêòîâ.

Ï.1. Ìîæíî ðàáîòàòü â òåîðèè ìíîæåñòâ, â êîòîðîé ïîíÿòèå áåñêî-
íå÷íîãî ÿâëÿåòñÿ ÷åòêèì, òîãäà â ýòîé òåîðèè ïîíÿòèå êîíå÷íîãî ÿâëÿ-
åòñÿ íå÷åòêèì (ÿðêèì ïðèìåðîì òàêîé òåîðèè ÿâëÿåòñÿ ZF).

Ï.2. Åñëè ìû æåëàåì ðàáîòàòü â òåîðèè ìíîæåñòâ, â êîòîðîé ïîíÿòèå
êîíå÷íîãî ÿâëÿåòñÿ ÷åòêèì, òîãäà â ýòîé òåîðèè ïîíÿòèå áåñêîíå÷íîãî
ñòàíîâèòñÿ íå÷åòêèì (ïðèìåð AST).

Ðåçþìå. Ïîíÿòèå êîíå÷íîãî è áåñêîíå÷íîãî âçàèìîñâÿçàíû. Îáðàùàÿ
âíèìàíèå íà îäíî èç íèõ, ñëåäóåò, íà íàø âçãëÿä, âíèìàòåëüíî ñìîòðåòü,
÷òî ïðîèñõîäèò ñ ñèììåòðè÷íûì ïîíÿòèåì.
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Ïóñòü X � êîíå÷íîå ìíîæåñòâî è G = 〈X,E〉 � íåîðèåíòèðîâàí-
íûé ãðàô áåç ïåòåëü, ìíîæåñòâîì âåðøèí êîòîðîãî ÿâëÿåòñÿ ìíîæåñòâî
X, à ìíîæåñòâîì ðåáåð � íåêîòîðîå ñèììåòðè÷íîå îòíîøåíèå íà ìíîæå-
ñòâå X, òî åñòü ïîäìíîæåñòâî ìíîæåñòâà X×X. Òàêèì îáðàçîì, ãðàô G
íåîðèåíòèðîâàííûé, à çíà÷èò ýëåìåíòàìè ìíîæåñòâà E ÿâëÿþòñÿ íåóïî-
ðÿäî÷åííûå ïàðû, êîòîðûå áóäóò îáîçíà÷àòüñÿ {x, y}, ãäå x, y ∈ X.

×àñòè÷íî êîììóòàòèâíîé àëãåáðîé Ëè íàä êîëüöîì R ñ åäèíèöåé
íàçûâàåòñÿ R-àëãåáðà LR(X;G) ñ ìíîæåñòâîì ïîðîæäàþùèõ X è ìíî-
æåñòâîì îïðåäåëÿþùèõ ñîîòíîøåíèé

[xi, xj] = 0, ãäå {xi, xj} ∈ E.

(Çäåñü è äàëåå [g, h] îáîçíà÷àåò ëèåâñêîå ïðîèçâåäåíèå ýëåìåíòîâ g è h).
Ãðàô G íàçûâàåòñÿ îïðåäåëÿþùèì ãðàôîì ñîîòâåòñòâóþùåé àëãåáðû.

Ìîæíî òàêæå ðàññìàòðèâàòü ÷àñòè÷íî êîììóòàòèâíûå àëãåáðû Ëè
â òîì èëè èíîì ìíîãîîáðàçèè àëãåáð. Â ýòîì ñëó÷àå ÷àñòè÷íî êîììóòà-
òèâíàÿ àëãåáðà Ëè � ýòî R-àëãåáðà, êîòîðàÿ çàäàåòñÿ ïîñðåäñòâîì òîãî
æå ìíîæåñòâà ïîðîæäàþùèõ è îïðåäåëÿþùèõ ñîîòíîøåíèé íà íèõ, à
òàêæå òîæäåñòâ, çàäàþùèõ äàííîå ìíîãîîáðàçèå. Â äàííîé ñòàòüå áó-
äóò ðàññìàòðèâàòüñÿ ÷àñòè÷íî êîììóòàòèâíûå àëãåáðû â ìíîãîîáðàçèè
ìåòàáåëåâûõ àëãåáð Ëè.

×àñòè÷íî êîììóòàòèâíûå ãðóïïû ÿâëÿþòñÿ îáúåêòîì ïðèñòàëüíîãî
âíèìàíèÿ (ñì., íàïðèìåð, [15, 10, 6, 7, 12, 5, 3, 4, 9]). Íåñêîëüêî ðàáîò
(íàïðèìåð, [5, 3, 9]) ïîñâÿùåíî èññëåäîâàíèþ ñâîéñòâ óíèâåðñàëüíûõ
òåîðèé ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ ãðóïï.

∗Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÐÔÔÈ (ãðàíò 12-01-00084).
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×àñòè÷íî êîììóòàòèâíûå àëãåáðû (êàê àññîöèàòèâíûå, òàê è àëãåá-
ðû Ëè) èçó÷åíû çíà÷èòåëüíî ìåíüøå, îäíàêî è äëÿ íèõ òîæå ïîëó÷åí
ðÿä ðåçóëüòàòîâ [13, 8, 11, 1, 2, 14]). Â ÷àñòíîñòè, [14] ïîñâÿùåíà èçó÷å-
íèþ óíèâåðñàëüíûõ òåîðèé ÷àñòè÷íî êîììóòàòèâíûõ ìåòàáåëåâûõ àë-
ãåáð Ëè, îïðåäåëÿþùèå ãðàôû êîòîðûõ ÿâëÿþòñÿ äåðåâüÿìè.

Ïóñòü R � îáëàñòü öåëîñòíîñòè è ïóñòü G = 〈X;E〉 � ãðàô ñ ìíî-
æåñòâîì âåðøèí X è ìíîæåñòâîì ðåáåð E. ×åðåç M(X;G) îáîçíà÷èì
÷àñòè÷íî êîììóòàòèâíóþ ìåòàáåëåâó àëãåáðó Ëè ñ ìíîæåñòâîì ïîðîæ-
äàþùèõ X è îïðåäåëÿþùèì ãðàôîì G, òî åñòü R-àëãåáðó Ëè M(X)/I,
ãäåM(X) � ñâîáîäíàÿ ìåòàáåëåâà R-àëãåáðà Ëè, à I � åå èäåàë, ïîðîæ-
äåííûé ìíîæåñòâîì ñîîòíîøåíèé

{[xi, xj] = 0 |xi, xj ∈ X, òàêèå ÷òî {xi, xj} ∈ E}.

Åñëè {x, y} ∈ E, òî áóäåì ïèñàòü x↔ y.
Áóäåì ñ÷èòàòü, ÷òî Zn = {0, 1, 2, . . . , n − 1} è îïåðàöèè ñëîæåíèÿ è

âû÷èòàíèÿ îïðåäåëåíû åñòåñòâåííûì (äëÿ êîëüöà âû÷åòîâ Zn) îáðàçîì.
Òîãäà äëÿ ïðîèçâîëüíûõ r, s ∈ Zn ÷åðåç |r− s| îáîçíà÷èì ìèíèìàëüíûé
(â ñìûñëå îáû÷íîãî ïîðÿäêà: 0 < 1 < · · · < n−1) èç ýëåìåíòîâ r−s, s−r.

×åðåç Cn îáîçíà÷èì ãðàô íà n âåðøèíàõ, ÿâëÿþùèéñÿ öèêëîì. Òî
åñòü ãðàô ñ ìíîæåñòâîì âåðøèíàì {x0, x1, . . . , xn}, è ìíîæåñòâîì ðåáåð{
{xi, xj} | |i− j| = 1

}
.

Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Ïóñòü R � îáëàñòü öåëîñòíîñòè, ñîäåðæàùàÿ Z â êà÷å-
ñòâå ïîäêîëüöà, X = {x0, x1, . . . , xn−1}, Y = {y0, y1, . . . , ym−1} � ìíî-
æåñòâà âåðøèí ãðàôîâ Cn è Cm ñîîòâåòñòâåííî. ×àñòè÷íî êîììó-
òàòèâíûå ìåòàáåëåâû àëãåáðû M(X;Cn) è M(Y ;Cm) óíèâåðñàëüíî ýê-
âèâàëåíòíû òîãäà è òîëüêî òîãäà, êîãäà m = n.

Ïóñòü M(X;G) � ÷àñòè÷íî êîììóòàòèâíàÿ ìåòàáåëåâà àëãåáðà Ëè
ñ îïðåäåëÿþùèì ãðàôîì G(X,E). Äëÿ âåðøèíû x ∈ X ãðàôà G ââå-
äåì îáîçíà÷åíèå x⊥ = {y | d(x, y) 6 1}, ãäå ïîä d(x, y) ïîäðàçóìåâàåòñÿ
íåâçâåøåííîå (òî åñòü ðåáåðíîå) ðàññòîÿíèå ìåæäó âåðøèíàìè x è y.
Ââåäåì íà âåðøèíàõ ãðàôà G îòíîøåíèå ∼⊥, ïîëàãàÿ x ∼⊥ y, â òîì è
òîëüêî òîì ñëó÷àå, êîãäà x⊥ = y⊥. Ýòî îòíîøåíèå, î÷åâèäíî, ÿâëÿåòñÿ
îòíîøåíèåì ýêâèâàëåíòíîñòè. Êëàññ ∼⊥-ýêâèâàëåíòíîñòè, ñîäåðæàùèé
ýëåìåíò x áóäåì îáîçíà÷àòü X̃x.

Òàê êàê èç x ∼⊥ y, â ÷àñòíîñòè, ñëåäóåò, ÷òî x ↔ y; ýòè âåðøèíû
âõîäÿò â îäíó è òó æå êîìïîíåíòó ñâÿçíîñòè ëþáîãî ïîäãðàôà ãðàôà G,
ñîäåðæàùåãî îáå ýòè âåðøèíû.
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Ðèñ. 2: Ãðàô G è åãî ñæàòèå G

Òåîðåìà 2. Ïóñòü X � êîíå÷íîå ìíîæåñòâî âåðøèí ãðàôà G. Ïðåäïî-
ëîæèì, ÷òî ñóùåñòâóåò x ∈ X, òàêîé ÷òî êëàññ ∼⊥-ýêâèâàëåíòíîñòè
X̃x ñîäåðæèò áîëåå îäíîãî ýëåìåíòà. Íàêîíåö, ïóñòü X ′ = X\x è
G′ = G(X ′). Òîãäà àëãåáðû M(X;G) è M(X ′;G′) óíèâåðñàëüíî ýêâè-
âàëåíòíû.

Ïóñòü G = 〈X;E〉 � íåêîòîðûé ãðàô. Ðàññìîòðèì êëàññû ýêâèâà-
ëåíòíîñòè ýòîãî ãðàôà îòíîñèòåëüíî îòíîøåíèÿ ∼⊥. Èç òåîðåìû 2 ñëå-
äóåò , ÷òî â ýòîì ñëó÷àå ïîëó÷åííûå ÷àñòè÷íî êîììóòàòèâíûå ìåòàáå-
ëåâû àëãåáðû Ëè ñ îïðåäåëÿþùèìè ãðàôàìè G è G′ óíèâåðñàëüíî ýêâè-
âàëåíòíû. Áîëåå òîãî, ëåãêî âèäåòü, ÷òî äëÿ ëþáîãî îòíîøåíèÿ ýêâèâà-
ëåíòíîñòè ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå. Åñëè èç êàêîãî-íèáóäü
êëàññà êëàññà ýêâèâàëåíòíîñòè, óäàëèòü ýëåìåíò, òî âñå îñòàëüíûå ýëå-
ìåíòû ýòîãî êëàññà òàê è îñòàíóòñÿ â îäíîì êëàññå ýêâèâàëåíòíîñòè,
à îñòàëüíûå êëàññû ýêâèâàëåíòíîñòè ñîâñåì íå èçìåíÿòñÿ. Òàêèì îáðà-
çîì, åñëè â ïîëó÷åííîì ãðàôå åñòü êëàññû ∼⊥-ýêâèâàëåíòíîñòè, ñîäåð-
æàùèå áîëåå îäíîé âåðøèíû, òî ìîæíî ñíîâà óäàëèòü îäíó èç âåðøèí
ýòîãî êëàññà è ïîëó÷èòü ÷àñòè÷íî êîììóòàòèâíóþ ìåòàáåëåâó àëãåáðó
Ëè, èìåþùóþ òó æå óíèâåðñàëüíóþ òåîðèþ, ÷òî è èñõîäíàÿ, è òàê äàëåå.

Òàêèì îáðàçîì, äëÿ ëþáîãî ãðàôà G â êàæäîì êëàññå ýêâèâàëåíòíî-
ñòè ìîæíî óäàëèòü âñå âåðøèíû, êðîìå îäíîé, ïðè ýòîì óíèâåðñàëüíûå
òåîðèè ìåòàáåëåâûõ àëãåáð Ëè, ñîîòâåòñòâóþùèõ èñõîäíîìó è êîíå÷íî-
ìó ãðàôàì, ñîâïàäàþò. Ïîëó÷åííûé â èòîãå ãðàô íàçûâàåòñÿ ñæàòèåì
ãðàôà G (îáîçíà÷èì åãî G).

Íà ðèñ. 2 èçîáðàæåí ïðèìåð äâóõ ãðàôîâ, èìåþùèõ îäèíàêîâûå óíè-
âåðñàëüíûå òåîðèè, îäèí èç êîòîðûõ ÿâëÿåòñÿ äåðåâîì, à âòîðîé � íåò.
Â çàêëþ÷åíèå, îòìåòèì ÷òî îáðàùåíèå òåîðåìû 2 íåâåðíî â òîì ñìûñ-
ëå, ÷òî äàæå åñëè àëãåáðû M(X;G) è M(Y ;H) óíèâåðñàëüíî ýêâèâà-
ëåíòíû, ýòî åùå íå îçíà÷àåò, ÷òî ãðàô H ìîæíî ïîëó÷èòü èç ãðàôà
G äîáàâëåíèåì èëè óäàëåíèåì âåðøèí â êëàññû ∼⊥-ýêâèâàëåíòíîñòè.
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Äåéñòâèòåëüíî, íåòðóäíî âèäåòü, ÷òî âñå ñæàòèÿ ãðàôà èçîìîðôíû. Ñ
äðóãîé ñòîðîíû, ñæàòèåì äåðåâà ÿâëÿåòñÿ ñàìî ýòî äåðåâî. Îäíàêî â [14]
áûëî ïîêàçàíî, ÷òî åñëè îïðåäåëÿþùèå ãðàôû äâóõ ÷àñòè÷íî êîììóòà-
òèâíûõ ìåòàáåëåâûõ àëãåáð ÿâëÿþòñÿ äåðåâüÿìè, òî ýòè äåðåâüÿ ìîãóò
áûòü íåèçîìîðôíû äàæå åñëè ñîîòâåòñòâóþùèå àëãåáðû óíèâåðñàëüíî
ýêâèâàëåíòíû.
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Áóäåì ðàññìàòðèâàòü ìàòðèöû Λ íàä {0, 1} è èñïîëüçîâàòü îáîçíà-
÷åíèÿ λi, i = 0, 1, . . . ,m − 1, äëÿ ñòîëáöîâ ìàòðèöû, λ(v), v = 1, . . . , s,
äëÿ ñòðîê, λi(v) äëÿ ýëåìåíòîâ. Ïîëîæèì M = {0, 1, . . .m − 1}. Áóäåì
ãîâîðèòü, ÷òî ìíîæåñòâî ñòîëáöîâ T , T ⊆ M , ïîêðûâàåò ñòîëáåö j,
åñëè

∨
i∈T λi ≥ λj, ãäå äèçúþíêöèÿ ñòîëáöîâ âûïîëíÿåòñÿ ïîðàçðÿäíî.

Ïóñòü çàäàíà íåêîòîðàÿ ñèñòåìà T íåïóñòûõ ïîäìíîæåñòâ T ìíîæå-
ñòâà M . Ìàòðèöó íàçîâåì T -äèçúþíêòèâíîé, åñëè äëÿ ëþáûõ T ∈ T è
j /∈ T ìíîæåñòâî ñòîëáöîâ T íå ïîêðûâàåò ñòîëáåö j. Åñëè T ñîñòîèò èç
âñåõ t-ýëåìåíòíûõ ïîäìíîæåñòâ ìíîæåñòâà M , ìàòðèöà íàçûâàåòñÿ t-
äèçúþíêòèâíîé. Ïîñëåäíèå ââåäåíû â ðàáîòå [1] êàê ñðåäñòâî îïèñàíèÿ
äèçúþíêòèâíûõ (superimposed) êîäîâ. Ýòè êîäû øèðîêî ïðèìåíÿþòñÿ
â çàäà÷àõ ïðèêëàäíîé ìàòåìàòèêè è èíôîðìàòèêè � ñì., íàïðèìåð,
[1, 2, 3, 4] è öèòèðîâàííûå òàì èñòî÷íèêè. T -äèçúþíêòèâíûå ìàòðèöû
îáùåãî âèäà âñòðå÷àëèñü â [5].

Ñâîéñòâî T -äèçúþíêòèâíîñòè ïîçâîëÿåò âûäåëèòü â ìàòðèöå ëþáîå
ìíîæåñòâî ñòîëáöîâ T ∈ T , óêàçàâ èõ äèçúþíêöèþ. Äâîéñòâåííûì îá-
ðàçîì ìîæíî ââåñòè ïîíÿòèå T -êîíúþíêòèâíîé ìàòðèöû, â êîòîðîé
äëÿ ëþáûõ T ∈ T è j /∈ T êîíúþíêöèÿ ñòîëáöîâ ìíîæåñòâà T íå ïî-
êðûâàåòñÿ ñòîëáöîì j. Â ýòîì ñëó÷àå ëþáîå ìíîæåñòâî ñòîëáöîâ T ∈ T
ìîæíî âûäåëèòü, óêàçàâ èõ êîíúþíêöèþ. Îïèøåì áîëåå îáùèé êëàññ
ìàòðèö, âêëþ÷àþùèé îáà ýòè êëàññà.

Íàáîð λ̇T äëèíû s, ñîñòàâëåííûé èç áóëåâûõ ýëåìåíòîâ 0, 1 è íåîïðå-
äåëåííîãî ýëåìåíòà ∗ íàçîâåì T -ñåëåêòîðîì ìàòðèöû Λ, åñëè âñå ñòîëá-
öû ìíîæåñòâà T ÿâëÿþòñÿ åãî äîîïðåäåëíèÿìè (ò. å. ïîëó÷àþòñÿ çàìåíîé
â íåì âñåõ ∗ áóëåâûìè ýëåìåíòàìè) è íèêàêîé äðóãîé ñòîëáåö ìàòðèöû
åãî íå äîîïðåäåëÿåò. Ìàòðèöó Λ íàçîâåì T -ñåëåêòèâíîé, åñëè ïðè êàæ-
äîì T ∈ T äëÿ íåå ñóùåñòâóåò T -ñåëåêòîð. Â T -ñåëåêòèâíîé ìàòðèöå
ëþáîå ìíîæåñòâî ñòîëáöîâ T ∈ T ìîæíî âûäåëèòü, óêàçàâ T -ñåëåêòîð.

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÎÍÈÒ ÐÀÍ
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ßñíî, ÷òî â T -ñåëåêòèâíîé ìàòðèöå Λ â êà÷åñòâå T -ñåëåêòîðà ìîæåò
áûòü âçÿò íàáîð λ̇T , äëÿ êîòîðîãî êîìïîíåíòà λ̇T (v), v = 1, . . . , s, ðàâíà
τ ∈ {0, 1}, åñëè λi(v) = τ äëÿ âñåõ i ∈ T , è ðàâíà ∗, åñëè íàéäóòñÿ
i, j ∈ T , äëÿ êîòîðûõ λi(v) 6= λj(v). Ýòîò T -ñåëåêòîð áóäåì íàçûâàòü
êàíîíè÷åñêèì. Ïðè èíòåðïðåòàöèè ñòîëáöîâ ìàòðèöû êàê òî÷åê áóëåâà
êóáà {0, 1}s, à íàáîðîâ èç {0, 1, ∗}s êàê åãî ïîäêóáîâ, êàíîíè÷åñêîìó T -
ñåëåêòîðó ñîîòâåòñòâóåò ìèíèìàëüíûé ïîäêóá, íàòÿíóòûé íà ìíîæåñòâî
ñòîëáöîâ T .

Óòâåðæäåíèå 1. T -äèçúþíêòèâíàÿ è T -êîíúþíêòèâíàÿ ìàòðèöû T -
ñåëåêòèâíû.

Â êà÷åñòâå T -ñåëåêòîðà äëÿ T -äèçúþíêòèâíîé ìàòðèöû ìîæåò áûòü
âçÿò íàáîð, ïîëó÷åííûé èç

∨
i∈T λi çàìåíîé âñåõ 1 ýëåìåíòîì ∗, à äëÿ

T -êîíúþíêòèâíîé ìàòðèöû � íàáîð, îáðàçîâàííûé èç
∧
i∈T λi çàìåíîé

ýëåìåíòîì ∗ âñåõ 0.
Êëàññ T -ñåëåêòèâíûõ ìàòðèö íå èñ÷åðïûâàåòñÿ T -äèçúþíêòèâíûìè

è T -êîíúþíêòèâíûìè. Ïðèìåðîì 2-ñåëåêòèâíîé, íî íå 2-äèçúþíêòèâíîé
è íå 2-êîíúþíêòèâíîé ìàòðèöû ÿâëÿåòñÿ

λ0 λ1 λ2 λ3

1 1 0 0
1 0 1 0
1 0 0 1

.

T -ñåëåêòèâíûå, T -äèçúþíêòèâíûå è T -êîíúþíêòèâíûå ìàòðèöû åñòå-
ñòâåííûì îáðàçîì âîçíèêàþò â çàäà÷å äâîè÷íîãî ïðåäñòàâëåíèÿ íåäî-
îïðåäåëåííûõ äàííûõ. Ââåäåì ñîîòâåòñòâóþùèå ïîíÿòèÿ.

Çàäàí àëôàâèò A0 = {a0, a1, . . . , am−1} îñíîâíûõ ñèìâîëîâ. Êàæäî-
ìó íåïóñòîìó T ⊆ M , M = {0, 1, . . . ,m − 1}, ñîîòâåòñòâóåò ñèìâîë aT ,
íàçûâàåìûé íåäîîïðåäåëåííûì. Åãî äîîïðåäåëåíèåì ñ÷èòàåòñÿ âñÿêèé
îñíîâíîé ñèìâîë ai, i ∈ T . Âûäåëåíà íåêîòîðàÿ ñèñòåìà T íåïóñòûõ
ïîäìíîæåñòâ T ìíîæåñòâàM è ñ íåé ñâÿçàí íåäîîïðåäåëåííûé àëôàâèò
A = AT = {aT | T ∈ T }. Ïîäðîáíåå î íåäîîïðåäåëåííûõ äàííûõ â [6].

Çàäàâøèñü íàòóðàëüíûì ÷èñëîì s, ïðèïèøåì íåêîòîðûì îáðàçîì
êàæäîìó ai ∈ A0 íàáîð λi ∈ {0, 1}s � êîä ñèìâîëà ai, à êàæäîìó aT ∈ A
� íàáîð λT ∈ {0, 1, ∗}s. Îáîçíà÷èì ÷åðåç Λ ìàòðèöó ñî ñòîëáöàìè λi,
i ∈ M , à ÷åðåç Λ̃ � ìàòðèöó ñî ñòîëáöàìè λT , T ∈ T . Ñêàæåì, ÷òî
ïàðà (Λ, Λ̃) çàäàåò äâîè÷íîå ïðåäñòàâëåíèå àëôàâèòà A, åñëè äëÿ ëþáûõ
T ∈ T è i ∈M

λi äîîïðåäåëÿåò λT ⇔ i ∈ T.
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Â ïðåäñòàâëåíèÿõ ðàññìàòðèâàåìîãî âèäà íåäîîïðåäåëåííûì ïîñëå-
äîâàòåëüíîñòÿì â àëôàâèòå A ñîîòâåòñòâóþò íåäîîïðåäåëåííûå äâî-
è÷íûå ïîñëåäîâàòåëüíîñòè, èñïîëüçóþùèå ôàêòè÷åñêè òðåõáóêâåííûé
àëôàâèò {0, 1, ∗}. Äâîè÷íîå ïðåäñòàâëåíèå (Λ, Λ̃) àëôàâèòà A íàçîâåì
ñòðîãî äâîè÷íûì, åñëè Λ̃ � ìàòðèöà â äâóõáóêâåííîì àëôàâèòå. Ýòèì
àëôàâèòîì ìîæåò áûòü {0, ∗} ëèáî {1, ∗}. Åñëè ïîòðåáóåòñÿ ðàçëè÷àòü
ýòè ñëó÷àè, áóäåì ãîâîðèòü î ñòðîãèõ 0-ïðåäñòàâëåíèÿõ è ñòðîãèõ 1-
ïðåäñòàâëåíèÿõ.

Óòâåðæäåíèå 2. Âñÿêèé àëôàâèò A ñòðîãî 0-ïðåäñòàâèì è ñòðîãî
1-ïðåäñòàâèì (à ïîòîìó äâîè÷íî ïðåäñòàâèì).

Ñòðîãîå 1-ïðåäñòàâëåíèå, íàïðèìåð, ìîæíî ïîëó÷èòü, íàçíà÷èâ s =
m è âçÿâ â êà÷åñòâå λi, i ∈ M , íàáîð (λi(v), v = 1, . . . ,m), â êîòîðîì
êîìïîíåíòà λi(v) ðàâíà 0 äëÿ v − 1 = i è ðàâíà 1 äëÿ v − 1 6= i, à â
êà÷åñòâå λT , T ∈ T , � íàáîð (λT (v), v = 1, . . . ,m), â êîòîðîì êîìïîíåíòà
λT (v) ðàâíà 1 äëÿ v − 1 /∈ T è ðàâíà ∗ äëÿ v − 1 ∈ T .

Ìàòðèöó Λ íàçîâåì (i) äîïóñòèìîé, (ii) ñòðîãî 0-äîïóñòèìîé, (iii)
ñòðîãî 1-äîïóñòèìîé äëÿ àëôàâèòà A, åñëè äëÿ A ñóùåñòâóåò (i) äâîè÷-
íîå ïðåäñòàâëåíèå, (ii) ñòðîãîå 0-ïðåäñòàâëåíèå, (iii) ñòðîãîå 1-ïðåäñòàâ-
ëåíèå (Λ, Λ̃) ñ ìàòðèöåé êîäèðîâàíèÿ Λ.

Òåîðåìà 3. Ìàòðèöà Λ (i) äîïóñòèìà, (ii) ñòðîãî 0-äîïóñòèìà, (iii)
ñòðîãî 1-äîïóñòèìà äëÿ àëôàâèòà A = AT òîãäà è òîëüêî òîãäà, êîãäà
îíà (i) T -ñåëåêòèâíà, (ii) T -äèçúþíêòèâíà, (iii) T -êîíúþíêòèâíà.

Äîêàçàòåëüñòâî. (i) Åñëè Λ T -ñåëåêòèâíà, òî â êà÷åñòâå ñòîëáöîâ
ìàòðèöû Λ̃ äâîè÷íîãî ïðåäñòàâëåíèÿ (Λ, Λ̃) ìîæåò áûòü âçÿòà ìàòðèöà,
îáðàçîâàííàÿ T -ñåëåêòîðàìè λ̇T , è, íàîáîðîò, åñëè ïðåäñòàâëåíèå (Λ, Λ̃)
ñóùåñòâóåò, òî ðîëü T -ñåëåêòîðîâ λ̇T ìîãóò èãðàòü ñòîëáöû ìàòðèöû Λ̃.

(ii) Åñëè ñòðîãîå 0-ïðåäñòàâëåíèå ñ ìàòðèöåé êîäèðîâàíèÿ Λ ñóùå-
ñòâóåò, òî ó Λ ïðè êàæäîì T ∈ T èìååòñÿ íåêîòîðûé T -ñåëåêòîð λ̇T â
àëôàâèòå {0, ∗}. Ñòîëáöû ìíîæåñòâà T äîîïðåäåëÿþò åãî è èõ åäèíèöû
íàõîäÿòñÿ â ïîçèöèÿõ, ãäå λ̇T ïðèíèìàåò çíà÷åíèå ∗. Ëþáîé äðóãîé ñòîë-
áåö ñîäåðæèò 1 â íåêîòîðîì íóëåâîì ðàçðÿäå T -ñåëåêòîðà λ̇T è ïîòîìó íå
ïîêðûâàåòñÿ ñòîëáöàìè ìíîæåñòâà T . Ýòî îçíà÷àåò T -äèçúþíêòèâíîñòü
ìàòðèöû.

Îáðàòíî, äëÿ âñÿêîé T -äèçúþíêòèâíîé ìàòðèöû ïðè ëþáîì T ∈ T
ñóùåñòâóåò T -ñåëåêòîð â àëôàâèòå {0, ∗}, óêàçàííûé ïðè äîêàçàòåëüñòâå
óòâåðæäåíèÿ 1. Èõ ñîâîêóïíîñòü îáðàçóåò ìàòðèöó, êîòîðàÿ âìåñòå ñ
èñõîäíîé ìàòðèöåé çàäàåò ñòðîãîå 0-ïðåäñòàâëåíèå.

Ñëó÷àé (iii) àíàëîãè÷åí (ii).
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Ïîä èíâåðñèåé áóëåâà íàáîðà è áóëåâîé ìàòðèöû ïîíèìàåòñÿ ðåçóëü-
òàò çàìåíû â íèõ âñåõ ýëåìåíòîâ îòðèöàíèÿìè. ßñíî, ÷òî ìàòðèöà T -
êîíúþíêòèâíà òîãäà è òîëüêî òîãäà, êîãäà åå èíâåðñèÿ T -äèçúþíêòèâ-
íà, ïîýòîìó áóäåì âìåñòî äâóõ òèïîâ ìàòðèö ðàññìàòðèâàòü ëèøü T -
äèçúþíêòèâíûå, à ïîä ñòðîãèìè ïðåäñòàâëåíèÿìè ïîíèìàòü 0-ïðåäñòàâ-
ëåíèÿ.

Ïîñêîëüêó ñòîëáåö t-äèçúþíêòèâíîé ìàòðèöû íå ïîêðûâàåòñÿ t äðó-
ãèìè, òàêèå ìàòðèöû òàêæå íàçûâàþò ñâîáîäíûìè îò t-ïîêðûòèé (t-
cover-free) [7]. T -äèçúþíêòèâíûå ìàòðèöû åñòåñòâåííî íàçûâàòü ñâîáîä-
íûìè îò T -ïîêðûòèé. Ïðåäñòàâèì â àíàëîãè÷íûõ òåðìèíàõ ïîíÿòèå
T -ñåëåêòèâíîñòè. Áóäåì ãîâîðèòü, ÷òî íåêîòîðîå ìíîæåñòâî íàáîðîâ
èíâåðñíî ïîêðûâàåò íàáîð λ, åñëè ìíîæåñòâî èíâåðñèé ýòèõ íàáîðîâ
ïîêðûâàåò èíâåðñèþ íàáîðà λ. Ìíîæåñòâî íàáîðîâ äâàæäû ïîêðûâàåò
íàáîð λ, åñëè îíî ïîêðûâàåò è èíâåðñíî ïîêðûâàåò íàáîð λ. Ìàòðèöó
Λ íàçîâåì ñâîáîäíîé îò äâîéíûõ T -ïîêðûòèé, åñëè äëÿ ëþáîãî T ∈ T
ìíîæåñòâî ñòîëáöîâ λi, i ∈ T , íå ïîêðûâàåò äâàæäû íè îäíîãî ñòîëáöà,
íå âõîäÿùåãî â ýòî ìíîæåñòâî.

Òåîðåìà 4. Ìàòðèöà Λ T -ñåëåêòèâíà òîãäà è òîëüêî òîãäà, êîãäà
îíà ñâîáîäíà îò äâîéíûõ T -ïîêðûòèé.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ìàòðèöó Λ è ïîñòðîåííóþ ïî íåé
ìàòðèöó Λ̇, îáðàçîâàííóþ êàíîíè÷åñêèìè T -ñåëåêòîðàìè, T ∈ T . Óáå-
äèìñÿ, ÷òî ñòîëáåö λj äîîïðåäåëÿåò ñòîëáåö λ̇T òîãäà è òîëüêî òîãäà, êî-
ãäà ñîâîêóïíîñòü ñòîëáöîâ λi, i ∈ T , äâàæäû ïîêðûâàåò λj. Ïóñòü λj äî-
îïðåäåëÿåò λ̇T . Åñëè äëÿ íåêîòîðîé ïîçèöèè v èìååò ìåñòî λj(v) = τ , òî
λ̇T (v) ∈ {∗, τ} è ïî ïîñòðîåíèþ Λ̇ íàéäåòñÿ i ∈ T , äëÿ êîòîðîãî λi(v) = τ .
Ïðèìåíèâ ýòî ðàññóæäåíèå êî âñåì ïîçèöèÿì v ñ τ = 1, çàêëþ÷àåì, ÷òî
ìíîæåñòâî ñòîëáöîâ λi, i ∈ T , ïîêðûâàåò λj. Àíàëîãè÷íîå ðàññìîòðå-
íèå ïîçèöèé ñ τ = 0 ïîêàçûâàåò, ÷òî ìíîæåñòâî èíâåðñèé ýòèõ ñòîëáöîâ
ïîêðûâàåò èíâåðñèþ ñòîëáöà λj. Ýòî îçíà÷àåò, ÷òî ïîêðûòèå äâîéíîå.
Äîêàçàòåëüñòâî â äðóãóþ ñòîðîíó ïðîâîäèòñÿ îáðàùåíèåì ýòèõ ðàññóæ-
äåíèé.

Ìàòðèöà Λ T -ñåëåêòèâíà òîãäà è òîëüêî òîãäà, êîãäà àëôàâèò AT
ïðåäñòàâèì ïàðîé (Λ, Λ̇). Ýòî îçíà÷àåò, ÷òî äëÿ T ∈ T íè îäèí èç ñòîëá-
öîâ λj, j /∈ T , íå äîîïðåäåëÿåò ñòîëáåö λ̂T è ïî äîêàçàííîìó âûøå íå
ïîêðûâàåòñÿ äâàæäû ìíîæåñòâîì ñòîëáöîâ T .

Åñëè ìàòðèöà Λ äîïóñòèìà (ñòðîãî äîïóñòèìà) äëÿ àëôàâèòà AT , òî
ïî òåîðåìå 3 îíà T -ñåëåêòèâíà (T -äèçúþíêòèâíà) è äëÿ ïðåäñòàâëåíèÿ
ñèìâîëîâ aT àëôàâèòà AT ìîãóò áûòü èñïîëüçîâàíû T -ñåëåêòîðû ìàò-
ðèöû Λ, êîòîðûå íàõîäÿòñÿ ýôôåêòèâíî (ïîëèíîìèàëüíî). Òåì ñàìûì
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çàäà÷à íàõîæäåíèÿ äâîè÷íûõ ïðåäñòàâëåíèé è ñòðîãèõ ïðåäñòàâëåíèé
íåäîîïðåäåëåííûõ àëôàâèòîâ ñâîäèòñÿ ê çàäà÷àì ïîñòðîåíèÿ ñîîòâåò-
ñòâóþùèõ T -ñåëåêòèâíûõ è T -äèçúþíêòèâíûõ ìàòðèö. Äëÿ ïîñòðîåíèÿ
ïîëåçíà ïðèâîäèìàÿ íèæå òåîðåìà.

Ñêàæåì, ÷òî ñèñòåìà Z ïîäìíîæåñòâ ìíîæåñòâà M îáðàçóåò êîíú-
þíêòèâíûé áàçèñ ñèñòåìû T , åñëè êàæäîå ìíîæåñòâî T ∈ T ìîæåò
áûòü ïîëó÷åíî êàê ïåðåñå÷åíèå íåêîòîðûõ ìíîæåñòâ èç Z, è îáðàçóåò
îáîáùåííûé êîíúþíêòèâíûé áàçèñ, åñëè êàæäîå T ∈ T ìîæåò áûòü ïî-
ëó÷åíî êàê ïåðåñå÷åíèå êàêèõ-ëèáî ìíîæåñòâ èç Z ëèáî èõ äîïîëíåíèé
(äî M). Ñ÷èòàåì, ÷òî ïåðåñå÷åíèå ïóñòîé ñîâîêóïíîñòè ìíîæåñòâ äàåò
M , òàê ÷òî M êîíúþíêòèâíî ïîðîæäàåìî ëþáîé ñèñòåìîé Z.

Ñòðîêå λ(v) ìàòðèöû Λ ñîïîñòàâèì ìíîæåñòâî Zv = {i | λi(v) = 1}.
Ïîëîæèì ZΛ = {Z1, . . . , Zs}, Z ′Λ = {Z̄1, . . . , Z̄s}, ãäå Z̄ = M \ Z.

Òåîðåìà 5. Ìàòðèöà Λ
(i) T -ñåëåêòèâíà òîãäà è òîëüêî òîãäà, êîãäà ñèñòåìà ìíîæåñòâ ZΛ

îáðàçóåò îáîáùåííûé êîíúþíêòèâíûé áàçèñ ñèñòåìû T ,
(ii) T -äèçúþíêòèâíà òîãäà è òîëüêî òîãäà, êîãäà ñèñòåìà ìíîæåñòâ
Z ′Λ îáðàçóåò êîíúþíêòèâíûé áàçèñ ñèñòåìû T .

Äîêàçàòåëüñòâî. Îãðàíè÷èìñÿ ñëó÷àåì (i).
Äëÿ Z ⊆ M è τ ∈ {0, 1} ïîä Zτ áóäåì ïîíèìàòü Z ïðè τ = 1 è

Z̄ = M \ Z ïðè τ = 0. Ïóñòü ìàòðèöà Λ ÿâëÿåòñÿ T -ñåëåêòèâíîé, Λ̇
� ìàòðèöà, îáðàçîâàííàÿ êàíîíè÷åñêèìè T -ñåëåêòîðàìè. Ðàññìîòðèì
ïðîèçâîëüíîå T ∈ T . Ïîëîæèì VT = {v | λ̂T (v) 6= ∗} è óáåäèìñÿ, ÷òî

T =
⋂
v∈VT

Z λ̂T (v). (1)

Åñëè ìíîæåñòâî VT ïóñòî, òî ñòîëáåö λ̇T îáðàçîâàí ýëåìåíòàìè ∗.
Â ýòîì ñëó÷àå T = M è ðàâåíñòâî (1) âûïîëíåíî â ñèëó ñîãëàøåíèÿ
îòíîñèòåëüíî ïåðåñå÷åíèÿ ïóñòîé ñèñòåìû ìíîæåñòâ.

Ïóñòü òåïåðü VT 6= ∅. Äëÿ ëþáîãî i ∈ T ñòîëáåö λi äîîïðåäåëÿåò λ̇T è,
ñëåäîâàòåëüíî, ïðè êàæäîì v ∈ VT âûïîëíåíî λi(v) = λ̇T (v). Ýòî îçíà-

÷àåò, ÷òî i ñîäåðæèòñÿ â êàæäîì ìíîæåñòâå Z λ̇T (v)
v , v ∈ VT , à ïîòîìó è â

èõ ïåðåñå÷åíèè. Ñ ó÷åòîì ïðîèçâîëüíîñòè i ∈ T çàêëþ÷àåì, ÷òî T âêëþ-
÷åíî â ïåðåñå÷åíèå èç ïðàâîé ÷àñòè (1). Îáðàòíîå âêëþ÷åíèå âûòåêàåò
èç òîãî, ÷òî äëÿ âñÿêîãî j /∈ T ñòîëáåö λj íå ÿâëÿåòñÿ äîîïðåäåëåíè-
åì ñòîëáöà λ̇T , ò. å. ïðè íåêîòîðîì v ∈ VT èìååò ìåñòî λj(v) 6= λ̇T (v),

à ïîòîìó j /∈ Z λ̇T (v)
v è j íå ñîäåðæèòñÿ â ïåðåñå÷åíèè èç (1). Ðàâåíñòâî

(1) ïîêàçûâàåò, ÷òî ñèñòåìà ZΛ îáðàçóåò îáîáùåííûé êîíúþíêòèâíûé
áàçèñ äëÿ T .
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Îáðàòíî, ïóñòü ZΛ ÿâëÿåòñÿ îáîáùåííûì êîíúþíêòèâíûì áàçèñîì
ñèñòåìû T . Âñÿêîå ìíîæåñòâî T ∈ T ïðåäñòàâèìî â âèäå ïåðåñå÷åíèÿ
íåêîòîðûõ ìíîæåñòâ Zv èëè èõ äîïîëíåíèé. Ôèêñèðóåì îäíî èç òàêèõ
ïðåäñòàâëåíèé è îáîçíà÷èì ÷åðåç VT ñîâîêóïíîñòü èíäåêñîâ v ó÷àñòâó-
þùèõ â íåì ìíîæåñòâ Zv. Äëÿ v ∈ VT ïîëîæèì λT (v) ðàâíûì 1 èëè 0 â
çàâèñèìîñòè îò òîãî, â êàêîé èç ôîðì Zv èëè Z̄v âõîäèò â ïåðåñå÷åíèå
ýòî ìíîæåñòâî, à äëÿ v /∈ VT ïîëîæèì λT (v) = ∗. Òîãäà

T =
⋂
v∈VT

ZλT (v).

Îòñþäà àíàëîãè÷íî ïðåäûäóùåìó ìîæíî çàêëþ÷èòü, ÷òî íàáîð ñ êîì-
ïîíåíòàìè λT (v), v = 1, . . . , s, ÿâëÿåòñÿ T -ñåëåêòîðîì ìàòðèöû Λ è îíà
T -ñåëåêòèâíà.

Îáîçíà÷èì ÷åðåç s(T ) ìèíèìàëüíîå ÷èñëî ñòðîê T -ñåëåêòèâíîé ìàò-
ðèöû. Ââåäåì ôóíêöèþ s(m,n, t), ðàâíóþ ìàêñèìóìó çíà÷åíèé s(T ) ïî
âñåì ñèñòåìàì T íàä M = {0, 1, . . . ,m − 1}, ñîñòîÿùèì èç n ìíîæåñòâ
T , êàæäîå èç êîòîðûõ èìååò ìîùíîñòü íå âûøå t, ëèáî ñîâïàäàåò ñ M .
Àíàëîãè÷íûå âåëè÷èíû äëÿ T -äèçúþíêòèâíûõ ìàòðèö áóäåì îáîçíà-
÷àòü s0(T ) è s0(m,n, t). Â òåðìèíàõ íåäîîïðåäåëåííûõ äàííûõ îãðàíè÷å-
íèÿ íà T îçíà÷àþò, ÷òî ðàññìàòðèâàþòñÿ íåäîîïðåäåëåííûå àëôàâèòû,
ñèìâîëû êîòîðûõ ëèáî íå îïðåäåëåíû, ëèáî èìåþò íå áîëåå t äîîïðåäå-
ëåíèé.

Òåîðåìà 6. Ñïðàâåäëèâû îöåíêè

s(m,n, 2) ≤ 4 ln(mn) + 1, (2)

s0(m,n, 2) ≤ 6.75 ln(mn) + 1, (3)

s(m,n, 3) ≤ 8 ln(mn) + 1, (4)

s0(m,n, 3) ≤ 9.48 ln(mn) + 1, (5)

s(m,n, t) ≤ s0(m,n, t) ≤ e(t+ 1) ln(mn) + 1. (6)

Äîêàçàòåëüñòâî. Ðàññìîòðèì âíà÷àëå ôóíêöèþ s(m,n, t), îòíîñÿ-
ùóþñÿ ê ñåëåêòèâíûì ìàòðèöàìþ

Ïóñòü T � ïðîèçâîëüíàÿ ñèñòåìà ñ ïàðàìåòðàìè m, n è t. Ñîãëàñíî
òåîðåìå 5 äîñòàòî÷íî îöåíèòü ñâåðõó ìîùíîñòü îáîáùåííîãî êîíúþíê-
òèâíîãî áàçèñà äëÿ ñèñòåìû T . Ïîñêîëüêó ìíîæåñòâî M ðåàëèçóåòñÿ
àâòîìàòè÷åñêè (êàê ïóñòîå ïåðåñå÷åíèå), ìîæíî ñ÷èòàòü, ÷òî M /∈ T è
|T | ≤ t äëÿ ëþáîãî T ∈ T .

Ïàðû (T, j), j ∈M \ T , áóäåì íàçûâàòü ôðàãìåíòàìè. Ñêàæåì, ÷òî
ìíîæåñòâî Z ðåàëèçóåò ôðàãìåíò (T, j) ïðÿìî, åñëè T ⊆ Z, j /∈ Z,
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è ðåàëèçóåò èíâåðñíî, åñëè T ∩ Z = ∅, j ∈ Z. Ìíîæåñòâî ðåàëèçóåò
ôðàãìåíò, åñëè îíî åãî ðåàëèçóåò ïðÿìî èëè èíâåðñíî. ßñíî, ÷òî ñèñòåìà
Z îáðàçóåò îáîáùåííûé êîíúþíêòèâíûé áàçèñ äëÿ T òîãäà è òîëüêî
òîãäà, êîãäà ìíîæåñòâàìè ñèñòåìû Z ðåàëèçóþòñÿ âñå ôðàãìåíòû (T, j),
T ∈ T , j ∈ M \ T . Ìîùíîñòü ñèñòåìû ñ óêàçàííûì ñâîéñòâîì îöåíèì
âåðîÿòíîñòíûì ìåòîäîì.

Ðàññìîòðèì ñèñòåìó s ñëó÷àéíûõ ïîäìíîæåñòâ ìíîæåñòâàM , â êàæ-
äîå èç êîòîðûõ ýëåìåíòû i ∈ M âêëþ÷àþòñÿ íåçàâèñèìî ñ îäèíàêîâîé
âåðîÿòíîñòüþ p, êîòîðàÿ áóäåò âûáðàíà ïîçæå. Âåðîÿòíîñòü òîãî, ÷òî
ñëó÷àéíîå ìíîæåñòâî ðåàëèçóåò çàäàííûé ôðàãìåíò (T, j), ñîñòàâëÿåò
p|T |(1− p) + (1− p)|T |p, à âåðîÿòíîñòü, ÷òî íè îäíî èç s ìíîæåñòâ ñèñòå-
ìû åãî íå ðåàëèçóåò, ðàâíà

(
1− (p|T |(1− p) + (1− p)|T |p)

)s
. Ýòà âåëè÷èíà

íå ïðåâîñõîäèò
(
1−(pt(1−p)+(1−p)tp)

)s
. Ïîñêîëüêó ÷èñëî ôðàãìåíòîâ

ìåíüøå |T | · |M | = nm, âåðîÿòíîñòü îòñóòñòâèÿ ðåàëèçàöèè õîòÿ áû ó
îäíîãî èç íèõ ìåíüøå

mn
(
1− (pt(1− p) + (1− p)tp)

)s
.

Îòñþäà è èç ñîîòíîøåíèÿ ln(1− x) ≤ −x ñëåäóåò, ÷òî ïðè ëþáîì

s ≥ ln(mn)

pt(1− p) + (1− p)tp

ýòà âåðîÿòíîñòü ìåíüøå 1 è, ñëåäîâàòåëüíî, ñóùåñòâóåò îáîáùåííûé
êîíúþíêòèâíûé áàçèñ òàêîé ìîùíîñòè. Ýòî äàåò

s(m,n, t) ≤ ln(mn)

ψt(p)
+ 1, (7)

ãäå ψt(p) = pt(1− p) + (1− p)tp.
Âûáåðåì çíà÷åíèå p. Äëÿ t = 2 è t = 3 ôóíêöèÿ ψt(p) äîñòèãàåò

ìàêñèìóìà ïðè p = 1/2. Ïîäñòàíîâêà ýòîãî çíà÷åíèÿ â (7) ïðèâîäèò ê
îöåíêàì (2) è (4). Ïðè ïðîèçâîëüíîì t ñ ó÷åòîì òîãî, ÷òî ψt(p) ≥ pt(1−p)
è âåëè÷èíà pt(1 − p) ïðè p = t/(t + 1) ïðèíèìàåò çíà÷åíèå tt/(t + 1)t+1,
èìååì

ψt

( t

t+ 1

)
≥ tt

(t+ 1)t+1
≥ 1

e(t+ 1)
.

Ïîäñòàâëÿÿ ýòó îöåíêó â (7), ïðèõîäèì ê (6).
Îöåíêà ôóíêöèè s0(m,n, t) ïðîâîäèòñÿ òåì æå ñïîñîáîì, íî âìåñòî

ψt(p) â ôîðìóëå (7) âîçíèêàåò ôóíêöèÿ ψ0
t (p) = pt(1 − p). Ïðè îöåí-

êå s(m,n, t) ôàêòè÷åñêè èñïîëüçîâàëàñü ôóíêöèÿ ψ0
t (p), ïîýòîìó äëÿ

s0(m,n, t) îöåíêà ñîõðàíÿåò òîò æå âèä. Êîíñòàíòû â (3) è (5) íàõîäÿòñÿ
ïðÿìûì ïîäñ÷åòîì ïðè p = 2/3 è p = 3/4.
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Îòìåòèì, ÷òî äëÿ t-äèçúþíêòèâíûõ (è t-ñåëåêòèâíûõ) ìàòðèö n =(
m
t

)
≤ (me/t)t, è ïîòîìó èç (6) ïîëó÷àåòñÿ âåðõíÿÿ îöåíêà

s0(m, t) ≤ e(t+ 1)2
(
ln
m

t
+ 2
)
. (8)

ìèíèìàëüíîãî ÷èñëà ñòðîê t-äèçúþíêòèâíîé ìàòðèöû ñ m ñòîëáöàìè.
Ïîäîáíûå îöåíêè äëÿ t-äèçúþíêòèâíûõ ìàòðèö áûëè óñòàíîâëåíû ìå-
òîäîì ñëó÷àéíîãî êîäèðîâàíèÿ ìíîãèìè àâòîðàìè (íàïð., â [2, 3, 7, 8]),
íî ñïîñîá ïîëó÷åíèÿ ïóòåì ñâåäåíèÿ ê êîíúþíêòèâíûì áàçèñàì ðàíåå
íå èñïîëüçîâàëñÿ.

Âïåðâûå íåòðèâèàëüíàÿ (íåìîùíîñòíàÿ) è ê äàííîìó ìîìåíòó íàè-
ëó÷øàÿ íèæíÿÿ îöåíêà äëÿ s0(m, t) óñòàíîâëåíà â [2]. Îíà îòíîñèòñÿ ê
ñëó÷àþ t = const, m→∞ è ìîæåò áûòü ïðåäñòàâëåíà â âèäå1

s0(m, t) &
t2 logm

2 log t+ c
, c = log

3e

4
< 1.027. (9)

Ýòà îöåíêà äîêàçûâàåòñÿ äîñòàòî÷íî ñëîæíî èíäóêöèåé ïî t. Ïîçä-
íåå â ðàáîòå [9] áûëî íàéäåíî ÷èñòî êîìáèíàòîðíîå äîêàçàòåëüñòâî â 4
ðàçà áîëåå ñëàáîé îöåíêè. Çàòåì â çàìåòêå [10] áûëî ïðåäñòàâëåíî î÷åíü
ïðîñòîå êîìáèíàòîðíîå äîêàçàòåëüñòâî îöåíêè, êîòîðàÿ õóæå (9) â 2 ðà-
çà. Îíà âûòåêàåò èç óñòàíîâëåííîãî â [10] ñîîòíîøåíèÿ

m ≤ t+

(
s⌈

2(s−t)
t(t+1)

⌉), (10)

ñâÿçûâàþùåãî ÷èñëî ñòîëáöîâ m è ÷èñëî ñòðîê s t-äèçúþíêòèâíîé ìàò-
ðèöû. Ïðè ïîëó÷åíèè íèæíèõ îöåíîê ôóíêöèé s0(m,n, t) è s(m,n, t) ýòî
íåðàâåíñòâî áóäåò èãðàòü âàæíóþ ðîëü.

Òåîðåìà 7. Ïðè âûïîëíåíèè óñëîâèÿ

t = o

(
log n

log log n

)
(11)

ñïðàâåäëèâû îöåíêè

s0(m,n, t) &
(t+ 1) log n

2(2 log t+ c)
, (12)

s(m,n, t) &
(t− 1) log n

2(2 log(t− 1) + c)
, (13)

ãäå c � êîíñòàíòà èç (9).

1Âñþäó ïîä log x ïîíèìàåòñÿ log2 x.



Äèçúþíêòèâíûå è ñåëåêòèâíûå ìàòðèöû 53

Äîêàçàòåëüñòâî. 1. Íà÷íåì ñî ñëó÷àÿ ôóíêöèè s0(m,n, t).
Ïîñêîëüêó n íå ïðâîñõîäèò ÷èñëà ïîäìíîæåñòâ ìíîæåñòâà M , èìå-

þùèõ ìîùíîñòü íå âûøå t, ñïðàâåäëèâî íåðàâåíñòâî

n ≤
∑
u≤t

(
m

u

)
. (14)

Ïóñòü m′ � ìàêñèìàëüíîå çíà÷åíèå, óäîâëåòâîðÿþùåå óñëîâèþ

n ≥
∑
u≤t

(
m′

u

)
.

Î÷åâèäíî, ÷òî m′ ≤ m. Â ñèëó ìàêñèìàëüíîñòè m′ âûïîëíåíî

n ≤
∑
u≤t

(
m′ + 1

u

)
≤ (m′ + 1)t.

Îòñþäà ñ ó÷åòîì (11) ïîëó÷àåì2

log(m′ + 1) ≥ log n

t
� log log n, (15)

à ïîòîìó
m′ � log n� t. (16)

Ïîëîæèì M ′ = {0, 1, . . . ,m′ − 1} è âîçüìåì â êà÷åñòâå T íåêîòîðóþ
ñèñòåìó, êîòîðàÿ ñîñòîèò èç n ïîäìíîæåñòâ ìíîæåñòâà M ìîùíîñòè íå
âûøå t è âêëþ÷àåò âñå t-ýëåìåíòíûå ïîäìíîæåñòâà ìíîæåñòâà M ′. Ðàñ-
ñìîòðèì ïðîèçâîëüíóþ T -äèçúþíêòèâíóþ ìàòðèöó Λ, ïåðâûå m′ ñòîëá-
öîâ êîòîðîé ñîîòâåòñòâóþò ýëåìåíòàì ìíîæåñòâà M ′. Ýòè ñòîëáöû îá-
ðàçóþò t-äèçúþíêòèâíóþ ìàòðèöó è äëÿ íåå ñïðàâåäëèâî ñîîòíîøåíèå
(10). Â ñèëó òðèâèàëüíîé íèæíåé îöåíêè s ≥ log n è óñëîâèÿ (11) âûïîë-
íåíî s � t. Ïðîëîãîðèôìèðîâàâ (10), ïîëó÷àåì ñ ó÷åòîì íåðàâåíñòâà

log

(
u

v

)
≤ log

eu

v
è ñîîòíîøåíèé (15), (16) è s� t

log n

t
. logm′ .

(
2s

t(t+ 1)
+ 1

)
log

et(t+ 1)

2
.

Îòñþäà
2s

t(t+ 1)
+ 1 &

log n

t log
et(t+ 1)

2

. (17)

2Ñîîòíîøåíèå u� v îçíà÷àåò v = o(u).



54 Ë.À. Øîëîìîâ

Òàê êàê â ñèëó (11) âûïîëíåíî

log n

t log
et(t+ 1)

2

� log n(
log n

log log n

)
log log n

= 1,

èç (17) íàõîäèì

s &
t(t+ 1) log n

2t log
et(t+ 1)

2

=
(t+ 1) log n

2

(
2 log t+ log

(t+ 1)e

2t

) ≥ (t+ 1) log n

2

(
2 log t+ log

3e

4

) .
Îòñþäà ñëåäóåò (12).

2. Ðàññìîòðèì òåïåðü ñëó÷àé ôóíêöèè s(m,n, t).
2-1. Ïóñòü âíà÷àëå òðîéêà (m− 1, n, t− 1) ÿâëÿåòñÿ äîïóñòèìîé, ò. å.

ñóùåñòâóåò ñèñòåìà T ñ òàêèìè ïàðàìåòðàìè. Ïîêàæåì, ÷òî â ýòîì ñëó-
÷àå

s(m,n, t) ≥ s0(m− 1, n, t− 1). (18)

Ïóñòü T � ïðîèçâîëüíàÿ ñèñòåìà ñ ïàðàìåòðàìè (m− 1, n, t− 1) íà
ìíîæåñòâå M = {0, 1, . . . ,m − 2}. Ïîëîæèì M ′ = {0, . . . ,m − 2,m − 1}.
Ïóòåì äîáàâëåíèÿ ê êàæäîìó ìíîæåñòâó T ñèñòåìû T ýëåìåíòà m − 1
îáðàçóåì ìíîæåñòâà T ′ è ñèñòåìó âñåõ òàêèõ ìíîæåñòâ îáîçíà÷èì ÷åðåç
T ′. Îíà èìååò ïàðàìåòðû (m,n, t).

Ðàññìîòðèì T ′-ñåëåêòèâíóþ ìàòðèöó, íà êîòîðîé äîñòèãàåòñÿ s(T ′).
Ïóòåì èíâåðñèðîâàíèÿ åå ñòðîê äîáüåìñÿ òîãî, ÷òîáû ñòîëáåö, ñîîòâåò-
ñòâóþùèé ýëåìåíòó m−1, îáùåìó äëÿ âñåõ ìíîæåñòâ T ′, ñòàë íóëåâûì;
ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì Λ′. Âñå T ′-ñåëåêòîðû ìàòðèöû Λ′ ÿâëÿ-
þòñÿ íàáîðàìè â àëôàâèòå {0, ∗} è ïîòîìó îíà T ′-äèçúþíêòèâíà. Ìàòðè-
öà Λ, îáðàçîâàííàÿ èç Λ′ óäàëåíèåì íóëåâîãî ñòîëáöà, T -äèçúþíêòèâíà.
Â ðåçóëüòàòå ïîëó÷àåì

s0(T ) ≤ s(Λ) = s(Λ′) = s(T ′) ≤ s(m,n, t).

Ó÷èòûâàÿ ïðîèçâîëüíîñòü ñèñòåìû T ñ ïàðàìåòðàìè (m − 1, n, t − 1),
ïðèõîäèì ê íåðàâåíñòâó(18), êîòîðîå ñîâìåñòíî ñ (12) îáåñïå÷èâàåò â
ðàññìàòðèâàåìîì ñëó÷àå îöåíêó

s(n,m; t) &
t log n

2(2 log(t− 1) + c)
. (19)

2-2. Ïóñòü òðîéêà (m− 1, n, t− 1) íå äîïóñòèìà. Ïîëîæèì

n′ =
∑
u≤t−1

(
m− 1

u

)
.
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Òðîéêà (m − 1, n′, t − 1) äîïóñòèìà è ñïðàâåäëèâî íåðàâåíñòâî n > n′.
Ïàðàìåòð n óäîâëåòâîðÿåò óñëîâèþ (14). Ïðàâàÿ ÷àñòü (14) â ñèëó ñî-
îòíîøåíèÿ

(
m
u

)
< m

(
m−1
u−1

)
íå ïðåâîñõîäèò tmn′. Ïîýòîìó n ≤ tmn′. Ëî-

ãàðèôìèðóÿ ýòî íåðàâåíñòâî è ó÷èòûâàÿ (11), ïîëó÷àåì

log n . logm+ log n′. (20)

Èç (14) âûòåêàåò, ÷òî n ≤ mt, à ïîòîìó log n ≤ t logm. Ïîäñòàíîâêà
ýòîãî ñîîòíîøåíèÿ â (20) äàåò t log n′ & (t − 1) log n. Ñ ó÷åòîì ýòîãî èç
îöåíêè (19), ïðèìåíåííîé ê äîïóñòèìîé òðîéêå (m−1, n′, t−1), âûòåêàåò
öåïî÷êà ñîîòíîøåíèé

s(m,n, t) ≥ s(m,n′, t) &
t log n′

2(2 log(t− 1) + c)
&

(t− 1) log n

2(2 log(t− 1) + c)
,

ïðèâîäÿùàÿ ê (13).

Çàìå÷àíèå 8. Ïðè ðàñòóùåì t è åñòåñòâåííîì óñëîâèèm ≤ n âåðõíÿÿ
è íèæíÿÿ îöåíêè ôóíêöèè s(m,n, t) èç òåîðåì 6 è 7 ðàçëè÷àþòñÿ ïî
ïîðÿäêó â log t ðàç. Òî æå ñïðàâåäëèâî äëÿ âåðõíåé è íèæíåé îöåíîê
ôóíêöèè s0(m,n, t).

Çàìå÷àíèå 9. Äëÿ ëþáîé êîíêðåòíîé ñèñòåìû T ñïðàâåäëèâû ñîîò-
íîøåíèÿ

1

2
s0(T ) ≤ s(T ) ≤ s0(T ).

Ïðàâîå íåðàâåíñòâî î÷åâèäíî, à ëåâîå ñëåäóåò èç òîãî, ÷òî â ðåçóëü-
òàòå äîáàâëåíèÿ ê ñòðîêàì T -ñåëåêòèâíîé ìàòðèöû èõ èíâåðñèé ïîëó-
÷àåòñÿ T -äèçúþíêòèâíàÿ ìàòðèöà ñ óäâîåííûì ÷èñëîì ñòðîê.
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Introduction

Over the recent decade a number of publications stressed the epistemic
values of cognitive representations in mathematics such as visualisations
and thought experiments. These publications argue for their epistemic roles
in understanding and explaining mathematical facts [Mancosu:2007, 2008],
[Manders:2008a, 2008b]; mathematical discovery [Giaquinto:2007]; and per-
haps the strongest role that of justi�cation [Brown:1999]. They provide case
studies against the oversimpli�ed view that visualisations are super�uous
and can always be reduced to a logical argument. This view underestimates
the epistemic advance of the visual such as emergence of new style of thinking
and developing of new concepts. For instance, in his unpulished paper [Man-
ders:1999] demonstrates that in the case of Descartes' algebraisation of
geometry the change from diagrams to symbols enables fast algebraic cal-
culations and more importantly, the introduction of the new concept, the
degree of an equation, and the equations solving technique.

This paper contributes an analogous example, that is when the change
in representation facilitates the application. However this time the direction
is reverse: i.e. diagrams help to apply geometry to algebra. The case study
demonstrates how useful geometric properties of groups can be revealed
through visualising them as graphs and then as spatial objects (metric
spaces).

For the analysis of this example, I apply the approach proposed by
[Manders:1999] for the Descartes' example mentioned above. He considers
mathematical practice as control of the selective response to given information,
where selective response means emphasising some properties of an object
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while neglecting others. From this perspective, representations serve to imp-
lement the principal constituents of selective responses. This approach makes
clear that a change in representation is a valuable means of �nding new
properties. A detailed research of these issues is presented in [Starikova:2011,
Starikova:2012].

1 The approach: the role of representations and

selective responses

In mathematical reasoning we often produce and respond to artefacts
or representations: diagrams, formulas, thought experiments and natural
language expressions. According to [Manders:1999], artefacts help to imp-
lement and control selective responses. Representations also provide new
responses, suitable for the current context: e.g. recognition of a region bounded
by three sides. They also make the representations available for further steps:
e.g. drawing a line between two points. Therefore representations �x and
stabilise the responses and indi�erences to particular elements of a structure.

Manders points out that our control over (Euclidean) diagrams is limited.
The Euclidean use of diagrams extensively relies on the appearance of the
diagrams, which means that the diagrams have to be perceptually explicit
and stable under the diagram perturbations. In the Euclidean style of using
diagrams it is possible that some metric properties are unclear. For example,
some segments or angles may appear as equal, when in fact they are non-
equal. Also there is a risk of missing cases in Euclidean diagrammatic practice
(e.g. the case of an obtuse triangle may be missed with considerable conse-
quences).

Alternatively, Descartes' approach brings about a substantial advance in
problem solving: after the equations are written down, all the calculations
proceed quickly by means of e�cient algebraic algorithms and become largely
a �cut-and-dried matter� [Manders:1999, 28]. This is a case of indi�erence to
the diagram and the application of an algebraic response � solving equations.
Manders makes the important point that the introduction of algebraic no-
tation helps us to apply the fast algebraic algorithms:

Changing the artefact basis of part of the analytic process, to
a representation (algebraic equations) indi�erent to diagram ap-
pearance, allows all this progress towards solving problems, un-
impeded by the di�culties of diagram control in Euclidean-style
reasoning.1

1[Manders:1999, p. 18]



SEARCHING FOR A DIFFERENT PERSPECTIVE ON GROUPS 59

Therefore, in the case of an applicative approach, the representation facilitates
the application. What is also bene�cial, it endorses a new algebraic notion
to geometry � the degree of an equation.

2 The case study: the geometric approach to

groups

I shall start my case study with explaining the basics of the geometric
approach to groups. Then I will analyse the role of visualisations in the
terms of Manders' approach of strategic response and indi�erence. The
geometric perspective on groups is not new. Groups were commonly seen as
transformations of geometric objects, and this view was the core of Klein's
Erlangen programme [Klein:1873] which aimed to classify and characterise
geometries on the basis of group theory (and projective geometry). However,
in this paper I discuss a new approach, which is based on the idea that
groups as such can be thought of as geometric objects. I shall consider
hyperbolic groups as an important application of this idea and then give it
a philosophical analysis.

2.1 Generated groups

Traditionally groups are introduced as sets equipped with particular
axioms. However, more structure can be endorsed via the notion of generated
groups.

De�nition. De�nition (generating set). Let G be a group. Then a subset
S ⊆ G is called a generating set for the group G if every element of G can
be expressed as a product of the elements of S or the inverses of the elements
of S.

In other words, every element of G can be written as a composition of
symbols (called letters) representing the elements of S and their inverses. A
representation of a non-identity element s as a product of n ≥ 1 letters is
called a word. In a given word the number n ∈ N is called the length of the
word. The word with the length equal to 0 is called an empty word and by
de�nition it represents the group identity I. Other representations of I by
words of length n ≥ 1 are called group relations.

There may be several generating sets for the same group. For example,
the subsets {1} and {2, 3} generate the group (Z,+), whereas {2} does not.
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De�nition. De�nition (a �nitely generated group). A group with a speci�ed
set of generators S is called a generated group and is designated as (G,S). If
a group has a �nite set of generators, it is called a �nitely generated group.

For example, the group Z with respect to the generating set {1} designated
as (Z, {1}) is a �nally generated group, whereas the group (Q,+) of rational
numbers under addition is not.

2.2 Word metric

On the basis of letters and words one can introduce word metric.

De�nition. De�nition (a word metric). If g, h ∈ G then the word metric
(with respect to S) dS(g, h) is the length of a shortest word representing g−1h,
where g−1h is a word w such that gw = h.

The metric space [(G,S), dS] may not appear at �rst glance to give us
much structure to study as compared to that found in the classical metric
spaces, such as the Euclidean or hyperbolic. However it becomes potentially
more intriguing when one observes that a discrete valued metric space can
be compared to an interesting continuously valued metric space such as the
hyperbolic plane [Gromov:1993]. This implies that if in a discrete space any
pair of distinct points is joined by a geodesic segment (the shortest path), it
makes such a metric space comparable to the classical metric spaces in the
same way as a sequence of connected points can be similar to a line. The
intuition is that if we look at a group `from a distance', then the discrete
geometry of the group (determined by discrete-value metric) looks similar
to some continuous-valued approximations of it.

2.3 Cayley graphs as metric spaces

The intuition above can be realised through the introduction of a metric
on Cayley graphs or graphs of groups.

De�nition. De�nition (a Cayley graph). Let (G,S) be a �nitely generated
group. Then the Cayley graph Γ(G,S) of a group G with respect to the
choice of S is a directed coloured graph, where vertices are identi�ed with
the elements of G and the directed edges of a colour s connect all possible
pairs of vertices (x, sx), x ∈ G, s ∈ S.

Di�erent choices of generators give di�erent Cayley graphs. In the �gure
below the Cayley graphs for (Z,+) are generated by {1} , {1, 2} , {2, 3}:
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Fig 3: The Cayley graphs of the generated groups (Z, {1}), (Z, {1, 2}) and
(Z, {2, 3})

Words in a generated group correspond to paths in its Cayley graph,
wherea path between two arbitrary vertices of the graph, x and y, is a
sequence of edges between x and y.

If one takes each such edge to be of a length equal to 1, then the length
of the path is equal to the number of unit edges in this path. Therefore, for
any pair of vertices x, y of Γ(G,S) the path metric (word metric) dΓ,S(x, y)
on the Cayley graph Γ(G,S) can be de�ned as the length of (one of) the
shortest paths (geodesic segments) connecting x and y.

The set of vertices in a Cayley graph with this path metric is now a
metric space, and the group metric space ((G,S), dS) is isometric to the
Cayley graph metric space (Γ(G,S), dΓ,S) by de�nition.

By thinking of Cayley graphs as metric spaces one can discover interesting
properties, which turn out to be independent from the choice of generators
for a given Cayley graph. For this reason these properties are considered to
be the properties of the groups themselves and called `geometric' or `quasi-
isometric invariants' (see the next section). Studying these properties makes
up a substantial part of geometric group theory.

2.4 Quasi-isometry

The intuition that groups resemble classical metric spaces has been made
precise using the notion of quasi-isometry. It is based on isometry, which
is a distance-preserving map between metric spaces. Isometry is similar
to congruence in geometry, in that it expresses the idea `is the same as'
in a given category. To distinguish it further, quasi-isometry is a weaker
equivalence relation between metric spaces: it is supposed to grasp the idea
`is similar to'.

De�nition. De�nition (a quasi-isometry). For metric spaces (M1, d1) and
(M2, d2) a function f :M1 → M2 (not necessarily continuous) is called a
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quasi-isometry if there exist constants A ≥ 1 and B ≥ 0 such that

1

A
d1(x, y)−B ≤ d2(f(x), f(y)) ≤ Ad1(x, y) +B

for all x, y ∈ M1 and a constant C ≥ 0 such that to every u in M2 there
exists x in M1 with d2(u, f(x)) ≤ C. The spaces M1 and M2 are called
quasi-isometric if there exists a quasi-isometry f :M1 →M2.

Example 1.

1. f : (Z, d) → (R, d) is a quasi-isometry (f(x) = x for any x ∈ Z),
where d is the usual Euclidean metric (see the �gure below). Indeed,
d2(f(x), f(y)) = d1(x, y). Take A = 1 and B = 0.

2. f : Z2 → E2 is a quasi-isometry with respect to Euclidean metric.

3. The Cayley graph of (Z, {1}) as well as the Cayley graph of (Z, {1, 2})
and (Z, {2, 3}) with respect to word metric are quasi-isometric to (R, d)
(see Figure 3).

A more general proposition is that for a given group all its Cayley graphs
are quasi-isometric. Also, two �nitely generated groups are quasi-isometric,
if and only if for some choices of generators, their Cayley graphs are quasi-
isometric. The choice of generators is however unimportant because of the
previous proposition.

2.5 Quasi-isometry invariants: hyperbolicity

Amongst many properties of �nitely generated groups that are indepen-
dent from the choice of generators is such an interesting one as hyperbolicity.
The concept of hyperbolic groups was introduced by [Gromov:1987], which
has since become very in�uential and given rise to an extensive research
programme. Before this, hyperbolicity was considered only on surfaces and
other di�erentiable manifolds with a metric. Gromov's innovation was to
extrapolate it in a more general context, de�ning it also on discrete objects
such as graphs or groups. The idea is again to embed a Cayley graph of a
group quasi-isometrically into the hyperbolic space Hn and apply hyperbolic
geometry to study this group (see also [Bridson:1999]). This involves the
notion of a geodesic triangle.

De�nition. De�nition (a geodesic triangle). A geodesic triangle is a �gure
consisting of three di�erent points together with the pairwise-connecting geo-
desic segments.
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Fig 4: A thin hyperbolic triangle

The points are known as the vertices, while the geodesic segments are
known as the sides of the triangle. A geodesic triangle can be considered
in any space in which geodesics exist. For example, a geodesic triangle in
a Cayley graph with the associated word metric consists of three distinct
arbitrary vertices x, y, z connected by three geodesic segments (the sides of
the triangle), from x to y, y to z and z to x respectively.

2.6 Thin (hyperbolic) triangles and negatively curved
groups

The common de�nition of hyperbolicity is based on the key property
of hyperbolic spaces that the sum of a triangle's angles is less than π. In
a discrete case as in the case of a graph, there are no angles, yet there is
the word metric. The following notion of δ-thin triangles allows us to de�ne
hyperbolicity for this metric in a more general way without appealing to the
notion of angle.

De�nition. De�nition (a δ-thin triangle). Let δ ≥ 0. A geodesic triangle
in a metric space is said to be δ-thin if each of its sides is contained in the
δ-neighbourhood of the union of the other two sides as in the Figure 4 (see
Gromov:1987, p.120). Then, a geodesic space X is called δ-hyperbolic or
negatively curved if every triangle in X is δ-thin.

Now let us consider δ-hyperbolicity of Cayley graphs. Take any geodesic
triangle in a Cayley graph, for example the triangle 1,2,3 in the Cayley graph
of (Z, {1}) in Figure 3. It is a δ-thin triangle, where δ = 0. Indeed, each side
is contained in the union of the other two sides: side 1,3 is the union of sides
1,2 and 2,3, and a similar formula applies to the other two sides.

A useful observation is that a triangle pinched in the sides is getting
thinner and eventually collapses into a tripod (a connected graph with no
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circuits with at most three edges and at most one vertex of degree greater
than one). Therefore a tripod is a 0-thin triangle, and those Cayley graphs
which are composed of tripods or any other connected graph without cycles
can be considered as hyperbolic spaces. It is also often said that Gromov-
hyperbolic spaces are the ones that exhibit `tree-like behavior'.

An important theorem �rst proven in 1981 by Gromov in his famous
paper about the polynomial growth of groups:

Theorem 2. Gromov's Theorem. Any group of polynomial growth contains
a �nite index nilpotent subgroup.2

3 Discussion

Finally let me discuss what role the visual representations play in the
geometric approach described above. To contrast to the geometric approach
with the traditional combinatorial, the latter mostly uses symbolic notation.
For example, the elements of the dihedral group of symmetries in an equila-
teral triangle D3 can be written in symbols: I,r, r2, f,fr,fr2. Groups can be
also represented by a multiplication table, and permutation groups are often
written as multiplied matrices. Even if a group has a geometric model, likeD3

does, the algebra represents the concept that was articulated in a geometric
way (symmetries of a geometric object) but now without geometrical allusions:
merely in terms of some abstract rs and fs. We can think of group D3

more abstractly as a set with group axioms, no longer thinking about group
elements as continuous motion or as permutations. This is where indi�erence
to the geometric aspects is especially e�ective. The combinatorial represen-
tations and axiomatic expression of groups are detached from the concrete
nature of the group and can be applied in any scienti�c �eld.

Presented groups are the closest algebraic counterparts to Cayley graphs.
Group presentation includes generators and group relations (words equal
the identity or empty words). Here is the group presentation of D3: < r, f |
r3, f 2, rfrf >. This type of combinatorial representation is quite informative
and at the same time, synoptic. It is used in both the combinatorial and in
the geometric approach. However, as demonstrated in the previous section,
for a detailed consideration of group geometry Cayley graph diagrams are
essential.

What makes them e�ective for example in the case of hyperbolic groups?
Mathematically, the di�erence between symbolic notation of a generated

2Gromov [1981, 53-78]. For more results establishing important properties of hyperbolic
groups see [Gromov 1987].
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group and its Cayley graph is often said to be insigni�cant, but the cognitive
di�erence between the two cognitive representations is crucial.

Indeed, what is mathematically signi�cant here is the response to the
generating aspect of the group (the generators). But cognitively a Cayley
diagram gives more information: e.g. by colours, edges, shapes, the structure
of the group at a glance, and importantly, connectedness. Groups do not
have these properties. It is the diagram that suggests our response to these
properties. One can say that Cayley diagrams basically help us to see groups
as geometric shapes. This makes it possible to study groups by using the
same methods as applied to the classical metric spaces. The main elements
of this practice are (i) the indi�erence to the discrete structure of the group
metric space, and (ii) the response to the perceptual similarity of particular
Cayley graphs with these metric spaces. These are new responses, unavailable
to the combinatorial approach. They in turn lead to new advances � the
concepts of quasi-isometry, hyperbolic groups and other geometric properties
of groups.

The new responses to the diagrams are applied from geometry, as for
example in Euclidean geometry we respond to the intersections of lines,
�gures and their relations in the diagrams. The response is however modi�ed :
e.g. a geodesic triangle does not have to be shaped like a Euclidean triangle.
In other words, some of the Euclidean diagrammatic appearance is neglected,
whereas the more abstract properties of triangularity (three connected ver-
tices) are highlighted.

To summarise, the examples above demonstrate that the geometric res-
ponse to the diagrams of graphs makes it clear how we can naturally integrate
geometric machinery into algebra (geodesics, triangles, metric spaces, hyper-
bolicity). As the case study demonstrates, it may be easier to think of the
geometric and topological properties of an object such as a graph equipped
with a diagram, than of one equipped with algebraic symbolism. As a result,
a particular response to diagrammatic representations facilitates the ongoing
application and developing of new concepts.
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We generalize the notion of semi-isolation for families of closed sets of
types and develop a general approach for the description of binary links
between realizations of 1-types in terms of labels of pairwise non-equivalent
semi-isolating formulas [15, 16] to the generalized semi-isolation.

We use the standard relation algebraic, model-theoretical, semigroup,
and graph-theoretic terminology [2, 3, 4, 6, 7, 8, 9, 11, 12, 14, 18, 19] as well
as some notions, notations, and constructions in [15, 16, 1].

1 Preliminary notions, notations, and properties

De�nition 1.1. Let T be a complete theory, M |= T . We consider closed
nonempty sets (under the natural topology) sets p(x) ⊆ S1(∅), i. e., sets
p(x) such that p(x) =

⋂
i∈I

[ϕp,i(x)], where [ϕp,i(x)] 
 {p(x) ∈ S1(∅) |

ϕp,i(x) ∈ p(x)} for some formulas ϕp,i(x) of T .
For closed sets p(x),q(y) ⊆ S(∅) of types, realized in M, we take

all (p,q)-preserving (p,q)-semi-isolating, (p → q)-, or (q ← p)-formulas
ϕ(x, y) of T , i. e., formulas for which if a ∈ M realizes a type in p(x) then
every solution of ϕ(a, y) realizes a type in q(y). Now, for each such a formula
ϕ(x, y), we de�ne a binary relation Rp,ϕ,q 
 {(a, b) | M |= ϕ(a, b) ∧ p(a)},
where |= p(a) means that a realizes some type in p. If (a, b) ∈ Rp,ϕ,q, (a, b)
is called a (p, ϕ,q)-arc.

∗The work is supported by RFBR (grant 12-01-00460-a).
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If, in addition, ϕ(x, y) is a (p ↔ q)-formula, i. e., it is both a (p → q)-
and a (q → p)-formula then the set [a, b] 
 {(a, b), (b, a)} is said to be a
(p, ϕ,q)-edge.

(p, ϕ,q)-arcs and (p, ϕ,q)-edges are called arcs and edges respectively if
we say about �xed or some (p → q)-formula ϕ(x, y). If (a, b) is a (p, ϕ,q)-
arc such that the pair (b, a) is not an arc for any (q,p)-formula, then (a, b)
is called irreversible.

Note that if p and q are singletons, ϕ(x, y) is a (p,q)-semi-isolating
formula with |= ϕ(a, b) for a and b, realizing ∪p and ∪q respectively, then
ϕ(x, y) witnesses that a semi-isolates b.

If p is a set and q is a singleton then Rp,ϕ,q =
⋃
p∈p

Rp,ϕ,∪q.

Below we shall consider nonempty closed sets p(x),q(y) ⊆ S(∅).

For p(x),q(y) ⊆ S(∅) we denote by SIp→q the set of all pairs (a, b) such
that |= ϕ(a, b) for some (p→ q)-formula ϕ(a, b) and a realizing a type in p.
We set SIp,q 
 SIp→q ∪ SIq→p.

By the de�nition SIp,q consists of all arcs linking p and q by (p,q)- or
(q,p)-semi-isolating formulas. For (a, b) ∈ SIp→q we say that (a, b) witnesses
that p semi-isolates q and a generally semi-isolates b (with respect to (p,q)).

For sets p(x),q(y) ∈ S(∅), we denote by SICF(p,q) the set of (p→ q)-
formulas ϕ(x, y). Let SICE(p,q) be the set of pairs of formulas
(ϕ(x, y), ψ(x, y)) ∈ SICF(p,q) such that for any realization a of a type in p
the sets of solutions for ϕ(a, y) and ψ(a, y) coincide. Clearly, SICE(p,q) is
an equivalence relation on the set SICF(p,q). Notice that each SICE(p,q)-
class E corresponds to either a set of (p, ϕ,q)-edges, or a set of irreversible
(p, ϕ,q)-arcs, or simultaneously a set of (p, ϕ,q)-edges and of irreversible
(p, ϕ,q)-arcs linking realizations in p and q by any (some) formula ϕ in E.
Thus the quotient SICF(p,q)/SICE(p,q) is represented as a disjoint union
of sets SICFE(p,q), SICFA(p,q), and SICFM(p,q), where SICFE(p,q)
consists of SICE(p,q)-classes corresponding to sets of edges, SICFA(p,q)
consists of SICE(p,q)-classes corresponding to sets of irreversible arcs, and
SICFM(p,q) consists of SICE(p,q)-classes corresponding to sets containing
edges and irreversible arcs.

The sets SICF(p,p), SICE(p,p), SICFE(p,p), SICFA(p,p), and
SICFM(p,p) are denoted by SICF(p), SICE(p), SICFE(p), SICFA(p), and
SICFM(p) respectively.

Let T be a complete theory without �nite models,

U = U− ∪̇ {∅, 0} ∪̇U+ ∪̇U ′
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be an alphabet of cardinality ≥ |2S(T )| and consisting of negative elements
u− ∈ U−, positive elements u+ ∈ U+, neutral elements u′ ∈ U ′, the empty
set ∅, and zero 0. As usual, we write u < 0 for any u ∈ U− and u > 0 for
any u ∈ U+. The set U− ∪ {∅, 0} is denoted by U≤0 and U+ ∪ {∅, 0} is
denoted by U≥0. Elements of U are called labels.

Let ν(p,q): SICF(p,q)/SICE(p,q)→ U be injective labelling functions,
p(x),q(y) ⊆ S(∅), for which negative elements correspond to the classes
in SICFA(p,q)/SICE(p,q), positive elements and 0 correspond to the
classes in SICFE(p,q)/SICE(p,q) such that 0 is de�ned only for p∩q 6= ∅
and is represented by the formula (x ≈ y), ∅ corresponds to inconsistent
formulas, and neutral elements code the classes in SICFM(p,q)/SICE(p,q),
ν(p) 
 ν(p,p). For (p,q) 6= (p′,q′) we additionally assume that ρν(p,q) ∩
ρν(p′,q′) = {∅, 0} if p ∩ q 6= ∅ and p′ ∩ q′ 6= ∅, and ρν(p,q) ∩ ρν(p′,q′) = {∅}
otherwise. Labelling functions with the properties above as well families of
these functions are said to be regular. Below we shall consider only regular
labelling functions and their regular families.

The labels, corresponding to isolating formulas, are said to be isolating
whereas each label in

⋃
p,q⊆S1(∅)

ρν(p,q) is semi-isolating. By the de�nition, each

isolating label belongs to U− ∪̇ {0} ∪̇U+, i. e., it is not neutral and it is not
∅.

We denote by θp,u,q(x, y) formulas in SICF(p,q) with a label u ∈ ρν(p,q).
If the set p is �xed and p = q then the formula θp,u,q(x, y) is denoted by
θu(x, y).

Note that if θp,u,q(x, y) and θq,v,p(x, y) are formulas witnessing that for
realizations a and b of types in p and q respectively the pairs (a, b) and
(b, a) belong to SIp,q, then the formula ϕ(x, y) = θp,u,q(x, y) ∧ θq,v,p(y, x)
witnesses that [a, b] is a (p, ϕ,q)-edge. If ϕ(x, y) witnesses that edges [a, b]
are principal for a realizing types in p and for b realizing types in q then the
label u is invertible and the label v ∈ U≥0 corresponds uniquely to u, and
vice versa. The labels u and v are reciprocally inverse and are denoted by v−1

and u−1 respectively. In general case, each label u ∈ U≥0 has a (nonempty)
set of inverse labels in U≥0, denoted also by u−1.

For sets p1,p2, . . . ,pk+1 ⊆ S1(∅) and sets X1, X2, . . . , Xk ⊆ U of labels
we denote by

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1)

the set of all labels u ∈ ρν(p1,pk+1) corresponding to formulas θp1,u,pk+1
(x, y)

satisfying, for realizations a in p1 and some u1 ∈ X1 ∩ ρν(p1,p2), . . . , uk ∈
Xk ∩ ρν(pk,pk+1), the following condition:

θp1,u,pk+1
(a, y) ` θp1,u1,p2,u2,...,pk,uk,pk+1

(a, y),
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where
θp1,u1,p2,u2,...,pk,uk,pk+1

(x, y)



 ∃x2, x3, . . . xk−1(θp1,u1,p2(x, x2) ∧ θp2,u2,p3(x2, x3) ∧ . . .

. . . ∧ θpk−1,uk−1,pk(xk−1, xk) ∧ θpk,uk,pk+1
(xk, y)).

In view of transitivity of semi-isolation, each formula

θp1,u1,p2,u2,...,pk,uk,pk+1
(x, y)

(possibly inconsistent) has a label in ρν(p1,pk+1).
Thus the Boolean P(U) of U is the universe of an algebra A of distributions

of binary formulas (for generalized semi-isolation) with k-ary operations

SI(p1, ·,p2, ·, . . . ,pk, ·,pk+1),

where ∅ 6= p1, . . . ,pk+1 ⊆ S1(∅). This algebra has a natural restriction
to any nonempty family R ⊆ P(S1(∅)) \ {∅} as well as to the algebras of
distributions of binary isolating and semi-isolating formulas [15, 16]. Besides,
if U0 is a subalphabet of U then the restriction of the universe of A to the
set P(U0) and the restrictions for values of operations to the set U0 forms,
possibly partial, algebra A � U0.

Note that if some set Xi is disjoint with ρν(pi,pi+1), in particular, if it is
empty then

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) = ∅,

and if each Xi has common elements with ρν(pi,pi+1) then

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) 6= ∅.

Note also that if Xi 6⊆ ρν(pi,pi+1) for some i then

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) =

= SI(p1, X1 ∩ ρν(p1,p2),p2, X2 ∩ ρν(p2,p3), . . . ,pk, Xk ∩ ρν(pk,pk+1),pk+1).

In view of the previous equation, below, considering values

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1),

we shall assume that Xi ⊆ ρν(pi,pi+1), i = 1, . . . , k.
If each set Xi is a singleton consisting of an element ui then we use ui

instead of Xi in SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) and write

SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1).
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By the de�nition the following equality holds:

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) =

= ∪{SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1) | u1 ∈ X1, . . . , uk ∈ Xk}.

Hence the speci�cation of SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1) is reduced to
the speci�cations of SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1). Note also that
SI(p, X,q) = X for any X ⊆ ρν(p,q).

Clearly, if ui = 0 then pi ⊆ pi+1 for nonempty sets

SI(p1, u1,p2, u2, . . . ,pi, 0,pi+1, . . . ,pk, uk,pk+1)

and the following conditions hold:

SI(p1, 0,p1) = {0},

SI(p1, u1,p2, u2, . . . ,pi, 0,pi+1, . . . ,pk, uk,pk+1) =

= SI(p1, u1,p2, u2, . . . ,pi, u
′
i+1,pi+2, . . . ,pk, uk,pk+1),

where u′i+1 is the label in ρν(pi,pi+2) for the formula θpi+1,ui+1,pi+2
(x, y).

Obviously,

SI(p1, u1,p2, u2, . . . ,pi,∅,pi+1, . . . ,pk, uk,pk+1) = {∅}.

If all sets pi equal to a set p then we write SIp(X1, X2, . . . , Xk) and
SIp(u1, u2, . . . , uk) as well as dX1, X2, . . . , Xkep and du1, u2, . . . , ukep instead
of

SI(p1, X1,p2, X2, . . . ,pk, Xk,pk+1)

and
SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1)

respectively. We omit the index ·p if the set p is �xed. In this case, we write
θu1,u2,...,uk(x, y) instead of θp,u1,p,u2,...,p,uk,p(x, y).

Proposition 1.2. (1) If p,q ⊆ S1(T ) consist of principal types then (ρν(p,q)∪
ρν(q,p)) ⊆ U≥0.

(2) If p,q ⊆ S1(T ), p consists of principal types and q consists of non-
principal types then ρν(p,q) = {∅} and ρν(q,p) ⊆ U−.

Proof is obvious.

Corollary 1.3. If p(x) consists of principal types then ρν(p) ⊆ U≥0.

Proposition 1.4. Let p1,p2, . . . ,pk+1 be subsets of S1(∅). The following
assertions hold.
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(1) If ui ∈ ρν(pi,pi+1), i = 1, . . . , k, and some ui is negative then

SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1) ⊆ U−.

(2) If ui ∈ ρν(pi,pi+1) ∩ U≥0, i = 1, . . . , k, then

SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1) ⊆ U≥0.

(3) If ui ∈ ρν(pi,pi+1) ∩ (U≥0 ∪ U ′), i = 1, . . . , k, and some ui belongs to
U ′ then

SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1) ⊆ U ′.

(4) If ui ∈ ρν(pi,pi+1) ∩ U≥0, i = 1, . . . , k, then all elements of the set
X 
 SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1) are invertible and the set X−1 

∪{v−1 | v ∈ X} is contained in SI(pk+1, u

−1
k ,pk, u

−1
k−1, . . . ,p2, u

−1
1 ,p1).

Proof. (1)�(3) follow by the transitivity of semi-isolation.
(4) All elements in X are invertible by (2). Let v′ be an element in

v−1 ⊆ X−1. Then for any (p1, θp1,v,pk+1
,pk+1)-edge [a, b] such that [b, a] is

a (pk+1, θpk+1,v′,p1 ,p1)-edge, there are realizations ai of pi, i = 1, . . . , k + 1,
such that a0 = a, ak+1 = b, |= θpi,ui,pi+1

(ai, ai+1), i = 1, . . . , k.
Since [ai+1, ai] is an u′i-edge for some u

′
i ∈ u−1

i , i = 1, . . . , k, then

θpk+1,v′,p1(b, x) ` θpk+1,u
′
k,pk,u

′
k1
...,p2,u′1,p1

(b, x),

whence, v′ ∈ SI(pk+1, u
−1
k ,pk, u

−1
k−1, . . . ,p2, u

−1
1 ,p1).

Note that the inclusionX−1 ⊆ SI(pk+1, u
−1
k ,pk, u

−1
k−1, . . . ,p2, u

−1
1 ,p1) can

be strict since labels in u−1
i may compose new (with respect to X−1) labels

for SI(pk+1, u
−1
k ,pk, u

−1
k−1, . . . ,p2, u

−1
1 ,p1).

Corollary 1.5. Restrictions of U to the sets U≤0, U≥0, and U≥0 ∪ U ′ form
subalgebras of the algebra of distributions of binary formulas. The operation
of inversion is coordinated with the operations of the algebra.

2 Preordered algebras of distributions of binary

formulas

For the set U of labels in the algebra A of binary formulas of theory T ,
we de�ne the following relation �: if u, v ∈ U then u�v if and only if u = v,
or u ∈ ρν(p,q) v ∈ ρν(p′,q′) for some sets p,q,p′,q′ ⊆ S1(∅), p ⊆ p′, q ⊆ q′,
and θp,u,q(a, y) ` θp′,v,q′(a, y) for any realization a of p. If u � v and u 6= v
we write u� v.
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By the de�nition the relation� is re�exive and transitive. It is antisymmetric
since distinct labels correspond to non-equivalent formulas or to strict inclusions
p ⊂ p′, q ⊂ q′.

Below we consider some properties for substructures of partially ordered

set

〈⋃
p,q

ρν(p,q);�

〉
.

Proposition 2.1. (1) For any set p ⊆ S1(∅), the partially ordered set〈⋃
q

ρν(p,q);�

〉
forms a upper semilattice.

(2) An element u ∈ ρν(p,q) \ {∅} is �-minimal if and only if for a
realization a of p, the formula θp,u,q(a, y) is isolating and tp(a) is the unique
type in p such that for its realizations a′, θp,u,q(a′, y) is consistent.

(3) (monotony) If u ∈ ρν(p,q) and u� v then v ∈ U δ, δ ∈ {−,+}, implies
u ∈ U δ, and if u ∈ U ′ then v ∈ U ′.

Proof. (1) If u1 ∈ ρν(p,q1), u2 ∈ ρν(p,q2) then for the formulas θp,u1,q1(x, y)
and θp,u2,q2(x, y) the label v for the formula θp,u1,q1(x, y) ∨ θp,u2,q2(x, y) is
the supremum for the labels u1 and u2.

(2) If θp,u,q(a, y) are isolating formulas and for a′ realizing types in p \
{tp(a)}, θp,u,q(a′, y) are inconsistent then the label u is �-minimal by the
de�nition. If the formula θp,u,q(a, y) is consistent and not isolating then there
is a formula ϕ(a, y) such that the semi-isolating formulas θp,u,q(a, y)∧ϕ(a, y)
and θp,u,q(a, y) ∧ ¬ϕ(a, y) are consistent. For the labels v1 and v2 of these
formulas, we have v1 6= v2, v1 � u, and v2 � u. Similarly, if θp,u,q(a, y) is
isolating and there is a′ realizing a type in p \ {tp(a)} such that θp,u,q(a′, y)
is consistent, then taking a formula ψ(x) ∈ tp(a) \ tp(a′) we get distinct
labels v′1 and v

′
2 for θp,u,q(x, y) ∧ ψ(x) and θp,u,q(x, y) ∧ ¬ψ(x) respectively

such that v′1 � u, and v′2 � u.
(3) If v ∈ ρν(p,q) ∩ U− then for any solution b of the formula θp,v,q(a, y),

where |= p(a), the pair (a, b) is an irreversible arc. Hence, for any solution
b of θp,u,q(a, y), where u� v, the pair (a, b) is also an irreversible arc and so
u belongs to U−. Replacing arcs by edges, the same arguments show that
u � v and v ∈ U+ imply u ∈ U+. If u ∈ U ′ then the set of pairs (a, b) for
the formula θp,u,q(a, y) contains both irreversible and reversible arcs. This
property is preserved for any label v with u� v, whence v ∈ U ′.

The partial order � has a natural extension to a preorder on the set
P(U): for any sets X, Y ∈ P(U) we put X � Y if X = ∅, or for any x ∈ X
there is y ∈ Y with x � y and for any y ∈ Y there is x ∈ X with x � y.
Thus, the algebra A is transformed to the preordered algebra 〈A;�〉 with
the monotonic property with respect to its restrictions to the sets U≤0, U≥0,
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and U ′.
There is a natural equivalence relation EA on the set U of labels: two

labels u1 and u2 are equivalent if u1 = u2 or for some p = p1 ∩ p2, q1, q2,
u1 ∈ ρν(p1,q1), u2 ∈ ρν(p2,q2), and the formula θp1,u1,q1(x, y) is equal to the
formula θp2,u2,q2(x, y).

The equivalence relation EA forms �lters on sets of labels based on the
following property: if u1EAu2, u1 ∈ ρν(p1,q1), and u2 ∈ ρν(p2,q2) then there
is a (unique) label (u1 ∧ u2) ∈ EA(u1) ∩ ρν(p1∩p2,q1∩q2) and for any q ⊇ q1,
there is a (unique) label uq ∈ EA(u1) ∩ ρν(p1,q).

Another natural expansion of the now preordered algebra 〈A;�〉 is based
on the properties mentioned that if u1 ∈ ρν(p,q1), u2 ∈ ρν(p,q2), and v ∈
ρν(q1,r) then the formulas θp,u1,q,v,r(x, y) and θp,u1,q1(x, y) ∨ θp,u2,q2(x, y) as
well as θp,u1,q1(x, y) ∧ θp,u2,q2(x, y) and θp,u1,q1(x, y) ∧ ¬θp,u2,q2(x, y) (if the
formulas θp,u1,q1(a, y) ∧ θp,u2,q2(a, y) and θp,u1,q1(a, y) ∧ ¬θp,u2,q2(a, y) are
consistent for some a with |= p(a)) have labels in U . We denote these labels
by u1 ◦ v, u1 ∨ u2, u1 ∧ u2, and u1 ∧ ¬u2 respectively. The last label is also
denoted by ¬u2 ∧ u1.

Note that the operations ∧ for the set p and with respect to p1 ∩ p2 are
coordinated by EA.

The label u1 ◦ v is the composition of labels u1 and v; u1 ∨ u2 is the
union or the disjunction of labels u1 and u2; u1 ∧ u2 is their intersection or
conjunction; u1 ∧ ¬u2 is the relative complement of u2 in u1.

Clearly, u1�u1∨u2, u2�u1∨u2, u1∧u2�u1, u1∧u2�u2, u1∧¬u2�u1.
We set

(p, (u1 ◦ v), r)


{
{u1 ◦ v}, if u1 ∈ ρν(p,q) and v ∈ ρν(q,r),
∅, if u1 /∈ ρν(p,q) or v /∈ ρν(q,r),

(p, (u1 ∨ u2),q1 ∪ q2)




{u1 ∨ u2}, if u1 ∈ ρν(p,q1) and u2 ∈ ρν(p,q2),
{u1}, if u1 ∈ ρν(p,q1) and u2 /∈ ρν(p,q)

for q ⊆ q1 ∪ q2,
{u2}, if u2 ∈ ρν(p,q2) and u2 /∈ ρν(p,q),

for q ⊆ q1 ∪ q2,
∅, if u1 /∈ ρν(p,q) and u1 /∈ ρν(p,q)

for q ⊆ q1 ∪ q2,

(p, (u1 ∧ u2),q)



{u1 ∧ u2}, if u1 ∈ ρν(p,q), u2 ∈ ρν(p,q)

and |= ∃y(θp,u1,q(a, y) ∧ θp,u2,q(a, y))
for some a with |= p(a),

∅, otherwise,
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(p, (u1∧¬u2),q)



{u1 ∧ ¬u2}, if u1 ∈ ρν(p,q), u2 ∈ ρν(p,q)

and |= ∃y(θp,u1,q(a, y) ∧ ¬θp,u2,q(a, y))
for some a with |= p(a),

∅, otherwise,

(p, (X1 τ X2),q)
 ∪{(p, (u1 τ u2),q) | u1 ∈ X1, u2 ∈ X2}, τ ∈ {◦,∨,∧},

(p, (X1 ∧ ¬X2),q)
 (p, (¬X2 ∧X1),q)



 ∪{(p, (u1 ∧ ¬u2),q) | u1 ∈ X1, u2 ∈ X2}, X1, X2 ∈ P(U).

Labels u1 and u2 are consistent if u1 ∧ u2 ∈ U . If u1 ∧ u2 = ∅ the labels
u1 and u2 are called inconsistent.

The preordered algebra 〈A;�〉 equipped with the equivalence relation EA

and binary operations (p, (· τ ·),q), τ ∈ {∨,∧, ◦}, and (p, (· ∧ ¬ ·),q), p,q ⊆
S1(∅), is called a preordered algebra with relative set-theoretic operations and
the composition or brie�y a POSTC-algebra.

For any sets p,q ⊆ S1(∅) the structure 〈ρν(p,q);∨,∧,∅〉 with operations
∨ and ∧ on labels is an Ershov algebra, i. e., a distributive lattice with zero
∅ and relative complements [5] such that for any u, v ∈ ρν(p,q) if u � v and
u′ = ¬u ∧ v is a label then u ∧ u′ = ∅ and u ∨ u′ = v, and if the label u′

does not exist then u = v.
A label u ∈ U \ {∅} is an atom or an atomic label if u is a �-minimal

element in U \ {∅}, i. e., for any label v ∈ U \ {∅} if v � u then v = u.
By Proposition 2.1, the set of atoms equals the set of isolating labels and,

thus, each atom u ∈ ρν(p,q) is represented by an isolated formula θp,u,q(a, y),
where |= p(a) and θp,u,q(a′, y) are inconsistent for a′ realizing p \ {tp(a)}.

Let R be a nonempty family of sets of types in S1(∅), AR be a restriction
of POSTC-algebra A to the family R. The structure AR is atomic if for any
sets p,q ∈ R and for any label u ∈ ρν(p,q) \{∅}, there is an atom v ∈ ρν(p,q)

such that v � u. The POSTC-algebra A is called R-atomic if AR is atomic.
If R = P(S1(∅)) \ {∅} then the R-atomic POSTC-algebra is called atomic.

Using the de�nition of atomic structure, of R-atomic POSTC-algebra,
and of small theory we obtain the following assertions.

Proposition 2.2. If R is a nonempty family of �nite sets of types in S1(∅)
and for any type p ∈ ∪R, there is an atomic modelMp over a realization of
p, then the POSTC-algebra A is R-atomic.

Corollary 2.3. If T is a small theory with �nitely many 1-types then the
POSTC-algebra A is atomic.
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3 Ranks and degrees of semi-isolation

Having the si-rank si(u) for labels u ∈ ρν(p,q) as a local variation of Morley
rank [13] we introduce two similar modi�cations for labels in ρν(p,q).

De�nition 3.1. For triples (p, u,q), where p,q ⊆ S1(∅), u ∈ U , we de�ne
inductively the rank si1(p, u,q) of semi-isolation:

(1) si1(p, u,q) = 0 if u /∈ ρν(p,q) or u = ∅;
(2) si1(p, u,q) ≥ 1 if u ∈ ρν(p,q) \ {∅};
(3) for a positive ordinal α, si1(p, u,q) ≥ α+1 if there is a set {vi | i ∈ ω}

of pairwise inconsistent labels such that vi � u and si1(p, vi,q) ≥ α, i ∈ ω;
(4) for a limit ordinal α, si1(p, u,q) ≥ α if si1(p, u,q) ≥ β for any β ∈ α.
As usual, we write si1(p, u,q) = α if si1(p, u,q) ≥ α and si1(p, u,q) 6≥ β

for α ∈ β; si1(p, u,q)
∞ if si1(p, u,q) ≥ α for any ordinal α.
Now we de�ne the rank si2(p, u,q).
For u ∈ ρν(p,q) and p ∈ p, we denote by up the label v ∈ ρν({p},q) such

that θp,u,q(a, y) ≡ θ{p},v,q(a, y) for a realizing p.
We set si2(p, u,q)
 sup

p∈p
si1({p}, up,q).

If sets p and q are �xed, we write sij(u) instead of sij(p, u,q) and this
value is said to be the j-rank of semi-isolation or the sij-rank of the label u
(with respect to the pair (p,q)), j = 1, 2. For a formula θp,u,q(x, y) we set
sij(θp,u,q(x, y))
 sij(u).

Clearly, if the theory is small then the sij-ranks of each label are countable
ordinals (having a label u with sij(p, u,q) > ω, we get continuum many
complete types r(x, y) ⊃ p(x) ∪ q(y) for some p(x) ∈ p and q(y) ∈ q).

By the de�nition, si2(u) ≤ si1(u) for any label u. For singletons p and q,
si1(u) = si2(u) and this value equals to the si-rank of corresponding label.

Clearly the inequality si2(u) ≤ si1(u) can be strict since a formula ϕ(x, y)
can represent a label u for a sequence of types pi, i ∈ ω, such that ϕ(x, y)
is a (pi → pi)-formula, si(upi) = 1 and for each i, there are vi with vi � upi .
Thus we get si2(u) = 1 and si1(u) = 2.

We have the following inequality for any formula θp,u,q(x, y) and any
realization a of p giving a low bound for the Morley rank of the formulas
θp,u,q(a, y) by the si2-rank:

si2(θp,u,q(x, y)) ≤ sup
|=p(a)

MR(θp,u,q(a, y)) + 1. (1)

Similarly,

si1(θp,u,q(x, y)) ≤ MR′

 ∨
|=p(a)

θp,u,q(a, y)

+ 1, (2)



ALGEBRAS OF DISTRIBUTIONS OF FORMULAS 77

where MR′ means the Morley rank with respect to formulas
∨
|=p(a)

θp,u′,q(a, y)

for labels u′ ∈ ρν(p,q).
The inequalities (1) and (2) imply

Remark 3.2. (1) If a theory T has a �nite Morley rank MR′ then si1-ranks
of labels in

⋃
p,q⊆S1(T )

ρν(p,q) are bounded by the value MR′(x ≈ x) + 1.

(2) If a theory T has a �nite Morley rank then si2-ranks of labels in⋃
p,q⊆S1(T )

ρν(p,q) are bounded by the value MR(x ≈ x) + 1.

We set sij(p,q) 
 sup{sij(p, u,q) | u ∈ U}, sij(p) 
 sij(p,p). For a
nonempty family R of sets of 1-types, we put sij(R)
 sup{sij(p,q) | p,q ⊆
R}. A family R is called sij-minimal if sij(R) = 1. The value sij(p,q) is said
to be the j-rank of semi-isolation or the sij-rank of pair (p,q), and sij(R) is
the j-rank of semi-isolation or the sij-rank of the family R.

Since there are |T | formulas of a theory T and the inequalities (1) and
(2) hold we obtain

Proposition 3.3. (1) Each si1-rank in a theory T is either equal to ∞ or
less than min{|T |+, (MR′(x ≈ x) + 1)+}. If the Morley rank MR′(x ≈ x) is
equal to an ordinal α then any si1-rank in T is not more than α + 1.

(2) Each si2-rank in a theory T is either equal to ∞ or less than

min{|T |+, (MR(x ≈ x) + 1)+}.

If the Morley rank MR(x ≈ x) is equal to an ordinal α then any si2-rank in
T is not more than α + 1.

The estimations for sij-ranks in Proposition 3.3 can be far from exact.
For instance, sij-ranks in ω-categorical theories are �nite while there are
non-ω-stable ω-categorical theories.

Proposition 3.4. For any sets p,q ⊆ S1(∅) the following assertions hold.
(1) If u, v ∈ ρν(p,q) and u� v then sij(u) ≤ sij(v).
(2) If u, v ∈ ρν(p,q) then sij(u ∨ v) = max{sij(u), sij(v)} and sij(u ∧ v) ≤

min{sij(u), sij(v)}. The last inequality is transformed to the equality if and
only if there is a label v′ such that v′ � u, v′ � v, and sij(v

′) = sij(u) or
sij(v

′) = sij(v).
(3) The equality sij(p,q) = 0 holds if and only if there are no realizations

of p witnessing that p semi-isolating q.
(4) The equality sij(p,q) = 1 holds if and only if there is a (p → q)-

formula witnessing that a realization of p semi-isolates q, and each such a
(p → q)-formula ϕ(x, y) is equivalent to a disjunction of formulas ϕi(x, y)
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such that each formula ϕi(a, y) is either isolating or inconsistent, where |=
p(a).

Proof is obvious.

Proposition 3.5. For any nonempty family R ⊆ S1(∅) the following asser-
tions are satis�ed.

(1) sij(R) ≥ 1.
(2) The family R is sij-minimal if and only if for any sets p,q ⊆ R

each (p → q)-formula ϕ(x, y) is equivalent to a disjunction of formulas
ϕi(x, y) such that each formula ϕi(a, y) is either isolating or inconsistent,
where |= p(a).

Proof. (1) is implied by the inequality sij(p) ≥ 1 for any nonempty p ⊆
S1(∅) since the formula (a ≈ y) witnesses that a semi-isolates itself, where
|= p(a). (2) is an obvious corollary of (1) and Proposition 3.4, (4).

Remark 3.6. Since for a strongly minimal theory T the set of solutions
for any formula ϕ(a, y) is �nite or co�nite, any (p,p)-semi-isolating formula
ψ(a, y) is represented as a �nite disjunction of some isolating formulas ψi(a, y)
or as a negation of a �nite disjunction of isolating formulas ψi(a, y). If
p is a �nite set including a non-principal type then the representation of
ψ(a, y) is possible only as a �nite disjunction of isolating formulas. It means
that sij(p) = 1. If p consists of principal types and there are �nitely many
pairwise non-equivalent isolating (p→ p)-formulas ψ(a, y) with |= p(a) then
sij(p) = 1, too. If there are in�nitely many these pairwise non-equivalent
isolating formulas ψ(a, y) then sij(p) = 2.

De�nition 3.7. Let α be a positive ordinal, u1 and u2 be labels in ρν(p,q)

such that sij(u1) = sij(u2) = α. The labels u1 and u2 are αj-almost identic or
∼α,j-equivalent (denoted by u1 ∼α,j u2) if sij(u1÷u2) < α, where u1÷u2 

(u1 ∧ ¬u2) ∨ (¬u1 ∧ u2).

Proposition 3.8. The relation ∼α,j is an equivalence relation for any set
of labels in ρν(p,q) having the sij-rank α.

Proof. Clearly the relation ∼α,j is re�exive and symmetric. For the checking
of transitivity we assume that u1 ∼α,j u2 and u2 ∼α,j u3. Since (u1 ∧ ¬u2 ∧
u3) � (u1 ∧ ¬u2) � (u1 ÷ u2) we have

sij(u1 ∧ ¬u2 ∧ u3) ≤ sij(u1 ÷ u2) < α.

As u1 ∧ u3 = (u1 ∧ u2 ∧ u3) ∨ (u1 ∧ ¬u2 ∧ u3) and sij(u1 ∧ ¬u2 ∧ u3) < α,
for u1 ∼α,j u3, it is enough to prove that sij(u1 ∧ u2 ∧ u3) = α. Suppose on
contrary that sij(u1 ∧ u2 ∧ u3) < α. Then sij(u1 ∧ u2) = α and

u1 ∧ u2 = (u1 ∧ u2 ∧ u3) ∨ (u1 ∧ u2 ∧ ¬u3)
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imply sij(u1 ∧ u2 ∧ ¬u3) = α. But (u1 ∧ u2 ∧ ¬u3) � (u2 ∧ ¬u3) � (u2 ÷ u3),
and sij(u2÷u3) < α gives sij(u1∧u2∧¬u3) < α. The obtained contradiction
means that u1 ∼α,j u3.

By the de�nition, for any label u ∈ ρν(p,q) having the sij-rank α, there is
a greatest number n ∈ ω\{0} of pairwise inconsistent (or, that equivalent, of
pairwise non-∼α,j-equivalent) labels u1, . . . , un such that ui�u and sij(ui) =
α, i = 1, . . . , n. This number n is called the j-degree of semi-isolation or the
sij-degree of label u and it is denoted by degj(p, u, q) or by degj(u). We have
sij(∅) = 0 and put degj(∅)
 1.

Proposition 3.9. (1) If u ∈ ρν(p,q) and sij(u) = α then degj(u) is equal
to the number of pairwise inconsistent labels u1, . . . , un ∈ ρν(p,q) having the
sij-rank α, the sij-degree 1, and such that u = u1 ∨ . . . ∨ un.

(2) If u, v ∈ ρν(p,q), sij(u) = sij(v), and u� v then degj(u) ≤ degj(v).
(3) If u, v ∈ ρν(p,q) and sij(u) = sij(v) then

degj(u ∨ v) ≤ degj(u) + degj(v).

The equality in this inequality holds if and only if sij(u ∧ v) < sij(u). If
sij(u ∧ v) = sij(u) then

degj(u ∨ v) = degj(u) + degj(v)− degj(u ∧ v).

(4) If u ∈ ρν(p,q) is an atom, then sij(u) = 1 and degj(u) = 1.
(5) If for a label u ∈ ρν(p,q), sij(u) = 1 and degj(u) = 1, then u is not

neutral.
(6). If u ∈ ρν(p,q) and sij(u) = 1 then degj(u) is equal to the number of

pairwise inconsistent atoms u1, . . . , un ∈ ρν(p,q) such that u = u1 ∨ . . . ∨ un.
Proof is obvious.

If there is a label u ∈ ρν(p,q) with sij(p,q) = sij(u) then the j-degree of
semi-isolation or the sij-degree degj(p,q) of pair (p,q) is

sup{degj(u) | u ∈ ρν(p,q), sij(p,q) = sij(u)},

degj(p)
 degj(p,p).
If for a nonempty family R of sets of 1-types there is a label u ∈ ρν(p,q),

p,q ∈ R, with sij(R) = sij(u) then the j-degree of semi-isolation or the
sij-degree degj(R) of R is

sup{degj(u) | u ∈ ρν(R), sij(R) = sij(u)}.

Clearly, if degj(p,q) or degj(R) exist then these values are positive
natural numbers or equal ω.
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For an ordinal α, a natural number n ≥ 1, and a set X ∈ {U,U \ {∅}}
we put

X � (α, n)j 
 {u ∈ X | sij(u) ≤ α and if sij(u) = α then degj(u) < n},

X � (α, ω)j 
 X � αj 

⋃
n≥1

X � (α, n)j.

Clearly, if α = β+1 then X � (α, 1)j = X � βj, and if α is a limit ordinal
then X � (α, 1)j =

⋃
β<α

X � βj.

For ordinals α, β, β ∈ (ω+1)\{0}, and for the algebra A of distributions
of binary semi-isolating formulas of theory T as well as for expansions and
restrictions A′ of A, de�ned in previous sections, we denote by A � (α, β)j and
A′ � (α, β)j as well as by Aα,β,j and A′α,β,j the restrictions of these algebras
to the set U � (α, β)j. If β = ω, these restrictions are denoted by A � αj,
A′ � αj, Aα,j, and A′α,j. The restrictions are called the (α, β)j-restrictions
and the αj-restrictions respectively.

Since the sij-rank of each label is positive, non-trivial restrictions (i. e.,
with nonempty sets of used labels) are only the restrictions of algebras with
α > 0. If sij(P(S1(∅))) = α0 then, taking into consideration the inequality
α > 0, all essential (i. e., re�ecting links of sets of labels of semi-isolating
formulas with respect to their sij-ranks) restrictions of these algebras are
formed only for 0 < α < α0.

By Proposition 3.9, we obtain

Proposition 3.10. The algebra of distributions of binary isolating formulas
of theory T coincides with the algebra A � (1, 2)j. The algebra A � 1j consists
of labels being disjunctions of atoms.

4 Monoid of distributions of binary formulas

on a set of realizations of a family of type

Consider a complete theory T , a set p(x) ⊆ S(T ), a regular labelling
function ν(p): PF(p)/PE(p) → U , and a family of sets SIp(u1, . . . , uk) of
labels of binary (p→ p)-formulas, u1, . . . , uk ∈ ρν(p), k ∈ ω.

Below we show some basic properties for sets

du1, . . . , uke
 SIp(u1, . . . , uk).

Proposition 4.1. (Associativity). For any u1, u2, u3 ∈ ρν(p), the following
equalities hold:

ddu1, u2e, u3e = du1, u2, u3e = du1, du2, u3ee.
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Proof. For the proof of ddu1, u2e, u3e ⊆ du1, u2, u3e, we take an arbitrary
element v ∈ ddu1, u2e, u3e. Then v ∈ dv′, u3e for some v′ ∈ du1, u2e, and for
any realization a of p we have

θv′(a, x2) ` θu1,u2(a, x2), (3)

θv(a, y) ` θv′,u3(a, y). (4)

By (3), we obtain
θv′,u3(a, y) ` θu1,u2,u3(a, y). (5)

Thus, (4) and (5) imply

θv(a, y) ` θu1,u2,u3(a, y),

and, consequently, v ∈ du1, u2, u3e.
Now we prove the inclusion du1, du2, u3ee ⊆ du1, u2, u3e. Take an arbitrary

element v ∈ du1, du2, u3ee. Then v ∈ du1, v
′e for some v′ ∈ du2, u3e, and for

any realization a of p we have

θv′(a, y) ` θu2,u3(a, y), (6)

θv(a, y) ` θu1,v′(a, y). (7)

By (7), we obtain
θu1,v′(a, y) ` θu1,u2,u3(a, y). (8)

Thus, (7) and (8) imply

θv(a, y) ` θu1,u2,u3(a, y),

and, consequently, v ∈ du1, u2, u3e.
The inclusions ddu1, u2e, u3e ⊇ du1, u2, u3e and du1, du2, u3ee ⊇ du1, u2, u3e

are satis�ed since, taking labels v1 and v2 for the formulas θu1,u2(x, y) and
θu2,u3(x, y), we obtain, for |= p(a), that the formulas θv1,u3(a, y), θu1,u2,u3(a, y),
and θu1,v2(a, y) are pairwise equivalent, i. e.,

dv1, u3e = du1, u2, u3e = du1, v2e.

In view of associativity, using the induction on number of brackets, we
prove that all operations d·, ·, . . . , ·e acting on sets in P(ρν(p)) are generated
by the binary operation d·, ·e on the set P(ρν(p)) and the values dX1, X2, . . . , Xke,
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X1, X2, . . . , Xk ⊆ ρν(p), do not depend on the sequence of adding of brackets
for

Xi,i+1,...,i+m+n 
 dXi,i+1,...,i+m, Xi+m+1,i+m+2,...,i+m+ne,

where X1,2,...,k = dX1, X2, . . . , Xke.
Thus the structure SIν(p) 
 〈P(ρν(p)); d·, ·e〉 is a semigroup admitting

the representation of all operations d·, ·, . . . , ·e by terms of the language d·, ·e.
Below the operation d·, ·e will be denoted also by · and we shall use the record
uv instead of u · v.

Since by the choice of the label 0 for the formula (x ≈ y) the equalities
X · {0} = X and {0} · X = X are true for any X ⊆ ρν(p), the semigroup
SIν(p) has the unit {0}, and it is a monoid. We have

Y · Z =
⋃
{yz | y ∈ Y, z ∈ Z}

for any sets Y, Z ∈ P(ρν(p)) in this structure.
Thus the following proposition holds.

Proposition 4.2. For any complete theory T , any set p ⊆ S1(T ), and
the regular labelling function ν(p), any operation SIp(·, ·, . . . , ·) on the set
P(ρν(p)) interpretable by a term of the monoid SIν(p).

The monoidSIν(p) is called themonoid of binary semi-isolating formulas
over the labelling function ν(p) or the SIν(p)-monoid.

By Propositions 1.4 and 4.1, we obtain

Proposition 4.3. For any complete theory T , any set p ⊆ S1(T ), and the
regular labelling function ν(p), the restriction SI≤0

ν(p) (respectively SI≥0
ν(p),

SI≥0,neu
ν(p) ) of the monoid SIν(p) to the set U

≤0 (U≥0, U≥0∪U ′) is a submonoid
of SIν(p).

By Proposition 3.10, the (1, 2)j-restriction of the monoid SIν(p) is iso-
morphic to the Iν(p)-structurePν(p). Besides, the (1, 2)j-restrictions of monoids
SI≤0

ν(p) and SI≥0
ν(p) are isomorphic to structures P≤0

ν(p) P≥0
ν(p) respectively,

being restrictions of Pν(p) to sets of labels of corresponding signs.

5 α-deterministic and almost α-deterministic

SIν(p)-monoids

In the following de�nition, we generalize the notions of deterministic
and almost deterministic structure Pν(p) proposed in [15] as well as of α-
deterministic and almost α-deterministic SIν(p)-monoids de�ned in [16].
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De�nition 5.1. Let U0 be a subalphabet of the alphabet U , α be a positive
ordinal, and n ≥ 1 be a natural number. We put

ρν(p),α,n,j 
 {u ∈ ρν(p) | sij(u) ≤ α, degj(u) < n for sij(u) = α},

ρν(p),α,j 

⋃
n∈ω

ρν(p),α,j,n.

The partial subalgebraSIν(p) � U0 of the monoidSIν(p) is called (α, n)j-
deterministic if for any labels u1, u2 ∈ ρν(p),α,n,j ∩ U0, the set du1, u2e ∩ U0

consists of labels having the sij-ranks ≤ α and contains less than n pairwise
non-∼α,j-equivalent labels of sij-rank α.

The partial subalgebra SIν(p) � U0 of the monoid SIν(p) is called αj-
deterministic if SIν(p) � U0 is (α, 2)j-deterministic.

The partial subalgebra SIν(p) � U0 of the monoid SIν(p) is called almost
αj-deterministic or (α, ω)j-deterministic if for any labels u1, u2 ∈ ρν(p),α,j ∩
U0, the set du1, u2e ∩ U0 consists of labels having the sij-ranks ≤ α and
contains �nitely many pairwise non-∼α,j-equivalent labels of sij-rank α.

By the de�nition, each (α, ω)j-deterministic structure SIν(p) � U0 is a
union of its (α, n)j-deterministic substructures, n ≥ 1. So each αj-deterministic
structure SIν(p) � U0 is almost αj-deterministic.

If U0 = U we shall not point out restrictions to the set U0 for considered
structures.

Below we show some basic properties of (almost) αj-deterministic partial
algebras SIν(p) � U0.

Proposition 5.2. (Monotony) If a structure SIν(p) � U0 is (almost) αj-
deterministic and β is a positive ordinal then the structure (SIν(p) � U0) � βj
is also (almost) αj-deterministic.

Proof is obvious. 2

Proposition 5.3. For any monoid SIν(p) and ordinals α, β, where α, β > 0,
β ∈ ω + 1, the following conditions are equivalent:

(1) the monoid SIν(p) is (α, β)j-deterministic;
(2) sij(u1 ◦u2) ≤ α for any labels u1, u2 ∈ ρν(p),α,j,β and if sij(u1 ◦u2) = α

then degj(u1 ◦ u2) < β.

Proof. The implication (1)⇒ (2) is obvious.
(2)⇒ (1). Consider arbitrary labels u1, u2 ∈ ρν(p),α,β,j. Since, by hypothesis,

sij(u1 ◦ u2) ≤ α and v� (u1 ◦ u2) for any label v ∈ du1, u2e, du1, u2e consists
of labels of sij-ranks ≤ α, and if sij(v) = sij(u1 ◦ u2) = α then degj(v) ≤
degj(u1 ◦ u2) < β. Thus, the monoid SIν(p) is (α, β)j-deterministic.
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Proposition 5.3 immediately implies

Corollary 5.4. For any monoid SIν(p) and a positive ordinal α the following
conditions are equivalent:

(1) the monoid SIν(p) is almost αj-deterministic;
(2) sij(u1 ◦ u2) ≤ α for any labels u1, u2 ∈ ρν(p),α,j.

Corollary 5.5. If sij(p) is an ordinal then the monoid SIν(p) is almost
(sij(p))j-deterministic.

Proposition 5.6. If a monoid SIν(p) is (α, β)j-deterministic then the struc-
ture SIν(p),α,j 
 SIν(p) � αj is also an (α, β)j-deterministic monoid.

Proof. Since for any αj-restriction the associativity, the presence of unit {0},
and the (α, β)j-determinacy is preserved, it is enough to note that for any
labels u1 and u2 in SIν(p),α,β,j there is a label v in SIν(p),α,β,j belonging
du1, u2e. We can take u1 ◦ u2 for v since, by hypothesis, sij(u1 ◦ u2) ≤ α and
if sij(u1 ◦ u2) = α then degj(u1 ◦ u2) < β.

Proposition 5.7. If sij(p) is an ordinal then the monoid SIν(p) is (sij(p))j-
deterministic if and only if the value degj(p) is not de�ned or equals 1.

Proof. If degj(p) is not de�ned the ordinal α = sij(p) is limit and can not be
achieved by labels in ρν(p). In particular, for any u1, u2 ∈ ρν(p) the set du1, u2e
does not contain labels of sij-rank α. If degj(p) ≥ 2 then there are non-∼α,j-
equivalent labels u1, u2 ∈ ρν(p) of sij-rank α. Then du1 ∨ u2, 0e contains
the labels u1 and u2, whence the monoid SIν(p) is not αj-deterministic.
If degj(p) = 1 then there is unique, up to ∼α,j-equivalence, label in ρν(p)

having the sij-rank α. Since such a label is unique, the monoid SIν(p) is
αj-deterministic.

Proposition 5.8. The structure Pν(p) is (almost) deterministic if and only
if the structure SIν(p),1,2,j is (almost) 1j-deterministic.

Proof follows by the isomorphism between SIν(p),1,2,j and Pν(p).

Proposition 5.9. Let p(x) be a set of complete 1-types of a theory T , ν(p)
be a regular labelling function, and sij(p) < ω. The following conditions are
equivalent:

(1) the monoid SIν(p) is (1, n)j-deterministic for some n ∈ ω;
(2) the set ρν(p) is �nite;
(3) the set ρν(p),1,j �nite;
(4) the set ρν(p),1,2,j (consisting of all atoms u ∈ ρν(p)) is �nite.

Proof. If sij(p) > 1 then, by sij(p) < ω, the set ρν(p),1,j is in�nite and so the
set ρν(p) is also in�nite. Since each label in ρν(p),1,j is a disjunction of labels
in ρν(p),1,2,j and for any labels u1, . . . , un ∈ ρν(p),1,j the label u1 ∨ . . . ∨ un
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belongs also to ρν(p),1,j, the set ρν(p),1,2,j is in�nite and the monoid SIν(p) is
not (1, n)j-deterministic for n ∈ ω. Thus, none of the conditions (1)�(4) is
not satis�ed.

If sij(p) = 1 then each label in ρν(p) has the sij-rank 1 and is represented
as a disjunction of labels in ρν(p),1,2,j. Thus, the conditions (2)�(4) are equi-
valent. If the set ρν(p),1,2,j contains m ∈ ω labels then there are 2m−1 labels
forming the set ρν(p). Hence, the monoid SIν(p) is (1, 2m−1)j-deterministic.
If the set ρν(p),1,2,j is in�nite then, for pairwise distinct labels u1, . . . , um ∈
ρν(p),1,2,j, the set du1 ∨ . . . um, 0e contains 2m − 1 labels and, since m is not
bounded, the monoid SIν(p) is not (1, n)j-deterministic for any n. Thus, the
condition (1) is equivalent to each of the conditions (2)�(4).

De�nition 5.10. Let p(x) be a set of types in S1(T ). A type q(x1, . . . , xn) ∈
S(T ) is called a (n,p)-type if q(x1, . . . , xn) ⊇

n⋃
i=1

pi(xi) for some pi ∈ p. The

set of all (n,p)-types of T is denoted by Sn,p(T ) and elements of the set
Sp(T )


⋃
n∈ω\{0}

Sn,p(T ) are called p-types .

A type q(ȳ) in Sp(T ) is called p-principal if there is a formula ϕ(ȳ) ∈ q(ȳ)
such that for some pi ∈ p, the set ∪{pi(yi) | yi ∈ ȳ} ∪ {ϕ(ȳ)} is included in
q(ȳ) and forces q(ȳ).

Lemma 5.11 [1]. For any �nite set p of types in S1(T ) and a natural number
n ≥ 1 the following conditions are equivalent:

(1) the set of (n,p)-types with a tuple (x1, . . . , xn) of free variables is
in�nite;

(2) there is a non-p-principal (n,p)-type.

Proposition 5.9 and Lemma 5.11 imply

Corollary 5.12. If p(x) is a �nite set of complete 1-types of a theory T ,
ν(p) is a regular labelling function, and all (2,p)-types are p-principal, then
the monoid SIν(p) is (1, n)j-deterministic for some n ∈ ω.

For a set p(x) of 1-types and a positive ordinal α, we denote by SIp,α,j
(in a model M of T ) the relation of (p,p)-semi-isolation restricted to the
set of formulas of sij-rank ≤ α:

SIp,α,j 
 {(a, b) | M |= p(a) ∧ p(b) and a (p,p)-semi-isolates b

by a formula θu(x, y) with sij-rank ≤ α}.

Clearly, Ip = SIp,1,j for any set p ⊆ S1(∅). Observing this equality
and an isomorphism between SIν(p),1,2,j and Pν(p) the following proposition
generalizes Proposition 4.3 in [15] Proposition 5.15 in [16].
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Proposition 5.13. Let p(x) be a set of complete types of a theory T , ν(p)
be a regular labelling function, and α be a positive ordinal. For j = 2 the
following conditions are equivalent:

(1) the relation SIp,α,j (on a set of realizations of p in any modelM |= T )
is transitive;

(2) the structure SIν(p),α,j is an almost αj-deterministic monoid.

Proof. Let a, b, and c be realizations of p such that (a, b) ∈ SIp,α,j and
(b, c) ∈ SIp,α,j by (p→ p)-formulas θu1(a, y) and θu2(b, y) respectively. If the
structureSIν(p),α,j is an almost αj-deterministic monoid then sij(u1◦u2) ≤ α
and the pair (a, c) belongs to SIp,α,j by the (p → p)-formula θu1,u2(x, y).
Since elements a, b, and c are arbitrary we have (2)⇒ (1).

Assume now that for some u1, u2 ∈ ρν(p),α,j the set SIp(u1, u2) contains
a label u such that sij(u) > α. Then by compactness the set

q(a, y)
 {θu1,u2(a, y)} ∪ {¬θv(a, y) | v ∈ SIp(u1, u2), sij(v) ≤ α}

is consistent for some a with |= p(a). Consider realizations b and c of p
such that |= θu1(a, b) ∧ θu2(b, c) and |= q(a, c). We have (a, b) ∈ SIp,α,j and
(b, c) ∈ SIp,α,j but (a, c) /∈ SIp,α,j by the construction of q. Thus, the relation
SIp,α,j is not transitive and the implication (1)⇒ (2) holds.

Note that Proposition 5.13 holds for j = 1 with �nite sets p. Note also
that for any ordinal α > 0, there are no (p, θu,p)-edges, linking distinct
realizations of p and satisfying the conditions u > 0, sij(u) ≤ α, and
sij(u

−1) ≤ α, if and only if the relation SIp,α,j is antisymmetric. Since SIp,α
is re�exive, the de�nition of ν(p) and Propositions 1.4, 5.13 imply

Corollary 5.14. Let p(x) be a set of complete 1-types of a theory T , ν(p)
be a regular labelling function, and α be a positive ordinal. For j = 1 with a
�nite set p and for j = 2, the following conditions are equivalent:

(1) the relation SIp,α,j is a partial order on a set of realizations of p in
any modelM |= T ;

(2) the structure SIν(p),α is an almost αj-deterministic monoid and
ρν(p),α,j ⊆ U≤0.

This partial order SIν(p),α,j is identical if and only if ρν(p),α,j = {∅, 0}.

Propositions 1.4 and 5.13 also imply

Corollary 5.15. Let p(x) be a complete type of a theory T , ν(p) be a regular
labelling function, and α be a positive ordinal. For j = 1 with a �nite set p
and for j = 2, the following conditions are equivalent:

(1) the relation SIp,α,j is an equivalence relation on the set of realizations
of p in any modelM |= T ;
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(2) the structure SIν(p),α,j is an almost αj-deterministic monoid and
consists of labels in U≥0.

De�nition 5.16. An element u ∈ ρν(p) is called (almost) deterministic if for
any realization a of p the formula θu(a, y) has unique solution (has at least
one and �nitely many solutions).

Since each semi-isolating formula θu(a, y) with �nitely many solutions is
equivalent to a disjunction of isolating formulas θui(a, y), then for j = 1 with
a �nite set p and for j = 2, each almost deterministic element has the sij-rank
1 and so belongs to the set of labels in the structure SIν(p),1,|β+1|,j, where
β is the supremum of numbers of solutions for θu(a, y). In particular, each
deterministic element belongs to the set of labels in the structure SIν(p),1,2,j.

Clearly if elements u and v are (almost) deterministic then each element
v′ in u · v is also (almost) deterministic. Hence, the sij-rank 1 is preserved
for compositions u ◦ v of (almost) deterministic elements u and v. Moreover,
the sij-degree 1 is preserved for compositions of deterministic elements.

In Figure 1, the fragments of Hasse diagram are presented illustrating the
links of the structure SI
 SIν(p) with structures above, being restrictions
of SI to subalphabets of U . Here the superscripts ·≤0 and ·≥0 point out on
restrictions of SI to the sets U≤0 and U≥0 respectively, and the subscripts
to the upper estimates for sij-ranks and sij-degrees of labels. In Figure 1, a,
a hierarchy of structures SIα,j, α ≤ sij(p), j = 1, 2, is depicted starting
with the trivial substructure; in Figure 1, b, links between substructures
of SIν(p),1,j are presented; in Figure 1, c, links between substructures of
SIα+1,j for 1 ≤ α < sij(p) are shown. For a limit ordinal β ≤ sij(p), the
Hasse diagram for substructures of SIβ,j is obtained by union of presented
diagrams for α < β. If an ordinal β ≤ sij(p) is not limit, the Hasse diagram
corresponds to the union of presented diagrams for α < β with the removal
of structures SI≤0

β+1,2,j and SI≥0
β+1,2,j.

6 POSTC-monoids

In this Section, we shall consider both the monoids SIν(p) and their
expansions by operations and relations of POSTC-algebras containing these
monoids. These expansions

Mν(p) 
 〈P(ρν(p)); ·,�,∨,∧, (· ∧ ¬ ·), ◦〉

are called preordered monoids with relative set-theoretic operations and com-
positions over regular labelling functions ν(p), or brie�y POSTCν(p)-monoids.



88 S.V. Sudoplatov

•

•

•

•
·
·
·
·
·
·
·
•

{0}

SI1,j

SI2,j

SI3,j

SI

a

•

•
·
·
·
·
·
·
·
•

•

•

•

•
·
·
·
·
·
·
·
•

•

•
·
·
·
·
·
·
·
•

•

�
�
�
�
�

�
�

�
�
�

@
@
@
@
@

�
�

�
�
�

@
@
@
@
@

@
@
@
@
@

@
@
@
@
@

�
�
�

�
�

SI≤0
1,2,j

{0}

SI≥0
1,2,j

SI≤0
1,3,j SI1,2 SI≥0

1,3,j

SI≤0
1,j

SI1,3,j

SI≥0
1,j

SI1,jSI≤0
2,2,j SI≥0

2,2,j

b

•

•

•
·
·
·
·
·
·
·
•

•

•

•

•

•
·
·
·
·
·
·
·
•

•

•

•
·
·
·
·
·
·
·
•

•

�
�
�
�
�

�
�
�

�
�

@
@
@
@
@

�
�
�

�
�

@
@
@
@
@

�
�
�

�
�

@
@
@
@
@

@
@
@
@
@

SIα,jSI
≤0
α+1,2,j SI≥0

α+1,2,j

SI
≤0
α+1,3,j

SIα+1,2,j SI≥0
α+1,3,j

SI
≤0
α+1,4,j

SIα+1,3,j SI≥0
α+1,4,j

SI
≤0
α+1,j

SIα+1,4,j

SI≥0
α+1,j

SIα+1,jSI
≤0
α+2,2,j SI≥0

α+2,2,j

c

Fig. 1

We collect basic structural properties of POSTCν(p)-monoids and show
that any expanded monoid SI, satisfying the following list of properties,
coincides with some POSTCν(p)-monoid Mν(p).

Let U = U− ∪̇ {∅, 0} ∪̇U+ ∪̇U ′ be an alphabet consisting of a set U− of
negative elements, a set U+ of positive elements, a set U ′ of neutral elements,
and zero 0. As above, we write u < 0 for any element u ∈ U−, u > 0 for any
element u ∈ U+, and u · v instead of {u} · {v} considering an operation · on
the set P(U); U≤0 
 U− ∪ {0}, U≥0 
 U+ ∪ {0}.

A structureM = 〈P(U); ·,�,∨,∧, (· ∧ ¬ ·), ◦〉 is called a POSTC-monoid
if it satis�es the following conditions:

• the operation · of the monoid 〈P(U) \ {∅}; ·〉 with the unit {0} is
generated by the function · on elements in U such that each elements u, v ∈ U
de�ne a nonempty set (u · v) ⊆ U : for any sets X, Y ∈ P(U) \ {∅} the
following equality holds:

X · Y =
⋃
{u · v | u ∈ X, v ∈ Y };
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if X ∈ P(U) then X ·∅ = ∅ ·X = ∅;

• the relation � on the set P(U) is a preorder with the least element
∅; this preorder is induced by the partial order �′ on the set U of labels
(forming a upper semilattice) by the following rule: if X, Y ∈ P(U) then
X � Y if and only if X = ∅, or for any label u ∈ X there is a label v ∈ Y
with u�′ v and for any label v ∈ Y there is a label u ∈ X with u�′ v;

• a label u ∈ U \ {∅} is called an atom if v � u implies v = u for any
label v ∈ U \ {∅}; only labels in U− ∪̇ {0} ∪̇U+ may be atoms; the label 0
is an atom; some labels in U≥0 lay under each label in U ′, moreover, if only
labels v ∈ U≥0 lay under a label u ∈ U ′ then there are no greatest labels
among labels v; only labels in U ′ lay over each label in U ′;

• the operations ∨,∧, (· ∧ ¬ ·) on the set U form a distributive lattice
with relative complements, moreover, for any elements u, v ∈ U ,

u�′ v ⇔ u ∧ v = u⇔ u ∨ v = v,

(u ∧ ¬v) = ∅⇔ u� v;

• the operation ◦ is de�ned on the set U such that for any labels u, v ∈ U
the label u ◦ v is the greatest element of the set u · v;
• the operations ∨,∧, ◦ on the set P(U) are induced by the corresponding

operations on the set U : if X, Y ∈ P(U) and τ ∈ {∨,∧, ◦} then X τ Y =
{u τ v | u ∈ X, v ∈ Y }; the operation (· ∧ ¬ ·) on the set P(U) is also
induced by the corresponding operation on the set U : if X, Y ∈ P(U) then
X ∧ ¬Y = {u ∧ ¬v | u ∈ X, v ∈ Y };
• the sets U− and U≥0 are closed with respect to the operations ∨,∧, (· ∧

¬ ·); the set U ′ is closed under the operation ∨; if u ∈ U ′ and v ∈ U then
(u ∨ v) ∈ U ′;
• repeating the de�nition in Section 2, for each label u ∈ U , the ranks of

semi-isolation sij(u) ≥ 1 and the degrees of semi-isolation degj(u) of label
u is de�ned inductively, sij(∅) = 0, degj(∅) = 1, as well as equivalence
relations ∼α, j, restrictions Xα,j, Xα,β,j of sets X ∈ {U,U \ {∅}} and
restrictions M′

α,j, M
′
α,β,j for restrictions M′ of M to sets of labels of sij-

ranks ≤ α, and for labels of sij-rank α to sets of labels of sij-degree < β;

• the restriction 〈P(U) \ {∅}; ·〉1,2,j of the monoid 〈P(U) \ {∅}; ·〉 is a
I-groupoid;

• if u < 0 then sets u · v and v · u consist of negative elements for any
v ∈ U ;
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• if u > 0 and v > 0 then (u · v) ⊆ U≥0;

• if u, v ∈ U≥0 ∪ U ′, and u ∈ U ′ or v ∈ U ′, then (u · v) ⊆ U ′;

• for any element u > 0 there is a nonempty set u−1 of inverse elements
u′ > 0 such that 0 ∈ (u · u′) ∩ (u′ · u); in this case if u�′ v and v ∈ U+ then
u−1 ⊆ v−1;

• if a positive element u belongs to a set v1 · v2, where v1 ◦ v2 ∈ U+, then
u−1 ⊆ v−1

2 · v−1
1 .

By the de�nition each POSTC-monoid M contains POSTC-submonoids
M≤0 and M≥0 with the universes P(U− ∪ {∅, 0}) and P(U+ ∪ {∅, 0})
respectively, being also POSTC-monoids (with U+∪U ′ = ∅ and U−∪U ′ = ∅
respectively).

A POSTC-monoid M is called atomic if for any label u ∈ U \ {∅} there
is an atom v ∈ U such that v � u.

Note that POSTC-monoids with ordinals sup{sij(u) | u ∈ U} are atomic.
Note also that restricting the notion of POSTC-monoid removing si1-ranks
we get the notion of POSTC1-monoid that coincides with the notion of
POSTC-monoid in [16]. Thus applying the proof of [16, Theorem 6.1], where
a type is replaced by a set of types, we obtain

Theorem 6.1. For any (at most countable and having an ordinal sup{si1(u) |
u ∈ U})) POSTC1-monoid M there is a (small) theory T with a set of types
p(x) ⊆ S1(T ) and a regular labelling function ν(p) such that Mν(p) = M. If
si1 coincides with a si-rank then the set p can be chosen to be a singleton.

Extending the construction for the rank si2 we get

Theorem 6.2. For any (at most countable and having ordinals sup{sij(u) |
u ∈ U})) POSTC-monoid M there is a (small) theory T with a set of types
p(x) ⊆ S1(T ) and a regular labelling function ν(p) such that Mν(p) = M.

7 POSTC-monoid on a set of realizations for a

family of sets of 1-types of a complete theory

In this section, the results above for a structure on a set of types, as well
as results in [15, 16] for isolating and semi-isolating formulas, are generalized
for a structure on a set of realizations for a family of sets of types.

Let R be a nonempty family of types in S1(T ). We denote by ν(R) a
regular family of labelling functions

ν(p,q): SICF(p,q)/SICE(p,q)→ U, p,q ∈ R,
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ρν(R) 

⋃

p,q∈R

ρν(p,q).

As in Proposition 4.1, the partial (for |R| > 1) function SI on the set R×
P(U) × R, which maps each tuple of triples (p1, u1,p2), . . . , (pk, uk,pk+1),
where u1 ∈ ρν(p1,p2), . . . , uk ∈ ρν(pk,pk+1), to the set of triples (p1, v,pk+1),
where v ∈ SI(p1, u1,p2, u2, . . . ,pk, uk,pk+1), is associative:

SI(SI(p1, u1,p2, u2,p3), u3,p4) = SI(p1, u1,p2, u2,p3, u3,p4) =
= SI(p1, u1, SI(p2, u2,p3, u3,p4))

(9)

for u1 ∈ ρν(p1,p2), u2 ∈ ρν(p2,p3), u3 ∈ ρν(p3,p4).
Consider the structure

Mν(R) 
 〈R× P(U)×R; ·,�,∨,∧, (· ∧ ¬ ·), ◦〉

with the partial operations · and ◦ such that

(p1, X1,p2) · (p2, X2,p3) =
⋃
{(p1, u1,p2) · (p2, u2,p3) | u1 ∈ X1, u2 ∈ X2},

(p1, u1,p2) · (p2, u2,p3) = {(p1, v,p3) | v ∈ SI(p1, u1,p2, u2,p3)},

(p1, X1,p2)◦ (p2, X2,p3) =
⋃
{(p1, u1,p2)◦ (p2, u2,p3) | u1 ∈ X1, u2 ∈ X2},

(p1, u1,p2) ◦ (p2, u2,p3) = {(p1, u ◦ v,p3)},

u1 ∈ ρν(p1,p2), u2 ∈ ρν(p2,p3),

as well as the relation � of preorder, being induced by the partial order, of
the same name, on the set of labels and the partial operations ∨,∧, (· ∧ ¬ ·)
such that

(p, X,q) ∨ (p, Y,q) =
⋃
{(p, u,q) ∨ (p, v,q) | u ∈ X, v ∈ Y },

(p, u,q) ∨ (p, v,q) = {(p, u ∨ v,q)},

(p, X,q) ∧ (p, Y,q) =
⋃
{(bfp, u,q) ∧ (p, v,q) | u ∈ X, v ∈ Y },

(p, u,q) ∧ (p, v,q) = {(p, u ∧ v,q)},

(p, X,q) ∧ ¬(p, Y,q) =
⋃
{(p, u,q) ∧ ¬(p, v,q) | u ∈ X, v ∈ Y },

(p, u,q) ∧ ¬(p, v,q) = {(p, u ∧ ¬v,q)},

u, v ∈ ρν(p,q).

The POSTC-monoids Mν(p), p ∈ R, are naturally embeddable into this
structure. The structure Mν(R) is called a join of POSTC-monoids Mν(p),
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p ∈ R, relative to the family ν(R) of labelling functions and it is denoted
by

⊕
p∈R

Mν(p). If ρν(p,q) = ∅ for all p 6= q the join
⊕
p∈R

Mν(p) is free, it is

represented as the disjoint union of POSTC-monoids Mν(p) and denoted by⊔
p∈R

Mν(p).

By (9) we have

Proposition 7.1. For any complete theory T , for any nonempty family
R ⊆ P(S1(T )), and for any regular family ν(R) of labelling functions,
each n-ary partial operation SI(p1, ·,p2, ·,p3 . . . ,pn, ·,pn+1) on the set
P(U) is interpretable by a term of the structure

⊕
p∈R

Mν(p) with �xed sets

p1, . . . ,pn+1 ∈ R.

Denote by SIν(R) the restriction of Mν(R) to the partial operation ·.
Using Proposition 1.4 we obtain the following analogue of Proposition

4.3.

Proposition 7.2. For any complete theory T , for any nonempty family
R ⊂ S(T ) of sets of 1-types, and for any regular family ν(R) of labelling
functions, the restriction of the structure SIν(R) to the set U

≤0 (respectively
U≥0, U≥0 ∪ U ′) is closed under the partial operation ·.

By Proposition 7.2, the structureSIν(R) has substructuresSI≤0
ν(R),SI≥0

ν(R)

and SI≥0,neu
ν(R) , generated by triples (p, u,q) with u ≤ 0, u ≥ 0, and u ∈

U≥0 ∪ U ′ respectively, p,q ∈ R. Here, for any triple (p, u,q) in SI≥0
ν(R) the

triple (q, u−1,p) is also attributed to SI≥0
ν(R).

Replacing for the de�nition in Section 5 the function ν(p) to the family
ν(R) of functions we obtain the notions of (α, n)j-deterministic, αj-determi-
nistic, almost αj-deterministic, and (α, ω)j-deterministic structuresSIν(R) �
U0.

Below we formulate a series of assertions that immediately transformed
from the class of structures SIν(p) to the class of structures SIν(R).

Proposition 7.3. (Monotony) If a structure SIν(R) � U0 is (almost) αj-
deterministic and β is a positive ordinal then the structure (SIν(R) � U0) � β
is also (almost) αj-deterministic.

Proposition 7.4. For a structure SIν(R) and ordinals α, β, where α, β > 0,
β ∈ ω + 1, the following conditions are equivalent:

(1) the structure SIν(R) is (α, β)j-deterministic;
(2) for any sets p,q, r ∈ R and labels u1 ∈ ρν(p,q),α,β,j, u2 ∈ ρν(q,r),α,β,j,

the inequality sij(u1◦u2) ≤ α holds and if sij(u1◦u2) = α then degj(u1◦u2) <
β.
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Corollary 7.5. For a structure SIν(R) and a positive ordinal α, the following
conditions are equivalent:

(1) the structure SIν(R) is almost αj-deterministic;
(2) sij(u1 ◦ u2) ≤ α for any sets p,q, r ∈ R and labels u1 ∈ ρν(p,q),α,j,

u2 ∈ ρν(q,r),α,j.

Corollary 7.6. If sij(R) is an ordinal then the structure SIν(R) is almost
(sij(R))j-deterministic.

Proposition 7.7. If a structure SIν(R) is (α, β)j-deterministic then
SIν(R),α,j 
 SIν(R) � αj is also (α, β)j-deterministic.

Proposition 7.8. If si(R) is an ordinal then the structure SIν(R) is (sij(R))j-
deterministic if and only if the value degj(R) is not de�ned or equals 1.

Proposition 7.9. A structure Pν(R) is (almost) deterministic if and only if
SIν(R),1,2,j is (almost) 1j-deterministic.

Let R be a nonempty family of nonempty sets of complete 1-types of
a theory T , ν(R) be a regular family of labelling functions, and α be a
positive ordinal. The structure SIν(R) is called locally αj-deterministic if for
any nonempty �nite set R0 ⊆ R there is a natural number n ≥ 2 such that
the structure SIν(R0) is (α, n)j-deterministic.

Repeating the proof of Proposition 5.9 we obtain

Proposition 7.10. LetR be a nonempty family of nonempty sets of complete
1-types of a theory T , ν(R) be a regular family of labelling functions, sij(∪R) <
ω. The following conditions are equivalent:

(1) the structure SIν(R) is locally 1j-deterministic;
(2) the set ρν(p,q) is �nite for any p,q ∈ R;
(3) the set ρν(p,q),1,j is �nite for any p,q ∈ R;
(4) the set ρν(p,q),1,2,j (consisting of all atoms u ∈ ρν(p,q)) is �nite for any

p,q ∈ R.

The notion of (n, p)-type is generalized in the following de�nition.

De�nition 7.11 (K. Ikeda, A. Pillay, A. Tsuboi [10]). Let p1(x1), . . . , pn(xn)
be types in S1(T ) with disjoint free variables. A type q(x1, . . . , xn) ∈ S(T )

is said to be a (p1, . . . , pn)-type if q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi). The set of all

(p1, . . . , pn)-types of T is denoted by Sp1,...,pn(T ). A theory T is almost ω-
categorical if for any types p1(x1), . . . , pn(xn) ∈ S(T ) there are only �nitely
many types q(x1, . . . , xn) ∈ Sp1,...,pn(T ).

Generalizing De�nition 7.11 we get
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De�nition 7.12. Let p1(x1), . . . , pn(xn) be nonempty sets of 1-types in
S(T ) with disjoint free variables. A type q(x1, . . . , xn) ∈ S(T ) is said to be a

(p1, . . . ,pn)-type if q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi) for some pi ∈ pi, i = 1, . . . , n.

The set of all (p1, . . . ,pn)-types of T is denoted by Sp1,...,pn(T ).

A type q(x̄) in Sp1,...,pn(T ) containing
n⋃
i=1

pi(xi) for some pi ∈ pi, i =

1, . . . , n, is said to be (p1, . . . ,pn)-principal if there is a formula ϕ(ȳ) ∈ q(x̄)
such that

∪{pi(xi) | i = 1, . . . , n} ∪ {ϕ(x̄)} ` q(x̄).

The following lemma obviously generalizes Lemma 5.11.

Lemma 7.13 [1]. For any nonempty �nite sets p1(x1), . . . ,pn(xn) of 1-types
in S(∅) the following conditions are equivalent:

(1) the set of (p1, . . . ,pn)-types with free variables in (x1, . . . , xn) is �nite;
(2) any (p1, . . . ,pn)-type is (p1, . . . ,pn)-principal.

By Lemma 7.13, a theory T is almost ω-categorical if and only if for any
�nite sets p1(x1), . . . ,pn(xn) of complete 1-types, each (p1, . . . ,pn)-type is
(p1, . . . ,pn)-principal.

Proposition 7.10 and Lemma 7.13 imply

Corollary 7.14. If R is a nonempty family of �nite sets of complete 1-
types of a theory T , ν(R) is a regular family of labelling functions, and all
(p1,p2)-types, where p1,p2 ∈ R, are (p1,p2)-principal then the structure
SIν(R) is locally 1j-deterministic for j = 1, 2.

Corollary 7.15. If T is an almost ω-categorical theory then for any
nonempty family R of �nite sets of complete 1-types and a regular family
ν(R) of labelling functions, the structure SIν(R) is locally 1j-deterministic
for j = 1, 2.

For a nonempty family R of nonempty sets of 1-types in S(T ) and a
positive ordinal α, we denote by SIR,α,j (in a modelM of T ) the restriction
of set of (p→ q)-links, p,q ∈ R, to the set of formulas of sij-ranks ≤ α:

SIR,α,j 
 {(a, b) | tp(a) ∈ p, tp(b) ∈ q,p,q ∈ R,

and a (p,q)-semi-isolates b by a formula θp,u,q(x, y), with sij-rank ≤ α}.

Proposition 7.16. LetR be a nonempty family of nonempty sets of complete
1-types of a theory T , ν(R) be a regular family of labelling functions, and
α be a positive ordinal. For j = 1 with R consisting of �nite sets and for
j = 2, the following conditions are equivalent:
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(1) the relation SIR,α (on a set of realizations of types in ∪R in any model
M |= T ) is transitive;

(2) the structure SIν(R),α,j is almost αj-deterministic.

Proof. is identical to the proof of Proposition 5.13 almost word for word.

Propositions 1.4 and 7.16 imply the following assertions.

Corollary 7.17. Let R be a nonempty family of nonempty sets of complete
1-types of a theory T , ν(R) be a regular family of labelling functions, and
α be a positive ordinal. For j = 1 with R consisting of �nite sets and for
j = 2, the following conditions are equivalent:

(1) the relation SIR,α,j, in any modelM |= T , is a partial order;
(2) the structure SIν(R),α,j is almost αj-deterministic and ρν(R),α,j ⊆

U≤0.
The partial order SIR,α,j is identical if and only if ρν(R),α,j = {∅, 0}.

Corollary 7.18. Let R be a nonempty family of nonempty sets of complete
1-types of a theory T , ν(R) be a regular family of labelling functions, and
α be a positive ordinal. For j = 1 with R consisting of �nite sets and for
j = 2, the following conditions are equivalent:

(1) the relation SIR,α,j, in any modelM |= T , is an equivalence relation;
(2) the structure SIν(R),α,j is almost αj-deterministic and ρν(R),α,j ⊆

U≥0.

The results above substantiate that the diagram in Figure 1 admits the
transformation replacing the set p of types by a nonempty family R ⊆
P(S1(∅)) \ {∅}.

8 POSTCR-structures

De�nition 8.1. Let R be a nonempty family of nonempty sets,

U = U− ∪̇ {∅, 0} ∪̇U+ ∪̇U ′

be an alphabet consisting of a set U− of negative elements, a set U+ of
positive elements, a set U ′ of neutral elements, the empty set ∅, and zero 0.
If p and q are sets in R, we write u < 0 and (p, u,q) < 0 for any element
u ∈ U−, u > 0 and (p, u,q) > 0 for any element u ∈ U+; U≤0 
 U−∪{∅, 0},
U≥0 
 U+ ∪{∅, 0}. For the set R2 of all pairs (p,q), p,q ∈ R, we consider
a regular family µ(R) of sets µ(p,q) ⊆ U containing ∅ such that

• 0 ∈ µ(p,q) if and only if p ∩ q 6= ∅;
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• µ(p,q) ∩ µ(p′,q′) = {∅, 0} for (p,q) 6= (p′,q)′ with p ∩ q 6= ∅ and
p′ ∩ q′ 6= ∅;

• µ(p,q) ∩ µ(p′,q′) = {∅} for (p,q) 6= (p′,q)′ with p ∩ q = ∅ or
p′ ∩ q′ 6= ∅;

•
⋃

p,q∈R
µ(p,q) = U .

Below we write µ(p) instead of µ(p,p), and considering a partial operation
· on the set R×P(U)×R we shall write, as above, (p, u,q) · (q, v, r) instead
of (p, {u},q) · (q, {v}, r).

A structure

M = 〈R× P(U)×R; ·,�,∨,∧, (· ∧ ¬ ·), ◦〉

with a regular family µ(R) of sets is said to be a POSTCR-structure if the
following conditions hold:

• the partial operation · of the structure 〈R × P(U) ×R; ·〉 has values
(p, X,q) · (p′, Y,q′) only for p′ ∩ q 6= ∅, X ⊆ µ(p,q), Y ⊆ µ(p′,q′), and it
is generated by the function · for elements in U : for any sets X, Y ∈ P(U),
∅ 6= X ⊆ µ(p,q), ∅ 6= Y ⊆ µ(q, r), the following equality is satis�ed:

(p, X,q) · (q, Y, r) =
⋃
{(p, x,q) · (q, y, r) | x ∈ X, y ∈ Y },

and if some of X, Y is empty then (p, X,q) · (q, Y, r) = ∅;

• each restriction Mµ(p) of M to {p} × P(µ(p))× {p} is isomorphic to
a POSTC-monoid with the universe P(µ(p)), p ∈ R; atoms u ∈ µ(p) in
Mµ(p) are called p-atoms;

• each restriction Mµ(p,q), p ∩ q = ∅, of M to {p} × P(µ(p,q)) ×
{q} has empty partial operations · and ◦; the restriction of Mµ(p,q) to the
relation � is a preordered set 〈{p}×P(µ(p,q))×{q}; �p,q〉 with the least
element (p,∅,q), the preorder�p,q of this structure is induced by the partial
order �′p,q on the set µ(p,q) of labels (forming a upper semilattice) by the
following rule: if X, Y ∈ P(µ(p,q)) then X �p,q Y if and only if X = ∅, or
for any label u ∈ X there is a label v ∈ Y with u �p,q v and for any label
v ∈ Y there is a label u ∈ X with u�p,q v;

• a label u ∈ µ(p,q) \ {∅}, where p 6= q, is said to be a (p,q)-atom
if v �p,q u implies v = u for any label v ∈ µ(p,q) \ {∅}; only labels in
µ(p,q) ∩ (U− ∪ U+) may be (p,q)-atoms; some labels in µ(p,q) ∩ U≥0 lay
under each label in µ(p,q) ∩ U ′, moreover, if only labels v ∈ µ(p,q) ∩ U≥0
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lay under a label u ∈ µ(p,q) ∩ U ′ then there are no greatest labels among
labels v; only labels in µ(p,q) ∩ U ′ lay over each label in µ(p,q) ∩ U ′;

• the operations ∨,∧, (· ∧ ¬ ·) are de�ned on each set µ(p,q) in the
structure Mµ(p,q) and form a distributive lattice with relative complements
on µ(p,q), moreover, for any elements u, v ∈ µ(p,q),

u�p,q v ⇔ u ∧ v = u⇔ u ∨ v = v ⇔ u ∧ ¬v = ∅;

• the relation � on the set R × P(U) × R is a preorder with minimal
elements (p,∅,q), p,q ∈ R; this preorder is induced by the union �U of
preorders �p in the structures Mµ(p), p ∈ R, and of preorders �p,q in the
structures Mµ(p,q), p,q ∈ R, p 6= q, on sets of labels in these structures: if
X, Y ∈ P(U) then (p, X,q) � (p′, Y,q′) if and only if p = p′, q = q′, and
X = ∅ or for any label u ∈ X there is a label v ∈ Y with u �U v and for
any label v ∈ Y there is a label u ∈ X with u�U v;

• the partial operations ∨,∧, (· ∧ ¬ ·) are de�ned on the set R×U×R in
the structure M being unions of corresponding operations on the sets µ(p)
in Mµ(p) and on the sets µ(p,q) in Mµ(p,q), p 6= q;

• the partial operation ◦ is de�ned on the setR×U×R in the structureM
being obtained from the union of corresponding operations in the structures
Mµ(p), p ∈ R, by the following extension: if u1 ∈ µ(p,q) and u2 ∈ µ(q, r)
then there is unique element v ∈ µ(p, r) such that (p, u1,q) ◦ (q, u2, r) =
(p, v, r); this element v is the�p,r-greatest label in the set (p, u1,q)·(q, u2, r),
it is called a composition of elements u1 and u2 and it is denoted by u1 ◦ u2;

(p, u1,q) ◦ (q,∅, r) = (p,∅,q) · (q, u2, r) = (p,∅,q) · (q,∅, r) = (p,∅, r);

• the partial operations ∨,∧, ◦ on the setR×P(U)×R are induced by the
corresponding partial operations on the setR×U×R: if (p,X, q), (p′, Y, q′) ∈
R × P(U) × R and τ ∈ {∨,∧, ◦} then the value (p,X, q) τ (p′, Y, q′) is not
de�ned or it is de�ned and coincides with the set {(p, u, q) τ (p′, v, q′) | u ∈
X, v ∈ Y }, in which all values are de�ned; the partial operation (· ∧ ¬ ·) on
the set R×P(U)×R is also induced by the corresponding partial operation
on the set R×U ×R: if (p,X, q), (p′, Y, q′) ∈ R×P(U)×R then the value
(p,X, q)∧¬(p′, Y, q′) is de�ned only for p = p′, q = q′, X, Y ⊆ µ(p, q) and it
is equal to {(p, u, q) ∧ ¬(p, v, q) | u ∈ X, v ∈ Y };

• each of the sets U− and U≥0 is closed under operations ∨,∧, (· ∧ ¬ ·);
the set U ′ is closed under the operation ∨; if u ∈ U− and v ∈ U≥0 then
(u ∨ v) ∈ U ′;
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• repeating the de�nition in Section 3, each label u ∈ U \ {∅} obtains
inductively the j-ranks of semi-isolation sij(u) ≥ 1, j = 1, 2, and the j-
degrees of semi-isolation degj(u), sij(∅) = 0, degj(∅) = 1, as well as the
following attributes are de�ned: the equivalence relations ∼α,j, restrictions
Xα,j and Xα,β,j of sets X ∈ {U,U \ {∅}}, and restrictions M′

α,j, M
′
α,β,j for

restrictions M′ of the structure M to the set of labels of sij-ranks ≤ α, and
for labels of sij-rank α to the set of labels of sij-degree < β;

• the restriction 〈R× (P(U) \ {∅})×R; ·〉1,2,j of the structure M is an
IR-structure;

• if u ∈ µ(p,q) and u < 0 then the set (p, u,q) · (q, v, r) and (r, v′,p) ·
(p, u,q) consist of negative elements for any v ∈ µ(q, r) and v′ ∈ (r,p);

• if u ∈ µ(p,q), v ∈ µ(q, r), u > 0, and v > 0, then the set (p, u,q) ·
(q, v, r) consists of elements in U≥0;

• if u ∈ µ(p,q) ∩ (U≥0 ∪ U ′), v ∈ µ(q, r) ∩ (U≥0 ∪ U ′), and u ∈ U ′ or
v ∈ U ′, then (p, u,q) · (q, v, r) ⊆ U ′;

• for any element u ∈ µ(p,q) with u > 0 there is a nonempty set u−1

of inverse elements u′ > 0 such that (p, 0,p) ∈ (p, u,q) · (q, u′,p) and
(q, 0,q) ∈ (q, u′,p) · (p, u,q), moreover, if u�v and v ∈ U+ then u−1 ⊂ v−1;

• if an element (p, u, r), where u > 0, belongs to a set (p, v1,q) ·(q, v2, r),
where v1 ◦ v2 ∈ U+, then (r, u−1,p) ⊆ (r, v−1

2 ,q) · (q, v−1
1 ,p).

By the de�nition, each POSTCR-structureM contains POSTCR-substru-
ctures M≤0 and M≥0 being restrictions of M to the sets U≤0 and U≥0

respectively.
A POSTCR-structure M is called atomic if for any nonempty label u ∈

µ(p), p ∈ R, there is a p-atom v ∈ U such that v�pu, and for any nonempty
label u ∈ µ(p,q), p,q ∈ R, p 6= q, there is a (p,q)-atom v ∈ U such that
v �p,q u.

Combining the proof of Theorems 6.1 and 9.1 in [15] and of Theorems
6.1 and 8.1 in [16] as well as of Theorems 6.1 and 6.2, we get

Theorem 8.1. For any (at most countable and having ordinals sup{sij(u) |
u ∈ U}) POSTCR-structure M there is a (small) theory T with a nonempty
family R′ ⊂ S(T ) of nonempty 1-types and a regular family ν(R′) of labelling
functions such that Mν(R′) = M.

In conclusion, we note that, using the operation ·eq, the constructions
above can be transformed for an arbitrary family of sets of types in S(T ).
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ÎÁ ÎÄÍÎÌ ÂÎÏÐÎÑÅ
ÁÀÐÄÀÊÎÂÀ È ÍÅÙÀÄÈÌÀ ÄËß

ÌÅÒÀÁÅËÅÂÛÕ ÃÐÓÏÏ

Å.È. Òèìîøåíêî∗

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò,
ïð. Ê.Ìàðêñà, 20, Íîâîñèáèðñê, 630073, Ðîññèÿ

e-mail: algebra@nstu.ru

Â.Ã.Áàðäàêîâ è Ì.Â.Íåùàäèì â [1] ðàññìîòðåëè âîïðîñ î íàèìåíü-
øåì ÷èñëå ñîîòíîøåíèé íåêîòîðûõ ãðóïï â çàäàííîé ñèñòåìå ïîðîæ-
äàþùèõ. Ýòîò âîïðîñ ñâÿçàí ñ ïðîáëåìîé ñêà÷êà ñîîòíîøåíèé. Ñóòü
ïðîáëåìû â ñëåäóþùåì.

Ïóñòü F � ñâîáîäíàÿ ãðóïïà êîíå÷íîãî ðàíãà è R - íåêîòîðàÿ åå íîð-
ìàëüíàÿ ïîäãðóïïà, ïîðîæäåííàÿ êàê íîðìàëüíàÿ ïîäãðóïïà êîíå÷íûì
÷èñëîì ýëåìåíòîâ. Îáîçíà÷èì ìèíèìàëüíîå ÷èñëî ïîðîæäàþùèõ R êàê
íîðìàëüíîé ïîäãðóïïû ÷åðåç dF (R).

Ïóñòü R′ � êîììóòàíò ãðóïïû R. Ãðóïïà F/R′ ñîäåðæèò íîðìàëü-
íóþ àáåëåâó ïîäãðóïïó R/R′, êîòîðàÿ ÿâëÿåòñÿ ìîäóëåì íàä êîëüöîì
Z(F/R′). Ýëåìåíòû ãðóïïû F/R′ äåéñòâóþò íà ìîäóëå ñîïðÿæåíèåì.
Òàê êàê ýëåìåíòû èç R/R′ äåéñòâóþò ïðè ýòîì òîæäåñòâåííî, òî F/R′

ìîæíî ðàññìàòðèâàòü êàê ìîäóëü íàä ôàêòîð-ãðóïïîé F/R′ ïî R/R′,
òî åñòü F/R′ ÿâëÿåòñÿ Z(F/R)� ìîäóëåì. Åñëè ïîäãðóïïà R êîíå÷íî ïî-
ðîæäåíà êàê íîðìàëüíàÿ ïîäãðóïïà â F, òî Z(F/R)� ìîäóëü R/R′ òàêæå
êîíå÷íî ïîðîæäåí. Îáîçíà÷èì íàèìåíüøåå êîëè÷åñòâî ïîðîæäàþùèõ
ýòîãî ìîäóëÿ ÷åðåç dF/R(R). Î÷åâèäíî, ÷òî dF (R) ≤ dF/R(R/R′). Âåðíî
ëè, ÷òî äëÿ ëþáîé íîðìàëüíîé ïîäãðóïïû R èç F, äëÿ êîòîðîé dF (R)
êîíå÷íî, èìååò ìåñòî ðàâåíñòâî dF (R) = dF/R(R/R′)? Â ýòîì ñîñòîèò
ïðîáëåìà ñêà÷êà ñîîòíîøåíèé.

Çàìåòèì, ÷òî àíàëîãè÷íûå âîïðîñ ìîæíî èññëåäîâàòü íå òîëüêî äëÿ
êîíå÷íî ïîðîæäåííîé ñâîáîäíîé ãðóïïû F, íî è äëÿ ëþáîé ãðóïïû G.
Èòàê, ïóñòü G � ïðîèçâîëüíàÿ ãðóïïà, N � åå íîðìàëüíàÿ ïîäãðóï-
ïà, èìåþùàÿ êîíå÷íîå ÷èñëî ïîðîæäàþùèõ êàê íîðìàëüíàÿ ïîäãðóïïà.
ÃðóïïàN/N ′ ÿâëÿåòñÿ Z(G/N) � ìîäóëåì. Îïðåäåëèâ dG(N) è dG/N(N/N ′)

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, ïðîåêò 12-01-00084
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êàê ðàíüøå, ñïðîñèì, äëÿ êàêèõ ãðóïï G ðàâåíñòâî dG(N) = dG/N(N/N ′)
ñïðàâåäëèâî äëÿ ëþáîé N E G ñ îãðàíè÷åíèåì dG(N) <∞?

Óòâåðæäåíèå 1. Ïóñòü G � ðàçðåøèìàÿ ãðóïïà è N � íîðìàëü-
íàÿ ïîäãðóïïà èç G, äîïóñêàþùàÿ êîíå÷íîå ÷èñëî ïîðîæäàþùèõ êàê
íîðìàëüíàÿ ïîäãðóïïà. Òîãäà dG(N) = dG/N(N/N ′).

Äîêàçàòåëüñòâî. Ïóñòü ýëåìåíòû {r1, . . . , rn} ïîðîæäàþò íîðìàëü-
íóþ ïîäãðóïïó N ïî ìîäóëþ N ′, òî åñòü 〈r1, . . . , rn〉GN ′ = N. Äîñòàòî÷íî
äîêàçàòü, ÷òî òîãäà 〈r1, . . . , rn〉G = N.

Ïóñòü M = 〈r1, . . . , rn〉G è l, l ≥ 2, N (l) îáîçíà÷àåò l-ûé êîììóòàíò
ãðóïïû N.

Èìååì MN ′ = N. Îòñþäà äëÿ ëþáîãî l ≥ 2 ïîëó÷èì

N = M [MN ′,MN ′] = MN ′′ = . . . = MN (l).

Òàê êàê äëÿ íåêîòîðîãî l ãðóïïà N (l) òðèâèàëüíà, òî M = N. Óòâåð-
æäåíèå äîêàçàíî.

Àâòîðó ñòàòüè ñòàëî èçâåñòíî äîêàçàòåëüñòâî À.Þ.Îëüøàíñêîãî óòâåð-
æäåíèÿ 1 äëÿ ëþáîé êîíå÷íîé ãðóïïû G. Äîêàçàòåëüñòâî áûëî îòïðàâ-
ëåíî À.Þ.Îëüøàíñêèì ñîñòàâèòåëÿì �Êîóðîâñêîé òåòðàäè�.

Ñ äðóãîé ñòîðîíû, â ðàáîòå [2] íàéäåíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ, ïðè êîòîðûõ ãðóïïà, ñîâïàäàþùàÿ ñî ñâîèì êîììóòàíòîì è ïî-
ðîæäåííàÿ êîíå÷íûì ìíîæåñòâîì êëàññîâ ñîïðÿæåííûõ ýëåìåíòîâ, íå
ñîâïàäàåò ñ íîðìàëüíûì çàìûêàíèåì îäíîãî ýëåìåíòà. Åñëè G � òàêàÿ
ãðóïïà, òî î÷åâèäíî dG(G) > 1, íî dG/G(G/G′) = 1. Îäíàêî, êàê îòìå÷à-
åò àâòîð [2], âîïðîñ î ñóùåñòâîâàíèè òàêèõ ãðóïï G îñòàåòñÿ îòêðûòûì.

Êàê îáû÷íî îáîçíà÷èì [g, h] = g−1h−1gh äëÿ ëþáûõ ýëåìåíòîâ g, h
èç íåêîòîðîé ãðóïïû G.

Â [1] àâòîðû ðàññìîòðåëè ñâîáîäíóþ ãðóïïó F ðàíãà 4, ïîðîæäàþùåå
ìíîæåñòâî êîòîðîé ñîñòîèò èç ýëåìåíòîâ x, y, z, t, è äâå åå íîðìàëüíûå
ïîäãðóïïû

M = 〈xp, zq, [x, y] · [z, t]〉F ,

N = 〈xp, zq, [x, y], [z, t]〉F ,

ãäå p, q � âçàèìíî ïðîñòûå íàòóðàëüíûå ÷èñëà, áîëüøèå 1. Îíè äîêàçàëè

Ïðåäëîæåíèå 1. Äëÿ âñÿêîãî íàòóðàëüíîãî s èìååò ìåñòî ðàâåí-
ñòâî

F/(Mγs(F )) = F/(Nγs(F )),
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ãäå γs(F ) îáîçíà÷àåò s � ûé ÷ëåí íèæíåãî öåíòðàëüíîãî ðÿäà ãðóïïû F.
Ïî îïðåäåëåíèþ γ1(F ) = F, γi+1(F ) = [γi(F ), F ] ïðè i ≥ 1.

Áàðäàêîâ è Íåùàäèì â [1] ñôîðìóëèðîâàëè ñëåäóþùèé

Âîïðîñ. Ìîæíî ëè ïðåäëîæåíèå 1 îáîáùèòü íà ñëó÷àé ìåòàáåëåâûõ
ãðóïï? Èíûìè ñëîâàìè, ñïðàâåäëèâî ëè ðàâåíñòâî

F/(MF ′′) = F/(NF ′′)?

Îòâåò íà ýòîò âîïðîñ îòðèöàòåëüíûé äàæå áåç ïðåäïîëîæåíèÿ, ÷òî
p è q âçàèìíî ïðîñòû, è ñëåäóåò èç ñëåäóþùåãî óòâåðæäåíèÿ.

Óòâåðæäåíèå 2. Ïðè ëþáûõ p, q ≥ 2 êîììóòàòîð [x, y] íå ïðèíàä-
ëåæèò ïîäãðóïïå M.

Äîêàçàòåëüñòâî. Ðàññìîòðèì âëîæåíèå Ìàãíóñà µ ñâîáîäíîé ìåòà-
áåëåâîé ãðóïïû F/F ′′ â ãðóïïó ìàòðèö M :

xµ =

(
x 0
e1 1

)
, yµ =

(
y 0
e2 1

)
zµ =

(
z 0
e3 1

)
, tµ =

(
t 0
e4 1

)
.

Çäåñü ÷åðòà îçíà÷àåò îáðàç ýëåìåíòà èç ãðóïïû F â ñâîáîäíîé àáåëåâîé
ãðóïïå F = F/F ′, {e1, e2, e3, e4} � áàçèñ ñâîáîäíîãî ïðàâîãî Z(F ) � ìîäó-
ëÿ T. Íåîáõîäèìûå ñâåäåíèÿ î âëîæåíèè Ìàãíóñà ïðèâåäåíû, íàïðèìåð,
â [3, 4].

Íåòðóäíî âû÷èñëèòü îáðàçû ýëåìåíòîâ xp, zq, [x, y][z, t] â ãðóïïå ìàò-
ðèö:

xpµ =

(
xp 0

e1(1 + x+ . . .+ xp−1) 1

)
,

zqµ =

(
zq 0

e3(1 + z + . . .+ zq−1) 1

)
,

([x, y][z, t])µ =

(
1 0

e1(y − 1) + e2(1− x) + e3(t− 1) + e4(1− z) 1

)
.

Ïóñòü R � íîðìàëüíàÿ ïîäãðóïïà èç M, ïîðîæäåííàÿ ìàòðèöàìè

A =

(
xp 0
0 1

)
, C =

(
zq 0
0 1

)
,

P =

(
1 0

e1(1 + x+ . . .+ xp−1) 1

)
, Q =

(
1 0

e3(1 + z + . . .+ zq−1) 1

)
,

V =

(
1 0

e1(y − 1) + e2(1− x) + e3(t− 1) + e4(1− z) 1

)
.
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Ïðè âëîæåíèè Ìàãíóñà ýëåìåíò [x, y] îòîáðàæàåòñÿ â ìàòðèöó

W =

(
1 0

e1(y − 1) + e2(1− x) 1

)
.

Äîêàæåì, ÷òî ýòà ìàòðèöà íå ïðèíàäëåæèò R.
Èìååì

〈A,C, P,Q, V 〉M = 〈A〉M〈C〉M〈P,Q, V 〉M = 〈A〉[A,M]〈C〉[C,M]〈P,Q, V 〉M.

Òàê êàê AC = CA, òî

〈A,C, P,Q, V 〉M = 〈A〉〈C〉[A,M][C,M]〈P,Q, V 〉M.

Åñëè ìàòðèöà W ïðèíàäëåæèò íîðìàëüíîé ïîäãðóïïå R, òî îíà ïðè-
íàäëåæèò ïîäãðóïïå

[A,M][C,M]〈P,Q, V 〉M.

Ïðîèçâåäåíèåì êîììóòàòîðîâ [A, f ]±1, f ∈M, ÿâëÿåòñÿ ìàòðèöà âèäà(
1 0

(1− xp)τ1 1

)
,

ãäå τ1 ∈ T. Àíàëîãè÷íî, ëþáàÿ ìàòðèöà èç [C,M] èìååò âèä(
1 0

(1− zq)τ2 1

)
,

ãäå τ2 ∈ T. Èç âõîæäåíèÿ W â R ñëåäóåò, ÷òî íàéäóòñÿ òàêèå ýëåìåíòû
α, β, γ ∈ Z(F ) è τ1, τ2 ∈ T òàêèå, ÷òî

e1(y − 1) + e2(1− x) = τ1(1− xp) + τ2(1− zq) + e1α(1 + x+ . . .+ xp−1)+

(1)

+e3β(1 + z + . . .+ zq−1) + e1γ(y− 1) + e2γ(1− x) + e3γ(t− 1) + e4γ(1− z).

Ïóñòü
τ1 = e1α1 + e2α2 + e3α3 + e4α4,

(2)

τ2 = e1β1 + e2β2 + e3β3 + e4β4.

Èç (1) è (2) ïîëó÷àåì

y − 1 = (1− xp)α1 + (1− zq)β1 + (1 + x+ . . .+ xp−1)α + (y − 1)γ, (3)
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1− x = (1− xp)α2 + (1− zq)β2 + (1− x)γ, (4)

0 = (1− xp)α3 + (1− xq)β3 + (1 + z + . . .+ zq−1)β + (t− 1)γ, (5)

0 = (1− xp)α4 + (1− zq)β4 + (1− z)γ. (6)

Èç (4) ñëåäóåò β2 = β′2(x− 1) äëÿ íåêîòîðîãî β′2 ∈ Z(F ). Çíà÷èò

1 = (1 + x+ . . .+ xp−1)α2 + (1− zq)β′2 + γ. (7)

Èç (6) àíàëîãè÷íî ïîëó÷èì

0 = (1− xp)α′4 + (1 + z + . . .+ zq−1)β4 + γ (8)

äëÿ íåêîòîðîãî α′4 ∈ Z(F ). Âû÷èòàÿ èç (7) ðàâåíñòâî (8) ïîëó÷èì

(1 + x+ . . .+ xp−1)X + (1 + z + . . .+ zq−1)Y = 1 (9)

äëÿ íåêîòîðûõ X, Y ∈ Z(F ). Ïóñòü ε1 � êîðåíü óðàâíåíèÿ

1 + x+ . . .+ xp−1 = 0,

à ε2 � êîðåíü óðàâíåíèÿ

1 + z + . . .+ zq−1 = 0.

Ïîäñòàâëÿÿ ε1 è ε2 â (9), ïîëó÷èì ïðîòèâîðå÷èå. Óòâåðæäåíèå äîêàçàíî.
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1 Ââåäåíèå

Â äàííîé ðàáîòå äëÿ ôîðìóë ïðîèçâîëüíîé n-çíà÷íîé ëîãèêè ïðåä-
ëàãàþòñÿ ñïîñîáû çàäàíèÿ ìåð áëèçîñòè (ðàññòîÿíèé, ìåòðèê) è ñòåïå-
íåé íåäîñòîâåðíîñòåé, íåîáõîäèìûõ äëÿ àëãîðèòìîâ êëàñòåðèçàöèè òà-
êèõ çíàíèé. Ñòåïåíü íåäîñòîâåðíîñòè âîçíèêëà êàê àíàëîã ìåðû îïðî-
âåðæèìîñòè. Â ìíîãîçíà÷íîì ñëó÷àå ïðîìåæóòî÷íûå çíà÷åíèÿ èñòèí-
íîñòè ìîæíî ðàññìàòðèâàòü êàê ñòåïåíè äîñòîâåðíîñòè, à ÷åðåç ÷èñëî
òàêèõ ìîäåëåé è â êîòîðûõ ôîðìóëà ëîæíà, âûðàæàåòñÿ ñòåïåíü íåäî-
ñòîâåðíîñòè. Ýòîò ïîäõîä ðàñøèðÿåò è îáîáùàåò ðàíåå ðàññìîòðåííûå
â [1, 2, 3, 9, 14] ñëó÷àè äëÿ n = 2; 3 è áîëåå äëÿ ëîãèêè Ëóêàñåâè-
÷à. Çíà÷åíèÿ èñòèííîñòè ôîðìóë ìîæíî (â ÷àñòíîñòè) ðàññìàòðèâàòü
êàê èõ äîëè èñòèííîñòè, èëè êàê èõ âîçìîæíûå (ñóáúåêòèâíûå) âåðîÿò-
íîñòè, ñîãëàñîâàííûå ñ òàáëèöàìè èñòèííîñòè. Íàêîíåö, êàê çíà÷åíèÿ
îöåíêè îøèáî÷íîñòè ôîðìóëû-âûñêàçûâàíèÿ (ïîëó÷åííîãî îò ýêñïåðòà
èëè áàçû çíàíèé (ÁÇ)) â èíòåðïðåòàöèè, êîòîðóþ ïðåäëîæèë è èçó÷àë
Ä. Ñêîòò è äðóãèå [4]. Âûáîð èíòåðïðåòàöèè çàâèñèò îò ðåøàåìîé çàäà-
÷è. Â ñòàòüå, êàê ïðèìåð, äëÿ ïîíèìàíèÿ ðàññìàòðèâàåòñÿ ìíîãîçíà÷íàÿ

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, êîä ïðîåêòà 11-07-00345à.
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ëîãèêà Ëóêàñåâè÷à äëÿ ëþáîãî íàòóðàëüíîãî n ≥ 3 [4]. Çàìåòèì, ÷òî íå
âñå äîêàçàííûå â [1, 9] ðåçóëüòàòû ïåðåíîñÿòñÿ íà îáùèé ñëó÷àé. ×èñëà
n− s, k è äðóãèå îïðåäåëÿåìûå íèæå ïàðàìåòðû ìîæíî ðàññìàòðèâàòü
êàê êîýôôèöèåíòû äëÿ àäàïòàöèè è îïòèìèçàöèè ââîäèìûõ ðàññòîÿ-
íèé è ìåð íåäîñòîâåðíîñòè. Äëÿ ïðèâëå÷åíèÿ âåðîÿòíîñòíûõ ëîãè÷å-
ñêèõ âûñêàçûâàíèé ýêñïåðòîâ ê ïîñòðîåíèþ ðåøàþùèõ ôóíêöèé íóæíû
ñïîñîáû âû÷èñëåíèé ðàññòîÿíèé ìåæäó òàêèìè çíàíèÿìè. Â íàñòîÿùåå
âðåìÿ ïðîÿâëÿåòñÿ áîëüøîé èíòåðåñ ê ïîñòðîåíèþ ðåøàþùèõ ôóíêöèé
[1, 2, 13, 15], à òàêæå íà îñíîâå àíàëèçà ýêñïåðòíîé èíôîðìàöèè, çàäàí-
íîé â âèäå ëîãè÷åñêèõ âûñêàçûâàíèé (ôîðìóë), ïîëó÷åííûõ îò íåñêîëü-
êèõ ýêñïåðòîâ èëè èç ÁÇ, ðåàëèçàöèè ïðîöåññîâ àäàïòàöèè è ñîãëàñîâà-
íèÿ âûñêàçûâàíèé [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 12, 15]. Åñëè âûñêàçûâà-
íèÿ ýêñïåðòîâ ïðåäñòàâëåíû â âèäå ôîðìóë n-çíà÷íîé òàáóëèðîâàííîé
ëîãèêè (íàïðèìåð, ëîãèêè Ëóêàñåâè÷à èëè äðóãèõ [4]), òî ïîëó÷åííûå
ðåçóëüòàòû ïðèìåíèìû ê íèì. Ïðåäëîæåííûå çäåñü ðàññòîÿíèÿ è ìå-
ðû íåäîñòîâåðíîñòè ìîãóò áûòü èñïîëüçîâàíû äëÿ ðåøåíèÿ ðàçëè÷íûõ
ïðîáëåì â îáëàñòè ðàñïîçíàâàíèÿ îáðàçîâ è èñêóññòâåííîãî èíòåëëåê-
òà. Ïðîâåäåí àíàëèç ïðè÷èí âîçíèêíîâåíèÿ àâàðèéíûõ ñèòóàöèé ïðè
àâòîìàòè÷åñêîé çàïðàâêå åìêîñòè. Äëÿ ôîðìóë (êîíêðåòíûõ îòêàçàõ)
èññëåäîâàíî ïîâåäåíèå ðàññòîÿíèé è óêàçàíà ðàáîòîñïîñîáíîñòü ñòåïå-
íè íåäîñòîâåðíîñòè íà ôîðìóëàõ�âûñêàçûâàíèÿõ î íåèñïðàâíîñòÿõ.

2 Ïîñòàíîâêà çàäà÷è è ïðåäâàðèòåëüíûå ñâå-

äåíèÿ

Â ìîíîãðàôèè Ã.Ñ. Ëáîâà è Í.Ã. Ñòàðöåâîé [1], ðàáîòàõ Í.Ã. Çàãîðóé-
êî [2] è ñòàòüå [9] ðàññìàòðèâàëñÿ è ðåøàëñÿ âîïðîñ îá îïðåäåëåíèè ðàñ-
ñòîÿíèÿ ìåæäó ôîðìóëàìè èñ÷èñëåíèÿ âûñêàçûâàíèé (ÈÂ) ñ ïîìîùüþ
ïðèâëå÷åíèÿ ìàëîé òåîðèè ìîäåëåé â [1, 2, 3, 9, 14]. Â äàííîé ðàáî-
òå áóäóò ðàññìîòðåíû ìîäåëüíûå ñïîñîáû ââåäåíèÿ ðàññòîÿíèé íà n-
çíà÷íûõ (ñ n çíà÷åíèÿìè èñòèííîñòè) ôîðìóëàõ, äëÿ êîòîðûõ óäàëîñü
(òî÷íåå, äëÿ êëàññîâ ýêâèâàëåíòíûõ ôîðìóë) äîêàçàòü ñâîéñòâà ìåòðè-
êè. Õîòåëîñü áû èìåòü õàðàêòåðèñòèêó èíôîðìàòèâíîñòè ôîðìóë äëÿ
ðàíæèðîâàíèÿ ìíîãîçíà÷íûõ âûñêàçûâàíèé êàê â [1, 9]. Äëÿ ýòîé öåëè
ïðîçâîëüíîé ìíîãîçíà÷íîé ôîðìóëå áóäåò ñîïîñòàâëåíà ìåðà (ñòåïåíü)
åå íåäîñòîâåðíîñòè, îòðàæàþùàÿ ÷àñòîñòü ëîæíîñòè ôîðìóëû â ìîäå-
ëÿõ (òåîðèè) èëè íåäîñòàòî÷íóþ èñòèííîñòü ôîðìóëû (âûñêàçûâàíèÿ
ýêñïåðòà, èç ÁÇ) â èñïîëüçóåìûõ êîíå÷íûõ êëàññàõ ìîäåëåé. Îáùèé ñëó-
÷àé ê ýòîìó ñâîäèòñÿ. Èçó÷àþòñÿ è óñòàíàâëèâàþòñÿ ïîëåçíûå ñâîéñòâà
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ìåðû íåäîñòîâåðíîñòè. Ïðè ýòîì ïðåäñòàâëÿþò îñîáûé èíòåðåñ ìîäå-
ëè, â êîòîðûõ ôîðìóëû ïî÷òè èñòèííû (áëèæå ê 1) èëè ïî÷òè ëîæíû
(çíà÷åíèÿ äàëüøå îò 1). Ââåäåííàÿ ìåðà ïîçâîëèò, â ÷àñòíîñòè, ïî åå
çíà÷åíèþ íà ôîðìóëå êîñâåííî ñóäèòü î íàëè÷èè è êîëè÷åñòâå ìîäåëåé
äàííîé òåîðèè, â êîòîðûõ îíè áóäóò ëîæíûìè. Ãîâîðÿ î âûñêàçûâàíèÿõ,
ìû âñåãäà áóäåì èìåòü ââèäó ôîðìóëû ëîãèêè.

Ïóñòü p, q, r ñ èíäåêñàìè èëè áåç íèõ ñóòü ïðîïîçèöèîíàëüíûå ïå-
ðåìåííûå; ¬, → � ëîãè÷åñêèå ñâÿçêè, à ñêîáêè (, ) � âñïîìîãàòåëüíûå
ñèìâîëû. Îïðåäåëèì ïîíÿòèå ôîðìóëû. Ýëåìåíòàðíûìè ôîðìóëàìè áó-
äåì ñ÷èòàòü p, q, r, . . . ; åñëè A è B � ôîðìóëû, òî 1) ¬A � ôîðìóëà è 2)
A → B � ôîðìóëà. Íèêàêèå äðóãèå êîíå÷íûå ïîñëåäîâàòåëüíîñòè èñ-
õîäíûõ ñèìâîëîâ, êðîìå òåõ, ÷òî ïîñòðîåíû â ñîîòâåòñòâèè ñ ïóíêòàìè
1) - 2), íå ÿâëÿþòñÿ ôîðìóëàìè. Êîíå÷íî ìîæíî è ñðàçó äîáàâëÿòü è
äðóãèå ñâÿçêè.

Ïîñðåäñòâîì èñõîäíûõ ñâÿçîê îïðåäåëÿþòñÿ äðóãèå ëîãè÷åñêèå ñâÿç-
êè:

p ∨ q = (p→ q)→ q (äèçúþíêöèÿ),
p ∧ q = ¬(¬p ∨ ¬q) (êîíúþíêöèÿ),
p ≡ q = (p→ q) ∧ (q → p) (ýêâèâàëåíòíîñòü).
Ìàòðèöà âèäà ML

n =< Vn,¬,→, {1} > íàçûâàåòñÿ n-çíà÷íîé ìàòðè-
öåé Ëóêàñåâè÷à (n ∈ N, n ≥ 2), ãäå Vn = {0, 1

n−1
, 2
n−1

, ..., n−2
n−1

, 1}; ¬ åñòü
óíàðíàÿ è → áèíàðíàÿ îïåðàöèÿ èìïëèêàöèè, îïðåäåëåííûå íà ìíîæå-
ñòâå Vn ñëåäóþùèì îáðàçîì:
¬x = 1− x, x→ y = min(1, 1− x+ y). Îïåðàöèè äèçúþíêöèè è êîíú-

þíêöèè ââîäÿòñÿ ñëåäóþùèì îáðàçîì: x∨ y = (x→ y)→ y = max(x; y),
x ∧ y = ¬(¬x ∨ ¬y) = min(x, y). Â äðóãèõ ëîãèêàõ äåëàåòñÿ àíàëîãè÷-
íî, ìåíÿþòñÿ òîëüêî òàáëèöû èñòèííîñòè. Âûáîð ïîäõîäÿùåé ëîãèêè
âîïðîñ ïðàêòè÷åñêèé è çàâèñèò îò êîíêðåòíîé ïðèêëàäíîé îáëàñòè. Äî-
áàâëåíèÿ íåëîãè÷åñêèõ àêñèîì ê ëîãèêå, äàåò òåîðèþ, è, âîîáùå ãîâîðÿ,
óìåíüøàåò êîëè÷åñòâî èñõîäíûõ ìîäåëåé. Ýòî ïîòîìó, ÷òî äîáàâëÿþòñÿ
íîâûå àêñèîìû. Íî ýòèì äåòàëüíî çàíèìàòüñÿ íå áóäåì. Âñå èçëîæåííîå
äàëåå, çà èñêëþ÷åíèåì ïðèâåäåííûõ ïðèìåðîâ â ðàçäåëå 7, íîñèò îáùèé
õàðàêòåð.

Äàëåå äëÿ óïðîùåíèÿ îáîçíà÷åíèé, ðÿäîì ñ ôîðìóëîé (ïîäñòðî÷íî)
áóäåì óêàçûâàòü åå çíà÷åíèå èñòèííîñòè â ïîäõîäÿùèõ ìîäåëÿõ [9].
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3 Îïðåäåëåíèå ìîäåëüíîãî ðàññòîÿíèÿ íà n-

çíà÷íûõ ôîðìóëàõ

Äàäèì ñíà÷àëà íåîáõîäèìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ.
Îïðåäåëåíèå 1. Ìíîæåñòâî ýëåìåíòàðíûõ ôîðìóë Sn(ϕ), èñïîëü-

çóåìûõ ïðè íàïèñàíèè ôîðìóëû (ìíîãîçíà÷íîé ëîãèêè) ϕ, íàçîâåì íî-
ñèòåëåì ôîðìóëû ϕ.

Îïðåäåëåíèå 2. Îáúåäèíåíèå íîñèòåëåé ôîðìóë (Sn(Σ)), âõîäÿùèõ
â ìíîæåñòâî ôîðìóë Σ, íàçîâåì íîñèòåëåì ñîâîêóïíîñòè ôîðìóë Σ, ò.å.
Sn(Σ) =

⋃
ϕ∈Σ

Sn(ϕ).

Îïðåäåëåíèå 3. ÑîâîêóïíîñòüQn(Σ) = {ϕ k
n−1
|ϕ ∈ S(Σ), k = 1, .., n−

1} íàçîâåì ìíîæåñòâîì âîçìîæíûõ çíà÷åíèé (èñòèííîñòè) íîñèòå-
ëåé ôîðìóë. Íèæíèé èíäåêñ ó ýëåìåíòàðíîé ôîðìóëû óêàçûâàåò åå çíà-
÷åíèå èñòèííîñòè â n-çíà÷íîé ëîãèêå.

Îïðåäåëåíèå 4. Ìîäåëüþ Ì íàçîâåì ëþáîå ïîäìíîæåñòâî Qn(Σ)
òàêîå, ÷òî Ì íå ñîäåðæèò îäíîâðåìåííî ôîðìóë ϕ k

n−1
è ϕ l

n−1
äëÿ âñåõ

ðàçëè÷íûõ k, l è ëþáîãî íîñèòåëÿ ϕ ∈ S(Σ).
Ìíîæåñòâî âñåõ ìîäåëåé áóäåì îáîçíà÷àòü P n(S(Σ)).
Äëÿ óïðîùåíèÿ çàïèñè, âåðõíèé èíäåêñ â îáîçíà÷åíèÿ, îçíà÷àþùèé

çíà÷íîñòü âûñêàçûâàíèÿ, áóäåì îïóñêàòü, êîãäà èç êîíòåêñòà ýòî ÿñíî.
Ëåììà 1. ( î ìîùíîñòè ìíîæåñòâà ìîäåëåé P n(S(Σ))). Îáùåå ÷èñ-

ëî ìîäåëåé n-çíà÷íîé ëîãèêè ñ êîíå÷íûì ìíîæåñòâîì íîñèòåëåé ðàâíî
|P (S(Σ))| = n|S(Σ)|.

Äîêàçàòåëüñòâî. Äîêàæåì ëåììó èíäóêöèåé.
Ïóñòü S(Σ) = {A}; |S(Σ)| = 1. Òîãäà P (S(Σ)) = {{A}, {An−2

n−1
}, ..,

{A 1
n−1
}, ∅} è |P (S(Σ))| = n. Ïóñòü óòâåðæäåíèå ëåììû âåðíî äëÿ S(Σ) =

{A1, A2, .., Ak−1}, |S(Σ)| = k − 1. Òîãäà |P (S(Σ))| = n|S(Σ)|.
Äîêàæåì óòâåðæäåíèå ëåììû äëÿ S(Σ′) = {A1, A2, ...Ak}, |S(Σ′)| = k.

Èç òîãî, ÷òî âåðíî ðàâåíñòâî P (S(Σ′)) = P (S(Σ))∪∪{M ∪ {Ak1}|M ∈
P (S(Σ))}∪{M∪{Akn−2

n−1

}|M ∈ P (S(Σ))∪. . . ∪{M∪{Ak 1
n−1

}|M ∈ P (S(Σ))}},
ïîëó÷èì âêëþ÷åíèå P (S(Σ′)) ⊇ P (S(Σ)) ∪{M ∪ {Ak1}|M ∈ P (S(Σ))}
∪{M ∪ {Akn−2

n−1

}|M ∈ P (S(Σ)) ∪ .. ∪ {M{Ak 1
n−1

}|M ∈ P (S(Σ))}}. Äîêàæåì
îáðàòíîå âêëþ÷åíèå. Ïóñòü M ∈ P (S(Σ′)), òîãäà åñëè Akl ∈ M , ãäå l ∈
{n−1
n−1

, n−2
n−1

, ..., 0}, òî M\Akl ∈ P (S(Σ)); åñëè Akl /∈ M , òî M ∈ P (S(Σ)).
Ñëåäîâàòåëüíî,P (S(Σ′)) ⊆ P (S(Σ))

⋃
∪{M ∪{Ak}|M ∈ P (S(Σ))}∪{M ∪

{Akn−2
n−1

}|M ∈ P (S(Σ))}∪ ..∪{M ∪{Ak 1
n−1

}|M ∈ P (S(Σ))}}. Çíà÷èò, âåðíû
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ðàâåíñòâà

|P (S(Σ′))| = |P (S(Σ))|+ |P (S(Σ))|+ ...+ |P (S(Σ))| =
= n|P (S(Σ))| = n ∗ n|S(Σ)| = n|S(Σ)|+1 = n|S(Σ

′
)|

×òî è òðåáîâàëîñü äîêàçàòü.
Äàäèì îïðåäåëåíèÿ çíà÷åíèé èñòèííîñòè ôîðìóë íà ìîäåëè.
Îïðåäåëåíèå 5. Ýëåìåíòàðíàÿ ôîðìóëà�ïåðåìåííàÿ A ïðèíèìà-

åò íà ìîäåëè M çíà÷åíèå k
n−1

, ãäå k=1,..., n − 1, åñëè A k
n−1
∈ M , ò.å.

M |=A k
n−1
⇔ A k

n−1
∈M .

Îïðåäåëåíèå 6. Ýëåìåíòàðíàÿ ôîðìóëà�ïåðåìåííàÿ A ïðèíèìàåò
íà ìîäåëè M çíà÷åíèå 0, åñëè A k

n−1
/∈M äëÿ âñåõ k = 1, .., n− 1.

Äàëåå, èñïîëüçóÿ îïðåäåëåíèÿ èñòèííîñòíûõ çíà÷åíèé ôîðìóë äëÿ
ëîãèêè Ëóêàñåâè÷à, ïîëó÷àåì:

3) M | = (A&B) k
n−1
⇔ (M | = A p

n−1
è M | = B q

n−1
) , ãäå min(p, q) = k

4) M | = (A ∨B) k
n−1
⇔ (M | = A p

n−1
è M | = B q

n−1
) , ãäå max(p, q) = k

5) M | = (¬A) k
n−1
⇔M | = An−1−k

n−1

Âî âñåõ îñòàëüíûõ ñëó÷àÿõ ôîðìóëû ïðèíèìàþò çíà÷åíèÿ 0.
Äëÿ ôîðìóëèðîâêè äðóãèõ ñâîéñòâ, ââåäåì îáîçíà÷åíèÿ:
ModS(Σ)(A) k

n−1
= {M |M ∈ P (S(Σ)),M | = A k

n−1
} � ïîäìíîæåñòâî

ìîäåëåé, íà êîòîðûõ ôîðìóëà À ïðèíèìàåò çíà÷åíèå k/(n− 1) è
ModS(Σ)(A0) = {M |M ∈ P (S(Σ)),M | 6= A k

n−1
, 4; ãäå k = 1, ..., n − 1} �

ïîäìíîæåñòâî ìîäåëåé, íà êîòîðûõ ôîðìóëà À ëîæíà.
Ñôîðìóëèðóåì âàæíûå äëÿ äàëüíåéøåãî òåîðåòèêî-ìîäåëüíûå ñâîé-

ñòâà:
Ëåììà 2 . 1) ModS(Σ)((A&B) k

n−1
) =

⋃n−1
p=k((ModS(Σ)(A) p

n−1

⋂
ModS(Σ)(B) k

n−1
)
⋃

(ModS(Σ)(A) k
n−1

⋂
ModS(Σ)(B) p

n−1
);

2) ModS(Σ)((A ∨ B) k
n−1

) =
⋃k
p=0((ModS(Σ)(A) p

n−1

⋃
ModS(Σ)(B) k

n−1
)
⋃

(ModS(Σ)(A) k
n−1

⋃
ModS(Σ)(B) p

n−1
;

3) ModS(Σ)(¬A) k
n−1

= ModS(Σ)(A)n−1−k
n−1

;

4)
⋃n−1
k=1 ModS(Σ)(A) k

n−1
= P (S(Σ))\ModS(Σ)(¬A)1

Òàêèì îáðàçîì, ëþáîé ôîðìóëå ϕ òàêîé, ÷òî S(ϕ) ⊆ S(Σ) ñîîò-
âåòñòâóåò ñîâîêóïíîñòü ModS(Σ)(ϕ) k

n−1
, k = 1, ..., n − 1 � ìîäåëåé èç

P (S(Σ)), íà êîòîðûõ ôîðìóëà ϕ ïðèíèìàåò çíà÷åíèÿ k
n−1

, k = 1, ..., n−1
ñîîòâåòñòâåííî.

Îïðåäåëåíèå 7. Íàçîâåì ôîðìóëû ϕ è ψ ýêâèâàëåíòíûìè (äàëåå
êîðîòêî ϕ ≡ ψ), åñëè

⋃n−1
k=1 ModS(Σ)(ϕ) k

n−1
=
⋃n−1
k=1 ModS(Σ)(ψ) k

n−1
. Ýòî

îòíîøåíèå íà ôîðìóëàõ áóäåò îòíîøåíèåì ýêâèâàëåíòíîñòè. Ó òàêèõ
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ýêâèâàëåíòíûõ ôîðìóë âñåãäà ñîâïàäàþò ìíîæåñòâî ìîäåëåé, ãäå îíè
ïðèíèìàþò çíà÷åíèå 0. Äëÿ îáîáùåíèÿ ìîæíî ðàññìàòðèâàòü ýòî ðà-
âåíñòâî íà÷èíàÿ ñóììèðîâàíèå ñ 2, èëè 3 è ò.ä., à âìåñòî îäíîãî çíà÷å-
íèÿ â ôîðìóëå ðàññòîÿíèÿ èñïîëüçîâàòü äèçúþíêöèþ ïðåäûäóùèõ äî
íà÷àëüíîãî èíäåêñà ñóììèðîâàíèÿ. Î÷åâèäíî, ÷òî ôîðìóëû áóäóò ýêâè-
âàëåíòíû, åñëè îíè èìåþò îäíî è òîæå ìíîæåñòâî ìîäåëåé äëÿ êàæäîãî
k (áîëåå òîíêàÿ ýêâèâàëåíòíîñòü). Â ýòîì ñëó÷àå ìîæíî ââåñòè ðàññòî-
ÿíèå ñ âåñàìè äëÿ êàæäîãî k, ìîäèôèöèðóÿ (ñìîòðè íèæå çàìå÷àíèå 1)
ñëåäóþùåå îïðåäåëåíèå.

Îïðåäåëåíèå 8. Ðàññòîÿíèåì ìåæäó ôîðìóëàìè ϕ è ψ (ïðè
óñëîâèè S(ϕ)

⋃
S(ψ) ⊆ S(Σ)) íà êîíå÷íîì ìíîæåñòâå ìîäåëåé P (S(Σ))

n-çíà÷íîé ëîãèêè íàçîâåì íîðìèðîâàííóþ îáîáùåííóþ ñèììåòðè÷åñêóþ
ðàçíîñòü, ò.å. âåëè÷èíó

ρS(Σ)(ϕ, ψ) =
|
⋃n−1
k=1 ModS(Σ)(ϕ k

n−1
&ψ0)|+ |

⋃n−1
k=1 ModS(Σ)(ϕ0&ψ k

n−1
)|

n|S(Σ)| .

Çàìå÷àíèå 1. Ýòî ðàññòîÿíèå ÿâëÿåòñÿ åñòåñòâåííûì îáîáùåíèåì
ðàññòîÿíèÿ äëÿ 2-çíà÷íîé ëîãèêè. Ïîÿñíèì ñìûñë ïåðâîãî ñëàãàåìîãî
â ÷èñëèòåëå ôîðìóëû. Â íåì ïîäñ÷èòûâàåòñÿ ÷èñëî ìîäåëåé ôîðìóëû
ϕ ñ ðàçëè÷íûìè íåíóëåâûìè èñòèííîñòíûìè çíà÷åíèÿìè, à ôîðìóëà ψ
ïðè ýòîì äîëæíà áûòü ëîæíîé. Àíàëîãè÷íî èíòåðïðåòèðóåòñÿ âòîðîå
ñëàãàåìîå ñ çàìåíîé èíäåêñîâ ó ôîðìóë ϕ è ψ. Ïî ñóòè ñâîåé ñóììà â
÷èñëèòåëå âûðàæåíèÿ äàåò íåêîòîðóþ ñèììåòðè÷åñêóþ ðàçíîñòü âñåõ
ìîäåëåé äëÿ ýòèõ äâóõ ôîðìóë.

Î÷åâèäíî, ÷òî íèæíåå çíà÷åíèå k â îáúåäèíåíèè ìîæíî âàðüèðîâàòü:
çàìåíèòü åãî íà ïîäõîäÿùåå ðàçóìíîå ñ òî÷êè çðåíèÿ ýêñïåðòîâ ÷èñëî s:
n− 1 > s > 1, ïðè ýòîì ôîðìóëèðóåìûå äàëåå ñâîéñòâà ðàññòîÿíèé è èõ
äîêàçàòåëüñòâà ñèëüíî íå èçìåíÿòñÿ. Ââèäó ãðîìîçêîñòè îáùåãî ñëó÷àÿ
äàëåå ïðèâîäèì òîëüêî ñëó÷àé k = s = 1,íî äîêàçàòåëüòâî ïðèìåíèìî è
ê ñëó÷àþ êîãäà ðàññìàòðèâàþòñÿ íå òîëüêî ëîæíûå çíà÷åíèÿ äëÿ âòîðîé
èç ôîðìóë â ìîäåëè, íî è ñ ìàëåíüêèìè çíà÷åíèÿìè èñòèííîñòè (áëèçêè-
ìè ê 0), åñëè ïðè ýòîì çàäàíî ïîäõîäÿùåå îòíîøåíèå ýêâèâàëåíòíîñòè.
Àíàëîãè÷íîå çàìå÷àíèå äëÿ ïàðàìåòðîâ ñïðàâåäëèâî ïðè îïðåäåëåíèè
ìåðû íåäîñòîâåðíîñòè (ñì. äàëåå). Áîëåå îáùåå ðàññòîÿíèå ïîëó÷èòñÿ,
åñëè ââîäèòü ðàññòîÿíèå êàê âûøå, íî ñ êîýôôèöèåíòàìè- âåñàìè a(i),
çàäàííûå, íàïðèìåð, ýêñïåðòîì

ρS(Σ)(ϕ, ψ) =

∑n−1
k=1 a(k)|ModS(Σ)(ϕ k

n−1
&ψ0)|+

∑n−1
k=1 a(k)|ModS(Σ)(ϕ0&ψ k

n−1
)|

n|S(Σ)| . Â ñëó
÷àå ïîëó÷åíèÿ (èëè íàëè÷èÿ) íåñêîëüêèõ ñïîñîáîâ çàäàíèÿ êîýôôèöè-
åíòîâ, à çíà÷èò ðàññòîÿíèé, ìîæíî ðàññìîòðåòü óñðåäíåííîå ñ âåñàìè
íîâîå ðàññòîÿíèå. Âîçíèêàåò âîïðîñ î íàõîæäåíèè ðàññòîÿíèÿ íàèáîëåå
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àäåêâàòíî ó÷èòûâàþùåãî êàæäîå èç èìåþùèõñÿ. Òîò ôàêò, ÷òî ýòî òîæå
ðàññòîÿíèÿ ñëåäóåò èç äðóãèõ ñîîáðàæåíèé, íî â òàêîé ôîðìóëå áîëåå
òîíêî ó÷èòûâàåòñÿ âåñ ìîäåëåé ñîîòâåòñòâåííî èíòåðïðåòàöèè çíà÷åíèÿ
èñòèííîñòè íà íåé ôîðìóë, òàê è âîçìîæíîñòè ó÷åòà ðàññòîÿíèé çàäàí-
íûõ ñ ïîìîùüþ äðóãèõ êîýôôèöèåíòîâ (íàïðèìåð, îò ýêñïåðòîâ èëè
èíòåðïðåòàöè). Äàëåå çäåñü, äëÿ ïðîñòîòû èçëîæåíèÿ, ðàññìàòðèâàåì
ñëó÷àé, êîãäà âñå êîýôôèöèåíòû, êàê â îïðåäåëåíèè 8 , ðàâíû 1. Òî,
÷òî âçÿëè çíà÷åíèå ôîðìóëû 0 â ôîðìóëå ðàññòîÿíèÿ òîæå íå âàæíî.

4 Ñâîéñòâà ðàññòîÿíèÿ

Òåîðåìà 1. (î ñâîéñòâàõ ðàññòîÿíèÿ ρS(Σ)). Äëÿ ëþáûõ ôîðìóë ϕ, ψ
òàêèõ, ÷òî S(ϕ)

⋃
S(ψ) ⊆ S(Σ) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) 0 ≤ ρS(Σ)(ϕ, ψ) ≤ 1;
2) ρS(Σ)(ϕ, ψ)=ρS(Σ)(ψ, ϕ);
3) ρS(Σ)(ϕ, ψ)=0⇔ ϕ ≡ ψ;
4) ρS(Σ)(ϕ, ψ)=1⇔

⋃n−1
l=1

⋃n−1
k=1(Mod(ϕ) k

n−1
⊕ Mod(ψ) l

n−1
) = P (S(Σ)),

ãäå ⊕� ïðÿìîå îáúåäèíåíèå;
5) ρS(Σ)(ϕ, ψ) ≤ρS(Σ)(ϕ, χ)+ρS(Σ)(χ, ψ);
6) Åñëè ϕ1 ≡ ϕ2, òî ρS(Σ)(ϕ

1, ψ)=ρS(Σ)(ϕ
2, ψ).

Äîêàçàòåëüñòâî ïðîâîäèì äëÿ êàæäîãî ïóíêòà.
1) Î÷åâèäíî, ÷òî 0 < ρS(Σ)(ϕ, ψ) < 1. Âåðõíÿÿ è íèæíÿÿ ãðàíèöû

äîñòèæèìû. Ïðèâåäåì ïðèìåðû ôîðìóë, íà êîòîðûõ îíè äîñòèãàþòñÿ:
- ρS(Σ)(ϕ, ϕ) = 0;
- Ïóñòü ϕ - ôîðìóëà, íå ïðèíèìàþùàÿ ïðîìåæóòî÷íûå çíà÷åíèÿ

k
n−1

, k = 1, ..., n − 2, òî ¬ϕ- òàêæå íå ïðèíèìàåò çíà÷åíèÿ k
n−1

, k =
1, ..., n− 2. Òîãäà ρS(Σ)(ϕ,¬ϕ) = 1.

2) Äàííîå ñâîéñòâî ñëåäóåò èç îïðåäåëåíèÿ ðàññòîÿíèÿ è ñèììåòðè÷-
íîñòè ñâÿçîê.

3) Äîêàæåì íåîáõîäèìîñòü. Íåòðóäíî ïîíÿòü, ÷òî
ρS(Σ)(ϕ, ψ) = 0⇔

∑n−1
k=1(|ModS(Σ)(ϕ) k

n−1
|+ |ModS(Σ)(ψ) k

n−1
|)−

−2
∑n−1

p=1

∑n−1
q=1 |ModS(Σ)(ϕ p

n−1
&ψ q

n−1
)|=0, èëè∑n−1

k=1(|ModS(Σ)(ϕ) k
n−1
|+ |ModS(Σ)(ψ) k

n−1
| =

= 2
∑n−1

p=1

∑n−1
q=1 |ModS(Σ)(ϕ p

n−1
&ψ q

n−1
)|. (1)

Î÷åâèäíî, ÷òî∑n−1
k=1 |ModS(Σ)(ϕ) k

n−1
| =

∑n−1
k=1

∑n−1
s=0 |ModS(Σ)(ϕ k

n−1
&ψ s

n−1
)|; àíàëîãè÷íî∑n−1

k=1 |ModS(Σ)(ψ) k
n−1
| =

∑n−1
k=1

∑n−1
s=0 |ModS(Σ)(ϕ s

n−1
&ψ k

n−1
)| ⇒∑n−1

k=1(|ModS(Σ)(ϕ) k
n−1
|+ |ModS(Σ)(ψ) k

n−1
|) =
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= 2
∑n−1

k=1

∑n−1
s=1 |ModS(Σ)(ϕ k

n−1
&ψ s

n−1
)|+

∑n−1
k=1 |ModS(Σ)(ϕ k

n−1
&ψ0)|+

+
∑n−1

k=1 |ModS(Σ)(ϕ0&ψ k
n−1

)|. (2)

Âû÷èòàÿ (1) èç (2) , ïîëó÷èì
∑n−1

k=1(|ModS(Σ)(ϕ k
n−1

&ψ0)|+
+ |ModS(Σ)(ϕ0&ψ k

n−1
)|) = 0⇒

∑n−1
k=1 |ModS(Σ)(ϕ k

n−1
&ψ0)| = 0

⇒
⋃n−1
k=1 Mod(ϕ) k

n−1
⊆
⋃n−1
k=1 Mod(ψ) k

n−1
, (3)

ïî ñèììåòðèè èìååì∑n−1
k=1 |Mods(Σ)(ϕ0&ψ k

n−1
)| = 0⇒

⋃n−1
k=1 Mod(ϕ) k

n−1
⊇
⋃n−1
k=1 Mod(ψ) k

n−1
.

(4)
Ñëåäîâàòåëüíî, èç (3) è (4) ïîëó÷àåì íåîáõîäèìîå

⋃n−1
k=1 Mod(ϕ) k

n−1
=⋃n−1

k=1 Mods(Σ)(ψ) k
n−1

⇒ ϕ ≡ ψ.

Äîêàæåì îáðàòíîå: åñëè ϕ ≡ ψ, òî ρ(ϕ, ψ) = 0. Ïî îïðåäåëåíèþ
ϕ ≡ ψ îçíà÷àåò, ÷òî⋃n−1

k=1 ModS(Σ)(ϕ) k
n−1

=
⋃n−1
k=1 ModS(Σ)(ψ) k

n−1
. Òîãäà

⋃n−1
k=1 Mod(ϕ) k

n−1
⊆⋃n−1

k=1 Mod(ψ) k
n−1
⇒ Mod(ϕ k

n−1
&ψ0) = 0. Î÷åâèäíî, ÷òî ñïðàâåäëèâû èì-

ïëèêàöèè
|Mod(ϕ k

n−1
&ψ0)| = 0 äëÿ ëþáûõ k ⇒ |Mod(ϕ0&ψ k

n−1
)| = 0 äëÿ ëþáûõ

k;

⇒ ρ(ϕ, ψ) =
|
⋃n−1
k=1 Mod(ϕ k

n−1
&ψ0)|+|

⋃n−1
k=1 Mod(ψ k

n−1
&ϕ)|

n|S(Σ)| = 0. ×òî è òðåáîâà-
ëîñü.

4) ßñíî, ÷òî ρ(ϕ, ψ) = 1⇔ |
⋃n−1
k=1 ModS(Σ)(ϕ k

n−1
&ψ0)|+

+ |
⋃n−1
k=1 ModS(Σ)(ϕ0&ψ k

n−1
)| = n|S(Σ)| (5)

è, ðàññìàòðèâàÿ âñåâîçìîæíûå ñëó÷àè äëÿ îïðåäåëåíèÿ ÷èñëà âñåõ
ìîäåëåé, èìååì n|S(Σ)| = |

⋃n−1
k=1 Mod(ϕ k

n−1
&ψ0)|+ |

⋃n−1
k=1 Mod(ψ k

n−1
&ϕ0)|+

+|
⋃n−1
p=1

⋃n−1
q=1 Mod(ϕ p

n−1
&ψ q

n−1
)|+ |Mod(ϕ0&ψ0)| . (6)

Èç (5)-(6) ïîëó÷àåì, ÷òî:
|
⋃n−1
p=1

⋃n−1
q=1 Mod(ϕ p

n−1
&ψ q

n−1
)|+ |Mod(ϕ0&ψ0)| = 0,

ò.å. ϕ è ψ îäíîâðåìåííî íå ïðèíèìàþò çíà÷åíèå 0 è ðàçëè÷íûå çíà÷å-
íèÿ. Åñëè ϕ ïðèíèìàåò çíà÷åíèå íå 0, òî çíà÷åíèå ψ îáÿçàòåëüíî ðàâíî 0,
ïîýòîìó,

⋃n−1
l=1

⋃n−1
k=1(Mod(ϕ) k

n−1
⊕Mod(ψ) l

n−1
) = P (S(Σ)). Òî åñòü ìîäåëè

Mod(ϕ) k
n−1

äëÿ k = 1, ..., n − 1 è ìîäåëè Mod(ψ) l
n−1

äëÿ l = 1, ..., n − 1

îáðàçóþò íåïåðåñåêàþùèåñÿ ìíîæåñòâà, ïðè÷åì èõ îáúåäèíåíèå çàïîë-
íÿåò âñå ðàññìàòðèâàåìîå ïðîñòðàíñòâî ìîäåëåé.

5) Äîêàæåì íåðàâåíñòâî òðåóãîëüíèêà. Ïî îïðåäåëåíèþ ðàññòîÿíèé,
ïðîñòûìè ïðåîáðàçîâàíèÿìè íàä âûðàæåíèÿìè, ïîëó÷èì âåðíûå èìïëè-
êàöèè è, â êîíöå, òðåáóåìîå
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ρ(ϕ, χ) =
|
⋃n−1
k=1 Mod(ϕ k

n−1
&χ0)|+

⋃n−1
k=1 Mod(ϕ0&χ k

n−1
)|

n|S(Σ)| ,

ρ(ϕ, ψ) =
|
⋃n−1
k=1 Mod(ϕ k

n−1
&ψ0)|+ |

⋃n−1
k=1 Mod(ϕ0&ψ k

n−1
)|

n|S(Σ)| ,

ρ(ψ, χ) =
|
⋃n−1
k=1 Mod(ψ k

n−1
&χ0)|+ |

⋃n−1
k=1 Mod(ψ0&χ k

n−1
)|

n|S(Σ)| ,

Mod(ϕ k
n−1

&χ0) =
⋃n−1
l=0 (ϕ k

n−1
&χ0&ψ l

n−1
). Ñëåäîâàòåëüíî

ρ(ϕ, χ)n|S(Σ)| = |
n−1⋃
k=1

n−1⋃
l=0

Mod(ϕ k
n−1

&χ0&ψ l
n−1

)|+|
n−1⋃
k=1

n−1⋃
l=0

Mod(ϕ0&χ k
n−1

&ψ l
n−1

)|,

ρ(ϕ, ψ)n|S(Σ)| = |
n−1⋃
k=1

n−1⋃
l=0

Mod(ϕ k
n−1

&ψ0&χ l
n−1

)|+|
n−1⋃
k=1

n−1⋃
l=0

Mod(ϕ0&ψ k
n−1

&χ l
n−1

)|,

ρ(ψ, χ)n|S(Σ)| = |
n−1⋃
k=1

n−1⋃
l=0

Mod(ψ k
n−1

&χ0&ϕ l
n−1

)|+|
n−1⋃
k=1

n−1⋃
l=0

Mod(ψ0&χ k
n−1

&ϕ l
n−1

)|,

ρ(ϕ, χ)n|S(Σ)| =
n−1∑
k=1

n−1∑
l=1

|Mod(ϕ k
n−1

&χ0&ψ l
n−1

)|+
n−1∑
k=1

n−1∑
l=1

|Mod(ϕ0&χ k
n−1

&ψ l
n−1

)|+

+
n−1∑
k=1

|Mod(ϕ k
n−1

&χ0&ψ0)|+
n−1∑
k=1

|Mod(ϕ0&χ k
n−1

&ψ0)|,

ρ(ϕ, ψ)n|S(Σ)| =
n−1∑
k=1

n−1∑
l=1

|Mod(ϕ k
n−1

&ψ0&χ l
n−1

)|+
n−1∑
k=1

n−1∑
l=1

|Mod(ϕ0&ψ k
n−1

&χ l
n−1

)|+

+
n−1∑
k=1

|Mod(ϕ k
n−1

&ψ0&χ0)|+
n−1∑
k=1

|Mod(ϕ0&χ k
n−1

&ψ0)|,

ρ(ψ, χ)n|S(Σ)| =
n−1∑
k=1

n−1∑
l=1

|Mod(ψ k
n−1

&χ0&ϕ l
n−1

)|+
n−1∑
k=1

n−1∑
l=1

|Mod(ψ0&χ k
n−1

&ϕ l
n−1

)|+
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+
∑n−1

k=1 |Mod(ψ k
n−1

&χ0&ϕ0)|+
∑n−1

k=1 |Mod(ψ0&χ k
n−1

&ϕ0)|. Íåðàâåíñòâî
ρ(ϕ, χ) ≤ ρ(ϕ, ψ) + ρ(ψ, χ) ëåãêî ñëåäóåò èç ïîëó÷åííûõ ðàâåíñòâ;

6) Ýêâèâàëåíòíîñòü ϕ1 ≡ ϕ2 îçíà÷àåò, ÷òî
⋃n−1
k=1 Mod(ϕ1) k

n−1
=

=
⋃n−1
k=1 Mod(ϕ2) k

n−1
⇒(îãðàíè÷èâàÿ íà îäíî è òî æå ìíîæåñòâî) èìååì⋃n−1

k=1 Mod(ϕ1
k

n−1

&ψ0) =
⋃n−1
k=1 Mod(ϕ2

k
n−1

&ψ0), îñòàâøååñÿ àíàëîãè÷íî è

ðàâåíñòâî ðàññòîÿíèé äîêàçàíî.
Çàìå÷àíèå 2. Èç Òåîðåìû 1 ñëåäóåò, ÷òî íà êëàññàõ ýêâèâàëåíòíî-

ñòè n-çíà÷íûõ ôîðìóë ìîæíî ýôôåêòèâíî çàäàòü ìåòðèêó. Èç çàìå÷à-
íèÿ 1 ñëåäóåò, ÷òî åñòü è äðóãèå ðàññòîÿíèÿ, íàïðèìåð, åñëè ôèêñèðî-
âàòü âìåñòî 0 äðóãîå çíà÷åíèå èñòèííîñòè, äîêàçàòåëüñòâî ïðîéäåò. Ââå-
äåííîå ðàññòîÿíèå ðàññìàòðèâàåòñÿ íà êîíå÷íîì ìíîæåñòâå P n(S(Σ))
âñåõ ìîäåëåé. Òàê êàê äîêàçàòåëüñòâà íå èñïîëüçóþò ñâîéñòâ âñåãî ìíî-
æåñòâà ìîäåëåé, òî ðàññòîÿíèå ìîæíî ðàññìàòðèâàòü íà ëþáîì îñìûñ-
ëåííîì ïîäìíîæåñòâå âñåõ ìîäåëåé, åñëè ýòî íåîáõîäèìî èëè âûòåêà-
åò èç óñëîâèé êîíêðåòíîé çàäà÷è. Âû÷èñëåíèå ðàññòîÿíèé ìîæíî óïðî-
ñòèòü, ïîñêîëüêó íîñèòåëè ôîðìóë ÷àñòî ñîñòàâëÿþò íåáîëüøîå ïîä-
ìíîæåñòâî âñåõ íîñèòåëåé ôîðìóë. Ðàáîòàÿ ñ ìîäåëÿìè íàä ýòèì ïîä-
ìíîæåñòâîì íîñèòåëåé, óïðîñòÿòñÿ íåîáõîäèìûå ïîäñ÷åòû. Ñëåäóþùàÿ
òåîðåìà äîêàçûâàåò â îáùåì ñëó÷àå âîçìîæíîñòü óïðîùåíèÿ.

Òåîðåìà 2 (îá èíâàðèàíòíîñòè ðàññòîÿíèÿ ïðè äîáàâëåíèè íîâûõ
ïåðåìåííûõ). Äëÿ ëþáûõ S(Σ0) è S(Σ1) òàêèõ, ÷òî S(ϕ)

⋃
S(ψ) ⊆ S(Σ0)

⊆ S(Σ1) èìååò ìåñòî ðàâåíñòâî ρS(Σ0)(ϕ, ψ) = ρS(Σ1)(ϕ, ψ).
Äîêàçàòåëüñòâî. Ðàññìîòðèì S(Σ1) = S(Σ0)

⋃
{χ}, χ /∈ S(Σ0).

Ïðè ýòîì P (S(Σ1)) = P (S(Σ0))
⋃

(
⋃n−1
k=1{M

⋃
{χ k

n−1
}|M ∈ P (S(Σ0))}) è

|P (S(Σ1))| = n|P (S(Σ0))|.
Òàêæå âåðíî |

⋃n−1
k=1 ModS(Σ1)(ϕ k

n−1
&ψ)| = n|

⋃n−1
k=1 ModS(Σ0)(ϕ k

n−1
&ψ0)|.

Òàêèì îáðàçîì, âåðíî

P (S(Σ1)) =

n︷ ︸︸ ︷
P (S(Σ0))

⋃
︸ ︷︷ ︸

1

n−1⋃
k=1

{M
⋃
{χ k

n−1
}|M ∈ P (S(Σ0))}︸ ︷︷ ︸

1︸ ︷︷ ︸
n−1

⇒
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⇒ ρS(Σ1)(ϕ, ψ) =
|
⋃n−1
k=1 ModS(Σ1)(ϕ k

n−1
&ψ0)|+ |

⋃n−1
k=1 ModS(Σ1)(ϕ0&ψ k

n−1
)|

n|S(Σ1)| =

=
n|
⋃n−1
k=1 ModS(Σ0)(ϕ k

n−1
&ψ0)|+ n|

⋃n−1
k=1 ModS(Σ0)(ϕ0&ψ k

n−1
)|

n · n|S(Σ0)| =

= ρS(Σ0)(ϕ, ψ).

Ïóñòü òåïåðü |S(Σ1)\S(Σ0)| = |{A1, ..., Am}| = m ≥ 1. Òîãäà
ρS(Σ0)(ϕ, ψ) = ρS(Σ0)

⋃
{A1}(ϕ, ψ) = ... = ρS(Σ0)

⋃
{Am}(ϕ, ψ) = ρS(Σ1)(ϕ, ψ),

÷òî è òðåáîâàëîñü äîêàçàòü.
Çàìå÷àíèå 3. Èç òîëüêî ÷òî äîêàçàííîãî ñëåäóåò, ÷òî ïðåäïîëî-

æåíèå î êîíå÷íîñòè â òåîðåìå 1 ìîæíî óáðàòü. Óïðîùåíèå âû÷èñëåíèÿ
ðàññòîÿíèé ñîñòîèò â óìåíüøåíèè äî êîíå÷íîãî êàê ÷èñëà íîñèòåëåé, òàê
è ÷èñëà ðàññìàòðèâàåìûõ ìîäåëåé. Âîçìîæíî, äàëüíåéøåå óìåíüøåíèå
÷èñëà ìîäåëåé äëÿ ââåäåíèÿ ðàññòîÿíèÿ, êðîìå óòî÷íåíèÿ àêñèîì ïðè-
êëàäíîé òåîðèè, íîâûõ ðåçóëüòàòîâ, âîçìîæíî ïîòðåáóåò ïðèâëå÷åíèå
êîãíèòèâíûõ ìåòîäîâ â ðàñïîçíàâàíèè. Ïðè ïîèñêå ñïîñîáîâ çàäàíèÿ
ðàññòîÿíèÿ áûëî ðàññìîòðåíî áîëüøîå êîëè÷åñòâî äðóãèõ âàðèàíòîâ,
îòëè÷íûå îò ïðåäëîæåííûõ âûøå, íî äëÿ íèõ ñâîéñòâà ìåòðèêè íå âû-
ïîëíÿëèñü. Â íàøè ïëàíû ýòî íå âõîäèëî, íî âîçìîæíî â íåêîòîðûõ
ïðèêëàäíûõ çàäà÷àõ äîñòàòî÷íî è ìåðû ñõîäñòâà èëè áëèçîñòè. Çàìå-
òèì, ÷òî â ïåðâîé ôîðìóëå ðàññòîÿíèÿ ìîæíî âìåñòî èíäåêñà 0 âçÿòü
è äðóãèå çíà÷åíèÿ èñòèííîñòè (êîíå÷íî, íàïðèìåð, ïðè ñàìîì ñòðîãîì
îòíîøåíèè ýêâèâàëåíòíîñòè), è, ñîîòâåòñòâåííî, ïîìåíÿâ ìíîæåñòâî èí-
äåêñîâ ñóììèðîâàíèÿ, ïîëó÷èì äðóãîå ðàññòîÿíèå ìåæäó ôîðìóëàìè,
ìîæíî âûäåëèòü è íåñêîëüêî çíà÷åíèé, íàïðèìåð ïî ïåðâûì äâóì èëè
áîëåå. Çàòåì, âçÿâ óñðåäíåííóþ ñóììó âñåõ òàêèõ ðàññòîÿíèé ñ âåñà-
ìè, ïîëó÷èì íîâîå ðàññòîÿíèå, áîëåå ïîëíî ó÷èòûâàþùåå âñå çíà÷åíèÿ
èñòèííîñòè ôîðìóë. Àíàëîã òåîðåìû 2 âåðåí è äëÿ ìåðû íåäîñòîâåð-
íîñòè. Äàëåå ýòèì â äàëüíåéøåì áóäåì ïîëüçîâàòüñÿ. Èç ïðèâåäåííûõ
äîêàçàòåëüñòâ è ââåäåííûõ ðàññòîÿíèé ñëåäóåò ïîäñêàçêà êàê îïðåäå-
ëÿòü ðàññòîÿíèå ìåæäó ìíîãîìåñòíûìè ôîðìóëàìè Èñ÷èñëåíèÿ ïðåäè-
êàòîâ. Äëÿ ýòîãî íàäî èñïîëüçîâàòü èçìåðèìûå ìíîãîçíà÷íûå ìîäåëè
òåîðèè îïèñûâàåìîé ïðèêëàäíîé îáëàñòè è â òàêîé ìîäåëè íà ðåàëèçà-
öèÿõ(ðåøåíèÿõ)ôîðìóë îïðåäåëÿòü ðàññòîÿíèå êàê óêàçàíî âûøå òåì
èëè èíûì ñïîñîáîì ïðèâëåêàÿ êîíå÷íîçíà÷íóþ ( èëè âåðîÿòíîñòíóþ)
ìåðó äëÿ âû÷èñëåíèÿ ìåð íóæíûõ ôîðìóëüíûõ ìíîæåñòâ. Ñâîéñòâà
ìåòðèêè â ìîäåëè íà ýêâèâàëåíòíûõ ôîðìóëàõ áóäóò âûïîëíÿòüñÿ, àíà-
ëîãè÷íî ïîñòóïàåì ñ ìåðîé íåäîñòîâåðíîñòè. Òàê ÷òî è â ýòîì âàæíîì
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ñëó÷àå ÈÏ ïîÿâëÿþòñÿ èíñòðóìåíòû äëÿ àäàïòàöèè ðàçëè÷íûõ àëãî-
ðèòìîâ êëàñòåðèçàöèè, ïîèñêà êîëëåêòèâíûõ àëãîðèòìîâ ñ âåñàìè.

5 Îïðåäåëåíèå ìåðû íåäîñòîâåðíîñòè

n-çíà÷íûõ ôîðìóë

Èñòèííàÿ ôîðìóëà íà ìîäåëè ÿâëÿåòñÿ äîñòîâåðíîé è ïîýòîìó íå
ìîæåò áûòü íåäîñòîâåðíîé. Ëîæíàÿ ôîðìóëà íà ìîäåëè íå ÿâëÿåòñÿ äî-
ñòîâåðíîé è çíà÷èò íåäîñòîâåðíà. Ôîðìóëà ñ ïðîìåæóòî÷íûì çíà÷åíèåì
èñòèííîñòè ÿâëÿåòñÿ ÷àñòè÷íî íåäîñòîâåðíîé. Ýòî ñîãëàñîâûâàåòñÿ òàê-
æå ñ èíòåðïðåòàöèåé ïðîìåæóòî÷íûõ çíà÷àíèé èñòèííîñòè Ì. Áåðäà- À.
Êàðïåíêî [4] ÷åðåç 0 è 1. Èç ñêàçàííîãî ñëåäóåò, ÷òî ââîäèìàÿ ñòåïåíü
íåäîñòîâåðíîñòè îïðåäåëÿåòñÿ ÷àñòüþ ìîäåëåé, ãäå çíà÷åíèÿ ôîðìóëû
íå ÿâëÿþòñÿ èñòèííûìè. Ïîäõîä ê îïðåäåëåíèþ ìåðû íåäîñòîâåðíîñòè â
n-çíà÷íîì ñëó÷àå îòðàæàåò âêëàä (â íåäîñòîâåðíîñòü) çíà÷åíèé èñòèí-
íîñòè ôîðìóëû, íå âêëþ÷àÿ 1. Îí îñíîâàí íà ñâîéñòâå òàêèõ çíà÷åíèé
èñòèííîñòè ôîðìóëû: ÷åì áîëüøå (÷àñòîòà) ìîäåëåé íà êîòîðûõ äàííîå
âûñêàçûâàíèå ïðèíèìàåò íå èñòèííîå (íå ðàâíîå 1) çíà÷åíèå, òî òåì
ìåíüøå (è ÷àñòîòà) ìîäåëåé, ãäå îíî áóäåò èñòèííî (â äàííîé èçó÷àå-
ìîé òåîðèè) . Ïðè óñëîâèè èñòèííîñòè ôîðìóëû (à ýòî íàì âàæíî) íà
íåêîòîðîé ìîäåëè (íåêîòîðîé òåîðèè), è ÷åì áîëüøå ìîäåëåé íà êîòîðûõ
îíà íåäîñòîâåðíà, òåì ìåíüøå ìîäåëåé ãäå îíà èñòèííà. Åñëè íà ìíî-
ãèõ ìîäåëÿõ ôîðìóëà íåäîñòîâåðíà, òî ÷èñëî ìîäåëåé ó íîâîãî ðàñøè-
ðåíèÿ òåîðèè (òåîðèè ñ äîáàâëåííîé ýòîé ôîðìóëîé) áóäåò ñóùåñòâåííî
ìåíüøå. Òîãäà ìåðà íåäîñòîâåðíîñòè áóäåò, åñòåñòâåííî, âûøå. ×àñòîòû
ìîäåëåé, â êîòîðûõ çíà÷åíèÿ èñòèííîñòè ôîðìóëû íå ðàâíû 1, ïðåäëà-
ãàåòñÿ (ïî èíòåðïðåòàöèè) ó÷èòûâàòü ñ âåñàìè, ïðîïîðöèîíàëüíûìè åå
ëîæíîñòè . Ïîýòîìó ÷èñëî ìîäåëåé ñ ìåíüøèìè çíà÷åíèÿìè èñòèííîñòè
ôîðìóëû ñëåäóåò ó÷èòûâàòü ñ áîëüøèì êîýôôèöèåíòîì-âåñîì. Ïåðåé-
äåì ê ôîðìàëüíîìó îïðåäåëåíèþ. Ìåðó íåäîñòîâåðíîñòè IS(Σ)(ϕ) äëÿ
ôîðìóëû èç Φ(Σ) = {ϕ|S(ϕ) ⊂ S(Σ)} n-çíà÷íîé ëîãèêè çàäàäèì â âèäå

IS(Σ)(ϕ) =
n−2∑
i=0

αi
|ModS(Σ)(ϕ i

n−1
)|

n|S(
∑

)| .

Ïàðàìåòðû αi â ôîðìóëå (â îáùåì ñëó÷àå) ìîíîòîííî íå âîçðàñòàþò
ñ ðîñòîì èíäåêñà ñóììèðîâàíèÿ. Íàïðèìåð, ïðè íå÷åòíîì n ìîæíî âçÿòü

òàêèìè:


0 ≤ αi ≤ 1;
αi + αn−1−i = 1 ∀i = 0, ..., n−1

2

αk ≥ αi ∀k ≤ i.
;
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Ñóùåñòâîâàíèå òàêèõ ïàðàìåòðîâ î÷åâèäíî. Îòìå÷åííûå ñîîòíîøå-
íèÿ âûòåêàþò, íàïðèìåð, èç ñâîéñòâ èíòåðïðåòàöèé äëÿ n-çíà÷íîé ëî-
ãèêè Ëóêàñåâè÷à.

Çàìå÷àíèå 4. Â ñëó÷àå n = 2 è αi = 1 ïîëó÷àåì ìåðó îïðîâåðæè-
ìîñòè êàê â [1, 9] . Â îáùåì ñëó÷àå âìåñòî n − 2 ìîæíî ðàññìàòðèâàòü
n−s (s âìåñòî 2-êè), ãäå s áîëüøå 1, íî ìåíüøå n−1 (÷òî ñîîòâåòñòâóåò
ðàâåíñòâó 0 ñîîòâåòñòâóþùèõ âåñîâ äëÿ ìîäåëåé ñ áîëüøèì (íàïðèìåð,
0.7) çíà÷åíèåì èñòèííîñòè ôîðìóëû (ïðåíåáðåãàÿ, åñëè ýòî äîïóñòèìî,
ìàëûì ÷èñëîì ìîäåëåé, ãäå îíà íå èñòèííà). Â ïðèâåäåííîì îïðåäåëå-
íèè s = 2. Â ïðèëîæåíèÿõ âñå ôèãóðèðóþùèå â îïðåäåëåíèè ïàðàìåòðû
ÿâëÿþòñÿ àäàïòèðóåìûìè è îïòèìèçèðóåìûìè ïî íàéäåííûì êðèòåðè-
ÿì êà÷åñòâà â êîíêðåòíîé çàäà÷å. Ïåðâîíà÷àëüíî ïëàíèðîâàëîñü çàäà-
íèå ìåðû íåäîñòîâåðíîñòè êàê ðàññòîÿíèå îò òîæäåñòâåííî èñòèííîé
ôîðìóëû. Âîîáùå ãîâîðÿ, íå ÿñíî, ÷òî ïðåäëàãàåìûå íàìè êîëëåêòèâ-
íûå ðàññòîÿíèÿ îò 1, áóäóò çàäàâàòü ââåäåííóþ âûøå ìåðó íåäîñòîâåð-
íîñòè. Îêàçàëîñü, ÷òî òàêîå ðàññòîÿíèå (ìåòðèêà) ïîëíî ó÷èòûâàþùåå
ìíîãîçíà÷íîñòü ôîðìóë ñóùåñòâóåò, íî ýòî ïðåäìåò äðóãîé ñòàòüè àâ-
òîðà ñîâìåñòíî ñ ìîèì ìàãèñòðàíòîì Êàáàíîâîé Å.Ñ.

6 Ñâîéñòâà ìåðû íåäîñòîâåðíîñòè

Òåîðåìà 3.(î ñâîéñòâàõ ìåðû IS(Σ)). Äëÿ ëþáûõ ôîðìóë ϕ,ψ ∈
Φ(Σ)âåðíî

1) 0 ≤ IS(Σ)(ϕ) ≤ 1;
2) IS(Σ)(ϕ) + IS(Σ)(¬ϕ) = 1;
3) IS(Σ)(ϕ&ψ) ≥ max{IS(Σ)(ϕ), IS(Σ)(ψ)};
4) IS(Σ)(ϕ ∨ ψ) ≤ min{IS(Σ)(ϕ), IS(Σ)(ψ)};
5) IS(Σ)(ϕ ∨ ψ) + IS(Σ)(ϕ&ψ) = IS(Σ)(ϕ) + IS(Σ)(ψ).
Äîêàçàòåëüñòâî ïðîâîäèòñÿ äëÿ êàæäîãî ïóíêòà ïðè s=2.
1) Íåðàâåíñòâî î÷åâèäíî, ò.ê. ModS(Σ)(ϕ i

n−1
) ïîïàðíî íå ïåðåñåêàþò-

ñÿ, à â îáúåäèíåíèè äàþò âñå ìíîæåñòâî P (S(Σ)). Ñâîéñòâî 1) äîêàçàíî.
2) IS(Σ)(ϕ) + IS(Σ)(¬ϕ) =(ðàñïèñûâàÿ è ïåðåñòàâëÿÿ ñëàãàåìûå)

= α0
|ModS(Σ)(ϕ0)|

n|S(
∑

)| + αn−1
|ModS(Σ)(ϕ1)|

n|S(
∑

)| +

+
∑n−2

i=1 (αi + αn−1−i)
|ModS(Σ)(ϕ i

n−1
)|

n|S(
∑

)| = |P (S(
∑

))|
n|S(

∑
)| = 1.

3) Ðàñïèøåì ïî îïðåäåëåíèþ ñòåïåíè íåäîñòîâåðíîñòè äëÿ IS(Σ)(ϕ),
IS(Σ)(ϕ&ψ) è ïîëó÷èì ðàâåíñòâà:

IS(Σ)(ϕ&ψ) =
n−2∑
i=0

αi
|ModS(Σ)((ϕ&ψ) i

n−1
)|

n|S(
∑

)| =
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=
∑n−2

i=0 αi(
∑n−1

k=i (
|ModS(Σ)(ϕ i

n−1
&ψ k

n−1
)|

n|S(
∑

)| +
|ModS(Σ)(ϕ k

n−1
&ψ i

n−1
)|

n|S(
∑

)| ))-

−αi
|ModS(Σ)(ϕ i

n−1
&ψ i

n−1
)|

n|S(
∑

)| . (7)

IS(Σ)(ϕ) =
n−2∑
i=0

αi
|ModS(Σ)(ϕ i

n−1
)|

n|S(
∑

)| =
n−2∑
i=0

αi

n−1∑
k=0

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| =

=
n−2∑
i=0

αi

n−1∑
k=i

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| +

n−2∑
i=0

αi

i∑
k=0

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| −

−αi
|ModS(Σ)(ϕ i

n−1
&ψ i

n−1
)|

n|S(
∑

)| . (8)
Âû÷èòàÿ (8) èç (7), ïîëó÷àåì:

IS(Σ)(ϕ&ψ)− IS(Σ)(ϕ) =
∑n−2

i=0

∑n−1
k=i αi

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| −

−
∑n−2

i=0

∑n−1
k=i αi

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| =

=
∑n−2

i=0

∑i
k=0(αk − αi)

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| +

+
∑n−2

i=0

∑n−1
k=i αi

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| ≥ 0.
Ïîëó÷èëè, ÷òî IS(Σ)(ϕ&ψ) ≥ IS(Σ)(ϕ). Àíàëîãè÷íîå íåðàâåíñòâî ìîæ-

íî ïîëó÷èòü äëÿ ôîðìóëû ψ: IS(Σ)(ϕ&ψ) ≥ IS(Σ)(ψ). Ñëåäîâàòåëüíî
IS(Σ)(ϕ&ψ) ≥ max{IS(Σ)(ϕ), IS(Σ)(ψ)}. Ñâîéñòâî 3) äîêàçàíî.

4) Ðàñïèñûâàÿ ïî îïðåäåëåíèþ ìåðû íåäîñòîâåðíîñòè IS(Σ)(ϕ ∨ ψ),
ïîëó÷àåì ñïðàâåäëèâûå ðàâåíñòâà:

IS(Σ)(ϕ∨ψ) =
n−2∑
i=0

αi
|ModS(Σ)((ϕ ∨ ψ) i

n−1
)|

n|S(
∑

)| =
n−2∑
i=0

αi(
i∑

k=0

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| +

+
∑i

k=0

|ModS(Σ)(ϕ k
n−1

&ψ i
n−1

)|

n|S(
∑

)| )−
∑n−2

i=0

|ModS(Σ)(ϕ i
n−1

&ψ i
n−1

)|

n|S(
∑

)| . (9)
Ðàñïèøåì ïîäðîáíî âûðàæåíèå IS(Σ)(ϕ):

IS(Σ)(ϕ) =
n−2∑
i=0

αi
|ModS(Σ)(ϕ i

n−1
)|

n|S(
∑

)| =
n−2∑
i=0

αi

n−1∑
k=0

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| =

=
n−2∑
i=0

αi

n−1∑
k=i

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| +

n−2∑
i=0

αi

i∑
k=0

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|
n|S(

∑
)| −
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−αi
|ModS(Σ)(ϕ i

n−1
&ψ i

n−1
)|

n|S(
∑

)| . (10)
Èñïîëüçóÿ ïîëó÷åííûå ðàâåíñòâà, âû÷èòàÿ (9) èç (10) ïîëó÷àåì:

IS(Σ)(ϕ)− IS(Σ)(ϕ ∨ ψ) =
∑n−2

i=0 αi
∑n−1

k=i

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| +

+
∑n−2

i=0 αi
∑i

k=0

|ModS(Σ)(ϕ k
n−1

&ψ i
n−1

)|

n|S(
∑

)| =
∑n−1

k=0

∑k
k=0 αi

|ModS(Σ)(ϕ i
n−1

&ψ k
n−1

)|

n|S(
∑

)| −

−
∑n−2

i=0 αi
∑i

k=0 αi
|ModS(Σ)(ϕ k

n−1
&ψ i

n−1
)|

n|S(
∑

)| ≥

≥
∑n−2

i=0

∑i
k=0 αi

|ModS(Σ)(ϕ k
n−1

&ψ i
n−1

)|

n|S(
∑

)| ≥ 0.
Îòêóäà ñëåäóåò, ÷òî IS(Σ)(ϕ∨ψ) ≤ IS(Σ)(ϕ). Àíàëîãè÷íîå íåðàâåíñòâî

ïîëó÷èì äëÿ ôîðìóëû ψ: IS(Σ)(ϕ ∨ ψ) ≤ IS(Σ)(ψ) => IS(Σ)(ϕ ∨ ψ) ≤
min{IS(Σ)(ϕ), IS(Σ)(ψ)}. Ñâîéñòâî 4) äîêàçàíî.

5) Èç ôîðìóë (7)- (10) íåïîñðåäñòâåííî ñëåäóåò ôîðìóëà:

IS(Σ)(ϕ ∨ ψ) + IS(Σ)(ϕ&ψ) = IS(Σ)(ϕ) + IS(Σ)(ψ).

Çàìå÷àíèå 5. Êîíå÷íî, ìåðó íåäîñòîâåðíîñòè ôîðìóëû ìîæíî áû-
ëî ââåñòè ÷åðåç èñòèííîñòíûå çíà÷åíèÿ îòðèöàíèÿ ôîðìóëû, ñ ìîíî-
òîííî íåóáûâàþùèìè êîýôôèöèåíòàìè, íî ýòî ïî ñóùåñòâó è ñäåëàíî.
Ñâÿçü ââåäåííîé ñòåïåíè íåäîñòîâåðíîñòè ôîðìóëû ñ ïðèâåäåííûìè âû-
øå ðàññòîÿíèÿìè ìåæäó åå êîìïîíåíòàìè è èõ íåäîñòîâåðíîñòÿìè íå
òàêàÿ ïðîñòàÿ êàê â ñëó÷àå ëîãè÷åñêèõ èñ÷èñëåíèé ïðè n = 2, n = 3
[1, 9, 18, 19, 20, 22, 25]. Ìîæíî ñìåëî ïðåäïîëîæèòü, ÷òî â ëþáîì äðó-
ãîì èç ïðèâåäåíûõ ñëó÷àåâ íåò ïðîñòîé ñâÿçè ìåæäó íåäîñòîâåðíîñòüþ
ñàìîé ôîðìóëû, ðàññòîÿíèåì ìåæäó åå îáðàçóþùèìè êîìïîíåíòàìè è
ñòåïåíÿìè íåäîñòîâåðíîñòè ýòèõ êîìïîíåíò.

7 Àïðîáàöèÿ ïîäõîäà

Â êà÷åñòâå ïðèìåðà íàìè ðàññìîòðåíî äåðåâî ñîáûòèé, èñïîëüçóåìî-
ãî äëÿ àíàëèçà ïðè÷èí âîçíèêíîâåíèÿ àâàðèéíûõ ñèòóàöèé ïðè àâòîìà-
òèçèðîâàííîé çàïðàâêå åìêîñòè. Ñòðóêòóðà äåðåâà ñîáûòèé âêëþ÷àåò
îäíî ãîëîâíîå ñîáûòèå (àâàðèÿ, èíöèäåíò), êîòîðîå ñîåäèíÿåòñÿ ñ íàáî-
ðîì ñîîòâåòñòâóþùèõ íèæåñòîÿùèõ ñîáûòèé (îøèáîê, îòêàçîâ, íåáëà-
ãîïðèÿòíûõ âíåøíèõ âîçäåéñòâèé), îáðàçóþùèõ öåïè ïðè÷èí (ñöåíàðèè
àâàðèé).

Ïðîàíàëèçèðîâàíû çàïèñàííûå ïî äåðåâó (îòêàçîâ çàïðàâêè) ðàç-
ëè÷íûå ñëîæíûå ëîãè÷åñêèå âûñêàçûâàíèÿ ýêñïåðòîâ (ôîðìóëû) î êîí-
êðåòíûõ îòêàçàõ çàïðàâî÷íîé ñòàíöèè è íàéäåíû ðàññòîÿíèÿ ìåæäó ðàç-
ëè÷íûìè ôîðìóëàìè è ñòåïåíè èõ íåäîñòîâåðíîñòè ïðè ðàçëè÷íûõ n.
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Ðåçóëüòàòû âû÷èñëåíèé ïîêàçàëè àäåêâàòíîñòü (ñîãëàñîâàííîñòü ñ ìíå-
íèÿìè ñïåöèàëèñòîâ è ýêñïåðòîâ) ïðåäëàãàåìîãî ïîäõîäà, áîëüøóþ êîð-
ðåêòíîñòü è ïîõîæåñòü ðåçóëüòàòîâ ñî ñëó÷àÿìè n = 2 è n = 3, 5, à òàêæå
áûñòðóþ ñòàáèëèçàöèþ âû÷èñëÿåìûõ âåëè÷èí ñ óâåëè÷åíèåì ÷èñëà n.
Óïîðÿäî÷åíèå ôîðìóë ïî ñòåïåíè (âîçðàñòàíèÿ) íåäîñòîâåðíîñòè ñîãëà-
ñóåòñÿ íå òîëüêî ñ ìíåíèÿìè îïûòíûõ ýêñïåðòîâ àâòîìàòèçèðîâàííîé
çàïðàâêè, íî è ðåçóëüòàòàìè, ïîëó÷åííûìè äëÿ n = 2 è n = 3 [9].

Îáîçíà÷èì áàçîâûå ñîáûòèÿ, êîòîðûå èçíà÷àëüíî áûëè çàïèñàíû
öèôðàìè â âåðøèíàõ äåðåâà, ÷åðåç A1, . . . , A13 . Ñîáûòèÿ, ïîÿâëåíèå
êîòîðûõ ïðèâîäèò ê àâàðèè, ìîæíî çàïèñàòü ñëåäóþùèì îáðàçîì :

(A12 ∨ A13), (A1 ∧ A7), (A1 ∧ A8), (A1 ∧ A10), (A1 ∧ A11), (A2 ∧ A7),
(A2 ∧ A10), (A2 ∧ A11), (A2 ∧ A9), (A3 ∧ A7), (A3 ∧ A10), (A3 ∧ A11), (
A4∧A7), (A4∧A8), (A4∧A11), (A5∧A6∧A7), (A5∧A6∧A8), (A5∧A6∧A7),
(A5 ∧ A6 ∧ A8), (A5 ∧ A6 ∧ A9), (A5 ∧ A6 ∧ A10), (A5 ∧ A6 ∧ A11).

Ñ äðóãîé ñòîðîíû, ñóùåñòâóåò íàáîð ñîáûòèé, êîòîðûé ãàðàíòèðó-
åò íå âîçíèêíîâåíèå ãîëîâíîãî ñîáûòèÿ ïðè óñëîâèè, åñëè íè îäíî èç
ñîáûòèé, âõîäÿùèõ â íåãî, íå ïðîèçîéäåò. Òàê àâàðèÿ íå ïðîèçîéäåò,
íàïðèìåð, åñëè íå áóäåò ñîáûòèé (A1, A2, A3, A4, A5, A12, A13) èëè ñîáû-
òèé (A7, A8, A9, A10, A11, A12, A13).

Äàëåå îïðåäåëèì ðàçëè÷íûå ñîáûòèÿ è ïîñ÷èòàåì ðàññòîÿíèå ìåæäó
íèìè è ìåðó îïðîâåðæèìîñòè.

ϕ1 = (A2 ∨ (A5 ∧ A6))-äàííîå ñîáûòèå ñîñòîèò â òîì, ÷òî ïðîèçîéäåò
îáðûâ öåïåé îò äàò÷èêîâ îáú¼ìà äîçû èëè îäíîâðåìåííî îòêàæåò ðàñ-
õîäîìåð è äàò÷èê óðîâíÿ. Âîçíèêíîâåíèå òîëüêî ýòîãî ñîáûòèÿ íå âåäåò
ê ãîëîâíîìó ñîáûòèþ, ò.å. ê àâàðèè.

ϕ2 = ((A9 ∨ A3) ∨ (A5 ∧ A6)) - ýòî ñîáûòèå, çàêëþ÷àþùååñÿ â òîì,
÷òî îïåðàòîð íå çíàë î íåîáõîäèìîñòè îòêëþ÷åíèÿ íàñîñîâ èëè îòêàçàë
ðàñõîäîìåð èëè ïðîèçîøëî òî, ÷òî îäíîâðåìåííî îòêàçàëè ðàñõîäîìåð
è äàò÷èê óðîâíÿ, ïðèâåäåò ê àâàðèè.

ϕ3 = (A5 ∧ (A7 ∨A8)) - îòêàç ðàñõîäîìåðà è îòñóòñòâèå ðåàêöèè îïå-
ðàòîðà íà îòêàç ÑÀÂÄ ïðèâåäåò ê ãîëîâíîìó ñîáûòèþ..

ϕ4 = (A5 ∧A6) ∨A1))- ñîáûòèå � îòêàç ñðåäñòâ âûäà÷è ñèãíàëîâ èëè
îòêëþ÷åíèå ÑÀÂÄ íå ïîâëå÷åò àâàðèéíîé ñèòóàöèè.

ϕ5 = (A1 ∨ (A7 ∨A12))- ïðè îòêàçå âûêëþ÷àòåëÿ íàñîñà ñðàçó âîçíè-
êàåò àâàðèÿ.

ϕ6 = (A2 ∨ (A6 ∧ A5) ∨ A12)- ïðè ñîâîêóïíîñòè ýòèõ ñîáûòèé àâàðèÿ
òàêæå íàñòóïàåò.

ϕ7 = (A12 ∨ A13)- çäåñü àâàðèÿ âîçíèêíåò âñëåäñòâèå íå îñóùåñòâëå-
íèÿ êîìàíäû íà îòêëþ÷åíèå.

Â òàáëèöå ïðåäñòàâëåíû (ïîñ÷èòàííûå) äëÿ êàæäîé ïàðû âûñêàçû-
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âàíèé ðàññòîÿíèÿ â òðåõçíà÷íîé ëîãèêå ñ ïðîñòåéøèì ðàññòîÿíèåì.
ϕ1 ϕ2 ϕ3 ϕ4 ϕ5 ϕ6 ϕ7

ϕ1 0 0,247 0,222 0,111 0,148 0,136 0,037
ϕ2 0,247 0 0,37 0,358 0,284 0,284 0,21
ϕ3 0,222 0,37 0 0,259 0,333 0,358 0,259
ϕ4 0,111 0,358 0,259 0 0,074 0,158 0,148
ϕ5 0,148 0,284 0,333 0,074 0 0,049 0,074
ϕ6 0,136 0,284 0,358 0,158 0,049 0 0,098
ϕ7 0,037 0,21 0,259 0,148 0,074 0,098 0
Òàáëèöà 1. Ðàññòîÿíèå ìåæäó âûñêàçûâàíèÿìè

2 3 4 5
ϕ1 - 0,3703 0,2265 0,148
ϕ2 - 0,5679 0,3574 0,2725
ϕ3 - 0,59259 0,4453 0,325
ϕ4 - 0,3518 0,2109 0,136
ϕ5 - 0,166 0,07 0,036
ϕ6 - 0,216 0,097 0,0512
ϕ7 - 0,2777 0,15625 0,1
Òàáëèöà 2.

2 3 4 5
ϕ1 0,375 0,1481 0,078 0,04
ϕ2 0625 0,3209 0,1289 0,067
ϕ3 0,625 0,3703 0,2656 0,208
ϕ4 0,375 0,111 0,046 0,016
ϕ5 0,125 0,037 0,2656 0,208
ϕ6 0,1875 0,037 0,0078 0,032
ϕ7 0,25 0,1111 0,0625 0,04
Òàáëèöà 3.
Â òàáëèöå 2 � IS(Σ)(ϕ) =

|ModS(Σ)(ϕ0)|
n|S(

∑
)| ;

Â òàáëèöå 3 � IS(Σ)(ϕ) =
|ModS(Σ)(ϕ0)|

n|S(
∑

)| + 0, 5
|ModS(Σ)(ϕ 1

n
)|

n|S(
∑

)| ; Ðåçóëüòàòû
âû÷èñëåíèé äëÿ áîëüøèõ n ëîãèêè Ëóêàñåâè÷à íå ïðèâîäèì ââèäó ãðî-
ìîçêîñòè òàáëèö è íåáîëüøîé ðàçíèöû â îòâåòàõ. Äàæå êëàñòåðèçàöèè
ýòèõ ôîðìóë ïî ðàçíûì ðàññòîÿíèÿì äàþò îäèí îòâåò. Àíàëîãè÷íîå çà-
ìå÷àíèå ñïðàâåäëèâî è äëÿ ñïåöèàëüíîãî ðàññòîÿíèÿ â 5-çíà÷íîé ëîãèêå
äëÿ áàíêà èç 350 ôîðìóë. Íà îñíîâå èññëåäîâàíèé ïîäìíîæåñòâ ýòîãî
áàíêà ôîðìóë ïðåäëîæåíà ãèïîòåçà, ÷òî íà÷èíàÿ ñ 5-çíà÷íîñòè è äàëüøå
ðàññòîÿíèå íà ôîðìóëàõ ïðàêòè÷åñêè íå èçìåíÿåòñÿ.
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8 Çàêëþ÷åíèå

Â çàäà÷àõ è àëãîðèòìàõ ðàñïîçíàâàíèÿ îáðàçîâ âàæíûì èíñòðóìåí-
òîì ÿâëÿåòñÿ âîçìîæíîñòü âû÷èñëÿòü ðàññòîÿíèÿ ìåæäó èçó÷àåìûìè
îáúåêòàìè. Íàëè÷èå ïîäõîäÿùåé ãåîìåòðèè (ìåòðèêè) ïîçâîëÿåò óëó÷-
øàòü ðàñïîçíàâàíèå è êëàñòåðèçàöèþ [1, 21, 24] è òåçèñû. Íàõîæäåíèå
íóæíîé ìåòðèêè äëÿ ëó÷øåé êëàñòåðèçàöèè � ïðîáëåìà â ðàñïîçíà-
âàíèè îáðàçîâ. Ïðåäëîæåííûå ðàññòîÿíèÿ ïîçâîëÿþò àäàïòèâíî ïîäî-
áðàòü íóæíûå ìåòðèêè è äàæå âûáðàòü èç íèõ ëó÷øóþ â êîíêðåòíîé
çàäà÷è. Ïðè ýòîì íà çíàíèÿ ýêñïåðòîâ ìîæíî ñìîòðåòü êàê íà äîïîë-
íèòåëüíûå äàííûå, ïîçâîëÿþùèå áîëåå àäåêâàòíî âñêðûòü èìåþùèåñÿ
ïðè÷èííî-ñëåäñòâåííûå ñâÿçè ìåæäó ïåðåìåííûìè çàäà÷è è ïîñòðîèòü
ðåøàþùóþ ôóíêöèþ.

Ïðåäëîæåííûå ðàññòîÿíèÿ è ìåðû íåäîñòîâåðíîñòè îáëàäàþò ïîëåç-
íûìè ñâîéñòâàìè [1, 2, 9, 17, 23, 24, 25]. È ïîýòîìó ìîãóò áûòü èñïîëüçî-
âàíû ïðè ñîçäàíèè ÁÇ, àíàëèçå, êëàñòåðèçàöèè çíàíèé è èõ ïîïîëíåíèè.
Ðàçëè÷íûå ñòåïåíè íåäîñòîâåðíîñòè âûñêàçûâàíèé è ðàññòîÿíèÿ ìåæ-
äó íèìè ïîçâîëÿò íàõîäèòü íóæíûå ìåòðèêè êàê äëÿ êëàñòåðèçàöèè
çíàíèé áàç çíàíèé [1, 22], òàê è â àëãîðèòìàõ ðàñïîçíàâàíèè îáðàçîâ
[1, 5, 6, 7, 8, 9], à òàêæå äëÿ ñîãëàñîâàíèé çíàíèé ýêñïåðòîâ. Ââåäåí-
íûå ïîíÿòèÿ ìîãóò ïðèìåíÿòüñÿ ïðè ïîñòðîåíèè ëîãè÷åñêèõ ðåøàþùèõ
ôóíêöèé íà îñíîâå ñîãëàñîâàííûõ ýêñïåðòíûõ âûñêàçûâàíèé. Íàø ïîä-
õîä äàåò âîçìîæíîñòü íå ñîãëàñîâûâàòü âûñêàçûâàíèÿ, à èñïîëüçîâàòü
ðàçëè÷íûå ðàññòîÿíèÿ (íàïðèìåð, êàê âûøå èëè îò ýêñïåðòîâ), à çàòåì
ïîëó÷àòü äëÿ ïðèìåíèé êîëëåêòèâíûå ðàññòîÿíèÿ.

Â íàñòîÿùåå âðåìÿ âîçðîñ èíòåðåñ ê ïîñòðîåíèþ ðåøàþùèõ ôóíêöèé
íà îñíîâå àíàëèçà ýêñïåðòíîé èíôîðìàöèè, çàäàííîé â âèäå âåðîÿòíîñò-
íûõ ëîãè÷åñêèõ âûñêàçûâàíèé íåñêîëüêèõ ýêñïåðòîâ, ðåàëèçàöèè ïðî-
öåññîâ àäàïòàöèè è ñîãëàñîâàíèÿ âûñêàçûâàíèé [1, 4, 5, 6, 7, 10, 11, 12,
13, 14, 15]. Åñëè âûñêàçûâàíèÿ ýêñïåðòîâ ïðåäñòàâëåíû â âèäå ôîðìóë
ïðîèçâîëüíîé n-çíà÷íîé òàáóëèðîâàííîé ëîãèêè (íàïðèìåð, êàê ëîãè-
êà Ëóêàñåâè÷à [4]), òî ïîëó÷åííûå âûøå ðåçóëüòàòû ïðèìåíèìû ê íèì.
Ïðåäëàãàåìûé ïîäõîä ðàñøèðÿåò è îáîáùàåò ñëó÷àè n = 2, n = 3 è îò-
ëè÷àåòñÿ îò âåðîÿòíîñòíîãî ïîäõîäà [10, 11, 12], ïîñêîëüêó â óêàçàííûõ
ðàáîòàõ îòñóòñòâóþò òàáëèöû èñòèííîñòè [3]. Ïðîìåæóòî÷íûå çíà÷åíèÿ
èñòèííîñòè ôîðìóë ìîæíî òàêæå ðàññìàòðèâàòü êàê íå÷åòêèå (âåðîÿò-
íîñòíûå) çíà÷åíèÿ èñòèííîñòè èëè êàê çíà÷åíèÿ îøèáî÷íîñòè âûñêàçû-
âàíèÿ (ïî èíòåðïðåòàöèè Ä. Ñêîòòà). Åùå ðàç îòìåòèì, ÷òî ïðèâåäåííûå
äîêàçàòåëüñòâà ïðîõîäÿò äëÿ ëþáûõ n-çíà÷íûõ òàáóëèðîâàííûõ ëîãèê
êàê íå÷åòêîé ëîãèêå ïî Çàäå è ëîãèêå Áàëäâèíà äëÿ íå÷åòêèõ çíà÷åíèé
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èñòèííîñòè. Ýòî òàê ïîñêîëüêó â ýòîì ñëó÷àå ïðèìåíèìû ïðåäëàãàåìûå
ìîäåëè.

ßñíî, ÷òî ðàçëè÷íûå âûñêàçûâàíèÿ ýêñïåðòîâ (è ñ îîòâåòñòâóþùèå
èì ôîðìóëû) ñîäåðæàò ðàçëè÷íîå êîëè÷åñòâî èíôîðìàöèè, ïîýòîìó âîç-
íèêàåò âîïðîñ î ðàíæèðîâàíèè âûñêàçûâàíèé ýêñïåðòîâ. Â èññëåäóå-
ìîì ñëó÷àå ìîæíî ïðîâåñòè ðàíæèðîâàíèå ïî ñòåïåíè íåäîñòîâåðíîñòè,
óïîðÿäî÷èâàÿ ðàññìàòðèâàåìûé àíñàìáëü ôîðìóë ïî ýòîìó ïàðàìåòðó.
Êðîìå òîãî ìîæíî ðàññìîòðåòü âîïðîñ î ñîâìåñòíîñòè è/èëè ïðîòèâî-
ðå÷èâîñòè ìíîæåñòâà âûñêàçûâàíèé.
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1 Ââåäåíèå

Çàäà÷à îïðåäåëåíèÿ ìåð áëèçîñòè ìåæäó çíàíèÿìè áûëà ïîñòàâëåíà
åù¼ Ã. Ñ. Ëáîâûì è Í. Ã. Çàãîðóéêî. Ïîä çíàíèÿìè ïîäðàçóìåâàþòñÿ
êðàòêèå îáîáù¼ííûå îïèñàíèÿ èíôîðìàöèè, ñîäåðæàùèõñÿ â äàííûõ [3,
5].

Â äàííîé ðàáîòå òàêèìè çíàíèÿìè ÿâëÿþòñÿ âûñêàçûâàíèÿ (ýêñïåð-
òîâ), êîòîðûå ìîæíî çàïèñàòü â âèäå ôîðìóë êîíå÷íîçíà÷íîé ëîãèêè
Ëóêàñåâè÷à.

Ðàíåå, äëÿ ñëó÷àÿ ìíîãîçíà÷íîé ëîãèêè áûëè ââåäåíû ðàññòîÿíèå
è ìåðà îïðîâåðæèìîñòè, êîòîðûå áûëè íåîáõîäèìû äëÿ èçó÷åíèÿ ýêñ-
ïåðòíîé èíôîðìàöèè [3, 4, 6, 12, 14].

Â ðàáîòàõ [7, 8, 11, 13], àíàëîãè÷íî ñëó÷àþ êëàññè÷åñêîé ëîãèêè [3,
4], áûëè ââåäåíû ñëåäóþùèå âåëè÷èíû: íîâîå ðàññòîÿíèå ìåæäó ôîð-
ìóëàìè ïÿòèçíà÷íîé ëîãèêè Ëóêàñåâè÷à L5 è ìåðà íåäîñòîâåðíîñòè âû-
ñêàçûâàíèé ýêñïåðòîâ (ðàâíàÿ ðàññòîÿíèþ ìåæäó ñîîòâåòñòâóþùåé âû-
ñêàçûâàíèþ ôîðìóëû L5 äî òîæäåñòâåííî èñòèííîé ôîðìóëû). Òàêæå
áûëè îïðåäåëåíû è äîêàçàíû ñâîéñòâà ýòèõ âåëè÷èí, ó÷èòûâàþùèå ñå-
ìàíòèêó ñõîäñòâà è ðàçëè÷èÿ èíôîðìàöèè â ýòèõ âûñêàçûâàíèÿõ.

∗Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÐÔÔÈ, êîä ïðîåêòà 11-07-00345à.
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Äëÿ äàëüíåéøåãî èñïîëüçîâàíèÿ ýòèõ âåëè÷èí íà ïðàêòèêå íåîáõî-
äèìî îáîáùèòü èõ íà ñëó÷àé n-çíà÷íîé ëîãèêè Ln (äëÿ n≥2), îïðåäåëèòü
è äîêàçàòü ñâîéñòâà, ÷òî ÿâëÿåòñÿ ïåðâîé çàäà÷åé äàííîé ðàáîòû. Ñâîé-
ñòâà ìîãóò ïðèìåíÿòüñÿ â àíàëèçå áàç çíàíèé.

Îäíî èç âîçìîæíûõ ïðèìåíåíèé ðàññòîÿíèÿ è ìåðû íåäîñòîâåðíîñòè
� èñïîëüçîâàíèå èõ â êëàñòåðèçàöèè êîíå÷íûõ ìíîæåñòâ âûñêàçûâàíèé,
êîòîðûå ìîæíî çàïèñàòü â âèäå ëîãè÷åñêèõ ôîðìóë. Òàêèì îáðàçîì,
âòîðàÿ çàäà÷à äàííîé ðàáîòû � ïîêàçàòü ïðèìåíåíèå ýòèõ âåëè÷èí â
êëàñòåðèçàöèè ìíîæåñòâ ôîðìóë ñ ó÷¼òîì îñîáåííîñòåé ìíîãîçíà÷íîé
ëîãèêè. Ðàíåå êëàñòåðèçàöèÿ ìíîæåñòâ ëîãè÷åñêèõ ôîðìóë (à, òåì áî-
ëåå, ìíîãîçíà÷íûõ) íå èñïîëüçîâàëàñü.

Òàêæå íåîáõîäèìî ïðîàíàëèçèðîâàòü ðåçóëüòàòû àäàïòèðîâàííûõ ê
ëîãè÷åñêèì ôîðìóëàì àëãîðèòìîâ êëàñòåðèçàöèè ïðè ðàçëè÷íûõ n.

2 Êîíå÷íîçíà÷íàÿ ëîãèêà Ln

Îïðåäåëåíèå 2.1. Ïðîïîçèöèîíàëüíûé ÿçûê L:

1. x, y, z,. . . � ôîðìóëû;

2. ¬, → � ïðîïîçèöèîíàëüíûå ñâÿçêè (îòðèöàíèå è èìïëèêàöèÿ);

3. (, ) � âñïîìîãàòåëüíûå ñèìâîëû.

Îïðåäåëåíèå 2.2. Ôîðìóëà:

1. x, y, z,. . . � ôîðìóëû;

2. åñëè ϕ è ψ � ôîðìóëû, òî ¬ϕ è ϕ→ψ � òîæå ôîðìóëû;

3. íèêàêèå äðóãèå êîíå÷íûå ïîñëåäîâàòåëüíîñòè èç èñõîäíûõ ñèì-
âîëîâ, êðîìå ïîñòðîåííûõ â ñèëó ïóíêòîâ 1 � 2, ôîðìóëàìè íå
ÿâëÿþòñÿ.

Íàïðèìåð, n-çíà÷íàÿ ìàòðè÷íàÿ ëîãèêà Ëóêàñåâè÷à Ln îïðåäåëÿåòñÿ
ëîãè÷åñêîé ìàòðèöåé Mn =< Vn,¬,→, {1} >, ãäå Vn =

{
0, 1

n−1
, ..., n−2

n−1
, 1
}

� ìíîæåñòâî çíà÷åíèé èñòèííîñòè; ¬, → � óíàðíàÿ îïåðàöèÿ îòðèöà-
íèÿ è áèíàðíàÿ îïåðàöèÿ èìïëèêàöèè ñîîòâåòñòâåííî, îïðåäåë¼ííûå íà
ìíîæåñòâå Vn; {1} � âûäåëåííîå çíà÷åíèå èñòèíû.

Ëîãè÷åñêèå îïåðàöèè íà ìíîæåñòâå Vn îïðåäåëÿþòñÿ ñëåäóþùèì îá-
ðàçîì:
¬x = 1− x; (îòðèöàíèå)
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x→ y = min{1, 1− x+ y}. (èìïëèêàöèÿ)
×åðåç ýòè îïåðàöèè âûðàæàþòñÿ äðóãèå:
x ∨ y = (x→ y)→ y = max{x, y}; (äèçúþíêöèÿ)
x ∧ y = ¬(¬x ∨ ¬y) = min{x, y}. (êîíúþíêöèÿ) [2]

3 Îñíîâíûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ

Σ � êîíå÷íîå ìíîæåñòâî ôîðìóë Ln.
S(ϕ) � ìíîæåñòâî ïåðåìåííûõ, èñïîëüçóåìûõ ïðè íàïèñàíèè ôîð-

ìóëû ϕ ëîãèêè Ln (íîñèòåëü ôîðìóëû ϕ ∈ Σ).
S(Σ) =

⋃
ϕ∈Σ S(ϕ) � ìíîæåñòâî ïåðåìåííûõ, ó÷àñòâóþùèõ â íàïè-

ñàíèè âñåõ ôîðìóë èç Σ (íîñèòåëü ìíîæåñòâà Σ).
Çàïèñü ϕ k

n−1
îçíà÷àåò, ÷òî ôîðìóëà ϕ ïðèíèìàåò íà ìîäåëè çíà÷åíèå

k
n−1

, k = 0, ..., n− 1.
Îïðåäåëåíèå 3.1.
Íàçîâ¼ì ìîäåëüþ Ì êîðòåæ èç îçíà÷åííûõ ïåðåìåííûõ è çíà÷åíèå

ôîðìóëû ïðè äàííîì îçíà÷èâàíèè.

Ì íå ñîäåðæèò îäíîâðåìåííî ϕ k
n−1

è ϕ l
n−1

, äëÿ ëþáîãî k 6= l. Îáîçíà-

÷èì ìíîæåñòâî âñåõ ìîäåëåé êàê P (S(Σ)). ßñíî, ÷òî |P (S(Σ))| = n|S(Σ)|

[6].
Âïåðâûå èñïîëüçîâàíèå òåîðèè ìîäåëåé è ìîäåëè äëÿ îïðåäåëåíèÿ

ðàññòîÿíèÿ ìåæäó ëîãè÷åñêèìè ôîðìóëàìè ïðåäëîæèë ïåðâûé àâòîð
[3, 4, 6, 12, 14].

Â ðàáîòå [6] îïðåäåëåíû ñâîéñòâà ìîäåëåé è äðóãèå ñâÿçàííûå îïðå-
äåëåíèÿ.

Îïðåäåëåíèå 3.2.
Íàçîâ¼ì ôîðìóëû ϕ è ψ ýêâèâàëåíòíûìè (ϕ ? ψ), åñëè îíè èìåþò

îäíî è òî æå ìíîæåñòâî ìîäåëåé â êàæäîì çíà÷åíèè èñòèííîñòè [3, 4,
6].

Â äàëüíåéøåì äëÿ êðàòêîñòè áóäåì ïîëüçîâàòüñÿ ñëåäóþùèìè îáî-
çíà÷åíèÿìè:

M(ϕ k
n−1

) � êîëè÷åñòâî ìîäåëåé, íà êîòîðûõ ôîðìóëà ϕ ïðèíèìàåò

çíà÷åíèå k
n−1

.
M( k

n−1
, l
n−1

) � êîëè÷åñòâî ìîäåëåé, íà êîòîðûõ ϕ ïðèíèìàåò çíà÷å-
íèå k

n−1
, à ψ l

n−1
.
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4 Ðàññòîÿíèå ìåæäó ôîðìóëàìè Ln

Â äàííîì ðàçäåëå ðåçóëüòàòû äëÿ ñëó÷àÿ ïÿòèçíà÷íîé ëîãèêè [7, 8,
11, 13] îáîáùåíû íà n-çíà÷íûé ñëó÷àé. Â îïðåäåëåíèè ðàññòîÿíèÿ ìû
ó÷èòûâàåì ðàçíèöó ìåæäó çíà÷åíèÿìè äâóõ ôîðìóë íà êàæäîé ìîäåëè,
òåì ñàìûì ïîëíûì îáðàçîì èñïîëüçóåòñÿ ìíîãîçíà÷íîñòü ôîðìóë.

Åñòåñòâåííî ïðåäïîëîæèòü, ÷òî ÷åì ìåíüøå ìîäóëü ðàçíîñòè ìåæäó
çíà÷åíèÿìè ϕ è ψ, òåì ôîðìóëû áîëåå áëèçêè â äàííîé ìîäåëè. Ñëåäî-
âàòåëüíî, óìíîæèì êîëè÷åñòâî ìîäåëåé ñ îäèíàêîâûìè ìîäóëÿìè ðàç-
íîñòè íà êîýôôèöèåíò, ó÷èòûâàþùèé áëèçîñòü çíà÷åíèé ôîðìóë. Â êà-
÷åñòâå òàêèõ êîýôôèöèåíòîâ âîçüì¼ì n èñòèííîñòíûõ çíà÷åíèé äëÿ Ln:

ρ̃(ϕ, ψ) = 0 ·
(
M(0, 0) +M(

1

n− 1
,

1

n− 1
) +M(

2

n− 1
,

2

n− 1
) + · · ·+

+M(
n− 2

n− 1
,
n− 2

n− 1
) +M(1, 1)

)
+

1

n− 1
·
(
M(0,

1

n− 1
) +M(

1

n− 1
, 0)+

+M(
1

n− 1
,

2

n− 1
) + · · ·+M(

n− 2

n− 1
, 1) +M(1,

n− 2

n− 1
)

)
+ . . .

+
n− 2

n− 1
·
(
M(0,

n− 2

n− 1
) +M(

n− 2

n− 1
, 0) +M(

1

n− 1
, 1) +M(1,

1

n− 1
)

)
+

+ 1 · (M(0, 1) +M(1, 0)) =
n−1∑
k=0

n−1∑
l=0

|k − l|
n− 1

·M(
k

n− 1
,

l

n− 1
).

Îñòà¼òñÿ òîëüêî íîðìèðîâàòü âåëè÷èíó ρ̃.
Îïðåäåëåíèå 4.1.
¾Ðàññòîÿíèåì¿ ìåæäó ôîðìóëàìè ϕ è ψ n-çíà÷íîé ëîãèêè Ln ïðè

S(ϕ)
⋃
S(ψ) ⊆ S(Σ)íà ìíîæåñòâå P (S(Σ))íàçîâ¼ì âåëè÷èíó:

ρ(ϕ, ψ) =
1

n|S(Σ)| ·
n−1∑
k=0

n−1∑
l=0

|k − l|
n− 1

·M(
k

n− 1
,

l

n− 1
) (1)

Ñëåäóþùàÿ òåîðåìà ïîêàçûâàåò, ÷òî âåëè÷èíà, îïðåäåë¼ííàÿ ðàâåí-
ñòâîì (1), äåéñòâèòåëüíî ÿâëÿåòñÿ ðàññòîÿíèåì.

Òåîðåìà 1:
¾Ðàññòîÿíèå¿ ìåæäó äâóìÿ ôîðìóëàìè Ln, îïðåäåë¼ííîå ðàâåíñòâîì

(1), äëÿ ëþáûõ ϕ, ψ, χ ∈ Σ óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:

1. 0 ≤ ρ(ϕ, ψ) ≤ 1;

2. ρ(ϕ, ψ) = 0⇔ ϕ ≡ ψ;
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3. ρ(ϕ, ψ) = ρ(ψ, ϕ);

4. ρ(ϕ, ψ) ≤ ρ(ϕ, χ) + ρ(χ, ψ);

5. ϕ ≡ ϕ1, ψ ≡ ψ1 ⇒ ρ(ϕ, ψ) = ρ(ϕ1, ψ1);

6. ρ(ϕ, ψ) = ρ(¬ϕ,¬ψ);

7. ρ((ϕ ∧ ψ), (ϕ ∨ ψ)) = ρ(ϕ, ψ)

8. ρ(ϕ, ψ) = ρ(ϕ→ ψ, ψ → ϕ).

Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ýòîé òåîðåìû äëÿ ñëó÷àÿ
ïÿòèçíà÷íîé ëîãèêè [13] ñ èñïîëüçîâàíèåì ìåòîäîâ öèòèðóåìûõ ðàáîò.

Ïðèìåðû: Â ñëó÷àå ïÿòèçíà÷íîé ëîãèêè ρ(x ∧ y, x ∨ y) = 0.4, ρ(x ∧
y ∧ z ∧ w, x→ w) = 0.2576.

Çàìå÷àíèå 1:
Ñâîéñòâà 2) � 4) � ýòî ñâîéñòâà ìåòðèêè. Òàêèì îáðàçîì, ìû ïî-

ëó÷èëè ìåòðè÷åñêîå ïðîñòðàíñòâî íà êëàññàõ ýêâèâàëåíòíûõ ôîðìóë �
âûñêàçûâàíèé.

Çàìå÷àíèå 2:
Áåç îãðàíè÷åíèÿ îáùíîñòè ìîæíî ñ÷èòàòü, ÷òî ôîðìóëû ϕ è ψ � ýòî

ôîðìóëû îò îäíîãî ÷èñëà ïåðåìåííûõ, íåêîòîðûå ïåðåìåííûå â êîòîðûõ
ïðèíèìàþò êîíñòàíòíûå çíà÷åíèÿ.

Îáîáùåíèÿ ââåäåííîãî ðàññòîÿíèÿ ìåæäó ôîð-

ìóëàìè Ln

Ðàññòîÿíèå, çàäàííîå ôîðìóëîé (1) ýòî ðàññòîÿíèå äëÿ ñëó÷àÿ, êîãäà
âñå çíà÷åíèÿ âñåõ ïåðåìåííûõ çàðàíåå íå èçâåñòíû. Òåïåðü ðàññìîòðèì
ñëó÷àé, êîãäà èçâåñòíû êîíêðåòíûå èñòèííîñòíûå çíà÷åíèÿ íåêîòîðûõ
ïåðåìåííûõ (íàïðèìåð, x1 = 0, èëè x1 òî÷íî íå ðàâíî 1 è n−2

n−1
). Â ðàáî-

òàõ [7, 8] îïðåäåëåíî òàêîå ðàññòîÿíèå äëÿ ñëó÷àÿ ïÿòèçíà÷íîé ëîãèêè
Ëóêàñåâè÷à. Îáîáùèì åãî íà n-çíà÷íûé ñëó÷àé.

Ïóñòü ïåðåìåííûå x1, ..., xp, xi ∈ S(ϕ)
⋃
S(ψ), i = 1, ..., p,

p = |S(ϕ)
⋃
S(ψ)| ñîîòâåòñòâåííî ïðèíèìàþò m1, ...,mp, mi ≤ n èñòèí-

íîñòíûõ çíà÷åíèé. Òîãäà ôîðìóëà äëÿ íàõîæäåíèÿ ðàññòîÿíèÿ ìåæäó
ôîðìóëàìè ϕ è ψ âûãëÿäèò ñëåäóþùèì îáðàçîì:

ρ′(ϕ, ψ) = 1
m1·...·mp ·

∑n−1
k=0

∑n−1
l=0

|k−l|
n−1
·M( k

n−1
, l
n−1

). (2)
Â äàííîì ñëó÷àå ïðè ðàñ÷¼òå ðàññòîÿíèÿ ðàññìàòðèâàþòñÿ íå âñå

ìîäåëè, à ïîäìíîæåñòâî èç m1 · ... ·mp ìîäåëåé. Ñàì ðàñ÷¼ò ïðîèçâîäèòñÿ
ïî òîìó æå ïðèíöèïó.
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Ôîðìóëà (1) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì (2), åñëè m1 = ... = mp = n.
Äëÿ ρ′ñïðàâåäëèâà Òåîðåìà 1 ñ çàìåíîé ρ íà ρ′. Äîêàçàòåëüñòâî àíà-

ëîãè÷íî.
Åñëè âñå m1 · ... ·mp ìîäåëåé çàíóìåðîâàòü, òî ôîðìóëó (2) ìîæíî

ïåðåïèñàòü â âèäå:
ρ′(ϕ, ψ) = 1

m1·...·mp ·
∑m1·...·mp

i=1 |Mi(ϕ)−Mi(ψ)|, (3)
ãäå Mi(ϕ) çíà÷åíèå ôîðìóëû ϕ íà ìîäåëè Mi, i = 1, ...,m1 · ... ·mp.
Ïðèìåð: Ïóñòü ϕ = (x → y) ∨ z, ψ = (x ∧ y) → z � ôîðìóëû

òð¼õçíà÷íîé ëîãèêè Ëóêàñåâè÷à. È ïóñòü ïåðåìåííûå, âõîäÿùèå â ýòè
ôîðìóëû ïðèíèìàþò ñëåäóþùèå çíà÷åíèÿ: x ∈ {1

2
, 1}, y ∈ {1}, z ∈

{0, 1
2
, 1}. Òîãäà ρ′(ϕ, ψ) = 0, 3333 (ïðè ýòîì, ρ(ϕ, ψ) = 0, 2037).

5 Ìåðà íåäîñòîâåðíîñòè âûñêàçûâàíèé

Â êëàññè÷åñêîé ëîãèêå ïîä èíôîðìàòèâíîñòüþ âûñêàçûâàíèÿ ïîäðà-
çóìåâàåòñÿ îòíîñèòåëüíîå ÷èñëî ìîäåëåé, íà êîòîðûõ äàííîå âûñêàçû-
âàíèå ýêñïåðòà ëîæíî, èëè, ÷òî òî æå ñàìîå, íîðìèðîâàííîå ðàññòîÿíèå
îò âûñêàçûâàíèÿ äî òîæäåñòâåííî èñòèííîé ôîðìóëû. ×åì áîëüøå ìî-
äåëåé, íà êîòîðûõ âûñêàçûâàíèå íå èñòèííî, òåì îíî ìåíåå äîñòîâåðíî.
Ïîíÿòèå ðàáîòàåò â ñëó÷àå âûïîëíèìîé ôîðìóëû, òå èìåþùåé õîòÿ áû
îäíó ìîäåëü ñî çíà÷åíèåì èñòèííîñòè áëèçêîå ê 1.

Îáîáùàÿ õîðîøî èçó÷åííûé ñëó÷àé ïÿòèçíà÷íîé ëîãèêè [7, 8, 11, 13],
çàäàäèì ìåðó íåäîñòîâåðíîñòè äëÿ ñëó÷àÿ n-çíà÷íîé ëîãèêè Ln.

Îïðåäåëåíèå 5.1.
Ìåðà íåäîñòîâåðíîñòè I(ϕ) äëÿ ôîðìóë n-çíà÷íîé ëîãèêè Ln, ïðè

S(ϕ) ⊆ S(Σ), íà ìíîæåñòâå P (S(Σ)) çàäà¼òñÿ ðàâåíñòâîì:

I(ϕ) = ρ(ϕ, 1) =
∑n−2

i=0
n−1−i
n−1

·
M(ϕ i

n−1
)

n|S(Σ)| (4)
Òåîðåìà 2:
Ìåðà íåäîñòîâåðíîñòè, îïðåäåë¼ííàÿ ðàâåíñòâîì (4), äëÿ ëþáûõ ôîð-

ìóë ϕ, ψ, χ ∈ Σ óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:

1. 0 ≤ I(ϕ) ≤ 1;

2. I(ϕ) + I(¬ϕ) = 1;

3. I(ϕ ∧ ψ) ≥ max{I(ϕ), I(ψ)};

4. I(ϕ ∨ ψ) ≤ min{I(ϕ), I(ψ)};

5. I(ϕ ∨ ψ) + I(ϕ ∧ ψ) ≥ I(ϕ) + I(ψ);
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6. I(ϕ ∧ ψ) = ρ(ϕ, ψ) + I(ϕ ∨ ψ);

7. ρ(ϕ, ψ) ≤ I(ϕ) + I(ψ);

8. I(ϕ) ≥ ρ(ϕ→ ψ, ψ);

9. I(ϕ→ ψ) ≤ ρ(ϕ, ψ);

10. I(ϕ ∨ ψ) ≤ ρ(ϕ→ ψ, ϕ ∧ ψ).

Ìåðó íåäîñòîâåðíîñòè ìîæíî èñïîëüçîâàòü ïðè àíàëèçå ìíîæåñòâ
âûñêàçûâàíèé ñëåäóþùèì îáðàçîì: åñëè ìåðà íåäîñòîâåðíîñòè âûñêà-
çûâàíèÿ áëèçêà ê 1

2
, òî ýòî âûñêàçûâàíèå ìîæíî â äàëüíåéøåì íå ó÷è-

òûâàòü, òàê êàê îíî íå íåñ¼ò îïðåäåë¼ííîé èíôîðìàöèè (íå áëèçêî êàê
ê íóëþ, òàê è ê òîæäåñòâåííî èñòèííîé ôîðìóëå).

6 Êëàñòåðèçàöèÿ ìíîæåñòâ âûñêàçûâàíèé

Êëàñòåðèçàöèÿ - ýòî ðàçáèåíèå èñõîäíîãî ìíîæåñòâà îáúåêòîâ íà
ïîäìíîæåñòâà (êëàñòåðû), ïðè êîòîðîì êàæäûé îáúåêò ìîæåò áûòü îò-
íåñåí ê îäíîìó èëè íåñêîëüêèì çàðàíåå íåèçâåñòíûì êëàññàì. Âíóòðè
êàæäîãî êëàñòåðà äîëæíû îêàçàòüñÿ ñõîæèå îáúåêòû, à îáúåêòû ðàçíûõ
êëàñòåðîâ äîëæíû êàê ìîæíî áîëüøå îòëè÷àòüñÿ.

Òàê êàê äëÿ òàêèõ ìíîæåñòâ èçâåñòíû òîëüêî ðàññòîÿíèÿ ìåæäó
ôîðìóëàìè è ðàññòîÿíèÿ îò êàæäîé ôîðìóëû äî òîæäåñòâåííî èñòèí-
íîé, áûëè âûáðàíû äâà îáùåèçâåñòíûõ àëãîðèòìà êëàñòåðèçàöèè, â êî-
òîðûõ ðàññòîÿíèå èìååò âàæíîå çíà÷åíèå, è àäàïòèðîâàíû â äàííîé ðà-
áîòå äëÿ êëàñòåðèçàöèè êîíå÷íûõ ìíîæåñòâ ëîãè÷åñêèõ ôîðìóë.

5.1. Èåðàðõè÷åñêèé àëãîðèòì
Ïóñòü åñòü ìíîæåñòâî îáúåêòîâ I. Êëàñòåðèçàöèÿ ïðîèñõîäèò ëèáî

ïóò¼ì àãëîìåðàöèè (îáúåäèíåíèÿ áîëåå ìåëêèõ êëàñòåðîâ â áîëåå êðóï-
íûå), ëèáî ïóò¼ì ðàçäåëåíèÿ êðóïíûõ êëàñòåðîâ íà áîëåå ìåëêèå. Â ðå-
çóëüòàòå ïîëó÷àåòñÿ ñëåäóþùàÿ ñòðóêòóðà: ñîâîêóïíîñòü H âëîæåííûõ
ïîäìíîæåñòâ S (êëàñòåðîâ), óäîâëåòâîðÿþùèõ ñâîéñòâó: ïðè ëþáûõ S1

è S2 èç H èõ ïåðåñå÷åíèå S1

⋂
S2 ëèáî ïóñòî, ëèáî ñîâïàäàåò ñ îäíèì èç

íèõ [10].
Ãðàôè÷åñêè òàêàÿ ñòðóêòóðà ïðåäñòàâëÿåòñÿ â âèäå äåíäðîãðàììû.

Èåðàðõè÷åñêèé àëãîðèòì äëÿ êëàñòåðèçàöèè ìíîæåñòâà ôîð-
ìóë Ln
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Ñíà÷àëà çàäà¼ì êîíå÷íîå ìíîæåñòâî ôîðìóë n-çíà÷íîé ëîãèêè Ëó-
êàñåâè÷à.

Ïåðåä íà÷àëîì ðàáîòû àëãîðèòìà çàäà¼ì âåëè÷èíó delta � ìàêñè-
ìàëüíóþ ðàçíèöó ìåæäó ìåðàìè íåäîñòîâåðíîñòè ýëåìåíòîâ îäíîãî êëà-
ñòåðà. Ýòî ÿâëÿåòñÿ êðèòåðèåì îñòàíîâêè.

Ñòðîèì ìàòðèöó ðàññòîÿíèé äëÿ çàäàííîãî êîíå÷íîãî ìíîæåñòâà ôîð-
ìóë (äëÿ ïîñòðîåíèÿ èñïîëüçóåì ðàññòîÿíèå).

Èòåðàöèÿ:
Øàã 1. Èùåì ôîðìóëû, ìåæäó êîòîðûìè � íàèìåíüøåå ðàññòîÿíèå,

è îáúåäèíÿåì èõ â îäèí êëàñòåð.
Åñëè òàêèõ ôîðìóë >2, òî:
Ñëó÷àé 1. ρ(ϕ, ψ) = ρ(ϕ, χ) = ρmin. Òîãäà îáúåäèíÿåì ϕ, ψ, χ â îäèí

êëàñòåð.
Ñëó÷àé 2. ρ(ϕ1, ϕ2) = ρ(ϕ3, ϕ4) = ρmin. Òîãäà îáúåäèíÿåì ϕ1, ϕ2 â

îäèí êëàñòåð, à ϕ3, ϕ4 � â äðóãîé.
Øàã 2. Äàëåå, îáúåäèíÿåì êëàñòåðû ïî îäíîìó èç ìåòîäîâ. Â äàí-

íîì ñëó÷àå, ïî ìåòîäó áëèæàéøåãî ñîñåäà. Ïåðåñ÷èòûâàåì ìàòðèöó ïî
ñëåäóþùåìó ïðàâèëó:

ρ(ϕk, ϕij) = min{ρ(ϕk, ϕi), ρ(ϕk, ϕj)}.

Èòåðàöèè ïðîäîëæàþòñÿ, ïîêà íå âûïîëíèòñÿ êðèòåðèé îñòàíîâêè
(òî åñòü, ïîêà âåëè÷èíà delta íå äîñòèãíåò çàäàííîãî çíà÷åíèÿ).

Ïðèìåð:

Ðàññìîòðèì ìíîæåñòâî èç âîñüìè ôîðìóë ïÿòèçíà÷íîé ëîãèêè Ëó-
êàñåâè÷à.

ϕ1 = x→ y;ϕ2 = ¬(x→ y);ϕ3 = (x∨ z)→ y;ϕ4 = ¬((x∧ y)∨ z)→ w;
ϕ5 = y → (x∧z);ϕ6 = (¬y∨ (x→ z))→ w;ϕ7 = ((x→ y)→ z)→ w;ϕ8 =
(w → z) ∧ (y → x).

Èõ ìåðû íåäîñòîâåðíîñòè ñîîòâåòñòâåííî ðàâíû:
I (ϕ1) = 0,2000; I (ϕ2) = 0,8000; I (ϕ3) = 0,3000; I (ϕ4) = 0,3584;
I (ϕ5) = 0,3000; I (ϕ6) = 0,4092; I (ϕ7) = 0,2716; I (ϕ8) = 0,3416.
Ñòðîèì ìàòðèöó ðàññòîÿíèé (ñì. Òàáëèöà 1), èñïîëüçóÿ ðàññòîÿíèå

(1).
Òàáëèöà 1. Ìàòðèöà ðàññòîÿíèé
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1 2 3 4 5 6 7 8
1 0 0,7600 0,1000 0,3416 0,4560 0,3876 0,2500 0,4248
2 0 0,6840 0,5472 0,5000 0,5004 0,6420 0,5032
3 0 0,3248 0,5120 0,3660 0,2460 0,4712
4 0 0,4032 0,0508 0,1300 0,4424
5 0 0,4212 0,4276 0,1416
6 0 0,1688 0,4628
7 0 0,4756
8 0
Íàèìåíüøåå ðàññòîÿíèå = 0,0508, ìåæäó ôîðìóëàìè ϕ4 è ϕ6. Îáú-

åäèíÿåì èõ â êëàñòåð ϕ46, è äàëåå, äåéñòâóåì ïî àëãîðèòìó âûøå.
Èòåðàöèÿ 1: min

i 6=j
ρ(ϕi, ϕj) = 0, 0508 = ρ(ϕ4, ϕ6). Êëàñòåðû: ϕ1, ϕ2, ϕ3,

ϕ46, ϕ5, ϕ7, ϕ8, δ=0,0508.
Èòåðàöèÿ 2: min

i 6=j
ρ(ϕi, ϕj) = 0, 1000 = ρ(ϕ1, ϕ3). Êëàñòåðû: ϕ13, ϕ2,

ϕ46, ϕ5, ϕ7, ϕ8, δ =0,1000.
Èòåðàöèÿ 3: min

i 6=j
ρ(ϕi, ϕj) = 0, 1300 = ρ(ϕ7, ϕ46). Êëàñòåðû: ϕ13, ϕ2,

ϕ467, ϕ5, ϕ8. δ =0,1376.
Èòåðàöèÿ 4: min

i 6=j
ρ(ϕi, ϕj) = 0, 1416 = ρ(ϕ5, ϕ8). Êëàñòåðû: ϕ13, ϕ2,

ϕ467, ϕ58, δ=0,1376.
Èòåðàöèÿ 5: min

i 6=j
ρ(ϕi, ϕj) = 0, 2460 = ρ(ϕ13, ϕ467). Êëàñòåðû: ϕ2, ϕ58,

ϕ13467, δ =0,2092.
Èòåðàöèÿ 6: min

i 6=j
ρ(ϕi, ϕj) = 0, 4032 = ρ(ϕ58, ϕ13467). Êëàñòåðû: ϕ2,

ϕ1345678, δ=0,2092.
Èòåðàöèÿ 7: ρ(ϕ2, ϕ1345678) = 0, 5000. Êëàñòåð ϕ12345678 , δ =0,6000.
Åñëè ïåðåä íà÷àëîì ðàáîòû àëãîðèòìà çàäà¼ì δ, ðàâíóþ, íàïðèìåð,

0,1500, òî àëãîðèòì îñòàíàâëèâàåòñÿ ïîñëå ÷åòâ¼ðòîé èòåðàöèè è âûäà¼ò
ðåçóëüòàò:

Êëàñòåð 1: ϕ1, ϕ3. Êëàñòåð 2: ϕ2. Êëàñòåð 3: ϕ4, ϕ6, ϕ7. Êëàñòåð 4:
ϕ5, ϕ8.

5.2. Àëãîðèòì ê-ñðåäíèõ (k-means)
Ïóñòü èìååòñÿ ìíîæåñòâî îáúåêòîâ I. Ñíà÷àëà êàêèì-ëèáî îáðàçîì

âûáèðàþòñÿ K íà÷àëüíûõ òî÷åê (öåíòðîâ). Çàòåì îñóùåñòâëÿåòñÿ ïî-
ñëåäîâàòåëüíîñòü èòåðàöèé, êàæäàÿ èç êîòîðûõ ñîñòîèò èõ äâóõ øàãîâ:

1. Îáíîâëåíèå êëàñòåðîâ. Ïðè çàäàííûõK öåíòðàõ Ck, k = (1, 2, .., K)
êàæäûé îáúåêò i ∈ I ïðèïèñûâàåòñÿ ê áëèæàéøåìó èç öåíòðîâ Ck.
Òàêèì îáðàçîì, îáðàçóþòñÿ êëàñòåðû Sk, k = (1, 2, .., K).

2. Îáíîâëåíèå öåíòðîâ. Äëÿ êàæäîãî êëàñòåðà Sk âû÷èñëÿåòñÿ åãî
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öåíòð òÿæåñòè (âíóòðèêëàñòåðíîå ñðåäíåå), êîòîðûé îáúÿâëÿåòñÿ
íîâûì öåíòðîì C ′k.

Ïðîöåññ îñòàíàâëèâàåòñÿ, êîãäà êëàñòåðû íà øàãå t ñîâïàäóò ñ êëà-
ñòåðàìè íà øàãå t− 1 [10].

Àëãîðèòì ê-ñðåäíèõ äëÿ êëàñòåðèçàöèè ìíîæåñòâà ôîðìóë
Ln

Ðàññìîòðèì êîíå÷íîå ìíîæåñòâî ëîãè÷åñêèõ ôîðìóë Ln.
Öåíòðàìè áóäóò ÿâëÿòüñÿ íåêîòîðûå K ôîðìóë èç äàííîãî ìíîæå-

ñòâà. Ñíà÷àëà îïðåäåëÿåìñÿ ñ êîëè÷åñòâîì êëàñòåðîâ, çàòåì ïîäáèðàåì
öåíòðû êëàñòåðîâ, àíàëèçèðóÿ ìàòðèöó ðàññòîÿíèé. Äëÿ ïðîñòîòû, áó-
äåì ñ÷èòàòü ñëåäóþùåå:

� öåíòðû äîëæíû áûòü ïðèìåðíî ðàâíîóäàëåíû äðóã îò äðóãà;
� ðàññòîÿíèÿ ìåæäó êëàñòåðàìè äîëæíû áûòü ìàêñèìàëüíî âîç-

ìîæíûìè, ñ ó÷¼òîì ïðåäûäóùåãî ïóíêòà.
Èòåðàöèÿ:
Øàã 1. Ïðèïèñûâàåì êàæäóþ ôîðìóëó èç ìíîæåñòâà ê áëèæàéøåìó

öåíòðó.
Øàã 2. Öåíòð ìàññ � ýòî ñòîëáåö çíà÷åíèé ëîãèêè Ln. Äëÿ îïðåäå-

ëåíèÿ ýòîãî ñòîëáöà ó÷èòûâàåòñÿ ñïåöèôèêà ìíîãîçíà÷íûõ ëîãè÷åñêèõ
ôîðìóë:

Âû÷èñëÿåòñÿ ñðåäíåå àðèôìåòè÷åñêîå Sa çíà÷åíèé ýëåìåíòîâ îäíîãî
êëàñòåðà íà êàæäîé ìîäåëè.

Åñëè Sa ïðèíàäëåæèò ìíîæåñòâó ëîãè÷åñêèõ çíà÷åíèé Vn =
{

0, 1
n−1

,

. . . , n−2
n−1

, 1
}
, òî îíî çàïèñûâàåòñÿ â ñòîëáåö çíà÷åíèé.

Åñëè Sa /∈ Vn, òî â ñòîëáåö çíà÷åíèé çàïèñûâàåòñÿ áëèæàéøåå ñíèçó
(èëè áëèæàéøåå ñâåðõó, ýòî îïðåäåëÿåòñÿ äî íà÷àëà ðàáîòû àëãîðèòìà)
çíà÷åíèå èç Vn (÷òîáû îñòàâàòüñÿ â òîì æå ìíîæåñòâå ìîäåëåé, òî åñòü,
â òîé æå ëîãèêå Ln).

Èòåðàöèè ïðîäîëæàþòñÿ, ïîêà êëàñòåðû íå îñòàíóòñÿ òàêèìè æå,
êàê íà ïðåäûäóùåé èòåðàöèè.

Ïðèìåð:

Ðàññìîòðèì ìíîæåñòâî èç âîñüìè ôîðìóë èç ïðåäûäóùåãî ïðèìå-
ðà. Äîïóñòèì, íàì íóæíî ïîëó÷èòü òðè êëàñòåðà. Àíàëèçèðóÿ ìàòðèöó
ðàññòîÿíèé, âûáèðàåì öåíòðàìè ôîðìóëû ϕ2,ϕ4,ϕ5. (ρ(ϕ2, ϕ4) = 0, 5472,
ρ(ϕ2, ϕ5) = 0, 5000, ρ(ϕ4, ϕ5) = 0, 4032).

Ðàñïðåäåëÿåì îñòàâøèåñÿ ôîðìóëû ïî öåíòðàì. Ïîëó÷àþòñÿ êëàñòå-
ðû:

ϕ2;ϕ1, ϕ3, ϕ4, ϕ6, ϕ7;ϕ5, ϕ8.
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Èùåì öåíòðû ìàññ. Ðàññìîòðèì íàãëÿäíî, êàê ýòî ïðîèñõîäèò.
Òàáëèöà 2. Îïðåäåëåíèå öåíòðà ìàññ êëàñòåðà
x y z w ϕ5 ϕ8 C58

0 1
2

0 0 1
2

1
2

C1
1
4

1
2

0 0 1
2

3
4

C2

. . .
C1 =

(
1
2

+ 1
2

)
/2 = 1

2
∈
{

0, 1
4
, 1

2
, 3

4
, 1
}
,

C2 =
(

1
2

+ 3
4

)
/2 = 5

8
/∈
{

0, 1
4
, 1

2
, 3

4
, 1
}
.

Äîïóñòèì, â êà÷åñòâå çíà÷åíèÿ ìû îïðåäåëèëèñü áðàòü áëèæàéøåå
ñâåðõó çíà÷åíèå. Òîãäà C2 = 3

4
. Îñòàëüíîå � àíàëîãè÷íî. Òàêèì îáðàçîì,

ìû âû÷èñëÿåì öåíòðû òÿæåñòè êëàñòåðîâ.
Ñíîâà ðàñïðåäåëÿåì ôîðìóëû ïî îáíîâë¼ííûì öåíòðàì. Ïîëó÷àþòñÿ

ñëåäóþùèå êëàñòåðû:

ϕ2;ϕ1, ϕ3, ϕ4, ϕ6, ϕ7;ϕ5, ϕ8.

Êëàñòåðû íå èçìåíèëèñü. Ñëåäîâàòåëüíî, àëãîðèòì îñòàíàâëèâàåòñÿ
è âûäà¼ò ïîëó÷èâøèåñÿ êëàñòåðû â êà÷åñòâå ðåçóëüòàòà.

Çàìåòèì, ÷òî ïðè òàêîì íà÷àëüíîì âûáîðå öåíòðîâ ïîëó÷èâøèåñÿ
êëàñòåðû ñîâïàäàþò ñ êëàñòåðàìè íà ïÿòîé èòåðàöèè èåðàðõè÷åñêîãî
àëãîðèòìà.

7 Ïðèìåðû

Áûë ñîçäàí áàíê èç 250 ðàçëè÷íûõ ëîãè÷åñêèõ ôîðìóë, îòêóäà ñëó-
÷àéíûì îáðàçîì âûáèðàëèñü ïîäìíîæåñòâà ôîðìóë. Ñ ïîìîùüþ àäàï-
òèðîâàííûõ àëãîðèòìîâ, îïèñàííûõ â ïðåäûäóùåì ðàçäåëå, áûëî êëà-
ñòåðèçîâàíî áîëåå 30 òàêèõ ïîäìíîæåñòâ (îò 8 äî 30 ôîðìóë â êàæ-
äîì ïîäìíîæåñòâå) ïðè ðàçëè÷íûõ n, ãäå n � ýòî çíà÷íîñòü ëîãèêè Ln.
Äëÿ äàííûõ âû÷èñëåíèé ðàññòîÿíèå (1) è àäàïòèðîâàííûå àëãîðèòìû
êëàñòåðèçàöèè áûëè ïðîãðàììíî ðåàëèçîâàíû. Ñëîæíîñòü âû÷èñëåíèÿ
ðàññòîÿíèÿ � ýêñïîíåíöèàëüíàÿ.

Íèæå ïðåäñòàâëåíû òèïè÷íûå ïðèìåðû ìíîæåñòâ ôîðìóë, â ïðî-
öåññå êëàñòåðèçàöèè êîòîðûõ îáðàçóþòñÿ íåñêîëüêî íåîäíîýëåìåíòíûõ
êëàñòåðîâ.

1. ¬((x ∧ y ∧ z)→ w)

2. ¬((x ∧ y ∧ z)→ (x ∨ w))
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3. z → (w → (x ∨ y))

4. w → (x→ (y ∨ z))

5. (x ∧ y) ∨ (y ∧ z) ∨ (z ∧ w)

6. (x ∨ y) ∧ (y ∨ z) ∧ (z ∨ w)

7. ((x ∧ y)→ (y ∨ z))→ (x ∨ y)

8. ((y ∧ z)→ (x ∧ y))→ (x ∨ y)

9. ((x ∨ y)→ (y ∨ z))→ (x ∧ y)

10. z → (w → (x→ y))

Èåðàðõè÷åñêèé àëãîðèòì
Ïîêàçàíû èòåðàöèè àëãîðèòìà ïðè ðàçëè÷íûõ n äëÿ ëîãèêè Ëóêàñå-

âè÷à. Çíà÷åíèå δ çàðàíåå íå çàäàíî.
n=2
1: {1}; {2}; {3}; {4}; {5}; {6}; {7}; {8}; {9}; {10} δ = 0,00000
2: {1}; {2}; {3}; {4}; {5}; {6}; {7, 8}; {9}; {10} δ = 0,00000
3: {1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,00000
4: {1, 2, 3, 4, 7, 8, 10}; {5}; {6}; {9} δ = 0,37500
5: {1, 2, 3, 4, 5, 6, 7, 8, 10}; {9} δ = 0,43750
6: {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} δ = 0,56250
n=3
1: {1}; {2}; {3}; {4}; {5}; {6}; {7}; {8}; {9}; {10} δ = 0,00000
2: {1}; {2}; {3}; {4}; {5}; {6}; {7, 8}; {9}; {10} δ = 0,01852
3: {1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,01852
4: {1, 2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,16667
5: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} δ = 0,16667
6: {1, 2}; {3, 4, 7, 8, 10}; {5, 6}; {9} δ = 0,22222
7: {1, 2, 3, 4, 7, 8, 10}; {5, 6}; {9} δ = 0,35802
8: {1, 2, 3, 4, 5, 6, 7, 8, 10}; {9} δ = 0,46296
9: {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} δ = 0,57407
n=4
1: {1}; {2}; {3}; {4}; {5}; {6}; {7}; {8}; {9}; {10} δ = 0,00000
2: {1}; {2}; {3}; {4, 10}; {5}; {6}; {7}; {8}; {9} δ = 0,00781
3: {1}; {2}; {3, 4, 10}; {5}; {6}; {7}; {8}; {9} δ = 0,00781
4: {1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,01562
5: {1, 2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,15104
6: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} δ = 0,15104
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7: {1, 2, 7, 8}; {3, 4, 10}; {5, 6}; {9} δ = 0,15104
8: {1, 2, 3, 4, 7, 8, 10}; {5, 6}; {9} δ = 0,34505
9: {1, 2, 3, 4, 5, 6, 7, 8, 10}; {9} δ = 0,47266
10: {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} δ = 0,57682
n=5
1: {1}; {2}; {3}; {4}; {5}; {6}; {7}; {8}; {9}; {10} δ = 0,00000
2: {1}; {2}; {3, 4, 10}; {5}; {6}; {7}; {8}; {9} δ = 0,00840
3: {1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,01600
4: {1, 2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,14600
5: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} δ = 0,14600
6: {1, 2, 7, 8}; {3, 4, 10}; {5, 6}; {9} δ = 0,14600
7: {1, 2, 5, 6, 7, 8}; {3, 4, 10}; {9} δ = 0,28760
8: {1, 2, 3, 4, 5, 6, 7, 8, 10}; {9} δ = 0,47760
9: {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} δ = 0,57760
n=6
1: {1}; {2}; {3}; {4}; {5}; {6}; {7}; {8}; {9}; {10} δ = 0,00000
2: {1}; {2}; {3}; {4, 10}; {5}; {6}; {7}; {8}; {9} δ = 0,00864
3: {1}; {2}; {3, 4, 10}; {5}; {6}; {7}; {8}; {9} δ = 0,00864
4: {1}; {2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,01481
5: {1, 2}; {3, 4, 10}; {5}; {6}; {7, 8}; {9} δ = 0,14028
6: {1, 2}; {3, 4, 10}; {5, 6}; {7, 8}; {9} δ = 0,14028
7: {1, 2, 7, 8}; {3, 4, 10}; {5, 6}; {9} δ = 0,14028
8: {1, 2, 3, 4, 7, 8, 10}; {5, 6}; {9} δ = 0,32948
9: {1, 2, 3, 4, 5, 6, 7, 8, 10}; {9} δ = 0,48056
10: {1, 2, 3, 4, 5, 6, 7, 8, 9, 10} δ = 0,57778
Ïðè n=6 è äàëåå � ñîñòàâ êëàñòåðîâ íà êàæäîé èòåðàöèè ñîâïàäàåò.

Ìåíÿåòñÿ òîëüêî δ.

Àëãîðèòì ê-ñðåäíèõ
Öåíòðû � ôîðìóëû 1, 3, 9. Äëÿ îïðåäåëåíèÿ öåíòðà ìàññ ðàññìàò-

ðèâàåì êàê áëèæàéøåå ñíèçó, òàê è áëèæàéøåå ñâåðõó çíà÷åíèå èç ìíî-
æåñòâà ëîãè÷åñêèõ çíà÷åíèé.

n=2
Áëèæàéøåå ñíèçó: èòåðàöèé 2; êëàñòåðû: {1, 2, 5, 6}, {3, 4, 7, 8, 10},

{9}; δ = 0,25000.
Áëèæàéøåå ñâåðõó: èòåðàöèé 2; êëàñòåðû: {1, 2, 5, 6}, {3, 4, 7, 8, 10},

{9}; δ = 0,25000.
Ïðè n=3 è äàëåå ñîñòàâ êëàñòåðîâ îñòà¼òñÿ òàêèì æå, êàê ïðè n=2.

Ìåíÿåòñÿ òîëüêî δ.

1. ¬(z ∧ (y > x))
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2. (x→ y)→ (y → x)

3. ¬(y ∨ z)

4. (x→ z)→ (z → y)→ (y → x)

5. y → (x ∨ z)

6. y → (x ∧ z)

7. (x→ y) ∧ (x ∨ y ∨ z)

8. (y ∨ z)→ (x ∧ y ∧ z ∧ w)

9. ¬((x→ y)→ z)

10. ¬(z → (w → (x ∨ y)))

11. ¬(y → (z → (w → x)))

12. ¬(x ∧ (y ∨ z))

13. ¬(y → (x ∨ z))

14. (x→ (y ∧ z)) ∨ (x→ z)

15. ¬((x→ z)→ y)

Èåðàðõè÷åñêèé àëãîðèòì
Ïóñòü çàäàíà δ=0,5; çíà÷íîñòü ëîãèêè n=7. Òîãäà àëãîðèòì îñòàíàâ-

ëèâàåòñÿ íà äåñÿòîé èòåðàöèè è âûäà¼ò êëàñòåðû:
{1, 12}; {2, 4, 5, 6, 9, 14, 15}; {3, 8}; {7}; {10, 11}; {13}; δ = 0,22449.
Íà ñëåäóþùåé èòåðàöèè δ ðàâíà óæå 0,62925.
Àëãîðèòì ê-ñðåäíèõ
Èñõîäÿ èç ðåçóëüòàòîâ êëàñòåðèçàöèè ñ ïîìîùüþ èåðàðõè÷åñêîãî àë-

ãîðèòìà, ïîäáèðàåì öåíòðû áóäóùèõ êëàñòåðîâ: 1, 5, 7, 10.
n=2
Áëèæàéøåå ñíèçó: èòåðàöèé 2; êëàñòåðû: {1, 12, 13}, {2, 4, 5, 6, 9, 14,

15}, {7}, {3, 8, 10, 11}.
Áëèæàéøåå ñâåðõó: èòåðàöèé 2; êëàñòåðû: 1, 12, 13}, {2, 4, 5, 6, 9, 14,

15}, {7}, {3, 8, 10, 11}.
n=3
Áëèæàéøåå ñíèçó: èòåðàöèé 2; êëàñòåðû: {1, 8, 12, 13}, {2, 4, 5, 6, 9,

14, 15}, {7}, {3, 10, 11}.
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Áëèæàéøåå ñâåðõó: èòåðàöèé 2; êëàñòåðû: {1, 8, 12, 13}, {2, 4, 5, 6,
9, 14, 15}, {7}, {3, 10, 11}.

n=4
Áëèæàéøåå ñíèçó: èòåðàöèé 2; êëàñòåðû: {1, 3, 8, 12, 13}, {2, 4, 5, 6,

9, 14, 15}, {7}, {10, 11}.
Áëèæàéøåå ñâåðõó: èòåðàöèé 2; êëàñòåðû: {1, 3, 8, 12, 13}, {2, 4, 5,

6, 9, 14, 15}, {7}, {10, 11}.
Ïðè n=5 è äàëåå ñîñòàâ êëàñòåðîâ è êîëè÷åñòâî èòåðàöèé òàêîå æå,

êàê ïðè n=4.

8 Íàáëþäåíèÿ è âûâîäû äëÿ ðàçëè÷íûõ n,

n≥2
Èñõîäÿ èç ðàññìîòðåííûõ ïðèìåðîâ, áûëè ñäåëàíû ñëåäóþùèå âû-

âîäû:
1. Äëÿ n = 2,. . . ,6 íàáëþäàåòñÿ ðàçíèöà â ñîñòàâå êëàñòåðîâ. Íà÷èíàÿ

ñ n = 7 êëàñòåðû è ïîñëåäîâàòåëüíîñòü èòåðàöèé äëÿ îáîèõ àëãîðèòìîâ
íå ìåíÿþòñÿ (7 � ýòî ìàêñèìàëüíîå òàêîå çíà÷åíèå n äëÿ ìíîæåñòâà
ðàññìîòðåííûõ ïðèìåðîâ. Äëÿ íåêîòîðûõ ìíîæåñòâ ôîðìóë ñîñòàâ êëà-
ñòåðîâ íå ìåíÿåòñÿ ïîñëå n = 4, äëÿ íåêîòîðûõ � ïîñëå n = 5. è ò. ä.).

Òàêèì îáðàçîì, âîçíèêàåò ãèïîòåçà î íåöåëåñîîáðàçíîñòè èñïîëüçî-
âàíèÿ ëîãèêè áîëüøîé çíà÷íîñòè â ðåàëüíûõ çàäà÷àõ. ×àñòè÷íî ýòî ïîä-
òâåðæäàåòñÿ ñàìîé êîíñòðóêöèåé ââåä¼ííîãî â äàííîé ðàáîòå ðàññòîÿ-
íèÿ.

2. Äëÿ àëãîðèòìà ê-ñðåäíèõ ïðè âû÷èñëåíèè öåíòðîâ ìàññ íàáëþäà-
þòñÿ îäíè è òå æå ðåçóëüòàòû êàê ïðè çàìåíå ñðåäíåãî àðèôìåòè÷åñêîãî
áëèæàéøèì ñâåðõó çíà÷åíèåì èç Vn , òàê è áëèæàéøèì ñíèçó.

9 Çàêëþ÷åíèå

Ðàññòîÿíèå ìåæäó ëîãè÷åñêèìè ôîðìóëàìè è ìåðà íåäîñòîâåðíîñòè
âûñêàçûâàíèé îáîáùåíû íà ñëó÷àé n-çíà÷íîé ëîãèêè, â ïîëíîé ìåðå
ó÷èòûâàÿ ìíîãîçíà÷íîñòü; äîêàçàíû ñâîéñòâà ýòèõ âåëè÷èí, ñõîæèå ñî
ñâîéñòâàìè ðàññòîÿíèÿ è ìåðû êàê â ñëó÷àå êëàññè÷åñêîé ëîãèêè, òàê
è â ñëó÷àå ïÿòèçíà÷íîé. Ïîìèìî ýòîãî, îïðåäåëåíû è äîêàçàíû íîâûå
ñâîéñòâà, âêëþ÷àþùèå â ñåáÿ îïåðàöèþ èìïëèêàöèè, ÷òî ÿâëÿåòñÿ î÷åíü
âàæíûì äëÿ àíàëèçà ðåàëüíûõ âûñêàçûâàíèé, òàê êàê òàêèå âûñêàçû-
âàíèÿ ÷àñòî èìåþò âèä ¾åñëè. . . , òî. . . ¿ èëè ¾. . . ñëåäóåò. . . ¿.
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Òàêæå îïðåäåë¼í îáùèé ñëó÷àé ðàññòîÿíèÿ ìåæäó ëîãè÷åñêèìè ôîð-
ìóëàìè, êîãäà íåêîòîðûå çíà÷åíèÿ ïåðåìåííûõ çàðàíåå èçâåñòíû, ÷òî
òàêæå ÿâëÿåòñÿ àêòóàëüíûì äëÿ ðåàëüíûõ çàäà÷, êîãäà íåêîòîðàÿ èí-
ôîðìàöèÿ óæå çàäàíà.

Äëÿ êëàñòåðèçàöèè ìíîæåñòâ ìíîãîçíà÷íûõ âûñêàçûâàíèé àäàïòè-
ðîâàíû äâà àëãîðèòìà êëàñòåðèçàöèè � èåðàðõè÷åñêèé è ê-ñðåäíèõ (k-
means). Â îáîèõ ñëó÷àÿõ èñïîëüçóåòñÿ ðàññòîÿíèå ìåæäó ôîðìóëàìè
è ó÷èòûâàåòñÿ ñïåöèôèêà ôîðìóë êîíå÷íîçíà÷íîé ëîãèêè Ëóêàñåâè÷à.
Ðåçóëüòàòû ðàáîòû àëãîðèòìîâ áûëè èññëåäîâàíû íà ïðèìåðàõ ïðè ðàç-
ëè÷íûõ n.

Â äàëüíåéøåì ïëàíèðóåòñÿ àíàëèç ðåçóëüòàòîâ êëàñòåðèçàöèè ìíî-
æåñòâ, ñîñòîÿùèõ èç áîëüøåãî, ÷åì òðèäöàòü, êîëè÷åñòâà ôîðìóë, ôîð-
ìàëèçàöèÿ ýòèõ ðåçóëüòàòîâ. Òàêæå ïëàíèðóåòñÿ ïðèìåíåíèå ñâîéñòâ
ðàññòîÿíèÿ è ìåðû íåäîñòîâåðíîñòè ïðè àíàëèçå ìíîæåñòâ âûñêàçûâà-
íèé ýêñïåðòîâ.
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1 Ïðîáëåìà êîìáèíèðîâàíèÿ ëîãèê

Ïîìèìî êëàññè÷åñêîé ëîãèêè ïðåäèêàòîâ (âûñêàçûâàíèé) ñóùåñòâó-
åò áîëüøîå êîëè÷åñòâî òàê íàçûâàåìûõ íåêëàññè÷åñêèõ ëîãèê. Ïîìèìî
ðàññìîòðåíèÿ ýòèõ ëîãèê èçîëèðîâàííî äðóã îò äðóãà, ìîæíî ñòàâèòü
âîïðîñ î íåêîòîðûõ îïåðàöèÿõ íàä ýòèìè ëîãèêàìè, ÷òî ïîòåíöèàëüíî
äàåò áåñêîíå÷íûé ñïåêòð êîìáèíàöèé ëîãèê.

Ïîñòàíîâêà çàäà÷è. Åñòü íåñêîëüêî ëîãèê: L1, L2, . . . , Ln. Êàê ìîæ-
íî ñêîíñòðóèðîâàòü ëîãèêó L0 èç L1, L2, . . . , Ln?

Èçâåñòíî íåñêîëüêî ñïîñîáîâ êîìáèíèðîâàíèÿ ëîãèê:

• ñïëàâ (fusion) ìîäàëüíûõ ëîãèê [1],

• ñïëåòåíèå (�bring) ëîãèê [2],

• E-ñâÿçûâàíèÿ äëÿ ëîãèê îïèñàíèé [3],

• ãðàôîâûå ñïëåòåíèÿ (graph-theoretic �bring) [4].

Â äàííîé ñòàòüå áóäåò ïðåäëîæåí íîâûé ïîäõîä ê êîìáèíèðîâàíèþ
ëîãèê, áàçèðóþùèéñÿ íà ñâÿçûâàíèè òèïîâ. Òàêàÿ îïåðàöèÿ (ñâÿçûâà-
íèå òèïîâ) âîçìîæíà ïðè îñîáîì ñïîñîáå ïðåäñòàâëåíèÿ äåäóêòèâíûõ
ñèñòåì, ïðè êîòîðîì ÿâíî îïèñûâàþòñÿ òèïû âûðàæåíèé, à òàêæå îòíî-
øåíèå îáùåå-÷àñòíîå ìåæäó ýòèìè òèïàìè. Ýòîò ñïîñîá ïðåäñòàâëåíèÿ

∗Ðàáîòà âûïîëíåíà â ÍÃÓ ïðè ïîääåðæêå Ñèáèðñêîãî Îòäåëåíèÿ ÐÀÍ (Èíòåãðà-
öèîííûé ïðîåêò 3), à òàêæå ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ïðîåêò 12-01-00460-à).
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äåäóêòèâíûõ ñèñòåì ðåàëèçîâàí â âèäå ÿçûêà ôîðìàëüíîé ìàòåìàòè-
êè Russell [5], ðàçðàáîòàííîãî àâòîðîì. Êðàòêèé ñïèñîê õàðàêòåðèñòèê
ýòîãî ÿçûêà (ïðåäñòàâëåíèÿ äåäóêòèâíûõ ñèñòåì):

• Russell - ýòî ìåòàèñ÷èñëåíèå, ïîçâîëÿþùåå çàäàâàòü øèðîêèé ñïåêòð
ðàçëè÷íûõ äåäóêòèâíûõ ñèñòåì, òåîðåì è ôîðìàëüíûõ äîêàçà-
òåëüñòâ â íèõ,

• èñïîëüçóþòñÿ êîíòåñòíî-ñâîáîäíûå ãðàììàòèêè äëÿ ñèíòàê-
ñèñà âûðàæåíèé,

• â Russell èñïîëüçóåòñÿ ñèñòåìà òèïîâ (ñîðòîâ), êàê ÷àñòü ãðàì-
ìàòèêè,

• â Russell èìååòñÿ ñèíòàêñè÷åñêàÿ êîíñòðóêöèÿ îïðåäåëåíèé, êî-
òîðûå ðåàëèçóþò êîíñåðâàòèâíûå ðàñøèðåíèÿ àêñèîìàòèêè.

Èñõîäíûå êîäû ðåàëèçàöèè ÿçûêà Russell, à òàêæå ôîðìàëèçîâàííûé
ôðàãìåíò ìàòåìàòèêè íà áàçå òåîðèè ìíîæåñòâ è èñ÷èñëåíèÿ ïðåäèêà-
òîâ è íàáîð òåñòîâûõ ñêðèïòîâ, äîñòóïíû ïî ññûëêå www.russellmath.org

2 Ñèñòåìà òèïîâ

Îïðåäåëåíèå 1. Ñèñòåìà òèïîâ T ýòî

• ìíîæåñòâî òèïîâ T ,

• áèíàðíîå îòíîøåíèå ≺ íà T .

Êàê ïðàâèëî ≺ òðàíçèòèâíî è ðåôëåêñèâíî.
Òèïû èç ñèñòåìû òèïîâ ÿâëÿþòñÿ â òî÷íîñòè íåòåðìèíàëüíûìè

ñèìâîëàìè ãðàììàòèêè. Ïàðû òèïîâ èç ≺ îáðàçóþò öåïíûå ïðàâèëà
ãðàììàòèêè Gt:

t1 ≺ t2 îòîáðàæàåòñÿ â ïðàâèëî t2 → t1

Òàêæå, òèïû ìîãóò áûòü èíòåðïðåòèðîâàíû êàê ïîíÿòèÿ â îïèñûâà-
åìîé äåäóêòèâíîé ñèñòåìå. Ýòî îçíà÷àåò, ÷òî T îáðàçóåò îíòîëîãèþ
ðàññìàòðèâàåìîé ïðåäìåòíîé îáëàñòè (äåäóêòèâíîé ñèñòåìû).

Ïðèìåð 1. Ñèíãóëÿðíàÿ ñèñòåìà òèïîâ äëÿ ïðîïîçèöèîíàëüíîé ëî-
ãèêè. Áîëüøèíñòâî ïðîïîçèöèîíàëüíûõ ëîãèê èìåþò ñèíãóëÿðíóþ ñè-
ñòåìó òèïîâ, êîòîðàÿ ñîñòîèò èç åäèíñòâåííîãî òèïà (íåòåðìèíàëà)
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wff , îçíà÷àþùåãî òèï �ïðàâèëüíî ïîñòðîåííàÿ ôîðìóëà� (well-formed
formula). Ãðàììàòèêà ïðîïîçèöèîíàëüíîé ëîãèêè ñî ñâÿçêàìè→,∧ è ¬
â ÐÁÍÔ íîòàöèè:

< wff > ::= ¬ < wff > | ( < wff >→< wff > ) | ( < wff > ∧ < wff > )

Ïðèìåð 2. Ñèñòåìà òèïîâ äëÿ èñ÷èñëåíèÿ ïðåäèêàòîâ. Èìååò 3 òè-
ïà: wff - òèï äëÿ ôîðìóë, term - òèï äëÿ òåðìîâ è òèï var äëÿ
ïåðåìåííûõ. Ãðàììàòèêà ëîãèêè ïðåäèêàòîâ äëÿ ñèãíàòóðû ñ îäíèì
äâóõìåñòíûì ïðåäèêàòîì p, îäíîé äâóõìåñòíîé ôóíêöèåé f è ñïèñ-
êîì ïåðåìåííûõ v1, . . . , vn â íîòàöèè ÐÁÍÔ:

< var > ::= v1 | v2 | . . . | vn

< term > ::= < var >

< term > ::= f ( < term > , < term > )

< wff > :: p ( < term > , < term > )

< wff > ::= ¬ < wff > | ( < wff > → < wff > )

< wff > ::= ( < wff > ∧ < wff > ) | ( < wff > ∨ < wff > )

< wff > ::= ∀ < var > < wff > | ∃ < var > < wff >

Â äàííîì ñëó÷àå òèïû var è term ñâÿçàíû îòíîøåíèåì ≺:

var ≺ term

Ïðèìåð 3. Ñèñòåìà òèïîâ äëÿ òåîðèè ìíîæåñòâ ñ êëàññàìè. Ðàñøè-
ðÿåò ñèñòåìó òèïîâ äëÿ èñ÷èñëåíèÿ âûñêàçûâàíèé ïðè ïîìîùè òèïà
class âûðàæåíèé - êëàññîâ. Òèïû set è class íàõîäÿòñÿ â îòíîøåíèè ≺,
à èìåííî, set ≺ class, òàêèì îáðàçîì, ìû ìîæåò ïîäñòàâëÿòü òåðìû
òèïà set â ïåðåìåííûå òèïà class, íî íå íàîáîðîò.

Ìîæíî âûäåëèòü òðè óðîâíÿ àáñòðàêöèè ïðè ïîäîáíîì îïèñàíèè äå-
äóêòèâíûõ ñèñòåì

• îíòîëîãè÷åñêèé = ñèñòåìà òèïîâ (ïîíÿòèÿ è îòíîøåíèå ≺),

• ñèíòàêñè÷åñêèé = ïðàâèëà ãðàììàòèêè,

• ñîäåðæàòåëüíûé = àêñèîìû, îïðåäåëåíèÿ è òåîðåìû.
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Íà îíòîëîãè÷åñêîì óðîâíå (ñàìîì âûñîêîì óðîâíå àáñòðàêöèè) âûäåëÿ-
þòñÿ òîëüêî òèïû (ïîíÿòèÿ) è îòíîøåíèÿ îáùåå-÷àñòíîå ìåæäó íèìè.
Íà âòîðîì óðîâíå - óðîâíå ñèíòàêñèñà âûðàæåíèé - îïðåäåëÿåòñÿ ÿçûê,
íà êîòîðîì èçëàãàåòñÿ óæå ïîñëåäíèé - ñîäåðæàòåëüíûé óðîâåíü. Ïðè
ýòîì èìååò ìåñòî ñëåäóþùàÿ öåïî÷êà îòîæäåñòâëåíèé:
ÒÈÏÏÅÐÅÌÅÍÍÎÉ=ËÎÃÈ×ÅÑÊÈÉÑÎÐÒ=ÍÅÒÅÐÌÈÍÀË ÃÐÀÌ-
ÌÀÒÈÊÈ = ÏÎÍßÒÈÅ

3 Ñâÿçûâàíèå òèïîâ

Îïðåäåëåíèå 2 (Câÿçûâàíèå òèïîâ). Ïóñòü T - ýòî ñèñòåìà òèïîâ.
Äëÿ êàæäîé ïàðû t, s ∈ T ââåäåì îáîçíà÷åíèå

T t≺s = (T,≺ ∪{(t, s)})

Ïîñëå ñâÿçûâàíèÿ t ñ s ïîñðåäñòâîì äîáàâëåíèÿ ïàðû (t, s), òî åñòü
ââåäåíèÿ t ≺ s, ìû ðàçðåøàåì ïîäñòàâëÿòü â ïåðåìåííûå òèïà s âûðàæå-
íèÿ òèïà t. Ïîñëå ñâÿçûâàíèÿ òèïîâ ìû ïîëó÷àåì ñëåäóþùèé ýôôåêò:

• ðàñøèðåíèå ìíîæåñòâà ïðàâèëüíî ïîñòðîåííûõ âûðàæåíèé,

• ðàñøèðåíèå ìíîæåñòâà äîêàçóåìûõ óòâåðæäåíèé,

• íåöåïíûå ïðàâèëà ãðàììàòèêè, àêñèîìàòèêà è îïðåäåëåíèÿ íå ìå-
íÿþòñÿ.

Ñâÿçûâàíèå òèïà t ñ s â äåäóêòèâíîé ñèñòåìå îáîçíà÷èì ÷åðåç Dt≺s.

Îïðåäåëåíèå 3 (Êîìáèíàöèÿ äåäóêòèâíûõ ñèñòåì). Ïóñòü D1 è D2

- äâå äåäóêòèâíûå ñèñòåìû (ñ äèçúþíêòíûìè ñèñòåìàìè òèïîâ), è
t ∈ T1, s ∈ T2 - äâà òèïà. Òîãäà

• D1 tD2 - ïîëíîñòüþ íåçàâèñèìàÿ êîìáèíàöèÿ,

• (D1 tD2)t≺s - êîìáèíèðîâàííàÿ ñèñòåìà, â êîòîðîé åñòü âçàèìî-
äåéñòâèå ÷àñòåé ïîñðåäñòâîì òèïîâ t è s

Ñâÿçûâàíèå òèïîâ ìîæåò áûòü ïðîèòåðèðîâàíî.

Çàìåòèì, ÷òî îïåðàöèÿ ñâÿçûâàíèÿ òèïîâ ïîëíîñòüþ ïðîçðà÷íà: ñâÿ-
çûâàíèå òèïîâ äåéñòâóåò íà íàèáîëåå àáñòðàêòíîì óðîâíå - îíòîëîãè-
÷åñêîì (òî åñòü íà óðîâíå ñèñòåìû òèïîâ. Îíî íå ìåíÿåò íè ïðàâèë
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ãðàììàòèêè, òî åñòü ñèíòàêñè÷åñêîãî, íè àêñèîìàòè÷åñêîãî, òî åñòü ñî-
äåðæàòåëüíîãî óðîâíÿ.

Äëÿ äâóõ òèïîâ t1 è t2 ìû ìîæåì ñâÿçàòü èõ â îáîèõ íàïðàâëåíèÿõ:

t1 ≺ t2 è t2 ≺ t1

Â òàêîì ñëó÷à ìû áóäåì ïèñàòü t1 ≡ t2, è ãîâîðèòü, ÷òî t1 è t2 îòîæäåñòâ-
ëåíû. Äåéñòâèòåëüíî, t1 ≡ t2 îçíà÷àåò, ÷òî íåòåðìèíàëû t1 è t2 âçàèìîçà-
ìåíÿåìû â ãðàììàòèêå âûðàæåíèé, ïîýòîìó îíè ìîãóò ðàññìàòðèâàòüñÿ
êàê îäèí òèï.

Îïðåäåëåíèå 4 (Îáùåå îïðåäåëåíèå ñâÿçûâàíèÿ). Äëÿ äàííîé ñèñòå-
ìû òèïîâ T , ñâÿçûâàíèå òèïîâ B ýòî ìíîæåñòâî ïàð òèïîâ:

B ⊂ T × T

ÅñëèD1, . . . , Dk - äâå äåäóêòèâíûå ñèñòåìû ñ ñèñòåìàìè òèïîâ T1, . . . , Tn,
B = {(t1, s1), . . . , (tm, sm)} - ñâÿçûâàíèå òèïîâ íà îáúåäèíåííîé ñèñòåìå
òèïîâ

⋃
i≤n Ti, òî ìû ìîæåì îïðåäåëèòü êîìáèíèðîâàííóþ äåäóêòèâíóþ

ñèñòåìó:

(D1 ∪ . . . ∪Dn)B = (. . . ((D1 ∪ . . . ∪Dn)t1≺s1)t2≺s2) . . .)tm≺sm

4 Ñåìàíòèêà ñâÿçûâàíèÿ òèïîâ

Ïîñêîëüêó òèïû - ýòî â òî÷íîñòè ñîðòà â ëîãè÷åñêîé òåðìèíîëîãèè,
òî äëÿ ñåìàíòèêè åñòåñòâåííî ðàññìàòðèâàòü ìíîãîñîðòíûå ñòðóêòóðû,
êàê, íàïðèìåð, ýòî äåëàåòñÿ â ñòàòüå [6].

Îïðåäåëåíèå 5 (Àëãåáðàèçàöèÿ ñèíòàêñèñà). Êàæäîå íåöåïíîå ïðàâè-
ëî ãðàììàòèêè r = t → w ïîðîæäàåò àëãåáðàè÷åñêóþ îïåðàöèþ ∗r íà
ìíîæåñòâå âûðàæåíèé äàííîé äåäóêòèâíîé ñèñòåìû:

• ìåñòíîñòü r - ýòî êîëè÷åñòâî íåòåðìèíàëüíûõ ñèìâîëîâ, âñòðå-
÷àþùèõñÿ â r,

• ñîðòà àðãóìåíòîâ r - ýòî ñîîòâåòñòâóþùèå íåòåðìèíàëû,

• ñîðò çíà÷åíèÿ - ýòî t.

Çàìåòèì, ÷òî, â ñèëó ìíîãîñîðòíîñòè, âñå îïåðàöèè ∗r áóäóò âñþäó
îïðåäåëåíû äëÿ ïåðåìåííûõ ñîîòâåñòâóþùèõ ñîðòîâ. Äëÿ çàäàííîé äå-
äóêòèâíîé ñèñòåìû D ìû ìîæåì îïðåäåëèòü ñèãíàòóðó σD äëÿ àëãåáðû
âûðàæåíèé ED ýòîé ñèñòåìû, è ðàáîòàòü ñ àëãåáðàìè äàííîé ñèãíàòóðû.
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Îïðåäåëåíèå 6 (Ëîãè÷åñêèå ñîðòà). Ïóñòü D - äåäóêòèâíàÿ ñèñòåìà.
Êàæäûé ñîðò (òèï) t, ÿâëÿþùèéñÿ ïîäòèïîì íåêîòîðîãî òèïà, êîòî-
ðûé èñïîëüçóåòñÿ êàê òèï âûðàæåíèÿ, èñïîëüçóþùåãîñÿ â àêñèîìå èëè
îïðåäåëåíèè â D íàçûâàåòñÿ ëîãè÷åñêèì.

Ïðèìåð 4 (Ëîãèêà ïåðâîãî ïîðÿäêà). Åñòü òðè ñîðòà:

• ñîðò ïåðåìåííûõ,

• ñîðò òåðìîâ,

• ñîðò ôîðìóë.

Ñîðò ôîðìóë - ëîãè÷åñêèé, â òî âðåìÿ êàê ñîðòà òåðìîâ è ïåðåìåííûõ
- íåò.

Â îòëè÷èè îò ïîäõîäà, ïðèíÿòîãî â àáñòðàêòíîé àëãåáðàè÷åñêîé ñå-
ìàíòèêå ëîãèê [7], óïðîñòèì ñèòóàöèþ è áóäåì ñ÷èòàòü, ÷òî äëÿ îïðå-
äåëåíèÿ èñòèííîñòè òåõ èëè èíûõ âûðàæåíèé ëîãè÷åñêèõ òèïîâ ó íàñ
åñòü ñîîòâåòñòâóþùèå ëîãè÷åñêèå êîíñòàíòû.

Îïðåäåëåíèå 7 (Ñèíòàêñè÷åñêîå îïðåäåëåíèå èñòèíû). Ïóñòü D - äå-
äóêòèâíàÿ ñèñòåìà. Ìû ãîâîðèì, ÷òî èñòèíà îïðåäåëåíà â D, åñëè äëÿ
êàæäîãî ëîãè÷åñêîãî òèïà s åñòü êîíñòàíòà >s òèïà s è àêñèîìà >s.

Åñëè â äåäóêòèâíîé ñèñòåìå D îïðåäåëåíà èñòèíà (ïðè ïîìîùè ëî-
ãè÷åñêèõ êîíñòàíò), òî ìîæíî ëåãêî îïðåäåëèòü ñåìàíòèêó äëÿ D.

Îïðåäåëåíèå 8. Äëÿ çàäàííîé äåäóêòèâíîé ñèñòåìû D, â êîòîðîé
îïðåäåëåíà èñòèíà, ñåìàíòèêà äëÿ D - ýòî êëàññ ìíîãîñîðòíûõ àëãåáð
KD ñèãíàòóðû σD.

Íà óðîâíå ñèñòåì òèïîâ, t ≺ s âëå÷åò âêëþ÷åíèå íîñèòåëåé ñîîò-
âåòñòâóþùèõ ñîðòîâ At ⊆ As êàê ïîäàëãåáð, äëÿ âñåõ àëãåáð A ∈ KD.

Îïðåäåëåíèå 9 (Ñåìàíòè÷åñêîå îïðåäåëåíèå èñòèíû). Åñëè A ∈ KD, e
- ëîãè÷åñêîå âûðàæåíèå òèïà s ñ ïåðåìåííûìè x̄, è ā - êîðòåæ ýëåìåí-
òîâ èç A (ñîîòâåñòâóþùèõ ñîðòîâ), òî çíà÷åíèå òåðìà (âûðàæåíèÿ)
eA(ā) â àëãåáðå A îïðåäåëÿåòñÿ ñòàíäàðòíûì îáðàçîì.

Ìû ãîâîðèì, ÷òî e èñòèííî íà A ïðè îçíà÷èâàíèè ā, åñëè

eA(ā) = >As
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×òî ïðîèçîéäåò ñ ñåìàíòèêîé KD, åñëè ìû ñâÿæåì òèïû t è s ? Â
ñåìàíòèêå KD íåò îãðàíè÷åíèé íà íîñèòåëè At è As äëÿ àëãåáð èç KD.
Ñâÿçûâàíèå t ñ s âëå÷åò îãðàíè÷åíèå: At ⊆ As

ïîýòîìó At äîëæíà áûòü ïîäàëãåáðîé As. Åñëè òèïû t è s ñâÿçàíû
è íåâîçìîæíî óäîâëåòâîðèòü îãðàíè÷åíèÿ At ⊆ As, îñòàâàÿñü â êëàññå
KD, ìû ïðèõîäèì ê ñåìàíòè÷åñêîé íåñîâìåñòíîñòè òàêîãî ñâÿçûâàíèÿ
äëÿ êîíêðåòíûõ òèïîâ. Óáðàâ òèïû t è s èç ðàññìîòðåíèÿ, ìû ïîëó-
÷èì îñìûñëåííóþ ñåìàíòèêó äëÿ îñòàâøåéñÿ ÷àñòè. Òàêèì îáðàçîì, â
ìíîãîñîðòíîì ñëó÷àå, ñåìàíòè÷åñêàÿ íåñîâìåñòíîñòü ÷àñòè äåäóêòèâíîé
ñèñòåìû îñòàâëÿåò âîçìîæíîñòü ñîäåðæàòåëüíî îïåðèðîâàòü îñòàâøåé-
ñÿ ÷àñòüþ.

Îïðåäåëåíèå 10. Ïóñòü D - äåäóêòèâíàÿ ñèñòåìà, KD - åå ñåìàíòè-
êà è t è s - äâà òèïà. Îáîçíà÷èì ÷åðåç Kt≺s

D êëàññ àëãåáð, ïîëó÷åííûé
èç KD ïîñëå íàêëàäûâàíèÿ îãðàíè÷åíèÿ At ⊆ As.

Ïðèìåð 5 (Ñèíòàêñèñ êîìáèíàöèè CPL è IPL). Ðàññìîòðèì êëàññè÷å-
ñêóþ ïðîïîçèöèîíàëüíóþ ëîãèêó (CPL) è èíòóèöèîíèñòñêóþ ïðîïîçè-
öèîíàëüíóþ ëîãèêó (IPL): P è I ñ òèïàìè tp and ti ñîîòâåñòâåííî.

D = (P ∪ I)tp≺ti

Ëîãèêà D - ýòî êîìáèíàöèÿ, êîòîðàÿ âêëþ÷àåò P è I. Åñëè ìû ïîä-
ñòàâèì â ñõåìû àêñèîì äëÿ I âûðàæåíèÿ èç ëîãèêè P , ìû íå ïîëó÷èì
íîâûõ ñõåì àêñèîì.

Ïðèìåð 6 (Ñåìàíòèêà D). Ïîëíàÿ è êîððåêòíàÿ ñåìàíòèêà: äâóñîðò-
íûå àëãåáðû. Îäèí ñîðò ti - ýòî ñîðò äëÿ Ãåéòèíãîâîé àëãåáðû H, âòî-
ðîé ñòîðò tp - ýòî ñîðò áóëåâîé àëãåáðû B, êîòîðàÿ áóäåò ïîäàëãåáðîé
â H: B ⊆ H

5 Âûâîäèìîñòü è òîæäåñòâåííàÿ èñòèííîñòü

Äàëåå áóäåì îïåðèðîâàòü ïîíÿòèåì óòâåðæäåíèÿ â äåäóêòèâíîé ñè-
ñòåìå D. À èìåííî, óòâåðæäåíèå - ýòî êîíñòðóêöèÿ âèäà a = h1,...,hk

p
, ãäå

h1, . . . , hk - ñïèñîê âûðàæåíèé (ïðåäïîñûëîê) è p - âûðàæåíèå (çàêëþ-
÷åíèå) a.

Îïðåäåëåíèå 11. Óòâåðæäåíèå a = h1,...,hk
p

, íàçûâàåòñÿ òîæäåñòâåí-
íî èñòèííûì â ñåìàíòèêå KD, åñëè äëÿ ëþáîé àëãåáðû A ∈ KD è ëþ-
áîãî îçíà÷èâàíèÿ b̄ ïåðåìåííûõ x̄ èç a â ýòîé àëãåáðå, èç òîãî, ÷òî
âûðàæåíèÿ hi(b̄) èñòèííû äëÿ âñåõ i ≤ k, ñëåäóåò, ÷òî âûðàæåíèå p(b̄)
òàêæå èñòèííî.



Ñâÿçûâàíèå òèïîâ êàê ìåòîä êîìáèíèðîâàíèÿ ëîãèê 151

Êàæäîå óòâåðæäåíèå a = h1,...,hk
p

ïîðîæäàåò ÷àñòè÷íóþ k-ìåñòíóþ
îïåðàöèþ `a íà ìíîæåñòâå âñåõ âûðàæåíèé ED äåäóêòèâíîé ñèñòåìû
D:

Îïðåäåëåíèå 12. Ïîäñòàíîâêà θ íàçûâàåòñÿ íåñèììåòðè÷íûì óíè-
ôèêàòîðîì êîðòåæåé âûðàæåíèé (a1, . . . , ak) è (b1, . . . , bk), åñëè

• θ ñîãëàñîâàíà ïî òèïàì ñ òèïàìè ïåðåìåííûõ âûðàæåíèé a1, . . . , ak,

• θ(ai) = bi äëÿ âñåõ i ≤ k.

Ëåììà 13. Åñëè íåñèììåòðè÷íûé óíèôèêàòîð θ äëÿ äâóõ êîðòåæåé
âûðàæåíèé ā è b̄ ñóùåñòâóåò, òî îí åäèíñòâåíåí.

Äîêàçàòåëüñòâî. Ñëåäóåò èç íåñèììåòðè÷íîñòè: ôàêòè÷åñêè çíà÷åíèÿ
ïîäñòàíîâêè θ - ýòî ïîäâûðàæåíèÿ âûðàæåíèé èç êîðòåæà b̄.

Â ñèëó ëåììû, åñëè íåñèììåòðè÷íûé óíèôèêàòîð äëÿ êîðòåæåé ā è
b̄ ñóùåñòâóåò, òî îáîçíà÷èì åãî uni(ā; b̄).

`a (ē) =

{
θ(p), åñëè ñóùåñòâóåò óíèôèêàòîð θ = uni(h̄, ē)
⊥ èíà÷å

Çäåñü ñèìâîëîì ⊥ îáîçíà÷åíî íåîïðåäåëåííîå çíà÷åíèå. Â ñèëó ëåì-
ìû 13, îïåðàöèÿ `a îïðåäåëåíà êîððåêòíî.

Ïîíÿòèå âûâîäèìîñòè ñòàíäàðòíîå:

Îïðåäåëåíèå 14. Ïóñòü B - ìíîæåñòâî óòâåðæäåíèé â äåäóêòèâíîé
ñèñòåìå D, a = h1,...,hk

p
- óòâåðæäåíèå, P - òåðì ñèãíàòóðû {`b |b ∈

B}. Òîãäà P - ýòî âûâîä a èç B, åñëè â àëãåáðå âûðàæåíèé çíà÷åíèå
P (h1, . . . , hk) îïðåäåëåíî è âûïîëíåíî P (h1, . . . , hk) = p.

Òåïåðü, åñëè A - ìíîæåñòâî àêñèîìàòè÷åñêèõ óòâåðæäåíèé D, òî ìû
áóäåì ãîâîðèòü, ÷òî óòâåðæäåíèå a âûâîäèòñÿ â D, åñëè ñóùåñòâóåò
âûâîä P èç A.

Îïðåäåëåíèå 15. Ñåìàíòèêà KD äëÿ äåäóêòèâíîé ñèñòåìû D íà-
çûâàåòñÿ êîððåêòíîé, åñëè ëþáîå âûâîäèìîå â D óòâåðæäåíèå áóäåò
òîæäåñòâåííî èñòèííî â KD.

Òåîðåìà 16 (Ñîõðàíåíèå êîððåêòíîñòè). Êîððåêòíîñòü ñîõðàíÿåòñÿ
ïðè ñâÿçûâàíèè òèïîâ: åñëè ñåìàíòèêà KD äëÿ äåäóêòèâíîé ñèñòåìû
D áûëà êîððåêòíà, òî Kt≺s

D òàêæå áóäåò êîððåêòíà äëÿ Dt≺s.



152 Ä.Þ. Âëàñîâ

Äîêàçàòåëüñòâî. Ïðè ïîìîùè èíäóêöèè ïî ãëóáèíå âûâîäà, óòâåðæäå-
íèå òåîðåìû ìîæíî ñâåñòè ê âûâîäó çà îäèí øàã, òî åñòü ê àêñèîìàòè÷å-
ñêèì óòâåðæäåíèÿì. Ïóñòü a = h1,...,hk

p
- àêñèîìàòè÷åñêîå óòâåðæäåíèå

â ñèñòåìå Kt≺s
D . Ïîñêîëüêó îïåðàöèÿ ñâÿçûâàíèÿ òèïîâ íå ìåíÿåò ôîð-

ìû àêñèîì è ïðàâèë ãðàììàòèêè (êðîìå öåïíûõ), òî â ñèñòåìå D åñòü
àíàëîãè÷íîå óòâåðæäåíèå a′ =

h′1,...,h
′
k

p′
. Åäèíñòâåííîå ÷òî ìåíÿåòñÿ - ýòî

òî, ÷òî ïîñëå ñâÿçûâàíèÿ òèïîâ t è s ñòàëî âîçìîæíûì ïîäñòàâëÿòü â
ïåðåìåííûå òèïà s âûðàæåíèÿ òèïà t. Ïîýòîìó óòâåðæäåíèå a ñòàëî
ïðèìåíèìî â áîëåå øèðîêîì êðóãå ñëó÷àåâ, ÷åì a′.

Ïóñòü A ∈ KD, è hAi (b̄) = >i äëÿ âñåõ i ≤ k. Ïóñòü ñðåäè âñåõ ïåðå-
ìåííûõ x1, . . . , xm, âõîäÿùèõ â ãèïîòåçû óòâåðæäåíèÿ a åñòü ïåðåìåííàÿ
xj òèïà s, à âûðàæåíèå bj, ïîäñòàâëÿåìîå â xj, èìååò òèï t. Ïîñêîëü-
êó äëÿ A âûïîëíåíî At ⊆ As, òî òàêàÿ ïîäñòàíîâêà êîððåêòíà è äëÿ
óòâåðæäåíèÿ a′, òî åñòü âñå ïðåäïîñûëêè h′i áóäóò âûïîëíåíû è äëÿ a′.
Ïóñòü r - ýòî òèï âûðàæåíèÿ p. Òàê êàê KD êîððåêòíàÿ ñåìàíòèêà, òî
(p′)A(b̄) = >r. Åñëè òèï r îòëè÷åí îò t, òî òîãäà pA(b̄) = >r. Åñëè æå
r = t, òî ïîñêîëüêó At ⊆ As è êîíñòàíòû èñòèííîñòè äëÿ òèïîâ t è s
äîëæíû ñîâïàäàòü, òî òàêæå ïîëó÷èì pA(b̄) = >r.
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1 m-òðàíçèòèâíûå ïðåäñòàâëåíèÿ

Íàïîìíèì, ÷òîm-ãðóïïîé íàçûâàåòñÿ àëãåáðàè÷åñêàÿ ñèñòåìà G ñèã-
íàòóðû m = 〈·, e,−1 ,∨,∧, ∗〉, ãäå 〈G, ·, e,−1 ,∨,∧〉 ÿâëÿåòñÿ `-ãðóïïîé
è îäíîìåñòíàÿ îïåðàöèÿ ∗ åñòü àâòîìîðôèçì âòîðîãî ïîðÿäêà ãðóïïû
〈G, ·, e,−1 〉 è àíòèèçîìîðôèçì ðåøåòêè 〈G,∨,∧〉, ò.å. äëÿ ëþáûõ x, y ∈ G
âåðíû ñîîòíîøåíèÿ

(xy)∗ = x∗y∗, (x∗)∗ = x, (x ∨ y)∗ = x∗ ∧ y∗, (x ∧ y)∗ = x∗ ∨ y∗.
Â äàëüíåéøåì m-ãðóïïó G ñ ôèêñèðîâàííûì àâòîìîðôèçìîì ∗ çà-

ïèñûâàåì êàê ïàðó (G,∗ ). Ïóñòü Λ� íåêîòîðîå ëèíåéíî óïîðÿäî÷åííîå
ìíîæåñòâî è a� ðåâåðñèâíûé àâòîìîðôèçì 2-ãî ïîðÿäêà Λ, òî åñòü äëÿ
ëþáûõ λ, λ′ ∈ Λ âåðíî ((λ)a)a = λ è λ < λ′ ⇔ (λ)a > (λ′)a. ×åðåç
Aut(Λ) îáîçíà÷èì ãðóïïó (îòíîñèòåëüíî ñóïåðïîçèöèè) âñåõ ïîðÿäêî-
âûõ ïîäñòàíîâîê Λ. Ãðóïïà Aut(Λ) ìîæåò áûòü ïðåâðàùåíà â m-ãðóïïó,
åñëè îïåðàöèÿ ∗ çàäàåòñÿ ïðè ïîìîùüþ ðàâåíñòâà g∗ = aga äëÿ âñÿ-
êîãî g ∈ Aut(Λ). Ñîãëàñíî [1], ïðåäñòàâëåíèåì m-ãðóïïû (G,∗ ) ïîðÿä-
êîâûìè ïîäñòàíîâêàìè ëèíåéíî óïîðÿäî÷åííîãî ìíîæåñòâà Λ ÿâëÿåòñÿ
`-ãîìîìîðôèçì ν : G → Aut(Λ) òàêîé, ÷òî ((g)∗)ν = a(g)νa äëÿ ëþáîãî
g ∈ G. Ýòîò ôàêò çàïèñûâàåì â âèäå ((G)ν,Λ, a). Åñëè ν åñòü èçîìîð-
ôèçì, òî ïðåäñòàâëåíèå íàçûâàåòñÿ òî÷íûì è òîãäà ïèøåì (G,Λ, a).
Îòìåòèì [1], ÷òî âñÿêàÿ m-ãðóïïà äîïóñêàåò òî÷íîå ïðåäñòàâëåíèå ïî-
ðÿäêîâûìè ïîäñòàíîâêàìè ïîäõîäÿùåãî ëèíåéíî óïîðÿäî÷åííîãî ìíî-
æåñòâà.

Ïðåäñòàâëåíèå ((G)ν,Λ, a) íàçîâåì m-òðàíçèòèâíûì, åñëè äëÿ âñåõ
λ, λ′ ∈ Λ, áûòü ìîæåò çà èñêëþ÷åíèåì òî÷êè o, ñóùåñòâóåò òàêîé x ∈
G∗ = gr.((G)ν, a), ÷òî (λ)x = λ′( çäåñü o� òî÷êà Λ, íåïîäâèæíàÿ îòíîñè-
òåëüíî äåéñòâèÿ a).

Ïóñòü (G,∗ )� ïðîèçâîëüíàÿ m-ãðóïïà è V � åå âûïóêëàÿ `-ïîäãðóïïà.
Êàê îáû÷íî, ÷åðåç R(G : V ) îáîçíà÷èì ìíîæåñòâî ïðàâûõ ñìåæíûõ
êëàññîâ `-ãðóïïû G ïî åå âûïóêëîé `-ïîäãðóïïå V ñ ïîðÿäêîì: V x ≤
V y òîãäà è òîëüêî òîãäà, êîãäà vx ≤ y äëÿ íåêîòîðîãî v ∈ V. Åñëè
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äàííûé ïîðÿäîê ëèíååí, òî V íàçûâàåòñÿ ñïðÿìëÿþùåé. Èìååò ìåñòî
ñëåäóþùàÿ.

Òåîðåìà 1. Ïóñòü (G,∗ )� m-ãðóïïà è V � åå ñïðÿìëÿþùàÿ `-ïîäãðóïïà.
Òîãäà ñóùåñòâóåò ëèíåéíî óïîðÿäî÷åííîå ìíîæåñòâî, îïðåäåëÿåìîå V,
òàêîå, ÷òî ãðóïïà äîïóñêàåò m-òðàíçèòèâíîå ïðåäñòàâëåíèå ïîäñòà-
íîâêàìè ýòîãî ìíîæåñòâà. Îáðàòíî. Äëÿ âñÿêîãî m-òðàíçèòèâíîãî
ïðåäñòàâëåíèÿ ((G)ν,Λ, a) íàéäåòñÿ ñïðÿìëÿþùàÿ `-ïîäãðóïïà V, îïðå-
äåëÿþùàÿ Λ.

Âûïóêëàÿ `-ïîäãðóïïà V m-ãðóïïû (G,∗ ) íàçûâàåòñÿ ïðåäñòàâëÿþ-
ùåé, åñëè V -ñïðÿìëÿþùàÿ è íå ñîäåðæèò íååäèíè÷íûõ m-èäåàëîâ.

Òåîðåìà 2. Ïðîèçâîëüíàÿ m-ãðóïïà (G,∗ ) äîïóñêàåò òî÷íîå m-òðàí-
çèòèâíîå ïðåäñòàâëåíèå òîãäà è òîëüêî òîãäà, êîãäà îíà ñîäåðæèò
ïðåäñòàâëÿþùóþ `-ïîäãðóïïó.

Êàê îáû÷íî, íååäèíè÷íàÿ m-ãðóïïà (G,∗ ) íàçûâàåòñÿ ïîäïðÿìî m-
íåðàçëîæèìîé, åñëè ïåðåñå÷åíèå âñåõ åå íååäèíè÷íûõm-èäåàëîâ îòëè÷-
íî îò åäèíèöû.

Cëåäñòâèå 3. Ïîäïðÿìî íåðàçëîæèìàÿm-ãðóïïà (G,∗ ) äîïóñêàåò òî÷-
íîå m-òðàíçèòèâíîå ïðåäñòàâëåíèå.

Cëåäñòâèå 4. Âñÿêîå ìíîãîîáðàçèåm-ãðóïï ïîðîæäàåòñÿm-ãðóïïàìè,
äîïóñêàþùèìè òî÷íîå m-òðàíçèòèâíîå ïðåäñòàâëåíèå.

Ñôîðìóëèðîâàííûå âûøå ðåçóëüòàòû îïóáëèêîâàíû â [2].

2 Ïðåäñòàâëåíèÿ è ñïëåòåíèÿ m-ãðóïï

Ïóñòü (G,Ω, a), (H,T, b)� ïðåäñòàâëåíèÿ m-ãðóïï (G,ϕ) è (H,ψ) ñî-

îòâåòñòâåííî è Ω = L1

←−⋃
{o1}ε1

←−⋃
R1, T = L2

←−⋃
{o2}ε2

←−⋃
R2. Ðàññìîòðèì

ñòàíäàðòíîå (â ñìûñëå `-ãðóïï) ñïëåòåíèå GWrH. Âñÿêèé ýëåìåíò f ∈
GWrH èìååò âèä f = ({gτ}, h), ãäå gτ ∈ G, τ ∈ T, h ∈ H. Â [4] íà GWrH
áûë îïðåäåëåí ðåâåðñèâíûé àâòîìîðôèçì âòîðîãî ïîðÿäêà ϕWrψ ïî
ïðàâèëó (f)ϕWrψ = ({(g)ϕ(τ)b}, (h)ψ), ïðåâðàùàþùèéGWrH â m-ãðóïïó.
Ïóñòü Σ = Ω

←−×T. Îïðåäåëèì íà Σ îòîáðàæåíèå d ïî ïðàâèëó: (w, τ)d =
((w)a, (τ)b). ßñíî, ÷òî d� ðåâåðñèâíûé àâòîìîðôèçì âòîðîãî ïîðÿäêà
Σ è (o1, o2)d = (o1, o2). Îïðåäåëèì òåïåðü äåéñòâèå ýëåìåíòîâ ãðóïïû
GWrH íà Σ ïî ïðèíöèïó "ïðàâàÿ"÷àñòü äåéñòâóåò íà "ëåâîé"è íàîáî-
ðîò, à èìåííî:
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(w, t)({gτ}, h) =


((w)gt, (t)h), åñëè w ≤ o1, t ≥ o2,

((w)g(t)b, (t)h), åñëè w ≤ o1, t < o2,
((w)gt, (t)h), åñëè w > o1, t < o2,

((w)g(t)b, (t)h), åñëè w > o1, t ≥ o2.

ßñíî, ÷òî òàê îïðåäåëåííîå äåéñòâèå ÿâëÿåòñÿ òî÷íûì è ïîðÿäêî-
âûì, ò.å GWrH ⊆ Aut(Σ). Ïðîâåðèì, ÷òî (f)ϕWrψ = dfd. Òàê êàê
ïðîâåðêà îäíîòèïíà, òî ðàññìîòðèì ëèøü îäèí ñëó÷àé, íàïðèìåð, w <
o1, t > o2. Òîãäà (w, t)(f)ϕWrψ = ((w)agta, (t)bhb). Äàëåå, (w, t)d =
((w)a, (t)b) è (w)a > o1, (t)b > o2.Ïîýòîìó ((w)a, (t)b)fd = ((w)ag((t)b)b, (t)bh)d =
((w)agt, (t)bh)d = ((w)agta, (t)bhb), ÷òî è äîêàçûâàåò óòâåðæäåíèå. Òà-
êèì îáðàçîì èìååì ïðåäñòàâëåíèå (GWrH,Σ, d) ãðóïïû (GWrH,ϕWrψ),
êîòîðîå áóäåì íàçûâàòü ñïëåòåíèåìm-ãðóïï ïîäñòàíîâîê (G,Ω, a), (H,T, b).

Ðàññìîòðèìm-òðàíçèòèâíîå ïðåäñòàâëåíèå (G,Λ, a). Ñòàíäàðòíî, îò-
íîøåíèå ýêâèâàëåíòíîñòè Θ, îïðåäåëåííîå íà Λ, áóäåì íàçûâàòü îòíî-
øåíèåì m-ýêâèâàëåíòíîñòè, åñëè îíî ÿâëÿåòñÿ âûïóêëûì è wΘw′ ⇔
(w)xΘ(w′)x äëÿ ëþáîãî x ∈ G∗. ×åðåç LΘ îáîçíà÷èì ìíîæåñòâî âñåõ
ýëåìåíòîâ G, îñòàâëÿþùèõ âñå êëàññû ýêâèâàëåíòíîñòè íà ìåñòå. Ìíî-
æåñòâî LΘ ÿâëÿåòñÿ m-èäåàëîì G è m-ãðóïïà G = G/LΘ äåéñòâóåò
òî÷íî è m-òðàíçèòèâíî íà ëèíåéíî óïîðÿäî÷åííîì ìíîæåñòâå Ω/Θ. Çà-
ôèêñèðóåì íåêîòîðûé êëàññ m-ýêâèâàëåíòíîñòè 4. Ýòî ìíîæåñòâî, â
çàâèñèìîñòè îò ñâîéñòâ ïðåäñòàâëåíèÿ, ïîçâîëÿåò ïîñòðîèòü íîâîå ìíî-
æåñòâî ∇ è m-ãðóïïó G∇, äåéñòâóþùóþ íà íåì m-òðàíçèòèâíî. Ïóñòü
Σ = ∇←−×Ω/Θ. Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 5. Ïóñòü ïðåäñòàâëåíèå (G,Λ, a) m- òðàíçèòèâíî è íà Λ
îïðåäåëåíàm-êîíãðóýíöèÿ Θ. Òîãäà (G,Λ, a) èçîìîðôíà âëîæèìà â ñïëå-
òåíèå (G∇WrG,Σ, d).

Cëåäñòâèå 6. Ïóñòü (G,Λ, a)- m-òðàíçèòèâíàÿ ãðóïïà ïîäñòàíîâîê
èç ïðîèçâåäåíèÿ U · V ìíîãîîáðàçèé m-ãðóïï U ,V. Òîãäà (G,Λ, a) èçî-
ìîðôíî âëîæèìà â ñïëåòåíèå ïîäõîäÿùèõ m- òðàíçèòèâíûõ ãðóïï
ïîäñòàíîâîê èç ìíîãîáðàçèé m-ãðóïï U ,V.

Ðåçóëüòàòû ýòîãî ïóíêòà îïóáëèêîâàíû â [3]

3 Ìíîãîîáðàçèÿ m-ãðóïï

ßñíî, ÷òî íà m�ãðóïïó ìîæíî ñìîòðåòü êàê íà àëãåáðàè÷åñêóþ ñè-
ñòåìó ñèãíàòóðû m = 〈·, e,−1 ,∨,∧, ∗〉. Êëàññ M âñåõ m�ãðóïï îáðàçó-
åò ìíîãîîáðàçèå ñèãíàòóðûm. Îòíîñèòåëüíî òåîðåòèêî-ìíîæåñòâåííîãî
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âêëþ÷åíèÿM ÿâëÿåòñÿ ÷àñòè÷íî óïîðÿäî÷åííûì ìíîæåñòâîì. Áîëåå òî-
ãî, M åñòü ðåøåòêà îòíîñèòåëüíî åñòåñòâåííî îïðåäåëåííûõ îïåðàöèé
ïåðåñå÷åíèÿ è îáúåäèíåíèÿ ìíîãîîáðàçèé m-ãðóïï. Îáîçíà÷èì ÷åðåç I
ìíîãîîáðàçèå m-ãðóïï, îïðåäåëÿåìîå òîæäåñòâîì x∗ = x−1, à ÷åðåç A�
ìíîãîîáðàçèå âñåõ àáåëåâûõ m-ãðóïï.

Ðàññìîòðèì ïðåäñòàâëåíèÿ (G,Ω, a) è (H,Λ, b). Ôèêèðóåì íåêîòîðîå
êîíå÷íîå, íî ïðîèçâîëüíîå, ìíîæåñòâî Φ = {wp(x, x∗) ‖ p = 1, . . . , N}
ñëîâ ñèãíàòóðû m îò ïåðåìåííûõ x = (x1, x2, . . . xn). Äàëåå, ðàññìîò-
ðèì ïðîèçâîëüíûé h = (h1, h2, . . . hn) ∈ Hn è ïðîèçâîëüíóþ ïàðó òî-
÷åê λ, (λ)b ∈ Λ. Ïóñòü ΛΦ = {(λ)wp(h, h∗)} ∪ {((λ)b)wp(h, h∗)}. ßñíî,
÷òî ΛΦ ëèíåéíî óïîðÿäî÷åíî. Áóäåì ãîâîðèòü, ÷òî (G,Ω, a) ìèìèêðè-
ðóåò (H,Λ, b), åñëè íàéäóòñÿ α, (α)a ∈ Ω è g = (g1, g2, . . . gn) ∈ Gn

òàêèå, ÷òî ëèíåéíî óïîðÿäî÷åííîå ìíîæåñòâî ΩΦ = {(α)wp(g, g∗)} ∪
{((α)a)wp(g, g∗)} ñîõðàíÿåò ñòðóêòóðó ΛΦ, òî åñòü ((α)aε)wp < ((α)aε

′
)wq ⇔

((λ)bε)wp < ((λ)bε
′
)wq, ãäå ε, ε′ = 0, ëèáî 1.

Ïðåäñòàâëåíèå (G,Ω, a) ìèìèêðèðóåò m-ãðóïïó (H,∗ ), åñëè îíî ìè-
ìèêðèðóåò åå âñÿêîå ïðåäñòàâëåíèå. Íàêîíåö, ïðåäñòàâëåíèå (G,Ω, a)
ìèìèêðèðóåò ìíîãîîáðàçèå V , åñëè (G,∗ ) ∈ V è (G,Ω, a) ìèìèêðèðóåò
âñå ãðóïïû èç V . Íåñëîæíî çàìåòèòü, åñëè (G,Ω, a) ìèìèêðèðóåò V , òî
(G,∗ ) ïîðîæäàåò V .

Îïðåäåëèì Inv : Z→ Z ïî ïðàâèëó (z)Inv = −z. Òîãäà ïàðà (Z, Inv)
åñòüm-ãðóïïà. Ðàññìîòðèì ïðàâîå ðåãóëÿðíîå ïðåäñòàâëåíèå (Z,Z, Inv),
ãäå (z)Inv = −z. Âåðíî.

Ïðåäëîæåíèå 7. Ïðåäñòàâëåíèå (Z,Z, Inv) ìèìèêðèðóåò I.

Cëåäñòâèå 8. ([4]) I = varm((Z, Inv)).

×åðåç Z∗ îáîçíà÷èì àääèòèâíóþ ãðóïïó öåëûõ ÷èñåë, ïîëó÷åííóþ èç
Z, ïóòåì îáðàùåíèÿ ïîðÿäêà. Îòíîñèòåëüíî êîîðäèíàòíîãî ïîðÿäêà ïðÿ-
ìîå ïðîèçâåäåíèå Z × Z∗ ÿâëÿåòñÿ `-ãðóïïîé. Îïðåäåëèì îòîáðàæåíèå
Exch : Z×Z∗ → Z×Z∗ ïî ïðàâèëó (x, y)Exch = (y, x), ãäå (x, y) ∈ Z×Z∗.
Òîãäà ïàðà (Z × Z∗, Exch) áóäåò m-ãðóïïîé. Ðàññìîòðèì ëèíåéíî óïî-
ðÿäî÷åííîå ìíîæåñòâî Λ = Z←−∪{o}←−∪Z∗. ×åðåç (z)1((z)2) îáîçíà÷èì ýëå-
ìåíò Λ ñòðîãî ìåíüøèé (áîëüøèé) o è îïðåäåëèì Exch : Λ → Λ ïî
ïðàâèëó (z)1Exch = (z)2, (z)2Exch = (z)1 è (o)Exch = o. ßñíî, ÷òî
Exch - ðåâåðñèâíûé àâòîìîðôèçì âòîðîãî ïîðÿäêà Λ.

Ïðåäëîæåíèå 9. Ïðåäñòàâëåíèå (Z× Z∗,Λ,Exch) ìèìèêðèðóåò A.

Cëåäñòâèå 10. ([4]) A = varm((Z× Z∗, Exch)).

Ñëåäóþùàÿ òåîðåìà ïîçâîëÿåò ïðèìåíÿòü òåõíèêó ñïëåòåíèé ïðè
èçó÷åíèè ìíîãîîáðàçèé. Áîëåå òî÷íî.
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Òåîðåìà 11. Ïóñòü ìíîãîîáðàçèå m-ãðóïï U ïîðîæäàåòñÿ êëàññîì m-
ãðóïï U è ìíîãîîáðàçèå m-ãðóïï V ìèìèêðèðóåòñÿ êëàññîì m-ãðóïï V.
Òîãäà U ·V = varm(W), ãäå W = {(UWrV, bWrc)} , (U, b) ∈ U, (V, T, c) ∈
V.

Cëåäñòâèå 12. 1) In = varm(Wrn(Z, Inv)), 2) An = varm(Wrn(Z ×
Z∗, Exch)).

Òåîðåìû ýòîãî ðàçäåëà äîêàçàíû â [5].
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Day of problems
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Óëàì [1] îòìåòèë ðÿä ïðîáëåì îá èçîìîðôíîì âëîæåíèè ãðóïï Ëè â
ãðóïïó ïåðåñòàíîâîê ñ÷åòíîãî ìíîæåñòâà. ×àñòü èç íèõ ðåøåíà ïîëîæè-
òåëüíî, â ÷àñòíîñòè, äëÿ ëèíåéíûõ ãðóïï Ëè (ñì., íàïðèìåð, [2]). Äëÿ
íåëèíåéíûõ ãðóïï Ëè ïðîáëåìà èçîìîðôíîãî âëîæåíèÿ îñòàåòñÿ íåðå-
øåííîé. Ïðåäëàãàåòñÿ íåñêîëüêî áîëåå ÷àñòíûõ è áîëåå îáùèõ çàäà÷ â
òîì æå íàïðàâëåíèè.

1. Âêëàäûâàþòñÿ ëè èçîìîðôíî â ãðóïïó ïåðåñòàíîâîê ñ÷åòíîãî ìíî-
æåñòâà ñëåäóþùèå ãðóïïû:

à) ôàêòîð-ãðóïïà íèëüïîòåíòíîé ãðóïïû âåùåñòâåííûõ óíèòðåóãîëü-
íûõ ìàòðèö ïîðÿäêà 3 ïî íåòðèâèàëüíîé äèñêðåòíîé ïîäãðóïïå åå öåí-
òðà;

á) óíèâåðñàëüíàÿ íàêðûâàþùàÿ ãðóïïà äëÿ óíèìîäóëÿðíîé ãðóïïû
SL2(R);

â) ãðóïïû Ñòåéíáåðãà íàä êîíòèíóàëüíûì ïîëåì;
ã) ãðóïïà óíèòàðíûõ îïåðàòîðîâ ñåïàðàáåëüíîãî ãèëüáåðòîâà ïðî-

ñòðàíñòâà.

Ñèììåòðè÷åñêàÿ áèëèíåéíàÿ ôîðìà íà âåùåñòâåííîé àëãåáðå Ëè L
íàçûâàåòñÿ èíâàðèàíòíîé, åñëè ïðèñîåäèíåííûå îïåðàòîðû ad (a) : x 7→
[a, x], x ∈ L, êîñîñèììåòðè÷íû îòíîñèòåëüíî ýòîé ôîðìû ïðè âñåõ
a ∈ L. Èçâåñòíî, ÷òî ôîðìà Êèëëèíãà äëÿ äëÿ êëàññè÷åñêèõ ïðîñòûõ
àëãåáð Ëè èíâàðèàíòíà, íåâûðîæäåíà è ñèììåòðè÷íà. Òåì íå ìåíåå, àë-
ãåáðû ñ òàêîé ôîðìîé ìîãóò èìåòü íåíóëåâîé ðàçðåøèìûé ðàäèêàë è
äàæå ìîãóò áûòü ðàçðåøèìûìè. ×åòûðåõìåðíûõ àëãåáð ñ òàêîé ôîðìîé
âñåãî 4, òîãäà êàê ðàçëè÷íûõ ÷åòûðåõìåðíûõ àëãåáð Ëè áåñêîíå÷íî ìíî-
ãî. Åñòü íàäåæäà íà àíàëîãè÷íûé ðåçóëüòàò â ïðîèçâîëüíîé êîíå÷íîé
ðàçìåðíîñòè. Ïðåäëàãàþòñÿ ñëåäóþùèå çàäà÷è.

2. à) Îïèñàòü âñå âåùåñòâåííûå êîíå÷íîìåðíûå àëãåáðû Ëè, íà êî-
òîðûõ ñóùåñòâóåò èíâàðèàíòíàÿ íåâûðîæäåííàÿ ñèììåòðè÷åñêàÿ áèëè-
íåéíàÿ ôîðìà.
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á) Âåðíî ëè, ÷òî â êàæäîé ðàçìåðíîñòè ÷èñëî òàêèõ àëãåáð ñ òî÷íî-
ñòüþ äî èçîìîðôèçìà êîíå÷íî?

â) ×òî áóäåò â ñëó÷àå, êîãäà àëãåáðà èìååò íóëåâîé öåíòð è öåëî÷èñ-
ëåííûå ñòðóêòóðíûå êîíñòàíòû â ïîäõîäÿùåì áàçèñå?

Ïîñëåäíÿÿ çàäà÷à èíòåðåñíà â ñâÿçè ñ êëàññèôèêàöèåé êðèñòàëëî-
ãðàôè÷åñêèõ ãðóïï äâèæåíèé ïñåâäîåâêëèäîâûõ ïðîñòðàíñòâ. Ïåðâàÿ
� â ñâÿçè ñ êëàññèôèêàöèåé ãðóïï Ëè, èìåþùèõ ñòðóêòóðó ïñåâäîðè-
ìàíîâà ìíîãîîáðàçèÿ.
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We pose some open problems being arisen in connection with the general
studying of countable models of complete theories [1, 2]:

• Problem of descriptions of hypergraphs of prime models, Rudin�Keisler
preorders, and distribution functions of number of limit models and the other
countable models for various natural classes of algebraic systems;

• Problem of hierarchical description, as well as the description of inter-
relation of limit models and the other countable models;

• Problem of hierarchical description, as well as the description of inter-
relation of countable homogeneous models of small theories and of countable
theories with continuum many types;

• Problem of the existence of algebraic examples of l-Ehrenfeucht theories;

• Problem of the existence of l-Ehrenfeucht theories in various classes of
theories and, in particular, in the class of simple theories that do not have
types with the in�nite own weight;

• Problem of existence of l-Ehrenfeucht ω-stable (superstable) theory;

• (E. A. Palyutin) Problem of existence of a theory T with

ω < P (T ) < 2ω;

• Problem of existence of a theory T with ω < L(T ) < 2ω (for small
theories, it is a reformulation of the Vaught problem);

• Problem of existence of a theory T with ω < NPL(T ) < 2ω.
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Abstracts

Maria Dimarogkona, Petros Stefaneas. Semantic Networks and the
Theory of Institutions.

Abstract. In this short article we claim that a new relation can be
developed between the well-known theory of institutions and semantic net-
works. In particular, we argue that the many di�erent types of semantic
networks that have been used in the �eld of applied computer science can be
formalized mathematically using the theory of institutions. We demonstrate
the �rst steps towards such an institution-based theory of semantic networks,
using the familiar proof that �rst-order logic is an institution to provide an
indicative such framework.

F.A. Dudkin. On the embedding of Baumslag�Solitar groups in generalized
Baumslag�Solitar groups.

A generalized Baumslag-Solitar group (GBS group) is a �nitely generated
group G which acts on a tree with all edge and vertex stabilizers in�nite
cyclic. Let p and q be co-prime integers, not equal to 0, 1,−1. We prove that
Baumslag�Solitar groups BS(p, q) is embedded into G if and only if in G
equation x−1ypx = yq is solvable with y 6= e. (equally p

q
∈ ∆(G), there ∆ is

modular homomorphism).

S.Mardaev . External modalities and �xed points.
Properties of �xed points of modal formulas and de�ning formulas are

investigated.

A.G. Pinus. The prorerties of rigidity, pseudosiplity, transitivity of
algebras, which are expressed in the language Lω1ω.

We give some examples of non-elementary properties of algebras which
are expressed in the language Lω1ω

L.N. Pobedin. Computability with oracle in both classical and alternative
in�nity.

It has been carried out the contrastive analysis ZF with AST (Alternative
Set Theory).

E.N. Poroshenko. On Universal Equivalence of Partially Commutative
Metabelian Lie Algebras.

In this paper, we consider partially commutative metabelian Lie algebras

164
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whose de�ning graphs are cycles. We show that such algebras are universally
equivalent i� the corresponding cycles have the same length. Moreover, we
give an example showing that the class of partially commutative metabelian
Lie algebras such that their de�ning graphs are trees is not separable by
universal theory in the class of all partially commutative metabelian Lie
algebras.

L.A. Sholomov. Disjunctive and selective matrices.
Let T be a collection of some subsets T of a �nite set M . A Boolean

matrix with columns indexed by elements of M is called (i) T -disjunctive,
(ii) T -selective, if, for all T ∈ T and i /∈ T , (i) the disjunction of columns
from T don't covers the column i, (ii) the minimal subcube including all
columns from T don't contains the column i. These matrices appear in
underdetermined data storage problems. In the article, we learn intercon-
nection and properties of T -disjunctive and T -selective matrices, obtain
upper and lower bounds for minimal number of rows of these matrices.

Irina Starikova. Searching for a Di�erent Perspective on Groups: Some
Philosophical Re�ections.

The paper o�ers a philosophical approach to visual representations in
mathematics as leading to a new resourceful approach. Namely, it discusses
examples when the change of visual representations facilitates application of
algebraic approach to geometry and vise versa.

S.V. Sudoplatov. Algebras of distributions of formulas with respect to
generalized semi-isolation.

We generalize the notion of semi-isolation for families of closed sets
of types and de�ne algebras of distributions of formulas with respect to
generalized semi-isolation. We describe structural properties and hierarchies
for these algebras.

E.I. Timoshenko. On Bardakov and Neshchadim's one question for
metabelian groups.

V.G.Bardakov and M.V.Neshchadim in the paper �On the number of
relations in free products of abelian groups� published in the Siberian Ma-
thematical Journal (2012) proved some Proposition for nilpotent groups.
Authors ask, whether it is correctly for metabelian groups. We are answered
in the negative on this question
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A.A. Vikentiev.Model Metrics and Unreliabilities for Logical Formulas,
Applications in Pattern Recognition and Cluster Analysis.

We consider formulas of n-valued logic. Such formulas could be used as
records of experts' judgments or formulas. We use methods of mathematical
logic and models theory for n-valued logic to de�ne metrics on formulas
(propositions) and unreliability (uncertainty, unauthentic) measures. We
study properties of such metrics and measures. The novelties of this paper
are the de�nition of metrics on the classes of equivalent formulas and the
de�nition of uncertainty (unreliability, unauthentic) measures together with
�nding their good properties. We also note their importance for cluster
analysis, creating of deciding functions and pattern recognition.

A.A. Vikentiev,R.A. Vikentiev, E.S. Kabanova. New model metrics
for formulas in n-valued logic and measure of unreability in clasterization
algorithms.

We consider formulas of n-valued logic. Such formulas could be used
as records of experts' judgments We use methods of mathematical logic and
models theory for n-valued logic to de�ne metrics on formulas (propositions)
and uncertainty (unauthentic) measures. We study properties of such metrics
and measures. The novelties of this paper are the de�nition of metrics on the
classes of equivalent formulas and the de�nition of unauthentic (uncertainty,
unreliability) measures together with �nding their good properties. We also
note their importance for cluster analysis, creating of deciding functions and
pattern recognition.

D.Yu. Vlasov. Type binding as a method of combining logics.
The approach to the combination of logics, which based on the type

binding, is proposed. Syntactic and semantic sides of this approach are
observed, the correctness preservation theorem is proved: correctness is pre-
served at type binding operation.

A.V. Zenkov. On representations of m-groups.
This article is a short survey of the recent results in the study of

representations of m-groups and their applications to the theory of m-group
varieties.
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V.A. Churkin. Two problems on groups and algebras.
Two unresolved problems on groups and algebras

S.V. Sudoplatov. Problems on Classi�cation of Countable Models of
Complete Theories.

Problems on Classi�cation of Countable Models of Complete Theories
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