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Introduction

Algebra and Model Theory 11

The 12th International Summer School “Problems Allied to Universal
Algebra and Model Theory” was held on 23-29 of June 2017 at the camping
center “Erlagol” (Chemal district, the Altai Republic). The School was
organized by Algebra and Mathematical Logic Department of Novosibirsk
State Technical University (NSTU) and Sobolev Institute of Mathematics
of Siberian Branch of Russian Academy of Sciences (IM SBRAS). This
school was dedicated to the 75th of professor V.M. Kopytov and the 70th
of professor A.G. Pinus. The School was supported by RFBR (grant Nel5-
01-203070) and by Grant of NSTU (C10). At the school-conference, there
were participants from Greece, Iran, Italy, Kazakhstan, Serbia and Russia.
They made 16 plenary and 22 section talks. Within the school-conference,
“Hour of problems” was organized. All participants of the conference asked
for publishing the works of the conference as a traditional collection of papers
“Algebra and model theory 11”.

The publication of the collection of papers has been supported by RFBR
(grant Ne15-01-203070).

The Organizing Commuttee of the School-Conference



Program of
12t" International Summer School-Conference
“Problems Allied to Universal Algebra
and Model Theory”

June 24, Saturday

9:15am-9:30am Opening the school-conference

Plenary Talks
Chairperson S. Sudoplatov

9:30am-10:20am  GONCHAROV S. (Novosibirsk, Russia)
“Mathematical models in semantic programming”

10:30am—11:20am KopryTov V. (Novosibirsk, Russia) “Power series and
groups”

11:30am—-12:20pm  BA1zHANOV B. (Almaty, Kazakhstan) “Conservative
extensions of models of complete dependent theories”

12:30pm—1:20pm  PERYAZEV N. (Saint-Petersburg, Russia) “Identities
on superclones”

Short Talks

Universal algebras and models
Chairperson A. Pinus

3:00pm—3:30pm DUDKIN F. (Novosibirsk, Russia) “On centralizer
dimension of generalized Baumslag—Solitar groups”

3:30pm—4:00pm KIOUVREKIS Y., STEFANEAS P. (Ahtens, Greece),
SUDOPLATOV S. (Novosibirsk, Russia) “Definable sets
in generic structures”

4:00pm—4:30pm STAROLETOV ~ A (Novosibirsk, Russia) “On
recognizability by prime numbers graph of alternating
groups”

4:30pm-5:00pm ZAMBARNAYA T. (Almaty, Kazakhstan) “p-
preserving formulas and the number of countable
models”



School Program

5:00pm—5:30pm

5:30pm—6:00pm

9:00am—9:50am

10:00am—10:50am

11:00am-11:50am

Noon—-12:50pm

3:00pm—3:30pm

3:40pm—4:10pm

MIKHAL'CHISHINA ~ YU.  (Novosibirsk, Russia)
“Representation of virtual braids by automorphisms
and virtual knots groups”

AumMADI DELIR K. (Tabriz, Iran) “Non-associating
graph of a finite Moufang loop and its relationship

with the non-commuting graph”

June 25, Sunday

Plenary Talks

Chairperson M. Peretyat’kin

KurLpesHov B. (Almaty, Kazakhstan)

“Binarity

is almost omega-categorical completely o-minimal

theories”

PiNus A. (Novosibirsk, Russia) “Fragments of clones
as a method of research of the latter”

TEPAVCEVIC A.

(Novi

Sad, Serbia) “Weak

congruences and (2-algebras”

SUDOPLATOV S. (Novosibirsk, Russia), “Derivative
Objects in Model Theory”

Short Sections

Classical algebra

Chairperson S. Zyubin

GRACHEV E., Poprova
A. (Novosibirsk, Russia)

Universal
and Models
Chairperson D. Valota

algebras

BA1zHANOV S. (Almaty,
Kazakhstan) “Expansion

“Automorphisms of of models by type
integer group rings” definable relation and
stability.”
BRYUKHANOV O. RvaBers L. (Irkutsk,
(Novosibirsk, Russia) Russia) “Strong
“On  ascending HNN- closure operators for
extensions of almost hyperfunctions on a

polycyclic groups”

two-element set”



School Program

4:20pm—4:50pm

5:00pm—5:30pm

9:00am—9:50am

10:00am—10:50am

11:00am-11:50am

9:00am—9:50am

10:00am—10:50am

11:00am—11:50am

GAaL'T A. (Novosibirsk,
Russia) “On splittability
of the normalizer of a
maximal torus in groups

BORODIN A.
“Phenomenologically

symmetric geometry of
finite rank as a derived

of Lie type” structure of universal
algebras”
MUKANKYZY A.
(Almaty,  Kazakhstan)
“Exchange principle and
dp-rank”

June 26, Monday

Plenary Talks
Chairperson B. Kulpeshov

ODINTSOV S. (Novosibirsk, Russia) “On realizability
semantic for I F-logic”

PERETYAT'KIN M. (Almaty, Kazakhstan) “First
order combinatorics and a definition of model-
theoretic property with applications”

POROSHENKO E. (Novosibirsk, Russia) “Structure
and theories of partially commutative Lie algebras”

June 27, Tuesday

Plenary Talks
Chairperson A. Tepavcevié

SHAHRYARI M. (Tabris, Iran) “A characterization of
q.-compact algebras”

CHURKIN V. (Novosibirsk, Russia) “On R. Garipov’s
works on crystallography”

VALOTA D. (Milan, Italy) “Spectra Problems and
Many-Valued Logics”



School Program

Noon-12:50pm CHEKHONDADSKIH  A.  (Novosibirsk, Russia)
“Algebraic method of synthesis of reduced order
control for different classes of dynamic systems”

Short Talks

Classical algebra
Section meeting in memory of Pestov G.

Chairperson V. Kopytov
3:00pm-3:30pm  KopyTov V.M. (Novosibirsk, Russia) “Finitelly

generated Conrad groups of finite rank are solvable
and have a faithful representation by matrices”

3:40pm—4:10pm  ZENKOV A. (Barnaul, Russia) ¢ Wreath products and
varieties of m-groups”

4:20pm—4:50pm  ZYUBIN S. (Tomsk, Russia) “Subgroup properties of
Chevalier groups”

5:00pm-5:30pm  GALANOVA N. (Tomsk, Russia) “Sections of non-
Archemedian really closed field”

5:40pm—6:10pm  ZABARINA A., FOMINA E. (Tomsk, Russia) “On
some properties of two-dimensionally ordered groups”

6:20pm—6:50pm  Speech on Pestov G.

June 28, Wednesday

Plenary Talks
Chairperson M. Shahryari

9:00am-9:50am SHEVLYAKOV A (Omsk, Russia) “Compactness
classes in universal algebraic geometry”

Universal algebras and models

Chairperson L. Ryabets

10:00am-10:30pm  PINUS A. (Novosibirsk, Russia) “Direct and inverse
limits of retractive spectra and their applications”



School Program

10:30am—11:00am

11:00am—11:30am

11:30am—Noon

Noon—-12:30pm

12:30pm—1:30pm
1:30pm—1:45pm

KOBDIKBAEVA F. (Almaty, Kazakhstan) "Countable
models and order property”

KazimiROv A. (Irkutskk, Russia) “Algorithms of
minimization of multifunctions”

KIOUVREKIS Y. (Athens, Greece) “Categorical
abstract model theory”

TEPAVCEVIC A. (Novi Sad, Serbia) “Partial closure
operators and systems”

Hour of problems

Closing the school-conference



K 75-neruio mpodeccopa B. M. KonsiToBa

26 centsiops 2016 rosga 3aMedaTeIbHOMY Y€JI0BEKY U BBILIAIOINIEMYCS ytie-
nomy Basteputo Marseesuuy KombiToBy ncnoauiocs 75 jet. Bajgepuit Mat-
BeeBrn4 pojmiicd B . CBepyioseke. [lociie okonvanus cpejineit IKOIbI OH TI0-
CTYIIAeT Ha MEXaHUKO-MaTeMaTHIeCKuil (haKyabTeT Y paabCKOro YHUBEPCHU-
TeTa. VIMeHHO TaM mpon30IL10 3HaKoMcTBO ¢ Ay VBanoBrndyem KokopuHbIM,
KOTOpPOE BO MHOTOM onpejesnio unrepec Bajepus MarBeeBuua K yrnopsisio-
YEHHBIM T'PYIIIAM U CBA3AHHBIMHU C HUME BOITPOCAMU.

B reopun rpynn oueHb BaXKHBIMI U HHTEPECHBIMHU SIBJIAIOTCS T€ WJIA UHBIE
BOIIPOCHI MOMOJIHEHUsI (B CMbIC/Ie u3BjiedeHus KopHeii). OJIHUM U3 1mepBbIX
pesysbraToB B. M. KonbiToBa siBiisiercss TeopemMa O BJIOXKUMOCTHU C TTPOJIOJI-
JKEHUeM TIOPsIIKA BCAKON YIOPsIOUMBAEMON T'PYIIIBI B YHOPSIOUMBAEMYIO
IPYIIY € MOJTHBIM TeHTpoM [1]. Dra Teopema BbISBUIIA OIPOMHBI HayIHBIIT
MIOTEHITNAJT MOJIOJIOTO YYEHOI'O U CTajia KJIACCUIECKOH B TEOPUU YHOPSIO-
yennblx rpymi. [lo cimosam JI. @ykca, nmomy4ennsiit B. M. KonbitoBeiMm pe-
3yJITAT, MTOKa3aJ1 BBIJIAIONLYIOCSd POJIb IIEHTPa B YIOPAI0YMBACMON T'PYIIIIE.
[Tozzke Teopema ObL1a 0600IEHA Ha CIydail JIOKAILHO HUJIBIIOTEHTHON WH-
BapuanTHoit nogarpymibl C. A. I'ypuenkoBbiM, yaennkom Basiepusi Marsee-
BHYA.

O iHUM #3 €CTEeCTBEHHBIX BOIIPOCOB TEOPUH YIOPSIOUMBAEMbBIX T'DYIIII
dABJIAETCd BOIPOC O ducje mnopsjakoB Ha rpyire. M. . Kapramnososbim,
A. 1. Kokopunbim u B. M. Konbitossim B padore 2] 6b111 ocTpoeHbI TpyI-
bl ¢ 2 - 2" - n! JIMHEAHBIMU [TOPSAIKAME, 9TO JAJI0 OTPHUIATE/IHLHOE PEIleHre
runiore3bl b. Helimana o TOM, 9TO YMCJIO JTUHEHHBIX TOPSAIKOB €CTh HEKOTO-
pas cTeneHsb 2.

B 1965 romy, nocsie 3anmuThbl KaHiuaaTcKoi quccepranuu Banepuit Mat-
BeeBnu 1o rnpuritamenuio M. U. KapramnosoBa mnepee3kaeT B HeJIaBHO OT-
kpoiBmniics Macruryt maremarukn CO Axanemun Hayk CCCP. C tex mop
»ku3ub B. M. KonbiToBa Hepa3pbIBHO cBsI3aHa ¢ AKaJIeMIopoaKoM. 371ech B
[IOJTHON Mepe pacKpbiBaeTcs TajaHT Basiepuss MarTBeeBnda Kak ydeHOro u
nejarora. OMH U3 MEPBBIX “HOBOCUOUPCKUX PE3YJIbTATOB MOCBSINCH U3Y-
YEHUIO MATPUIHBIX I'PYIIT — KJIACCHIECKOMY pasjiesty Teopuu rpyi [3|. Bour
MOJTyYeH CJICYIONIUM, Terephb yKe KJIaCCUIeCKU, pe3yJIbTaT: BeIKasd IPyI-
a, MMeIOIIasi pa3pennMyo MOATPYIIy KOHEYHOTO NH/IeKca 0e3 KpydeHus 1
KOHEYHOT'O PAHTa, JIOIYCKAeT TOYHOE IPeJICTaB/IeHre MaTPUIIAMU HaJT TI0JIEM
Q pamnmona/bHBIX Unces. B 310it ke pabore JIaHO OIMCaHnue HUJIBIIOTEHTHBIX
CPYIIIL, JOIYCKAIONX TOYHOe mpe/icTaBieHue Mmarpuriamu Hat Q. mento B
o710 Bpems y B. M. KonbiroBa mnosiBiisiercst 3amedare/ibHas yuaeHura — Acs
Muxaiinosta ITomosa. Heime Acsg MuxaiimosHa sIBIsteTCst IpU3HAHHBIM CITe-
IIIAJINCTOM B 9TOIl 06J1aCTH.
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“Veieuenne” B.M. KombiToBa MaTpudHbIME TPYIIIAME HE OCTAJIOCDH
He3aMedeHHbIM djIeH-KoppectonienToM Akajemun wayk M. . Kapramoso-
BbIM. [lo ero mMHeHm0, 3Ta yBJIEUEHHOCTH HAHOCUJIA YIIEPO UCC/IeTOBAHUSIM
1o ymopsijiouenubiM rpytmmnaM. [losromy ¢ dopmyaupoBkoit “B MaTpuaHBIX
rpymmax u Tak Tecno’ Basepuit MaTBeeBuY Bo3BpaIaeTcd K UCCIeI0BAHIIO
YHOPAJIOUEHHBIX TPYII KaK OCHOBHOMY HAITPABJICHUIO CBOEH Hay4IHO# pabo-
Te. B 1972 roxy B cepun “CoBpemennast anrebpa’ BbIXOAUT KHUTa “‘JImHeii-
HO YIOPsiIOUeHHbIEe TPYIIbI’, Hanucannas coBMecTHo ¢ A. V. KokopuHbiM.
HeobxoamMocTh, ¢BOEBPEMEHHOCTD, BayKHOCTh U 3HAYUMOCTH 9TONH KHUTH
MOTIEePKUBaET TOT (paKT, UTO OHA MOYTH cpa3y Oblia OlyO/IMKOBaHa 3a pyde-
JKOM Ha, aHTJIniickoM s13bike. B 910 ke Bpemsi Basepuit MarBeeButd 1po;1oJi-
JKaeT MCCJIeJIOBaHNEe BOIIPOCA O YUCTIE JIMHEHHBIX MOPAJIKOB Ha rpyiie. VM
noKaszaHo B [4], 4ro ecyim paspernvmMasi TPyIIa JOMYCKAeT KOHEYHOe JYHCIIO
YHOPSIJIOUEHUl, TO OHO KPaTHO 4 U, HAa00OPOT, JIJIs KazK/I0T0 HATYPAJIBLHOTO N
CYIIECTBYET pa3perinMas IpyIia ¢ 4n JMHEHHBIMEA TOPsIIKAMEI. DTy Teope-
MYy MOXKHO CYUTATh HanOoJIee CYyIMECTBEHHBIM U 3aKOHYCHHBIM PE3Y/ILTATOM
B JIAHHOM HAITPABJICHUMU.

B nagane 1970-x 8 CCCP u 3a pyOezkom HauMHAETCH HHTEHCHBHOE U3y 1e-
HEE PEIIETOYHO YIOPSIIOUEHHBIX TPyl ((-TPYII )-aarebpanvaecKux CHCTEM,
COBMEIIAIONINX B cebe CTPYKTYPBI IPYHIIbI U pereTkr. Bo mHOroM 6/1aroapst
yeuwausam Bastepust MaTBeeBuva n ero yIeHHKOB Teopusi (-IpyIin mpuodpe-
JIa, 9epThl OOraToil TEOPUU CO CBOEH TEXHUKOI MCC/IeIOBaHUI, KPYTOM 3a/1a4
u 1podbsaem. Mtorom 3Toit TuTaHmIeckoii paboThl craja KHura ‘Pemerouno
yIHOPsAI0UeHHbIe TPYIIbLI, Bhimeaiasd B 1984 roay B cepun “CoBpemMeHHast
asiredbpa’”. [lo cux mop sra KHUTA SBJISETCA HACTOJBHON I HAUUHAIOIINX
“yropsaioueHHUKOB . B Hell BriepBble ObLIN CUCTEMATU3UPOBAHO U3JIOKEHDI
[IOCJIE/THIE JIOCTUKEHNST B TEOPUH MHOT00bpaswuit (-rpyri. 3 Mmuorouuncen-
HbIX pe3yiabraroB B. M. KomnbiToBa, oTHOCAIMXCA K TEOPUH MHOTOOOpa3uit
(-rpyrtirn, 0cobo oTMeTHM JBa. Bo-1epBbIX, OBLIO MOKA3aHO, YTO CBOOO/IHAS
rpylia B Kjacce BceX (-IPyIIl JIOIMyCKaeT TOYHOEe MPEJICTABICHIE KYCOTHO-
JIMHEHHBIMI TOPSIIKOBBIMEI (DYHKIUSME JleficTBITEIbHON TpsaMoii [5]. Bo-
BTOPBIX, B pabore [6] joKazaHO CyIecTBOBaHHME HAKDBITHI MHOrOOOpasnst
abesIeBbIX (-TPYIIN, B KOTOPBIX BCsKasl pas3permnMasi TPyIa saBjsgeTcsa abe-
JteBoit. /g morydyenns sroro pesynabrata B. M. Konbrtos mpeimokut HOBYIO
MOJIeJIb cobupaTebHOro rporecca. Onupasich Ha ujien 1ol paborsr B 1991
rogy Y. Xomnanm u H. f. MenBeieB nokazanm cymiecTBOBaHUe KOHTUHYYMa
HAKPBITUH MHOr00Opas3us abeIeBbIX (-IPYIII ¢ AHAJOTTIHBIMU CBOWCTBAM.

NuaTencuBHOE Pa3BUTHE TEOPUU PEIIETOYHO YOPSIOYEHHBIX TPYIIIT TIPU-
BEJIM K 3HAYUTE/IbHBIM U3MEHEHUsIM B TEOPHUHU YIOPsiI0YEeHHbIX I'PyIil. Bos-
HUKJIa OCTpasi HeOOXOIMMOCTb U3JIOKUTH PEe3YyJIbTaTbl, MMOJyYeHHbIE B Te-
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YeHUN BOCHBMU-JIECATH JIET C MOMEHTa IOABJICHUS Hpeablayneil kauru. B
1994 rony B m3narenbcrBe “Kluwer” Boixomur Tperbs kuura B.M. Ko-
nbiToBa ‘“‘The theory of lattice ordered groups”, HanucanHasi COBMECTHO €
H. {d. Mensenesniv. B ony0inkoBaHHYIO0 KHUT'Y BOIILIA TOJIBKO MOJIOBUHA TI0-
Jnob6paHHOro apropamu Marepuasa. B 1996 roay B cepun “Cubupckast mkoJia
ayreopnl u Jjoruku BbixoauT Monorpadus B. M. Konbirosa u H. 4. Mense-
neBa “IIpaBoyriopsiioueHHbIe TPYIIILI ', KOTOPYIO SABJIAETCs ITPEKPACHBIM BBE-
JICHHEM B TEOPUIO IIPABOYIIOPSI0YMBaeMbIX I'pyiil. VHTepec K BbIme e
KHHATE y ajreOpanucToB, HE 3aHUMAIOIINXCH YIIOPSII0YEHHBIMUA OObEKTaMHU,
ObLT cripoBOIMpoOBaH JlokazaTeabcTBoM 1. Jlexopnoit mpaBoymnopsijiounBae-
MocTu rpyi Koc. [lesas riiaBa HOBO# KHUTH ObLIa TIOCBAIIEHA MCCJIEI0BA-
nuam Bajepus MatseeBuda 1o “9K30THYECKUM TOJTYIUHEHHBIM TTOPSIIKAM.

Haimr pacckas Oy/eT HEIOJIHBIM, €CJIM Mbl He KOCHEMCHA HAaCTaBHUYIECKOI
nearenbHocTu Bajepuss Marseesuua. Haunem ¢ Toro, uro paboTasi MHOTO
ser jekanom B OMII, gmras Tam paznudnabie crenkypcbl, Bamepuit Mat-
BeeBUY (DOPMUPOBAJ BKYCHI M CIIOCOOCTBOBAJI TBOPYECKOMY PA3BUTHIO Oy/Ty-
mux MaremarukoB. HaBeproe, B 9ToM cMbIciie MHOTHEe BhITycKHUKI OMITI
MOTI'YT Ha3bIBATH €0 CBOMM IIEPBBIM ¥ unTesieM. Keu roBoputh 06 yueHnKax
TO, TIPEXK/JIE BCETO MBI JIOJI?KHBI BCIIOMHUTD O JIIOOMMOM yUYeHUKE U OJIN3KOM
apyre Hukonae fAxosiaeBuue Measegee — delsioBeke, mpoine/irem ¢ Bajre-
puem MarBeeBrdeM Bech IIyTh OT BTOPOKYPCHHKA JIO COABTOPA MHOTOYHUC-
JIEHHBIX cTareil n Kaur. IMenno OJ1arogapst mX COBMECTHBIM YCHIUSAM TEP-
MUH “/-Tpynna’ cTaj U3BECTEH U IMPUXKUJICA Ha “‘anraiickoil” 3emie. [lepsoie
IIATHA/IIATH-/IBAAIATEL JieT mocie nepeesna H. . MenseneBa B 1. bapnayn
B. M. KomnbitoB npuesxkajt B AnraificKuii TOCYHUBEPCUTET U YHUTAJ “BaXTO-
BbIM MeTo/IoM” (110 TPH Hapbl B JI€Hb) CIEIKYPCHI JJIs CTYIEHTOB, CIIEIra-
Jm3upyommxes Ha Kadeapax aaredpsl. OOIMATHECS HA PABHBIX C YIEHBIM C
MUPOBBIM UMEHEM OBLJIO OIPOMHBIM BE3€HUEM I HAUMHAIONINX ajrebpan-
CTOB. DTHU peryjspHble BcTpedn B T. Baprayse crocobcTBoBaIm HE TOJIHKO
PO eCCUOHATBHOMY POCTY HAYUHAIOIIUX ‘YIIOPSAOYEHHUKOB , HO U YIUIN
X HACTOSIIEMY TTPOMECCUOHATLHOMY TMOJIXO/LY K JesIy, €C/ii XOTHTe, dhop-
MUPOBAJIA CTUJIb MBIIIIEHUS.

Kak Bemymuit crienua/ncT 1Mo ynopsiiodeHHbIM rpymnam Basepuit Mat-
BEEBUY T10/IJIEPKUBAJT U TIOJJIEPYKUBAET TECHbIE HAYIHbIE KOHTAKTHI CO BCEMMU
[IKOJIAMH, TaK WJIM UHAYE CBAZAHHBIMU C YIOPSAJIOUCHUSAME aareOpaniecKux
cucreM. J[ocTaTovHO BCIIOMHUTD O TJIOJ0OTBOPHOM COTPYIHUYECTBE ¢ OoJirap-
CKUMH ¥ YE€XOCJIOBAIIKIMH MaTeMaTnkaMu B 70-80-e¢ ToJbl IIPOIIJIOro BeKa.
[Ipounble KOHTAKTHI CBA3BIBAIOT Basepusa MaTBeeBuda u ¢ TOMCKOI TITKOJIOM
“yropsioueHHUKOB”. MHOTO/IETHEE COTPYTHUYIECTBO, Oepyliee cBOe HAYAJIO
co Bpemen Ay VMpanosuua KokopuHa U IPOJOJIZKUBIIEECST B COTPYIHUYE-
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crBe ¢ B. B. BaynosbiM, casbeiBaer B. M. KonbiToBa ¢ MPKYTCKO# IITKOJIOM
“yIOpsAI0UEHHUKOB .

JlobpozkeaTeIbHOCTb, OCTPBII YM U MOTpsicalollee 1yBCTBO I0Mopa Ba-
Jepusg MarBeeBn4a HaBCerjia OCTAIOTCS C TeMHU, KOMY IOCYACTIUBUJIOCH C
HuM obmarbes. U ceromas Basiepuit MaTBeeBud 110JI0H CHJI U TBOPYECKO#
snepruu. zZKejaem eMy JIOJTUX JIET XKU3HU U KOHTUHYYM HOBBIX TBOPYECKUX
y/Ja4d 1 CBeplIeHU.

Crmicok auTepaTyphl
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75th anniversary of Professor V.M. Kopytov

On September 26, 2016 there was the 75th anniversary of remarkable
person and outstanding scientist Valery Matveevich Kopytov. Valery
Matveevich was born in Sverdlovsk. After graduating a high-school he
entered the Faculty of Mechanics and Mathematics of the Ural State
University. It was there that he met Ali Ivanovich Kokorin. This
acquaintance caused Valery Matveevich’s interest to ordered groups and
problems allied to them.

Very important and interesting problems in group theory are problems
on completion (in the sense of extraction of the roots). One of the first results
of V. Kopytov is the theorem on embeddability with an extension of order
of any orderable group to an orderable full-center group [1]. This theorem
showed large scientific potential of Valery Matveevich. Now this theorem is
considered to be classical in ordered group theory. As L. Fuks said, the result
of V.M. Kopytov showed an outstanding role of the center of an orderable
group. Later on, one of the Kopytov’s disciples S. A. Gurchenkov generalized
this theorem to the case of locally nilpotent invariant subgroups.

One of natural problems in ordered group theory is the problem on
number of orders on a group. In [2], M.I. Kargapolov, A.I.Kokorin, and
V.M. Kopytov have found groups having 2 - 2" - n! linear orders. So, they
give the negative answer to the B. Neumann’s conjecture claiming that the
number of linear orders of a group is a power of 2.

In 1965, Valery Matveevich defended his Ph.D.-thesis. After this
he was invited by M.I. Kargapolov to recently opened Institute of
Mathematics (Siberian Branch of the Academy of Sciences of the USSR) and
V. M. Kopytov moved to Academgorodok of Novosibirsk where he lives and
works now. Here he revealed himself as a talented scientist and pedagogue.
One of the first his results in Novosibirsk is concerned to matrix group theory
[3]. Valery Matveevich showed that if a group has a solvable subgroup of finite
index, is torsion free and of finite rank then it admits an exact representation
by matrices over the field of rational numbers Q. Now this theorem is
considered to be classical in group theory. In this work, a description of
nilpotent groups admitting an exact representation by matrices over Q
was also given. At that time V.M. Kopytov got a remarkable disciple Asya
Mikhaylovna Popova. Now Asya Mikhaylovna is a recognized expert in this
area.

V.M. Kopytov’s interest to matrix groups was noticed by Corresponding
Member of the Academy of Sciences of the USSR M. I. Kargapolov. By his
opinion, this interest prevented Kopytov’s study of ordered groups while
“there was too crowdy in matrix groups”. For this reason, Valery Matveevich

13
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went back to the study of ordered groups. Valery Matveevich jointly with
A. 1. Kokorin wrote the book “Linearly ordered groups”. In 1972, this book
was published in the series “Modern mathematics”. This book was almost
immediately published abroad in English. This fact showed that the book
was necessary and important that time. At the same time Valery Matveevich
continued his research of number of linear orders in a group. In [4], he has
shown that if a group admits only finitely many orders that the number of
orders is divisible by 4. Inversely, for any natural n there is a solvable group
admitting 4n linear orders. This theorem is the most essential and complete
result in this area.

In the beginning of 1970s, lattice-ordered groups (¢-groups) began to
attract the attention of mathematicians in the USSR and abroad. These
groups combine structures of both groups and lattices. Mainly due to Valery
Matveevich and his disciples ¢-group theory became a well-developed theory
with its own research technique and types of considered problems. As a
result of his huge work he wrote the book “Lattice-ordered groups” published
in 1984 in the series “Modern algebra”. This book became a manual for
beginners in ordered group theory. It was the first book systematizing
last results in theory of f-group varieties. Let us notice a couple of
V.M. Kopytov’s results concerning to this theory. Firstly, he showed that
a free group in the class of all /-groups admits an exact representation by
piecewise linear ordinal functions on the real line [5]|. Secondly, it was shown
in [6] that there exist covers on the variety of abelian groups such that any
solvable group in such cover is abelian. To get this result V.M. Kopytov
introduced a new model of a collecting process. In 1991, C. Holland and
N. Ya. Medvedev showed using the results in [6] that there are continuum of
covers of abelian /-groups having analogous properties.

High development of theory of lattice ordered group theory followed large
changes in ordered group theory. So, it became necessary to systemize results
obtained for 8-10 years since the last book had been published. In 1994, the
third book of V.M. Kopytov “The theory of lattice ordered groups” in was
published by Kluwer publisher. This was a joint book of Valery Matveevich
and N. Ya.Medvedev. This book contained only half of picked material. In
1996, the monograph of V. M. Kopytov and N. Ya. Medvedev “Right-ordered
groups” was published in the series “Siberian school of algebra and logic”.
This monograph was a good introduction to the right-ordered group theory.
After P. Dehorna showed that braid group is right-orderable the book became
interesting even for algebraists not studying ordered objects. A chapter of
the monograph was devoted to Valery Matveevich’s research of “exotic” semi-
linear orders.
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Talking about Valery Matveevich Kopytov we should mention his
mentoring activity. For many years he was working as a dean in the Physical
and Mathematical School in Novosibirsk and giving lectures in various
subjects. Thus, he formed mathematical way of thinking and contributed
to the creative development of high-school students. So possibly many
graduated students of the Physical and Mathematical School can refer
to him as their first Teacher. Talking about V.M. Kopytov’s disciples we
should mention his favorite disciple and close friend Nikolay Yakovlevich
Medvedev. He started working with Kopytov being a second-year higher
education student and finally became a co-author of a lot of Kopytov's
papers and books. That is because of their effort the term “/-group”
became well-known to “Altai’s science”. The first fifteen-twenty years after
N. Ya. Medvedev moved to Barnaul, V. M. Kopytov kept visiting Altai State
University and gave lectures (three classes per day) for students choosing
algebra as their major. Thus, students had an opportunity to communicate
with a well-known scientist. These regular meetings in Barnaul not only
provided a professional development of beginners in algebra but also formed
professional way of thinking.

As aleading expert in the area of ordered groups Valery Matveevich keeps
in touch with all science schools allied to ordered algebraic systems. Here we
can mention his productive collaboration with Bulgarian and Czechoslovak
mathematicians in 70-80th years of the last century. Valery Matveevich
also keeps in touch with the Tomsk science school on ordered groups. For
many years Kopytov has been collaborating with the Irkutsk science school.
This collaboration started with joint work with Ali Ivanovich Kokorin and
continued by a collaboration with V. V. Bludov.

Valery Matveevich’s kindness, keen mind and brilliant sense of humour
are memorized forever by everybody who has had a chance to talk with him.
Today, Valery Matveevich is full of strength and creative power. We wish
him many long years of life and a continuum of new creative ideas.
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K 70-netuto mpodeccopa A. I IIumyca

3 nexabps 2016 r. ucnosiamiock 70 jiet mpodeccopy Kadeapbl aaredps
U MaTeMaTu4deckoil JJoruku HoBocubupcKoro rocy1apCcTBEHHOIO TEXHUYECKO-
IO YHUBEPCUTETA, JIOKTOPY (PU3UKO-MATEMaTHICCKUX HAYK, IIpodeccopy, mo-
gerHoMy paborauKY Boicteit [TIkossr Poccuiickoit @emepanun Aekcanapy
l'eopruesnuy Ilumnycy.

Anekcanap leopruesnu Ilunyc poamics 3 mekabpst 1946 roga B cembe
yuenbrx-reosioroB B HoBocubupcke. CriocoOHOCTH K TOYHBIM HayKaM Y HETrO
NPOSABUJINCH CO IIKOJbHOW CKaMbU HA MaTeMaTUIecKuxX oJjmmiuajgax. [lo
OKOHYAHNN cpeHei mkoJbl B 1964 romy Asekcamap ['eoprueBud mocTymm
Ha MeXaHWKO-MaTeMmaTudeckuil dakyabrer HoBocumOupckoro rocymapcTBen-
HOTO YHUBEPCHUTETA, 10 OKOHYAHUU KOTOPOTO ObLI PEKOMEHJIOBAH B ACIIH-
panrypy npu HI'Y. Acnupanrckuii mepuoj Ha Kadeape aareOpbl U mare-
MmaTudeckoir jioruku HI'Y ¢ 1969 mo 1972 rona o3HaMeHOBAJICA 3aIllATOMN
KaHIMaTCKOM mauccepramnuu 1o teMe ‘Hesnemenrtapuble cBolicTBa JIMHE-
HO yHOPSAJO0YEHHBIX MHOXKECTB IO, PYKOBOJCTBOM UJIeHA-KOPPECIIOHIEHTA
Axagemun nayk CCCP O.JI. Epmosa. B 1970-ste rogsr A. T [lunyc mpo-
JIOJIZKAeT MCCJIEIOBAHUS BOIPOCOB 3aTPOHYTHIX B €r0 JUCCEPTAIUU: BOIIPO-
COB BJIOYKUMOCTHU JIMHEHHBIX TIOPSIJIKOB, & TaKKe TEOPETUKO-MOJIETbHBIX BO-
IIPOCOB U BOIIPOCOB PA3PEIINMOCTU TEOPUil B UCIUCIEHUAX ¢ 000OIIEHHBIMEI
KBaHTOPAM.

B 1980-e rojer mayunsie unrepeckl A. I Iluryca cmematorcs B ¢TOpo-
HYy YHUBEPCAJIbHOI aareopsr. VM jreTaabHo MccieIyIoTcs BOIPOChI CTPOCHUS
CKeJIETOB BJIOYKUMOCTH U SMUMOP(MHOCTU KOHI'PYIHII-IUCTPUOYTUBHBIX MHO-
roobpa3suii ajredp u paspadaTbiBaeTcs KJacCuUKaIdg MOJI00HBIX MHOI'O-
obpa3uii Ha OCHOBE CTPOEHUS WX CUYCTHBIX CKEJIETOB. DTHU PE3YJIbTATHI CO-
CTaBUJIM COJIEPYKAHUE €ro JIOKTOPCKOi Jnccepranun “CKeeTbl KOHIPYIHII-
JIUCTPUOYTUBHBIX MHOIOOOpa3uil yHUBEPCAJIBHBIX aJiredp’; 3aIuieHHOl UM
B 1992 ropuy.

C 1972 mo 1992 rox Anekcangap [eopruesunt paboraer B JOJIZKHOCTSIX
ACCUCTEHTa, CTapIIero IperojaBaTess, JTOleHTa Ha Kade/pe WHKEHepHOI
maremarukn Hoocubupcekoro ssekrporexundeckoro nucruryra (HOTI). B
1992 roxy H9TU 6611 npeodbpazosan B HoBocubupckuii rocymapcTBenHblit
texunveckuii yuusepcurer u A. T Ilunycom, 1o npejjiokeHuio pekropara,
Obli1a opraHn3oBaHa Kadejpa ajaredpbl U MaTeMaTUIeCKON JIOTUKU, €JIiH-
CTBEHHA 110/I00Has Kadeapa B TeXHndecKux By3ax Poccun. PykoBoau aToii
kadeapoit A. I". [Tuayc g0 2007 roga, Korja oH meperre Ha paboTy mpodec-
COpPOM 3TOil 2Ke Kade/Iphl.
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[IpenmomaBarenbekyto gestenbHOoCTh Ha Kademape A. T I[lunyc ycmemtmo
coveTaeT ¢ MPOJIOJIKEHNEM CBOUX HaydHbIX ucciegoBanuii. B 1990-bie ropr
UM pa3paboTaHa TeOpHs TaK HA3BIBAEMBIX YCJIOBHBIX TEPMOB, HAllleIIas B
JIaJbHERIIIEM caMble Pa3Hble TPUMEHEHUS B aJIreOPO-JIONMIeCKUX UCCIIeI0Ba-
HUSIX, B TOM YUCJI€, B [IOCJIE/IHEE BPEMsI, B BOIIpOcax Kjaccudukarun QyHK-
[IMOHAJBHBIX KJIOHOB. BosbImnoit mukit pador A. I [lunyca cBsazan ¢ ucciero-
BaHUEM IIPOM3BOJHBIX CTPYKTYDP YHUBEPCAJIBHBIX aJredp: Kiaaccudukarmeit
CBOOO/IHBIX a/Iredp MHOT000pa3uii 1o 3JIeMEeHTaPHBIM TEOPHUAM UX ITPOU3BO/I-
HBIX CTPYKTYD (pemeToK mojaaredbp, KOHIPYSHIU, TPyl aBToMOPMU3MOB
U T.11.), B 9aCTHOCTH, perrerne npobsemsl . I'periiepa 06 ss1eMeHTapHOM 9K-
BUBAJIEHTHOCTH PEIIeTOK Pa3bMeHni MHOYKECTB; Pe3yJIbTAThI O B3aMMOCBSI-
31 YHUBEPCAJIBHBIX aareOp ¢ UIeHTHIHBIMI TPOU3BOTHBIMEI CTPYKTYPAMI; O
CBSI3U MIPOU3BOJIHBIX CTPYKTYP aareOp ¢ HeABHBIMU U aOCTPAKTHBIME (PYHK-
[USIMU Ha ajIredpax; pe3yibTarsbl O (DOPMYILHBIX MTOaare0pax, KOHIPYIHIIH-
gax, aproMopdu3max. [IpeanokeHbl HOBbIE TOIXOAbI K U3YYEeHUIO (POPMYITh-
HBIX ITO/IMHOXKECTB YHUBEPCAJIBHBIX aJredp KaK aHaJIOTOB aaredpamdecKux
MHOXKECTB B PaMKaX HJiell ajaredpandeckoil TeOMeTpUH YHUBEPCATbHBIX aJl-
reop.

ITepy A.T.Ilunyca mnpunamiexkur 6osee 200 HaydHBIX craTeil u
mecTb MoHorpaduit: “KoHIpySHI-MOIY/IsipHbIE MHOI000Opas3us ajredp’,
“Constructions of Boolean Algebras”, “Boolean Constructions in Universal
Algebra”; “YcmoBHbIe TEPMBI 1 UX TIPUMEHEHUE B ajrebpe U TeOPUN BBITHCITE-
unii”, “I[IponsBojiHble CTPYKTYPBI yHUBEPCAJIBLHBIX aJredbp”, “DemeHTapHas u
O/IM3KME K Hell JIOTUYeCKUe SKBUBAJICHTHOCTH KJIACCUUECKUX U YHUBEPCAIb-
HBIX asrebp” (mocsennsist copmectro ¢ E. U. Bynunoit n A. B. Muxasesbim).

A.T.Ilunycom nammcanbl u OIyOJUKOBAHBI IIEPBbIE HA PYCCKOM SI3bI-
Ke yueOHUK U 3aJIa9HUK 110 YHUBEpcaJbHON asrebpe: “OCHOBBI yHUBED-
caJIbHON aJyirebpbl’ u “3ajladn U yIpaKHEHUs 110 YHUBEPCAJIbHOIN asred-
pe”. Tlox ero pyKoBOACTBOM OBLIN 3aIUINEHB KAHIUIATCKAE TUCCEPTAIII
. JI. Mopaeunosa u C. B. 2Kypkosa. Anekcanap [eopruesud 06bL1 pyKOBO-
JIUTEJIEM TIEJIOT0 PsJia uccaeaoBaTeIbcKuxX rpantoB POPU nu MunobpHayku
P®. On akrtuBHO corpyaundaer ¢ aiarebpancramu Mocksbl, EkaTrepunbypra,
WpkyTcka u apyrux poccuiickux ajaredOpantdeckux IeHTpoB. /JoBosbHO min-
poka reorpadusi ero MexKIyHapogHoro corpymaundectna: 'epmanus, [lob-
ma, Yexus, CIITA, Cepbust, FOAP u 1. 1.

Ocoboro BHUMaHWS 3aC/Iy’KHBAeT OPTraHM30BAHHAS 10 €r0 WHUIHATHU-
Be (u mposesennast B 2017 roxy yxke B 12-it pa3) Mexpynapojinas Hayd-
Hag KoHbepennus Ha 6aze HI'TY “Opuarosn” (Fopusiit Aurrait) “Tlorpanmd-
HbIE BOIIPOCHI YHUBEPCAJILHON aJredpbl U Teopuu Mojeseir”. 3a OoIbIIoi



K 70-neruto npocpeccopa A. 1. Ilunyca 19

BKJIaJ1 B HayKy u obpazoanue A. [ ITunyc B 1995 romy 6611 n30paH IeHOM-
KOPPECIIOHIeHTOM MeK TyHapo/iHoi akaleMuu HayK BbICIieil MKoJIb.
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70th anniversary of Professor A. G. Pinus

Professor of the chair of Algebra and Mathematical Logic of Novosibirsk
State Technical University, Doctor of Physical and Mathematical Sciences,
Honored Worker of Higher School of Russian Federation Alexander
Georgievich Pinus had the 70th anniversary on December 3, 2016.

Alexander Georgievich Pinus was born in the family of scientists-
geologists in Novosibirsk on December 3, 1946. His ability in exact sciences
became apparent in the school time when he participated mathematical
competitions. Graduating high school in 1964 Alexander Georgievich entered
at the Faculty of Mechanics and Mathematics of the Novosibirsk State
University. After that he was recommended for the graduate school at
NSU. In 1969-1972 A.G.Pinus completed his Graduate program at the
department of Algebra and Mathematical Logic of NSU and defended his
Ph.D. thesis entitled “Non-elementary properties of linearly ordered sets”
under supervision of Corresponding Member of the the USSR Academy
Sciences Yu. L. Ershov. In the 1970s, A.G.Pinus continued a research of
problems allied to ones in his thesis. These are problems of embeddability
of linear orders, as well as model-theoretical problems and problems of
solvability of theories in calculi with generalized quantifiers.

In the 1980s, A.G.Pinus started research in the area of Universal
Algebra. He investigated in detail the structure of the skeletons of
embeddability and epimorphisms in congruence-distributive varieties of
algebras and developed a classification on related varieties on the based on
the structures of their countable skeletons. These results formed his doctoral
thesis “Skeletons of congruence-distributive varieties of universal algebras”
defended in 1992.

Since 1972 till 1992, Alexander Georgievich worked in the positions
of Assistant, Senior Lecturer, Associate Professor at the department of
Engineering Mathematics of Novosibirsk Electrotechnical Institute. In 1992,
this institute was transformed into Novosibirsk State Technical University
and the administration of it suggested to A.G.Pinus to organize the
department of Algebra and Mathematical Logic. This was the first such
department in technical universities of Russia. A. G. Pinus accepted the offer
and was a head of this department until 2007, when he went to position of
professor in the same department.

Besides his teaching activities at the department Pinus successfully
continues his scientific research. In the 1990s he developed the theory of
so-called conditional terms. Later on, this theory got various applications in
algebraic-logical research. For instance, lately, it was used in classification
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of functional clons. Large series of papers by A.G.Pinus is allied to
derived structures of universal algebras. Namely, the classify free algebras
of varieties by elementary theories of their derived structures (lattices of
subalgebras, congruences, automorphism groups, etc.) and in particular,
they give a solution of G. Gretzer’s problem on elementary equivalence for
lattices of partitions of sets. He also obtained results on connection among
universal algebras with identical derived structures, on the relation of derived
structures of algebras and implicit and abstract functions on algebras, on
definable subalgebras, congruences, automorphisms. New approaches to the
study of definable subsets of universal algebras as analogues of algebraic sets
in t Algebraic Geometry of universal algebras were introduced.

A. G.Pinus is an author of more than 200 papers and six monographs:
“Congruence-modular varieties of algebras”, “Constructions of Boolean
algebras”, “Boolean constructions in Universal Algebra”, “Conditional
terms and their application in Algebra and Computability Theory”,
“Derived structures of universal algebras”, “Elementary and related logical
equivalences of classical and universal algebras” (the last one is joint with
E.I. Bunina and A. V. Mikhalev).

A. G. Pinus published the first textbook and problem book on universal
algebra in Russian: “Fundamentals of Universal Algebra” and “Tasks
and exercises on the Universal Algebra”. He was a scientific adviser of
Ya. L. Mordvinov and S.V.Zhurkov when they were graduate students and
they both defended their Ph.D. thesis under his mentoring. Alexander G.
was the head of a series of research grant projects of the RFBR and Ministry
of Education and Science of the Russian Federation. He actively collaborates
with algebraists of Moscow, Yekaterinburg, Irkutsk and other Russian
algebraic centers. He also collaborates with scientists of such countries as
Germany, Poland, Czech Republic, USA, Serbia, South Africa, etc.

It is worth mentioning that he suggested to organize an international
scientific conference on the camp of the NSTU “Erlagol” (Mountain Altai)
“Problems allied to Universal Algebra and Model Theory”. This year the
conference was held for the 12th time. In 1995, A. G. Pinus was chosen as
Corresponding Member of the International Academy of Sciences of Higher
School for the great contribution to science and education.
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1 Bseaenne

I'pynma G nasbiBaeTcs m-KeCTKOI, eC/in B Hell CYIIEeCTBYET HOPMAJILHBII
pAan

G=G,>Gy>...>G>Gp =1,

dakroper koroporo G;/G;y1 abesieBbl U, paccMaTpuBaeMble Kak MpaBble
Z|G/G;]-monynu, He UMEIOT MOJYJILHOIO KPyUeHUs . DTOT Psijl, €CJIU OH BO-
obIIe cymecTByer, onpeesdercda rpyimnoit G 0JHO3HAYHO, OH Ha3bIBACTCS
JKECTKHUM PSJIOM TPYIIIBL. BasKHLIME IPUMEPAME YKECTKUX TPYII SIBJISIOT-
ca cBOOOIHBIC paspemuMble rpynnbl. Onpejesenne KECTKOM I'PYIILI IPHU-
najgiexxknt H. C. PomaHoBckoMmy, B ero paborax, a Tak:Ke B COBMECTHBIX C
A.T. MgacuukoBbIM paborax ObLIN HM3y9YeHbl MHOIHE aCIeKThl ajredpande-
cKoii reomerpun Haji X)éctkumu rpynnamu [1]-[6]. ZKecrkas rpynmna G Ha-
3BIBACTCS JETUMOIl, e smeMeHThl baktopa (/G IensaTcs Ha HeHye-
BBIE 9y1eMeHThl Kostblia Z|G /G;| i, npyrumu cioamu, G; /G saBaseTcs
BEKTOPHBIM MTPOCTPAHCTBOM HaJ[ TeJoM 4acTHbIX Q(G/G;) 9Toro KoJblia.
Hakomnern, »kecrkas rpynna (G Ha3bIBAE€TCA PACHICILISEMOi, eC/Iu OHa pacla-
JaeTcs B IOCJIEI0BATE/ILHOE IIOJIyIpaMoe npousseaenne A A, ... A, abee-
Boix rpyun A; = G;/Gyyq, tae A; nopmammsyer A; upu ¢ < j. Paciuenisie-
Magd JIerMasl KEeCTKas TPYIIIA OIIPEIEISCTCsS OQHO3ZHATHO MOITHOCTSIME (¥

*Pabora BeinosHeHa npu dunancosoit moauepkke PO, npoekr 15-01-01485.
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6a3 COOTBETCTBYIOIINX BEKTOPHBIX IMPOCTPAHCTB A;, oHa obo3HadaeTcs de-
pe3 M(ay, ..., ay). Onpenenenns moxuo HaiiTu B [2]. Ha camom neste mobast
JIeJIIMast JKeCTKag TPYIIa ABJIAETCs PACIIenigeMoi [3].

B [4] 6butn onmcanbl KOOPAMHATHBIE TPYIIIBI HEIIPUBOAUMBIX ajrebpa-
YECKMX MHOYXKECTB B ap(PUHHOM IIPOCTPAHCTBE HAJL JEJTMMON KECTKOW TPYII-
0¥, TOYHee CIenuaaIbHBIX HEIPUBOIUMBIX ajredpamdecKnx MHOXKecTB. [lo
CYyTH OIHUCAHUE KOOPJMHATHBIX I'PYIIT PABHOCUIBLHO OIMUCAHHUIO CAMHUX ITHX
MHO)KeCTB. HarmoMunM, 9T0 B ajaredpandeckoil reoMeTpun HaJl HETEpOBOH 110
ypaBHeHUsAM rpytnoi GG Torosorust 3apucckoro Ha ad@UHHOM TPOCTPAH-
crBe G HETEPOBA U MO3TOMY BCSIKOE 3aMKHYTOE MHOYKECTBO SIBJISIETCS 00b-
eJINHEHNEM KOHETHOT'O YUC/Ia HEITPUBOINMBIX are0pandecKux MHOYKECTB, HO
COBCEM He 00sg3aTebHO OHO camo OyjeT anredpamdeckum. [lostomy B TOM
cjIydae, KOTJIa €CTh OIMCAHUE HEIMPUBOIUMBIX AJreOpandecKux MHOXKECTB,
BO3HUKAET 3aJiava MOHATH, MPU KAKUX YCJIOBUAX O0bLEIUHEHUE KOHETHOI'O
YHCJIa HEIPUBOJIMMBIX ajredpamdecKux MHOXKECTB OyJ/ieT CHOBa asrebpau-
YeCKHM MHOYKECTBOM. B 91oii ¢Bst3u ormerum pabotel [7] u [8]. B mepsoit
U3 HUX OIMCAHBI HEIPUBOIMMbIE ajredpanmiecKiue MHOXKECTBa B CBOOOIHOIM
2-CTYIIEHHO Pa3peruMoii IPyIe U CIJIETeHUN JBYX CBOOOJHBIX abeIeBbIX
IPYII, TO €CTh B COOTBETCTBYIOIMEM ahMUHHOM TPOCTPAHCTBE pPa3MEPHO-
ctu 1, a BO BTOpOil — HallJIeHbI YCJIOBUS, KOIja OObEJIMHEHUE KOHEYHOTO
qHrCIa TaKUX MHOXKECTB Oyier aJjireOpamdecKkuM. B jranHoil pabore 1107100~
Has 3a/1a7a PerraeTcs JId JeJIMMON 2-2KeCTKOW TPYIIIBI: BBIICHIIETCS, KOTIa
00beIMHEHNE HEITPUBOINMBIX CIICIIHAIBHBIX aredpandecKiuX MHOXKECTB U3
caMoil rpynmbl Oyjer anredbpanmdeckuM. Tak 4T0 HaM yJIAJI0Ch pa3odbpaTbes
TOJIBKO C 2-CTYIEHHO Pa3peIIMMbIM CIydaeM M Pa3MepHOCThIO 1, a 3ajada
JIJIs ODITEro CjIydas OCTaETCs HEPEIEHHON.

2 O6mue cBegeHuss 00 ajireOpamdeckoii reo-
MEeTPHUU HAJI I'PYyIIIaMuI

Hns mamaoit rpynmbl G obozHaduM depe3 F cBoOOJIHOE TpPOM3BE/IE-

ure rpynnbl G u cBOGOmHON Trpynmbl ¢ 6asoit {xq,...,%,}. MHOKecTBO
S C G" pemenuit HeKoTOpOit cucrembl ypasuenuii {v;(z) = 1 | i € I}
or © = (Z1,...,%,), JEBble YACTU KOTODPBIX SIBJISIIOTCS SJ€MEHTAMH W3

F', nasweiBaercst aarebpamdeckuM moaMHOKecTBoM B G". Obo3HadmM depes
I(S) = {v(x) € F|v(s) =1, s € S} aunynarop Hemycroro ajrebpamde-
CKOI0 MHOXKeCTBa S ¥ HA30BeM KOODJMHATHON Ipymmoil S ¢akTop-rpyIiry
['(S) = F/I(S). OueBnano, uro G BKJIaJIBIBACTCA B 9TY (DAKTOP-TPYIIY U
['(S), kak G-rpyiia, OPOXKIAETCA 00PA3aME JIEMEHTOB T1, . . . , Ly,.
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['pynmy F' MOXKHO HOHMMATh KakK PYHILY ypaBHEHUII OT & ¢ Ko3dhuim-
eatamu u3 (G. Boobie-To, Mbl Ha30BeM TPYyIIOi ypaBHeHuit Hajt G 00yT0
rpyuiy D, KoTopast HOpOXKIaeTcs CBOe MoArpynnoit G 1 MHOYKECTBOM 3J1e-
MeHTOB {Z1,...,%,}, €CIM OHA YJOBJIETBOPSIET YCIOBHUIO: BCSIKOE OTOOparKe-
e © — (g1,...,09,) € G" onpenensier G-stmmopdusm D — G. TonsaTHo,
gro D npezcrapisierca B Buze daxkrop-rpynusl F/H. Cpenn takux D cy-
[IECTBYET I'pyTiia ¢ MakcuMaabibiM H | pasabiv [(G™), aro rpynma I'(G™).

[Iycts S — anrebpandeckoe nogamuozkecTBo 3 G". Ecju Bbilie B orpeie-
JieHnw rpynnbl D paccMaTpuBaTh TOJIBKO 0TOOpaKeHuss T — (g1,...,Gn) €
S, To MBI TIOJIydaeM OoJjiee obImee olpeje/ieHre IPynbl ypaBHeHuit Ham G
npu yciopun x € S. Takas rpynmna HakpeiBaer ['(S).

OTrmeTnM, UTO IepecedeHme JIIOOOTO ceMeicTBa aaredpamdecKux MHO-
»kecTB 13 G" cHOBA Oy/IeT ajaredpandeckKuM MHOYKECTBOM, & BOT 00be IMHEHNE
JIBYX aJIreOpanvdecKnX MHOYKECTB MOXKET He OBbITh aJiredpanvdecKiM.

Ha muoxkectBe G™ otpeie/isieTcst TOMOIOT NS 3aPUCCKOTO: HY2KHO B3STh B
KavecTBe Mpe0a3bl CeMeNCTBA 3aMKHYTHIX MHOYKECTB aJIreOpanvdecKue MHO-
JKecTBa. HartoMHMM, 9TO TOTIOJIOTUs HA3BIBAETCS HETEPOBOM, €CIn He CyIIe-
CTBYeT OECKOHEUYHBIX YOBIBAIONIUX IEIM0YEK 3aMKHYTBIX MHOXKECTB. B 3ToM
cJIydae BCIKOE 3aMKHYTOE MHOXKECTBO €JIMHCTBEHHBIM 00Pa30M IIPeICTaBIs-
eTcs B BUJIE HECOKPATUMOT'O O0'bEIMHEHUS] KOHETHOI'O YUC/I1a HEITPUBOIUMBIX
3aMKHYTBIX MHOYKecTB. HeTrepoBocTh Tomosiorun 3apucckoro Ha apGuHHBIX
npoctpancTBax G paBHOCH/IbHA HETEPOBOCTU TPYIIbl (G IO ypaBHEHUSIM.
[Tocnennee osnadaer, 9TO I JIIOOOIO 7 BCAKAasg CHUCTEMa YpPaBHEHHIl OT
x1,...,T, H rpymnnoit G 9KBUBaJIEHTHA HEKOTOPOH CBOEl KOHEYHOM IO/
cucreme. B [5] 6bu1 0Ka3aH NpUHIUNUAILHBIA pe3y/IbTaT: JII0bast KECTKAs
rpyiia HETEPOBa 0 YPaBHEHUSIM.

3 Hemumasi »kectkasi rpynma M (aq,as), cre-
IMaJbHbIC IIepeMeHHbIe U ajiredopamdeckKue
MHOYKECTBa,

[TockoJIbKY MBI paccMaTpUBAEM TOJIBKO 2-CTYIIEHHO PaspennMblii ¢ty daii
U Pa3MEpHOCTH 1, PaJy IPOCTOTHI IIPUBEIEM HEOOXOAUMBIE OLPEIC/ICHIS U3
[4] TosibKO IS HEX.

0
T 1)’
rae A = M(«y) usomopdra npsaMoii cymme < KOMuii ajInTUBHON IpyTi-
bl panuoHaabubix unces Q, T — mpaBoe BEKTOPHOE IIPOCTPAHCTBO ¢ Oa-
zoit {ty | k € K}, mommoctu «p HaJ mojeM dacTHbX (Q(A) rpymmoBoro

Ipynma G = M(ay, g) TIPEJICTABIISIETCST KAK TPYIIIA MATPHIL
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KoJsibIla ZA. Dra rpymma paciiemsiercss: G = A1 Ay, e A; = 0 1 n30-

Mopdua A, Ay = (7{ [1)) uzomMopdHa aJIUTUBHOMN TpyIIIe IpocTpancTsa 1 .
JIoboe apyroe pacmensenne rpynnbl G B HOIYIPSMOE IPOU3BEICHUE IBYX
abenebix noarpymn umeer sug AjAY, g € G. Badukcupyem gamnnoe pac-
mierienne. B HalmeM caydae uMeeT CMBIC PacCMOTPETh JBe CIEeIUaIbHBIX
[EPEMEHHBIX X,y C YCJOBUEM: T IPUHUMaeT 3HadeHune B Aq, a y npuHuMaer
sHavenne B Ay. OOBIUHYIO IIEPEMEHHYIO MOXKHO IIPEJICTaBUTh B BUJIE LY, OHA
MOZKeT IIPUHUMATD JII0Oble 3HadeHus u3 G.

I'pynna ypasuenuit G, OT CHEIHAJbHBIX II€PEMCHHBIX OIIPEIEIACTCS
caenyromum obpazom. Cravasa 6epérest abeseBa rpymma A, = A X (x) —
npsiMoe TipousBesierne A u cBoboHOM abestesoil rpymmbl (). Pacemorpum
npaBbiit ZA,-monynb T Rz ZA,, n ycTh

Txy =T ®za ZAx +y- ZAx
— npsmag cymma 1T’ Qg4 ZA, n npaBoro cBobogHoro ZA,-momayis ¢ 6azoi

Ag
T.

ry

{y}. llonaraem G,y =

1), IIpKx 3TOM JIEMCHT I OTOXKJICCTBJIAEM C

xz 0 0
0 1 1
nopoxkJiaercs cpoeit nmoirpymnmnoit G u muoxkecrsom {z,y}. Perenus creru-
aJIbHBIX YpaBHEHHUil cojepkarcsa B MHOKecTBe A; X As. Tak Kak KasKIblii
QJIEMEHT I'DYIIIIbI G IpeacTaB/IdeTCda B BUAE IIPOU3BEIACHUA SJIEMEHTOB U3
Ay m Ay, MHOXKECTBO A1 X Ay MOXKHO (hbopMaIbHO 0TOXKAeCTBUTEH ¢ (G. Uepes
crernyabHble yPaBHEHNsST MOXKHO OIPEJIEUTD CIIeInaIbHbIe ajaredpandecKue
MHOKECTBa, M BCe JPYrue HOHATHSA aJIredpandecKoil reoMeTpun.

Ucnosb3yst pe3ynbraThl TeOpeMbl 3 u3 [4], mosrydaeM, 9TO CHEIUaIbHbI-

MU HEIPUBOIUMBIMU AJIreOpanviecKuMu MHOXKecTBaMu B rpyiire G OyyT B
TOYHOCTH CJICAYIOIINE:

MaTpUIEi , & 3JIEMEHT Yy — C MaTpuuei . [lonarno, aro Gy

1) Bea rpymmna G

a 0 .
2) OJIHOZJIEMEHTHOE MHOXKECTBO ¢ 1) ( 33/1aBaeMoe CHCTeMOl ypas-

HeHU = = a,y = T;
a 0
3) MHOXKECTBO BHJIA T 1) 3AAABACMOC ypaBHCHICM & = d;
4) MHOX)KeCTBO, 3aTaBaeMoe cucteMoil ypasuenuit {f(z,y) = 0, rme

f(z,y) € T,, cocraBisgioT COOCTBEHHBIIl M30JMPOBAHHBII II0OJIMOILYIIb
Haj ZA, B T, nepecekatomuiica ¢ T' ®z4 ZA, 10 HyJIIO.
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TGOI)EMa. C’neuua./tbﬁumu CLJL2€6pCLU"‘t€C?€UMU MHOAHCECTNBAMU 6 2PpYnne

T 1
mumoie) 065e0UHENUA CIEUUANDHBIT HENPUSOOUMDIT AA2EOPAUNECKUT MHO-
glcecms:

G = M(ag,a0) = (A O> o6ydym 6 mounocmu caedyrougue (Hecokpa-

1) sca epynna G;

2) obsedunenue Konewnozo wucaa mHoxcecms euda (2) u (3):

a; O a, 0 Ams+1 0O a, O
L ) D (e ) on (3 0):

20€ A1, ..., Ay Qaty - - Gp — pasaudHvle daemenmor u3 A, e; € T.
Bosmooicho, 6 obsedunenuu omcymemeyom muoocecmea euda (2)
uau (3).

3) Obsedunenue 0dnozo mmoocecmea suda (4) u xoneurnozo wucaa pas-
AUMHOLT mHooicecms suda (3). Boamooicno, 6 obsedunernuu omeym-
cmeylom muootcecmea 6uda (3).

Crmcok anTepaTryphl

[1] A.Myasnikov, N. Romanovskiy, Krull dimension of solvable groups, J.
Algebra, 324, 10 (2010), 2814-2831.

[2] H.C.Pomanosckuii, Tenmmble skecrkue rpymibl, Asirebpa u joruka, 47,

6 (2008), 762-776.

[3] A.T.Mscuukos, H.C. Pomanosckuii, Jlorudeckne acriekTbl TE€OpUH Jie-
muMbIx kéctkux rpymn, JTAH (maremaruka), 459, 2 (2014), 154-155.

[4] H.C.Pomanosckuii, HenpusoaumMbie ajrebpandeckue MHOKECTBA HaJ
JIeJIUMBIME KECTKUME Tpynnamu, Ajrebpa u Joruka, 48, 6 (2009), 793—
818.

[5] H.C.Pomanosckuii, HerepoBocTh 110 ypaBHEHUSM KECTKUX Pa3peru-
MBIX TpyI, Anrebpa u joruka, 48, 2 (2009), 258-279.

[6] H.C.Pomanosckuit, Konponsseenus xkéctkux rpymi, Asirebpa i Jioru-
Ka, 49, 6 (2010), 803-818.

[7] B.H.Pemecnennuxos, H. C. Pomanosckuit, Hermpusogumbie anrebpantie-
CKHe MHOZKeCTBa B MeTabesieBoii rpyte, Asrebpa u joruka, 44, 5 (2005),

601-621.



Autrebpandeckne MHOXKECTBA B JICJTUMOM 2-3KeCTKOH rpyIiie 27

[8] H.C.Pomanosckuii, Anrebpandeckie MHOXKeCTBa B MeTabesIeBOi IpyTi-
ne, Anrebpa u Jsoruka, 46, 4 (2007), 503-513.



NON-ASSOCIATING GRAPH OF A
FINITE MOUFANG LOOP AND ITS
RELATIONSHIP WITH THE
NON-COMMUTING GRAPH

K. Ahmadidelir

Department of Mathematics, Tabriz Branch,
Islamic Azad University, Tabriz, Iran

e-mail: kdelir@gmail.com, k ahmadi®@iaut.ac.ir

1 Introduction

A set ) with one binary operation is a quasigroup if the equation zy = z
has a unique solution in () whenever two of the three elements x,y,z € )
are specified. A quasigroup with a neutral element 1 satisfying 1z = 21 =z
for every x is called a loop. A Moufang loop is a loop in which any of the
(equivalent) Moufang identities ((xy)x)z = x(y(x2)), z(y(zy)) = ((zy)2)y,
(2y)(22) = 2((y2)2), (2y)(22) = (a(y2)) holds.

Moufang loops appear naturally in algebra (as the multiplicative loop of
octonions), and in projective geometry (Moufang planes), and hence they
have been studied more than any other class of loops. Although Moufang
loops are generally non-associative, they preserve many known and desirable
properties of groups. For instance, every x has a two-sided inverse 2! such
that zz7! = 7'z = 1, any two elements generate a subgroup (known
as diassociativity property); in finite Moufang loops, order of an element
divides order of the loop, and it has been shown recently that order of a
subloop divides order of the loop; every finite Moufang loop of odd order
is solvable. Also, there are analogous forms of Sylow and Hall theorems for
finite Moufang loops. For more details one can see [4, 13, 16, 17, 26].

Besides these, we haven’t got access to many fundamental tools in
Moufang loop theory which are available in group theory. Because of the
loss of associativity, presentations are very complicated and hard to calculate
and in the common sense, permutation representations are impossible.

Let @ be a loop with neutral element 1. We define Vx,y € @), commutator
of x and y by [z,y], where xy = (yz) - [z,y] and associator of x,y and z

28
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by [z,y, z], where (zy)z = z(yz) - [z,y,z]. Commutant of a subset S of @
is defined by {z € @ | zs = sz,Vs € S}. In particular, commutant (or
Moufang center or centrum) of @ is defined by {x € Q | xy = yx,Vy € Q}
and is denoted by C(Q). Center of @ is defined by {x € @ | [z,y] =
[z,y,2] = |y, x, z] = 1} and is denoted by Z(Q). Nucleus of @) is denoted by
N(Q) and is the subset {z € Q | z(y2) = (zy)z, y(zz) = (yz)z, y(zz) =
(yz)z, Yy, z € Q}. A non-empty subset P of @ is called a subloop of @ if P
is itself a loop under the binary operation of (); in particular if this operation
is associative on P, then it is called a subgroup of ). A subloop N < (@ is
called normal in Q if tN = Nz; z(yN) = (xy)N; N(zy) = (Nx)y for every
x,y € Q. A loop L is power-associative loop, if for any = € L, the subloop
generated by x is a group.

Now, Z(Q) = C(Q)NN(Q), and N(Q) and Z(Q) are subgroups of @) but
in general C'(Q)) is not even a subloop. Of course, if () is Moufang then C'(Q)
is a subloop of that (in fact, all of them, i.e. N(Q), Z(Q), and C(Q), are
normal in @ and the normality of C(Q) is a recent highly non-trivial result
by Gagola [12]). Also, we have centralizer of an element (as a commutant
of a singleton Cg(x) = C({z}), although generally it is not a subloop of Q).
But in special cases, such as if x € N(Q), it is a subloop. So, in general
the notion of centralizer is not so suitable and good tool in computations
in loop theory as in group theory. Generally, |Co(z)| 1 |Q| and we have not
the concept of conjugacy class and a theorem like |G : Cq(x)| = |Cl(z)]
in loop theory and even in Moufang loops. Although, as we will see in the
next sections, in some special cases this consideration is an advantage (for
example, if we want to show that an assumed finite Moufang loop is not
associative i.e., it cannot be a group).

Generally, there is an intimate relation between the groups and graphs,
and in many occasions properties of graphs give rise to some properties of
groups and vice versa. One of these graphs that has attracted the attention of
many authors is the non-commuting graph I' ¢ associated with a finite group
G. It has been defined in [21] as follows. The vertex set of ' is G\ Z(G) with
two vertices x and y joined by an edge whenever the commutator of z and y
is not the identity. The non-commuting graph of a non-abelian finite group
has received some attention in existing literature. Recently, many authors
have studied the non-commuting graph associated to a non-abelian group.
They have shown that some classes of groups can be characterized (or at
least order characterized) with non-commuting graphs (for more details, see
[1, 10, 20]). Specially, Woldar has proved that all finite non-abelian simple
groups can be characterized with their non-commuting graphs [30].

In [2], we have introduced a similar concept for loops, specially for
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Moufang loops. So, we have defined the vertex set of this graph as V(I'g) =
Q \ C(G) with two vertices x and y joined by an edge whenever the
commutator of x and y is not an identity. Note that as in groups, a finite
loop @ is commutative if and only if V(I'g) = 0 and so I'g is the null graph.
We have proved in [2] that these graphs are connected with diameter at most
6 and girth 3.

In this paper, we are going to associate a new graph to a finite non-
associative Moufang loop, call it non-associating graph of this loop, and try
to derive its important and interesting graph properties. Then we a going
to determine its relationship with its non-commuting graph. We define this
graph as follows. Let M be a non-associative Moufang loop with nucleus
N(M). The non-associating graph associated to M is a graph with vertex
set M\ N (M) where distinct non-nuclear elements x and y of M are joined
by an edge iff for some z ¢ M we have [z,y, z] # 1. Of course, N(G) = G
for a finite group G and so the set of vertices of the non-associating graph
of G is an empty set and it is a null graph.

Our notation for graphs is standard and one can consult [3] for the
graph concepts that we use here. But for convenience let us introduce some
necessary notation and definitions. For a graph I' we denote the sets of
vertices and edges of I by V(I') and E(I"), respectively, or simply denote it
by I' = (V, E'). The degree deg(g) of a vertex g in a graph I' is the number of
edges incident to g. The neighbors of a vertex g, denoted by N(g), is the set
of vertices adjacent to g. Two graphs I'y and I'y are said to be isomorphic
if there exists a bijective map ¢ : V(I';) — V(I'y) such that x and y are
adjacent in I'; iff o(x) and ¢(y) are adjacent in I'y. If two graphs I'y and I'y
are isomorphic, we denote this by ¢ : I'y = I'y or simply I'y = I's. It is easy
to see that if ¢ : I'y =2 T'y then |V(T'1)| = |V(I'2)| and |E(Iy)| = |E(T9)]. A
graph I' is called k-regular if its vertices are of the same degree k. We consider
simple graphs i.e. undirected graphs with no loops or multiple edges. A path
P is a sequence vpeqvies - - - exv,, whose terms are alternately distinct vertices
and distinct edges, such that for any i, 1 < i < k the ends of ¢; are v;_; and
v;. In this case P is called a path between vy and vy . The number £ is called
the length of P. If vy and v, are adjacent in I" by an edge eg,; then PUe;
is called a cycle. The length of a cycle defines the number of its edges. The
length of the shortest cycle in a graph I' is called girth of I' and is denoted
by girth(I'). A Hamilton cycle of T' is a cycle that contains every vertex of
I'. A graph is called hamiltonian if it has a Hamilton cycle. If v and w are
vertices in I then d(v,w) denotes the length of the shortest path between v
and w. The largest distance between all pairs of the vertices of I is called the
diameter of I" and is denoted by diam(I"). A graph I is connected if there is
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a path between each pair of the vertices of I'. A planar graph is a graph that
can be embedded in the plane so that no two edges intersect geometrically
except at a vertex both of edge are incident to. A graph I' = (V| E), is called
k-partite, k > 1, if it is possible to partition V into k subsets Vi, Vs, ..., Vi
such that every edge of E connects a vertex of V; to a vertex of V; where

i .

2 On the Classification of Moufang loops

To use in the next section, we summerize the spectrum of Moufang loops
here. So, the first natural question is:

For which orders m is there a non-associative Moufang loop?

The following Theorem has been proved by Chein and Rajah in [9] and leads
to an important corollary.

Theorem 1 ([9], Theorem 2.2). Every Moufang loop L of order 2m where
m odd, such that this Moufang loop contains a normal abelian subgroup M
of order m is a group.

Corollary 2 (|9], Corollary 3.1). If a Moufang loop L contains a normal
abelian subgroup M of odd order m, such that L/M is cyclic and if u? €
Z((u*, M)), for some generator uM of L/M, then L is a group.

We should now propose the following question: For which even value n,
every Moufang loop of order n must be a group? The answer is as follows.

Corollary 3 (|9], Corollary 2.3). Every Moufang loop of order 2m is
associative iff every group of order m is abelian.

So, by the corollary above, there is a non-associative Moufang loop of
order 2m iff there is a non-abelian group of order m. Therefore, there is a
non-associative Moufang loop of order 2% iff £ > 3 and for every odd m > 1
there is a non-associative Moufang loop of order 4m. In the case of 2m, where
m is odd, we have the following result (which follows from a result in group
theory (see Lemma 1.8 in [9]): “If m = p{* - - - pp*, where p; < --- < py, are
odd primes then every group of order m is abelian iff oy < 2, (i=1,...,k),
and p?j Z 1 (mod p;), for any i and j.”):

Theorem 4 ([9], Corollary 2.4). Let m > 1 be an odd integer. Then every
Moufang loop of order 2m is associative iff m = p{* - - - pp*, where py < -+ <
pr are odd primes and
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(i) o; <2, foralli=1,... k,

(1t) p; 1 (mod p;), for any i and j,
(111) p? # 1 (mod p;), for any i and j with a; = 2.

Also, for a Moufang loops of odd order, we have:

Theorem 5 ([18], Theorems 1 and 2). Every Moufang loop of order
pegrt - - gt is associative if p < ¢ < -+ < g are odd primes, and if

one of the following conditions holds:
(i) a <3 and a; <2, foralli=1,...k,
(ii)) p>5, a <4, and o; <2, foralli=1,... k.
O

Theorem 6 (|9], Theorem 2.1). Let L is a Moufang loop of order
pip2 -+ PG, with py,pa, ..., pr and q distinct odd primes. If ¢ Z 1 (mod py)
and g Z 1 (mod p;) for each i > 1, | then L is a group.

So, by the theorem above, for any prime p, none of Moufang loops of
order p,p?, p* are non-associative; none of Moufang loops of order p* are
non-associative unless p = 2,3. Moufang loops of order pg, where p and ¢
are distinct primes, are associative. So are Moufang loops of orders pgr, and
p?q, (p, ¢ and r distinct odd primes). By a theorem in [27], a non-associative
Moufang loop of order pg®, where p < ¢ are oddprimes, exists iff ¢ =
1 (mod p). In [15] and 23], Goodaire, May, Raman, Nagy and Vojtéchovsky
classified all non-associative Moufang loops of order 3* = 81 and 64. They
proved that there are 4262 pairwise nonisomorphic non-associative Moufang
loops of order 64, and there are 5 pairwise nonisomorphic non-associative
Moufang loops of order 81, 2 of which are commutative. All 5 of these loops
are isotopes of 2 commutative ones. In [22], Nagy and Valsecchi have shown
that there are precisely 4 non-associative Moufang loops of order p® for every
prime p > 5. Finally, Slattery and Zenisek classified all non-associative
Moufang loops of order 243 in [28|. Therefore, the classification of non-
associative Moufang loops of order p* and p°® is now complete. Of course,
much more is known but in general the problem is open.

Table 1 gives the number of pairwise nonisomorphic non-associative
Moufang loops of order n for every 1 < n < 64 and n = 81,243 for which at
least one non-associative Moufang loop exists.
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Table 1. The number M (n) of non-associative Moufang loops of order n
less than or equal to 64 and n = 81, 243.

n [ 12[16]20 242832 36 |40 42
Min) | T |5 15|17 4 |51
n |44 485254 [56]60] 64 |81 243
M) | 1|51 1] 2|45 |4262] 5 | 72

Table 2 shows the commutant, nucleus, center, centralizer, and nucleizer
sizes of all non-associative Moufang loops of order n up to 64 and order
n = 81. They have been calculated by GAP codes, [14].

Table 2. Commutant, nucleus, center, centralizer, and nucleizer sizes of all
non-associative Moufang loops of order n < 64 and n = 81.

[ M =M(m,n) [TCAOI T INAO[ [ [Z(M)] | [Cp(@)] [ N (@]
M(12,1) 1 1 1 12,8, 3 12,3, 2
M(16,1) 2 2 2 16,12, 4 16,4
M(16,2) 2 2 2 16,4 16,4
M(16,3) 2 2 2 16,4 16,4
M(16,4) 2 2 2 16,12,4 16,4
M(16,5) 2 2 2 16,12, 4 16,4
M(20,1) 1 1 1 20,12,5 20,5, 2
M(24,1) 2 2 2 24,16, 6 24,6,4
M(24,2) 1 1 1 24,16,8,3 24,4,3,2
M(24,3) 2 2 2 24,6,4 24,6,4
M(24,4) 2 2 2 24,16, 6 24,6,4
M(24,5) 2 2 2 24,6,4 24,6,4
M(28,1) 1 1 1 28,16, 7 28,7,2
M(32,n), n =1,10,11, 4 4 4 32,24,8 32,8

19, 23,24, 39 — 41, 60, 70
M(32,n), n = 2,5,16,21, 35,49, 50, 4 4 4 32,8 32,8

52 — 54, 56, 58, 62,65 — 67, 71
M(32,n), n = 3,14, 15,18, 20 2 4 2 32,24, 16, 8 32,8,4
M(32,n), n =4,42 — 48,51, 4 4 4 32,24, 16,8 32,8,4

55,57, 59, 61, 63, 64, 68, 69
M(32,n), n = 6,25,26,29, 30,36 2 4 2 32,24, 16,8 32,24, 16,8
M(32,n), n =7,27,37 2 2 2 32,20, 8 32,20, 8
M(32,n), n=8,31 — 34 2 2 2 32,20,12,8,4 32,20,12, 8,4
M(32,n), n = 9,28,38 2 2 2 32,8,4 32,8,4
M(32,n), n =12,13,17,22 2 4 2 32,8, 4 32,8, 4
M(36,1) 1 1 1 36,24,18,9,6 36,9,6
M (36,2) 1 1 1 36, 20,9 36,9, 2
M (36,3) 1 1 1 36, 20,9 36,9, 2
M (36,4) 3 3 3 36,24,9 36,9,6
M (40,1) 2 2 2 40,24, 10 40,10, 4
M (40, 2) 2 2 2 40,10, 4 40,10, 4
M (40, 3) 1 1 1 40, 24,12, 5,4 40,5,4,2
M (40, 4) 2 2 2 40,24, 10 40,10, 4
M (40, 5) 2 2 2 40,10, 4 40,10, 4
M(42,1) 1 1 1 42,7,3,2 42,7,3,2
M(44,1) 1 1 1 44,24,11 44,11,2
M(48,n), n = 1,17,19,37, 42 4 4 4 48,32,12 48,12, 8
M(48,n), n = 2,51 2 2 2 48, 32,16, 6 48,8,6,4
M(48,n), n = 3,6,27,28,43 2 4 2 48,32,24,16,12,8 | 48,12,8
M(48,n), n = 4,21,22,33 2 6 2 48,32, 24,12 48,12
M(48,7n), n = 5,32, 34 2 6 2 48,24,12,4 48,12
M (48,7n), n = 7,35, 46 2 2 2 48, 28,12 48,12, 4
M(48,n), n = 8,36,45 2 2 2 48,12, 4 48,12, 4
M (48, 9) 1 1 1 48,32, 28,20, 4, 3 48,8,4,3,2
M(48,n), n = 10,50 2 2 2 48,6,4 48,6,4
M(48,n), n = 11,25, 26 2 4 2 48,24,12,8,4 48,12, 8
M(48,n), n = 12,23,24,41,44 2 2 2 48,36,28,20,12,4 | 48,12,4
M(48,n), n = 13,14, 31 6 6 6 48, 36, 12 48,12
M(48,n), n = 15, 16, 48, 49 2 6 2 48,36, 24,12, 4 48,12
M(48,7n), n = 18,20, 38 — 40, 47 4 4 4 48,12,8 48,12, 8
M(48,n), n = 29,30 6 6 6 48,12 48,12
M(52,1) 1 1 1 52,28, 13 52,13, 2
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[M=MMmn) [ [COM[ [ INA)[ [ 1ZAD)[ [ [Cp (=) [ INm ()] ]
M(54, 1) 1 T T 54,27,9, 2 54,9, 6
M (54, 2) 1 3 1 54,27,9,2 54,9,6
M(56,1) 2 2 2 56, 32, 14 56,14, 4
M (56, 2) 2 2 2 56,14, 4 56,14, 4
M (56, 3) 2 2 2 56, 32, 14 56,14, 4
M(56,4) 2 2 2 56,14, 4 56,14, 4
M(60, 1) 1 3 1 60, 36,15,12,6 60, 15,6
M (60, 2) 1 5 1 60, 40, 30, 20, 15, 10,8 | 60, 15,10
M (60, 3) 1 1 1 60,32, 15 60, 15, 2
M (60, 4) 3 3 3 60, 36, 15 60, 15,6
M (60, 5) 5 5 5 60, 40, 15 60, 15, 10
M(81,1) 81 3 3 81 81,9
M(81,2) 81 3 3 81 81,9
M(81,3) 9 3 3 81,27 81,9
M(81,4) 9 3 3 81,27 81,9
M (81, 5) 9 3 3 81,27 81,9

3 Preliminary Results

There is a class of non-associative Moufang loops, first defined by Chein
[7], that is well understood. Let G be a group of order n, and let u be a new
element. Define a multiplication o on GU Gu by go h = gh, go hu = (hg)u,
guoh = (gh™Hu, guo hu = h~'g, where g,h € G. The resulting loop
(G U Gu,0) = M(G,2) is a Moufang loop. It is non-associative iff G is
non-abelian.

Let m(m) be the number of isomorphism types of non-associative
Moufang loops of order at most m and o(m) the number of non-associative
loops of the form M(G,2) of order at most m. Then according to Chein’s
classification [8] 7(31) = 13, o(31) = 8, w(63) = 158, 0(63) = 50.
This displays clearly the plenty of loops of type M(G,2) among Moufang
loops of small order and mainly by this fact they play a distinguished role
in a classification of Moufang loops. It has been proved that M(G,2) is
isomorphic to M(H,2) iff G is isomorphic to H (see, for example, [31]).
Thus, we obtain as many non-associative Moufang loops of order 2n as there
are non-abelian groups of order n.

Let us prove some useful facts about Chein loops.

Lemma 7. In every Moufang loop M = M(G,2), we have Vg,h € G:
(i) guoh = hogu iff h* = 1;
(11) guohu = huo gu iff (g7'h)*> = 1.
Also, if gh = hg then gu o hu = hu o gu iff g*> = h®.
Proof. The proof is clear by the definition of M(G,?2). O

Lemma 8. Let M = M(G,2) be a finite Chein loop. Then the following
assertions hold.
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(i) If h € G and h? # 1 then Cy(h) = Ca(h) (in this case Cy(h) is a
subgroup of M );

(i) If h € G and h? =1 then Cy(h) = Cg(h) U Gu;
(iii) Let I = {t € G | t* = 1}. Then for every g € G, Cy(gu) = I U (gI)u.

Proof. (i) Let h € G and h? # 1. Then by Lemma 7(i) we have hogu # guoh,
Vg € G, and so Cy(h) = Cg(h).
(ii) Let h € G and h? = 1. Then by Lemma 7(i), we get h o gu = guo h,
Vg € G, and so Cy(h) = Ce(h) U Gu.

(iii) Let g be any element in G and I = {t € G | t* = 1}. Then by
Lemma 7(ii) we have:

Cu(gu) ={teG|t*=1}U{zu € Gu| guoxu = ruo gu}
=TU{zu e Gu| (z71g)* =1}

Now, one can easily verify that, {zu € Gu | (z7'¢g)* = 1} = (g)u and so
Cr(gu) =1 U (g])u. O
It follows immediately that:

Corollary 9. Let M = M(G,2) be a finite Chein loop. Then the followin
assertions hold.

(i) If h € G and h* # 1 then |Cy(h)| = |Ca(h)|;
(1) If h € G and h? =1 then |Cy(h)| = |Cq(h)| + |G|;

(i1i) If g € G then |Cy(gu)| = 2t + 2, where t is equal to the number of
involutions in G.

The following lemma is a part of Lemma 9.1 in [11].

Lemma 10. Let G be a non-abelian group and M = M(G,2). Then the
following assertions hold.

(1) N(M) = Z(G);
(ii) C(M) C G. Precisely, C(M) = Z(M) ={x € Z(G) | 2* = 1}.

Proof. (i) Since G is a non-abelian group, there exist elements y,z € G
such that y= 127! # 27y~ and so for any x in G, z-yz~! # - 271y ! or
- yz ' #£ 2.2yl Hence, (x-yz~')u # (z - 27 'y~')u which is equivalent
to zuo (yoz) # (zruoy)oz. This means that GuN N (M) = ). On the other

hand, one can easily show that x € G is in N(M) iff x € Z(G).
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(ii) Since G is non-abelian there is h € G such that h? # 1 and so by
Lemma 7(i) GunN C(M) = 0 and so, C(M) C G. By Lemma 8(i), C(M) =
{z € Z(G) | z* = 1}. So, by part (i) C(M) C {x € Z(Q) | 2* = 1} C
Z(G) = N(M). Now, Z(M)=N(M)NC(M)=C(M). O

Lemma 11. Let G be a non-abelian group and M = M(G,2). Then for any
g,h, k € G the following assertions hold:

(1) lg, b ku] =1 <= g, h] = 1;
(ii) g, hu, ku] = 1 <= [g, k™ h] = 1;
(iii) [gu, hu, ku] = 1 <= gh™'k = kh™g.

Proof. Let g,h and k be arbitrary elements in G. Then by definition of
M = M(G,2) we have:
(i)

[g,h,ku =1 <= go(hoku)=(goh)oku
<= go((kh)u) = (gh) o ku
< (kh)g = k(gh)
<= hg=gh
<~ [¢g,h] =1.

lg,hu,ku] =1 <= go(huoku)= (gohu)oku
<= go(k7'h) = (hg)uo ku
= g(k~'h) = k~!(hg)
<~ [g,k'h] =1.
(iii)
[gu, hu,ku) =1 <= guo (huoku) = (guo hu) o ku
< guo (k™ 'h)=(h"1g)oku
= (g(k7'h) Hu = (k(h™"g))u
— gh k= khlg.
[

Now, we define a new concept in Moufang loops and try to obtain some
elementary properties of it.

Definition 12. Let M be a Moufang loop and x € M. Define the nucleizer
of z in M as follows:

Ny(x)={ye M| [z,y,z] =1,Vz € M}.
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So, somehow, nucleizers of elements in loop theory can play a role similar to
one of centralizers of elements in group theory.

Lemma 13. Let M be a Moufang loop. Then the following assertions hold:
(i) Ny(x) =M, Ve € M iff M is associative;

(i) N(M) = (Npens Nua(2);

(ii) 1 € Ny(z) and y=', 2™y, ya™ € Ny(x) for any y € Ny(x), here n is
any integer.

Proof. (i) and (ii) are trivial.
[(iii)] It is clear that 1 € Ny(x), Vo € M. By Lemma 5.5 in [4] in any
Moufang loop the following identities are equivalent:

[[a,b,c],a] =1 = la,b,c] = [a,ab, ].

Therefore, if y € Ny (z) then [z,y,z] = 1, Vz € M by definition and so
[[z,y, z],x] = 1 and this is equivalent to [z, vy, z] = [z, zy, z] by above. Thus,
[z,zy,z] = 1, Vz € M and so by definition of nucleizer, zy € Ny (z).
Now, it follows by induction on n and diassociativity of Moufang loops
that [z,2"y,z] = 1, V2 € M and so 2"y € Ny(z), Yn € N. Also, by
elementary properties of Moufang loops (see, for example, Lemma 4.1 in
[4]), the equation [a,b,c] = 1 implies each of the equations obtained by
permuting a, b, c or replacing any of these elements by their inverses. So,
[z,y,2] =1, Vz € M implies [z7!,y,2] = 1, Vz € M which itself implies
that [z, 27"y, 2] = 1 = [z,27 "y, 2|, Yz € M for every natural number n.
Thus, 2™y € Ny (x), Vm € Z.

On the other hand, by Lemma 5.4 in [4] in any Moufang loop we have
la,b,c] = [a,bc,c]. So, if y € Ny(x), [z,y,2] = 1 = [z,yx,z|, V2 € M.
Hence, yx € Njps(z). The rest of the proof is similar and we can deduce
yx™ € Ny (z) for any integer m.

Finally, since y € Ny(x), [v,9,2] = 1, Vz € M implies [z,y ', 2] =
1, Vz € M by above, we have y~! € Ny, (). This competes the proof.  [J

One may compare the above properties with those of centralizers in group
theory (recall that for a group: G, Cg(z) = G iff G is commutative; Z(G) =
Nyec Ca(x); and for any o € G, Cg(x) is a subgroup of ). But, in general,
nucleizers of elements in a Moufang loop have not a strong structure like
centralizers of elements in a group. For example, we have |G : Cg(z)| =
cl(z) = 2% for any element * € G but we can not prove an analogous
result about nucleizers in general. However, in the class of Chein loops the
situation is completely different and we show that the nucleizer of an element
is a subgroup of the loop.



38 K. Ahmadidelir

Proposition 14. Let M = M(G,2) be a Chein loop. Then for any x € M
the nucleizer of x in M s equal to:

M, re NM)=Z(G);
NM(I‘) = Cg(.r), T € G\Z(G),
N(MYUN M)z, =€ M\G.

Proof. We can write Ny (x) as:
{yeG|[z,y,z]=1,Vze M} U{yu |y € G, [z,yu,z] =1, V2 € M}.
First, let z € G. Then If y € G and [z,y, 2] = 1, Vz € M then
[z, y,t] =1, [z,y,tu] =1, VteqG,

and so by Lemma 11 (i), we have [z,y] =1 or y € Cg(x). But if [z,yu, z] =
1, Vz € M (y € G) then by Lemma 11 (i) again we have [z, z] =1, Vz € G.
Thus = € Z(G). Hence, by Lemma 10(i), x € N(M). That is, Ny (z) =
M. Also, if x ¢ Z(G) = N(M), then Ny (x) = Cg(x), since {yu | y €
G, |rv,yu,z| =1, V2 M} = 0.

Now, let © = tu € M \ G = Gu, where t € G. Let y € G. Then, if
[z,y, 2] = [tu,y,2] = 1, Vz € M we also have [z,y, z] = [tu,y,z] =1, Vz €
G. So, by Lemma 11(i), [y, 2] =1, Vz € G. Thus y € Z(G) = N(M). Also, if
[tu, yu, z] = 1, Vz € M then [tu,yu, z] = 1, ¥z € G and so by Lemma 11(ii)
we obtain [z,t7'y] = 1, Vz € G and therefore, 7'y € Z(G) = N(M),
ie. y € N(M)t. This means that yu € N(M)tu. Finally, if [tu, yu, zu] =
1, Vz € G, then [tu,yu, 2] = 1, Vz € G, by Lemma 11 (iii) we have ty~1'z =
2y~t, Vz € G. Since, by above, t7ly, y71t € Z(G) we get ty 'z = y~ltz
and so ty~! = y~'t, which means y € Cg(t). That is, yu € Cg(t)u. Now,
N(M)tu C Cg(t)u. Therefore, yu € N(M)tu N Ce(t)u = N(M)tu. O

Corollary 15. Let M = M(G,2) be a Chein loop. Then for any x € M,
the nucleizer of x in M, Ny(x), is a subgroup of M.

Proof. This is clear by the structure of Ny;(z) in Proposition 14 (in the case
N(M)UN(M)zx, where x € M \ G, by definition of nucleus, Va,b € Ny(x),
ab € Ny (x) and also Ny (x) is associative). O

Now, we can deduce easily the well-known result about Chein loops again:

Corollary 16. Let M = M(G,2) be a Chein loop. Then M is associative
iff G is abelian.
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4 Some properties of the non-associating
graph in finite Moufang loops

To derive the results of this section, the GRAPE package for GAP [29]
has helped us well. In section 1, we defined the non-associating graph of a
finite Moufang loop as follows. Let M be a non-associative Moufang loop
with the nucleus N(M). The non-associating graph I'y; associated to M is
the graph with vertex set M \ N (M) where distinct non-nuclear elements
x and y of M are joined by an edge iff [z,y, 2] # 1 for some z ¢ M. So,
by the definition of nucleizer the degree of each vertex x of I'y; is equal to
M \ Ny (z) and we have the following preliminary properties of this graph:

Proposition 17. Let M be a finite Moufang loop, I'y; its associated non-
associating graph, and p(M) the sum of degrees of vertices for this graph.
Then the following assertions hold.

) p(M) = Yievmydes(@) = Xcn M\ Nulz)] = |MP? -
erM |NM<x>|7

(ii) of M = M(G,2) then p(M) = |G|(4|G| — k(G) = 3|Z(G)|), where k(G)

is the class number (number of conjugacy classes) of G.

Proof. (i) It is obvious because of the definition of non-associating graph.
(ii) By Lemma 10, Proposition 14, and Corollary 16, we can write:

p(M) = ZIEV(FM) deg()
=2 wen M\ Ny(2)]
= [MJ* = > penr INm(2)]
= |M[? - ExeG\Z(G) [N ()]
— 2sez) V()] = 2seane Vu ()]
= |MJ? - erG\Z(G) |Ca ()]
= ez M| =2 peng IN(M) UN(M)z|
= |MJ? — erG\Z(G) |Ca ()]
— 2wez(e) 2Gl = Xoerna 214(G)]
= |M[* = (X ez |Ca@)| + Xieze |Gl
- ZIEZ(G) |G‘ a ZIEM\GQ‘Z<G)‘
=M =3, |Cal@)| — | Z(G)||G] - 2|Z(G)||G]
= [M[* = [k(G)IG| = 3]Z(G)]|GI.

So, we have p(M) = |G|(4|G| — k(G) — 3|2(Q))). O
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In [1], it has been shown that the non-commuting graph of every group is
always connected, with diameter 2 and girth 3. Also in [2], the author of this
paper has shown that the non-commuting graph of every non-associative
Moufang loop is always connected with diameter at most 6 and girth 3.
Further, we show that the non-associating graph of every Chein loop is
always connected. To prove this we need the following tools.

Lemma 18. Let G be a non-abelian group and M = M(G,2). Let I'¢ be the
non-commuting graph of G and T'y; the non-associating graph of M. Then
' s an induced subgraph of T'y;.

Proof. By Lemma 10, N(M) = Z(G), and by Lemma 11, we have
[, h,ku] = 1 <= [g,h] = 1.

for all g, h, k € G.
So,
l9,h] # 1 < 3k € G;[g, h, ku] # 1.
Hence, {g,h} is an edge of ' iff {g, h} is an edge of I'y;. O

Lemma 19. Let G be a non-abelian group and M = M(G,2). Let Ty be
the non-associating graph of M. Then {x,g} is an edge of Ty for every x
in Gu and every g in G\ N(M). Also, for every x,y € Gu, the pair {x,y}
is an edge of Uy iff y € N(M)z.

Proof. Let € Gu and g € G\ N(M). Then = = tu, where t € G. In
contrary, let x be not connected to g in I'y;. Then

zo(goz)=(rog)oz, Vze M,
= zxo(goz)=(rog)oz, Vz e G,
= (tu)o(goz)=((tu)og)oz, VzeQq,
= (t(92) Hu= (tg Huo z, Vz e G,
= (tz7'g Hu = (tg~ 27 Hu, Vz e G,
= tz g7l =tg7 7L, Vz e G,
= zlgl=gt27!, Vz e G,
= g€ Z(G).

(or by Lemma 11 (i), [tu,g,2] =1iff [g,2] =1, Vz € Giff g € Z(G)). But
N(M) = Z(G) and we get a contradiction to the hypothesis g € G\ Z(G).
Therefore, {z, g} is an edge of I'y,.
Now, let y € N(M)x. Since
N(M)z = {gowx|ge NM)=Z(G)}
= {gotu|ge Z(G)}
= {(tglulg e 2(G)},
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we have by Lemma 11 (i) [z,y, 2] = [tu, (tg)u, z] = 1 iff 1 = [z, (tg) ]
[z,g7!] for all z € G. This holds since g € Z(G). Also, by Lemma 11 (iii
for all zu € Gu we have [z,y, zu] = [tu, (tg)u, zu| = 1 iff t(tg) 'z = 2(tg) !
iff tg71t712 = 2¢~!, which holds again since g € Z(G). Therefore, by the
definition of the non-associating graph, x is not connected to elements of
N(M)x.

On the other hand, if x € Gu is connected to y € Gu then by the
definition of a non-associating graph we have

&~ —

dze M; zo(yoz)# (voy)oz.
Let x = tu and y = su. Then if z € G we have
ro(yoz)=tuo(suoz)=tuo(sz u=(sz7!) =25

and
(roy)oz=(tuosu)oz=s"t-z=s 'tz

Now, we have zs™'t # s7 'tz and so s7't € Z(G) = N(M). Hence we get
s & N(M)t. This means that y = su &€ N(M)tu = N(M)x. This completes
the proof. n

Proposition 20. Let G be a non-abelian group and M = M(G,2). Then
Ly is connected with diam(I'y,) = 2 and girth(I'y,) = 3.

Proof. By above remarks, ['¢ is connected, of diameter 2, and girth 3.
Moreover, by Lemma 18 this graph is an induced subgraph of I'; and also by
Lemma 19 every element in Gu is connected to every vertex in I'g. Therefore
diam(I'y;) = 2 and girth(I'y,) = 3. O

Let D,,, be the dihedral group of order 2m. Consider the following
presentation for Ds,,:

Ds,, = <a,b | a™ =b*=1,ba = am_1b>.

We know that the center and number of involutions ¢ of D,,, can be find as
follows:

{1,a%}, Vm even,

Z(Dopy) =
(Dzm) {1, Vm odd;

. m-+1, Vm even,
B m, Vm odd.

Here, we want to give some elementary properties about the non-
associating graph of the non-associative Moufang loop M (Dsy,,,2) of order
4m.
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Lemma 21. Let M = M(Dayy,,2) and I' = T'y; be its non-associating graph.
(a) If m is odd then:
(i) N(M)=1 and |V(I")] =4m — 1;

(i) Vx € M,
dm, x =1,
Ny(@)=<m, z=a (1<i<m-1),
2, 1 #ak

(i) Vo € M\ N(M),

3 =ad (1<i<m-—1
des () = m, z=a’ (1<i<m-—1),
dm — 2, x #a’
(V) Yoens Nut(@) = 2 9 5,0 deg(a) = 3m(5m — 3),
3m(d5m — 3
() = =3,

(b) If m is even then:
(i) N(M)={1,a%} and |V(I')| = 4m — 2;

(ii) Vo € M,
4m, xr = 17(1%7
|NM($)|= m, r=a' (1§i§m—1,z’7£%)’
4, x # a’;
(ili) Vx € M\ N(M),
3 =a (1<i<m-1
deg(z) = o7 w=a (Isism—l),
dm — 4, x #a’
(iv) Ypen [Nur(@)| =m? +18m, 3=y ) deg(z) = 3m(5m — 6),
3m(bm — 6)
B(r)| = =0

Proof. By Lemma 8 and Corollary 9, parts a(i), a(ii), b(i), and b(ii) easily
follow. Parts a(iii) and b(iii) follow from parts a(ii), b(ii) and the assertion
deg(x) = |M \ Ny (z)], for all z € V(I'), at once. Finally, parts a(iv) and
b(iv) are trivially calculated from parts a(ii), b(ii), a(iii) and b(iii). O
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Let S, and A, denote the symmetric and alternating groups of degree
n respectively. We know from elementary group theory that Z(S,) = 1 for
every n > 3, and Z(A,) =1 for every n > 4. Now, from these facts, we can
deduce the following lemma.

Lemma 22. Let M = M(S,,,2) and L = M(A,,2). Then
() ¥n > 3, |Z(M)] = |C(M)| = IN(M)| = 1;
(i) Yn >4, |Z(L)|=|C(L)| = |N(L)| = 1.

Proof. Both parts of the lemma follow from the above facts about the centres
of S, and A,, and Lemma 10. O

Remark. Let M be a finite non-associative Moufang loop. If L is any Moufang
loop such that I'y = I'y then |[V(I'z)| = |[V(I'a)| and so |L| — [N(L)| =
|M| —|N(M)|. Since M is finite so is, L — N(L) and since N(L) is a normal
subloop of L, it is of finite index in L and |N(L)| < |L — N(L)|. Thus N(L)
is finite. Now, |L : N(L)||N(L)| = |L|, and so L is finite.

Also, M is non-associative and so |M — N(M)| # 0 implies |L — N(L)| #
0. Consequently L must be non-associative.

Now, if '), =2 I');, we have

IN(D[(IL: N(L)| = 1) = [N(M)[(|]M - N(M)| = 1).

5 Characterization of Moufang loops of small
order by their non-associating graph

As an application of the previous results, in this section we want to
characterize some of Moufang loops up to order 63 by their non-associating
graph. Of course, by Remark the non-associating graph of a finite non-
associative Moufang loop can not be isomorphic to that of a finite group.

The following results are true for non-commuting graph of finite Moufang
loops (see |2]) and we generalize them to non-associating graph of finite
Moufang loops.

Lemma 23. Let M be a finite Moufang loop with |[N(M)| = 1. Let L be
any Moufang loop with I'y, = T'yy. If there is x € V(I'yy) such that deg(x) =
|M| — 2 then [N(L)| =1 and |L| = |M]|.
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Proof. Since I';, = T'y; we have |L| — |[N(L)| = |M| — 1 and also there is
y € V(I'y) such that deg(y) = |L| — |N(L)| — 1. Suppose that |[N(L)| > 1.
Then 31 # z € N(L). Consequently yz € V(I') and also [y,yz,t] = 1 for
all t € L. Hence {y,yz} ¢ E(I'y) and so deg(y) < |L| — |[N(L)| — 2, which is
a contradiction. Therefore |[N(L)| =1 and |L| = |M]|. O

Lemma 24. Let M be a finite Moufang loop with |[N(M)| = 1 and order
p+1, p an odd prime. If L is any Moufang loop with I'y, = T'ys then |[N(L)| =
1 and |L| = |M]|.

Proof. By remark, since I'r, 2 T"),, L is also finite and we have:
IN(DI(IL: N(L)| = 1) = [M] = [N(M)] = p.

So, IN(L)| =1or |N(L)| = p. If IN(L)| = 1 then |L| = |M] as required. But
if IN(L)| =pthen |[L: N(L)|—1=1andso |L| = |N(L)||L: N(L)| = 2p.
But the only Moufang loops with order 2p are associative ones (groups), we
get a contradiction. O]

Example 25. Consider M = M(S,,,2). By Lemma 22(i) |[N(M)| = 1 for
every n > 3. We have |M| = |M(S,,2)| =2 -n!and so |[V(['y)| =2-n! —1.
Therefore, for such values of n that 2-n!—1 is prime the order of M is p+1
and by Lemma 24, if L is any Moufang loop with T';, 2 Ty, then |N(L)| =1
and |L| = |M|. For example, if 3 <n < 7orn=14,15,17, then 2-n! —1is
a prime, but for the other values of 2 < n < 20 it is not.

Also, consider L = M(A,,2). Again by Lemma 22(ii) |[N(L)| = 1 for
every n > 4. We have |L| = |[M(A,,2)| = n!and so |V(I'y)| = n! — 1. Hence
for such values of n that n! — 1 is prime, the order of L is p + 1 and by
Lemma 24, if L; is any Moufang loop with I'y =2 'y, then |N(L;)| = 1 and
|L| = |Ly|. For example, if n = 4,6,7,12,14,30 then n! — 1 is prime, but
for the other values n such that 3 < n < 30 it is not. In fact, from number
theory, we know that for every prime p > 5, the number (p — 2)! — 1 is not
prime (Wilson’s theorem guarantees that p | (p —2)! — 1) and n! + 1 are
composite pairs for 4000 < n < 6000! On the other hand, 6380! + 1 and
6917! — 1 are prime numbers. So, in practice it’s very rare that either of
n! £ 1 are prime (see, for example, [6]).

Corollary 26. Let M be a non-associative Moufang loop of order 4m, where
m > 3 is an odd positive integer. Let [N(M)| = 1 and 4m — 1 be a prime
number. Then |L| = |M]| for every Moufang loop L such that T'y, = T'y;.
Particularly, if m is also prime then L = M.
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Proof. Since 4m — 1 is prime, |M| = p + 1, where p is prime and since
IN(M)| = 1, by Lemma 24 we have |[N(L)| = 1 and |L| = |M|. Now,
if moreover m is also prime, since |L| = 4m and the only non-associative
Moufang loop of this order (up to isomorphism) is M (Dsa,,2) (see [5]). So,
L=M. O

By the above lemma or its corollary we can characterize Moufang loops
of order 12,20,42, 44 by their non-associating graph.

Theorem 27. Let M be a finite non-associative Moufang loop. Let | M|
15 equal to one of the numbers 12,20,42,44. If L is a Moufang loop with
QSIFLgFM then L = M.

Proof. By remark, L is non-associative and finite. By Tables 1 and 2,
the non-associative Moufang loops of order 12,20,42,44 are unique up to
isomorphism and all of them have trivial nuclei. In each case |M| = p + 1,
where p is an odd prime and so by Lemma 24, we have |L| = |M| and if L
is non-associative then by uniqueness of M we get L = M. Also, L can not
be associative since the non-associating graph of a group is null. O]

Theorem 28. Let M be a finite non-commutative non-associative Moufang
loop of order 28. If L is a Moufang loop with ¢ : 'y, = 'y, then L = M.

Proof. By remark, L is non-commutative and finite. By Table 2, the non-
associative Moufang loop of order 28 is unique up to isomorphism and has
the trivial nucleus. Then by the above considerations we have

IN(D[(IL: N(L)| = 1) = 27,

and so we have four cases:

Case 1. |[N(L)| = 1. Then |L| = |M| = 28. We know that L cannot be
associative since the non-associating graph of a group is null and therefore
L is also non-associative. So, L = M.

Case 2. |[N(L)| =3. Then |L: N(L)| —1 =9 or |L| = 30. Since there is no
non-associative Moufang loop of order 30, L must be a group, so this case
is impossible.

Case 3. |[N(L)| = 9. Then |L : N(L)| —1 = 3 or |L| = 36 but by Table
2 non-associative Moufang loops of order 36 have a nucleus with 1 or 3
elements. Therefore, similarly to Case 2 L is not a group. So this case is not
possible either.

Case 4. |[N(L)| =27. Then |L : N(L)] —1=1or |L: N(L)| = 2 and this
is not possible by Table 2. This completes the proof. O
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At the end of this section, we state the following problem about a
characterization of all small Moufang loops up to order of 64 and orders
n = 81, 243, which are known and defined to LOOPS package [24].

Problem 1. Determine all small Moufang loops, up to order of 64 and
orders n = 81, 243 which can be characterized by their non-associating
graphs.

6 Characterization of Paige loops
(non-associative finite simple Moufang
loops) by their non-associating graphs

In 1956, L. Paige in [25] constructed a Paige loop for every field GF(q)
(of course, he did not call them Paige loops). Thirty years later, M. Liebeck
in [19] showed that there are no other Paige loops (non-associative finite
simple Moufang loops). It is customary to denote the unique Paige loop
constructed over GF(q) by M*(q). An easy argument of Paige [25], shows
that M*(q) has ¢*(¢* — 1) elements when ¢ is even and ¢*(¢* — 1) /2 elements
when ¢ is odd. So, the smallest Paige loop is M*(2) of order 120.

In 2006, Abdollahi, Akbari and Maimani proposed the following
conjecture [1]:

AAM’s Conjecture. Let P be a finite non-abelian simple group and G be
a group such that I'¢ = I'p. Then G = P.

Thereafter, this conjecture is verified for all sporadic simple groups, the
alternating groups in some papers by the first author of [1], and some others.
Finally, Solomon and Woldar proved it in [30]. So, coming back to finite
Moufang loops it follows that every associative finite simple Moufang loop
is characterizable by its non-commuting graph. Now, it is a natural question
that what happens about non-associative finite simple Moufang loop? Can
we characterize a Paige loop by its non-associating graph? Formally, we
propose it as a conjecture:

Conjecture. Let S be a finite non-associative simple Moufang loop and L
be a Moufang loop such that I', 2 T'g. Then L = S.
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[Iycts L — cueTHBI #A3BIK II€pBOTO TOpsijiKa. Bciojy B JIaHHON cTa-

ThbEe MBI pacCMaTpuBaeM L-CTPYKTYpbI M IIPEIIIOIaraeM 49To L COmeprKuT
CUMBOJI OMHAPHOIO OTHOINEHWsT <, KOTOPBI HHTEPIPETUPYETCs Kak JIi-
HeHbIl TOPSAJIOK B 9TUX CTpyKTypax. Hacrosimas pabora Kacaercs MOHs-
TS CAGO0T O-MUHUMAAGHOCU, TIEPBOHAYAILHO TJIYOOKO HMCCIIEIOBAHHOIO
. Makdepconom, /1. Mapkepom u Y. Creitaxoprom B [1]. ITogmuoxkectso A
JIMHEHHO YIIOPSIIOICHHON cTPYKTYpbl M Ha3BIBACTCA GbINYKAbLM, €CIIU IS
mobeIx a,b € A u ¢ € M Beaxwmit pa3, kKorga a < ¢ < b, Mbl umeeMm ¢ € A.
Caab0o 0-MUHUMAAGHOT CMPYKMYpPoli HA3BIBAETCS JTMHEHHO yIIOPSIOYeHHAsT
crpykrypa M = (M,=,<,...), Takas 410 J10060€ oIpeieimmMoe (¢ napamer-
pamm) TIOJMHOXKECTBO CTPYKTYPBI M sBisieTcss 06benHEHIHEeM KOHETHOTO
4qHucIa BBITYKJIBIX MHOKecTB B M. BemomunMm, uro Takas crpykrypa M
HA3bIBAETCS 0-MUHUMAALHOU, €CITH KazKJI0€e ONpeIenMoe (¢ mapaMeTpaMi)
MOJIMHOYKECTBO CTPYKTYpPbl M sIBJIsIeTcss 0ObeIMHEHNEM KOHETHOTO YHCJIa
uHTepBasoB U Touek B M. Takum obpaszom, ciabast o-MUHUMAJIBHOCTD SIB-
Jistercst 00ODIEeHneM O-MUHUMAJIBHOCTH. BeIlecTBEHHO 3aMKHYTBIE IOJIsT C
COOCTBEHHDBIM BBIIYKJILIM KOJILIIOM HOPMHUPOBAHHA O0ECIEUYNBAIOT BasKHBIM
npuMep c1abo O-MUHUMATBHBIX (HE O-MUHUMAJBHBIX) CTPYKTYP.

[Tycts A, B — mpousBoJIbHBIE TIOJMHOKECTBA JIMHEHHO YIIOPSI09eHHO
crpykrypbl M. Torya Beipaxenune A < B o3Hadaer, 4To a < b BCAKuUil pas,
koryia a € A u b € B. Boipakenne A < b oznagaer uro A < {b}. Yepes
AT (u, coorBercrBenno, A~) OygeM 0603HAUATH MHOXKECTBO JIEMEHTOB b
paccMmaTpuBaeMoil cTpyKTyphl ¢ yeaosuem A < b (b < A).

Onpepenenne 1. [2| [lycte T — cnabo o-muanMasbHas Teopust, M — no-

20
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CTATOYHO HACBINEHHAast MoJieJib Teopun T u mycTh ¢(r) — Ipou3BOJIbHAS
M-onpenenumasi hopMmysia ¢ 0JIHOI ¢BOOOIHOI ITepeMerHoi. Pane 6vnyk.ao-
cmu gopmyave d(x) (RC(P(x))) onpeessiercst ce/Lyommm 06pasoM:

1) RC(¢(x)) > 1, ecitm ¢p(M) GeckonedHo.

2) RC(¢p(x)) > o+ 1, ecmm cymecTBYIOT MapaMeTPHIECKU OIIPEJIETUMOEe
OTHOIIIEHNE SKBUBAJIEHTHOCTU E(x, ) 1 GECKOHETHOE TUC/IO JIEMEHTOB
b;,1 € w, TaKue YTO:

e Jist JIIOOBIX 4, € w, BCAKHUI pa3 Korja @ # j Mbl umeem M |=

—E(b;, b))

e i Kaxkaoro ¢ € w  RC(E(z,b;)) > au E(M,b;) — BblmyKII0Oe
OJIMHOKECTBO MHOXKecTBa ¢( M)

3) RC(¢(x)) > 9, ecim RC(¢p(x)) > a jist Beex v < 6 (§ — mpeiesibHblif ).

Ecmun RC(¢(z)) = « mag HEKOTOPOro «, To Mbl roBopuM, uro RC(H(x))
onpezensierca. B nporusaoM ciaydae (r.e. ecm RC(¢p(x)) > o st Beex ),
Mol ostaraeM RC(¢(x)) = oo.

B wacTHOCTH, Teopusi mMeeT PaHT BBIINYKJIOCTH 1, €c/ii He CYIIeCTBYyeT
onpeenMoro (¢ mapaMerpamit) OTHOIIEHHsT SKBUBAIEHTHOCTH ¢ GECKOHEY-
HBIM Y9UCJIOM BBIITYKJIBIX 6eCKOHequIX KJIaCCOB.

B nacrosimeii pabore MbI HCCJIEyeM BOIPOC COXPAHEHUs CBOJCTB HPU
0BOraIeHusIX MOJIeJIell CYeTHO KATerOPUIHBIX C1a00 O-MUHUMAJBHBIX TEO-
puii GuHapHBIME HpejuKaTamu. Panee B paborax [3]-[5] mamu 6bu1 uccie-
JIOBaH BOIPOC COXPAHEHUsI CBOWCTB IPU OOOTAIEHUsX MOJIeseli CUeTHO Ka-
TErOPUIHBIX CJ1a00 O-MUHUMAJIBHBIX TEOPHUI yHAPHBIME IpeukaTamu. Kak
u3BectHo, B pabore [6] Baitxanos B.C. mokasai, uro oboraineHue Mo/ie-
7 cs1abo O-MUHUMAJIBHON TEOPHU YHAPHBIM [PEIUKATOM, BBIJEISAIONIIM KO-
HEYHOE YHCJIO BBILYKJIBIX MHOXKECTB, COXPAHSET CIa0yi0 O-MUHUMAJbLHOCTh
oborarmennoit Teopun. OHAKO B ¢irydae 06OraIieHus MOJIesu ¢J1ab0 o-MUHH-
MaJILHON Teopru OMHAPHBIM TIPEMKATOM, BBIIEISIIOIIUM PU KaXKI0M (hUK-
CHPOBAHHOM KaK II€PBOM, TaK M BTOPOM IIapaMeTpe KOHEYHOE UHCJIO BbI-
IYKJIBIX MHOYKECTB, 00OTallleHHAsS TeOPUsT MOXKET HOTEePATh CIa0yI0 O-MUHH-
masibiocts (IIpnmep 4).

BenoMuuM HEKOTOpBIE TIOHATHSA, IEPBOHAYAIBHO BBEJIeHHbIE B [1].
[Iycts Y € M™ — (-onpenenumoe muoxkectso, m : M™Tt — M™ — npo-
eKIfusi, KoTopas orbpachiBaeT HocjaenHon Koopauaary, u Z = w(Y). s
KaxKJ0ro a € Z mycrsb Yz = {y : (a,y) € Y}. Ilpennonoxum, 9to s
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KaXKJI0ro @ € Z MHOXKECTBO Y; OIPAHUYEHO CBEPXY, HO HE UMEET CyIpeMy-
ma B M. Ilycth ~ — ()-onpegenmmoe OTHOIIEHNe SKBUBaJeHTHOCTH Ha M,
OIIpeIesIsieMOoe CJIEIYIOIIIM 00Pa30oM:

a ~ b naa Beex d,BEM”\Z, ua~b< supY; =supYj, ecom a,be Z.

Iycts Z := Z/ ~, n U1 KasK10T0 KOPTE¥Ka @ € Z Mbl 0603HATACM ~-KJIACC
koprexa a uepes [a]. CymiecTByer ecrecTBeHHbli ()-ope e/ MMblii JTMHERHbIIHT
nopsiiok Ha M U Z, onpejiesseMslii cieayommmM obpasoM. Ilycts @ € Z n
c € M. Torna [a] < ¢ Torja u TOJILKO TOrja Korja w < ¢ Jiis BceX w € Y.

Eciu @ o4 b, To cymecrByer HeKoTOpbIi € M, Takoii uro [a] < x < [b] win
[b] < z < [a]. TlosToMy < mugynupyer juneiinsli nopsaok na M U Z. Me
HA3LIBAEM TAaKOe MHOXKECTBO Z copmom (B JTAHHOM cIydae, (-omrpeiemMbiM
coprom) B M, tie M — Je/leKUHI0BO MOMOJIHeHne cTPYKTyphl M, m pac-
cMaTpUBaeM Z KaK €CTECTBEHHO BJIOMKEHHYIO B M. AHAJOTHYHO MBI MOMKEM

oIy IuTh copT B M, paccmaTpuBasg WHOUMYMbI BMECTO CYIIPEMYMOB.

Onpepnenenne 2. [1] Ilycre M — juHe#HO yHnopsiiodeHHas CTPYKTYpa,
D C M — 6eckoneunoe muozkectso, K C M, f: D — K — dyuxuuns. By-
JIEM TOBOPUTD, UTO [ ABJIAETCS AOKAADHO 603PACMaoweli (A0KaAbHO Yobiea-
rowet, A0KaAbHO Konemanmot) Ha D, ecim s jioboro x € D cyriecTByer
6eckoneunsbrit maTepsas J C D, comepxkariuii x, Takoil 9To [ siBIsgeTcst CTpo-
ro Bo3pacTaleii (crporo ybbiBatoreii, KOHCTaHTON) Ha J.

Bynem takke ropoputh, 9To QyHKIU f ABISIETCT AOKAALHO MOHOMOH-
Hot Ha MHO)KecTBe D C M, ecin [ siByisiercst OO JIOKATBHO BO3PACTAIOIIENH,
JIn0O JIOKAJILHO yObIBatoIei na .

IIpennoxenune 3. |7| Ilyemv M — caabo o-munumanvhas cmpykmypa,
A C M, p e Si(A) — neanzebpauneckuti mun. Toeda mobas dynruyus 6
A-onpedeasumviti copm, obaacmov onpedeseHus Komopot co0epHCUM MHOMHCE-
cmeo p(M), asasemcs A0KaALHO MOHOMOHHOUT UAU AOKAADHO KOHCMAHMOU
na p(M).

IIpumep 4. [Iycte M := (R, <) — JmHeiHO yHOpsIOY€HHAs] CTPYKTYPa Ha
MHOKeCTBe BerecTBeHHbIX duce R. OdeBuano, uro M — MOJIETh CIETHO
KaTeropuvIHoON o-MuHUMaIbHOM Teopun. Oboratum Momeb M HOBBIM OnHAD-
HBIM oTHOIIeHUeM S (2, y) ceayomum obpazom: myeth M’ := (R, <, S?), tax
aro S(x,y) aBiasercs rpadukom cieyroeit yuapuoit dyukuuu f: f(b) = 2b
st Kaxkgoro b € Q u f(c) = —c g kaxgoro ¢ € R\ Q. OueBugno, aro
muoKecTBa S(a, M) u S(M,a) ABIAIOTCA OITHOIIEMEHTHBIME JJTsI KazKJ0T0
a € M, T.e. OHM BBIIIYKJIBIMU MHOXKeCTBaMu. Tem He MeHee, 3amedaem ato M’
He sIBJISETCsT ¢J1ab0 0-MUHUMAJIBHOM CTPYKTYPOIi, TIOCKOJIBKY He CYIeCTBYEeT
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paB6I/IeHI/IH MHOXKECTBa R Ha KOHEYHOE€ YH1CJIO BBITYKJIBIX MHO2KECTB, Ha KaK-
JIOM U3 KOTOPBIX orpejeanMas GyHKIms f OblLia Obl TIOKaJIbHO MOHOTOHHOI
WA JIOKAJIbHO KOHCTAHTOIA.

3/1ech MBI OIPAHUYNMCST UCCJIEIOBAHIEM BOIIPOCA COXPAHEHWsT CBOMCTB
Ipyr ODOTAINEHUAX MOJie/ieil 1-Hepa3InIuMbIX CYETHO KATErOPUIHBIX CJ1abo
O-MUHUMAJIbHBIX TEOPHUIl OTHOIIEHNEM SKBUBAJCHTHOCTH, pa30UBAIOIIIM OC-
HOBHOE MHOKECTBO MOJIEJI Ha OECKOHEUHOE UNC/I0 OECKOHEUHBIX BBIITYKJIBIX
KJIACCOB.

IIpumep 5. Ilycrs M := (Q, <) — JmHeiHO ymopsi/IoUeHHAsT CTPYKTYpa
Ha MHOYXKecTBe panuoHabHbix unces Q. OueBuano uro M — cueTHO Kare-
ropudHasi O-MUHUMaJbHAs cTpyKTypa. Oborarum Momeb M HOBbIM OmHAD-
HbIM oTHomenueM F(z,y) ciemyiomum obpazom: nycrs M’ = (Q, <, E?),
TaK 4TO JjIsd JIIOObIX a,b € (Q mmeeT MecTo

E(a,b) < (2n —1)V2 < a,b < (2n+1)V2

Jtst HekoToporo n € Z. Torypa HeTpy/iHO MOHATD, uTo E(x,y) — OTHOIIeHHEe
9KBHUBaJIEHTHOCTH, pasduBaroiiee Q Ha OeCKOHETHOE IUCI0 OECKOHEUHDIX BbI-
MYKJIBIX KJIACCOB, IIPUYeM F-KJIacChl yHOPSIOYEHbI IO TUIY W* + w.

MozkeT 6bITH J10Ka3aHo, 940 M’ — c1abo o-MuHUMAIbLHASA CTPYKTYPa, HO
Th(M') e sBrsiercst No-KaT€roOpHUIHOIA.

Ipumep 6. [Iycts M = (Qx Q, <, E?) — juueiiHo ynopsji04eHHas cTpyK-
Typa Ha MHOXKecTBe QQ X QQ, yropsimogennom Jsiekcukorpadudeckn. OTHOIIE-
ure F(x,y) onpejessiercs CaeayonmM 00pasoM:

Jutst TOOBIX a = (my,ny),b = (ma,n2) € Q x Q  E(a,b) & my = mo.

OueBuHo, uro E(x,y) — OTHOIIEHNE SKBUBAJIEHTHOCTH, PA30UBAIOIIEe
Q x Q na GeckoHEYHOE YHUCO OECKOHEYHBIX BBIIMYKJIBIX KJIACCOB, IPUYEM
E-knaccer yrnopsijiodensr o tuiry Q.

Pacmmupum ocnoBroe muoxkectBO Q X Q crpykryper M jobasiienu-
eM K KaykJoMy FE-Kjaccy JBYX SJIEMEHTOB, SIBJISIIOIINXCS JIEBOW M IIPaBOii
KOHIIEBBIME TOoUKaMu F-Kiacca. B pesysbrare MmoiyduM HOBYIO CTPYKTY-
py M' .= (M', <, E?). Paccmorpum obejinenne cTpyKTypsl M’ 1o cTpyk-
typet M” = (M’ ,<). OueBumno, uro M" — cueTHO KarTeropmdHas o-
MUHUMa/IbHAs CTPYyKTypa. Ee oboramenue M’ := (M’ < E?) asiserca
CYETHO KATErOPUIHON JIMHEHHO YIOPsI0YeHHOH cTpyKTypoit, Ho Th(M') He
SIBJISICTCs €J1a00 O-MUHUMAIBHOM.
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IIpennoxkenue 7. [lycmov M — 1-HEPASAUMUMAA CHEMMHO KAME20PUUHAA
CAGO0 O-MUNHUMAALHAA CMPYKMYPa panea swnyrsocmu 1, M' — obozawe-
nue modeau, M ommowenuem sxsusarermmuocmu E(x,y), pasousarowum M
Ha beckoneunoe wucao beckoneyHuT 6unykinr kaaccos. Toeda Th(M') —
CYUETHO KAME20PUYHAA CAGDO O-MUHUMANDHAL MEOPUA &> K0200 BHINONHEHD
caedyrougue Ycrosua:

(1) cywecmsyem konewnoe wucao E-kaaccos, umerowur roms 6ve 00Hy
KOHUEBYI0 MOUKY;

(2) cywecmsyem xonewnoe wucao E-kaaccos, umerowur nenocpedcmaeen-
HO020 NPEUECMBEHHUKE UAU HENOCPEICTEEHH020 NOCAEO0BAMEN.

Jloxazameavcmeo. (=) Pacemorpum cieyroniyio dopmyiy:
o) =TIy <x <y AV2Vt(yr <z <z ANz <t <y, — E(z,1))]

B cuny cnaboit o-munumansaoctn Th(M')  ¢(M') ecrp obbemunenne
KOHEYHOI'O0 YHCJIA BBITYKJIBIX MHOXKECTB, OTKYJA CJIEYET UTO CYIIECTBYET
JIAIIIb KOHETHOE YUCI0 F-KIaccoB, IMEIOIUX XOTst ObI OHY KOHIIEBYIO TOUKY.

[Toiimem Terepb, 9TO BBINOIHSETCs yeaosue (2). Jomyctum mpoTuBHOE:
CYIIECTBYET OECKOHETHOE UNCJIO0 E-KIIacCcoB, MMEIOIINUX HEIOCPEJICTBEHHOTO
IPEIIECTBEHHNKA UM HEITOCPEICTBEHHOTO oCIe10BaTess. Ko s Kax-
JIOr0 n < w CYIIECTBYeT Ny < W, TAKOH 9TO My > M U CYIIECTBYET JIUC-
KDPETHO YIOPsIOYeHHAs TeroYKa F-KJIacCoB JTMHBI N1, TO 110 KOMIAKTHO-
cru cymecryer mMoieab N’ reopun Th(M'), B KoTopoit nmeercs GeckoHed-
Hasl JUCKPETHO yNopsoueHHas nenovuka F-kimaccoB. He ymasss oburaocT,
HPEJIIONIOKIM, ITO TaKas IeNoYKa yIopsIodeHa o TUIy w. Paccmorpnm
caetytoriue hbOPMYJIBL:

F1($7 y) = E(l’, y)

Fy(z,y) = Fi(z,y) VVi(z <t <y A-Fi(z,t) = E(ty))
Fn(x7y) = n—l(x7y> \/\V/t(l' S X S y/\ - n—l(xut) — E(t7y))7 n<w

[Tosyuaem, aro cymecrsyer a € N', Takoii 4To
Fi(a,N') C Fy(a,N') C ... C Fy(a,N') C ...,

9TO MPOTUBOPEUNT cueTHOil Kareropuanoctu Th(M’).
Eciu ke cymiecTByer JIMCKPETHO YIOpsJIOUYEHHAs Ierovdka [F-Kjaaccos
MaKCHMaJILHON KOHETHOM JIJIMHBI, HAIIPUMED, JJIMHBL k, TO CYIIECTBYeT m <
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w, Takoil uro 2 < m < k um ummeercss OECKOHEUHOE UHCJIO IEINOYeK JIIu-
uel m. Torma cymecrsyer a € M’ takoii uro F,(a, M') ectb obbenunerne
GECKOHEYHOTO YHMC/Ia BBINTYKJILIX MHOMKECTB, UTO HPOTUBOPEYUT CaabOH o-
vuanMaabroctn Th(M').

(<) B cuy (1) cymecTByer KoHEIHOE YUCI0 F-KIIaCCOB, MMEIOIIAX XOTSI
OJIHY KOHIIEBYIO TOUKy. Torya B cuiy juneiinoi ynopsnodennocru M’ mo-
KeM (DOPMYJIbHO BBUIEJIUTH KaxKJyI0 TaKyl KOHIEBYIO TOYKY. B cuiy (2)
MOYKEM TakzKe (DOPMYJILHO BBIIEINTH KarKIbli F-Kjiacc, UMeomuil Hermo-
CPEJICTBEHHOI'O IPEIIECTBEHHUKA WM HEIIOCPEICTBEHHOIO MOCIEI0BATEI,
a TaKyKe BO3MOXKHBIE HEIYCTble IPOMEXKYTKHU MEXKJy HEKOTOPBIMEU UX ITUX
KJIacCOB (Te MPOMEXKYTKH, rjie F-Kaacchl IIOTHO yIOPsI0UeHbl 6e3 KOHIe-
BBIX TOY€EK); KPOME TOT0, BBIAEIAIOTC F-KJIaCChl, SBJSIONINECs MAHIMAJb-
HbIME (CaMblil JieBblii F-Kjiacc) Wi MaKCUMaJbHbIMU (caMblil npaBblii E-
KJIACC) B MPOMEXKYTKAX C IJIOTHBIM yropsaoderuem F-kiaccos. Takum 06-
pas3oM, moJrydaeM KoedHoe auciio (-onpenenmbix bopmyi 0;(x), 1 < j < n,
tak 1o 0;(M') N O;(M') = 0 mns mobix 1 <4 < j < n. Kaxnas u3 stux
dbopmyt onpenensier HekoTopsiit 1-Tum Ha (). CTangapTHRIMEA METOIAME J10-
kaspiBaercsg aro Th(M') momyckaeT SJMMHHAIMIO KBAHTOPOB C TOYHOCTHIO
J10 aTOMHBIX dopmyst u dhopmyi 61(z), 0s(x), . .., 0,(x) (mocaennue dopmy-
JIBL ONIPEJIEJIAIOT BBILYKJIbIe MHOKeCTBa B M), OTKyJa MbI HOJIydaeM 9TO
Th(M') — cuerHo KaTeropuvHas ciabo O-MUHUMAJIbHAS TEOPHs. O

CaencrBue 8. Ilycmv M — 1-HepassurMumas cHemmo Kame2opuvHas, CAd-
60 0O-MUHUMANLHAA CMPYKMYpa panza svnyksocmu 1, M’ — obozawenue
modeau M ommuowenuem sxeusarenmuocmu E(x,y), pasbusarowum M wa
OECKOHEUHOE YUCA0 OECKOHEYHDIT 6bnYyKAbT Kaaccos. Tozda M’ — 1-nepas-
AUMUMAA CHEMHO KAME2OPUUHAA CAGDO 0-MUHUMGNOHAA CMPYKMYPA <> KO-
20a 8LINOAMHENDL CACIYIOULUE YCAOBUA:

(1) xaotcowti E-xaacc ne umeem xonyeewx mouek 6 M';

(2) undyyuposarnwii nopadox na E-xaaccax asasemes naomuoim suned-
HoM NOPAIKOM 03 KOHUEBHLT MOYEK.

Ipumep 9. [Iycts M’ := (Q, <, E?) — crpykrypa us [Ipumepa 5. 3amennm
KazKJylo Touky a € Q xommeil paloHAJBLHLIX YHCEJ U ONPEJIeIUM HOBYIO
crpykrypy M” := (QxQ, < E? E?), riie ornomenue Ey(z,y) onpenensercs
CJIEIYIOIIUM 00Pa30M:

Jutst o0bIX a = (my,ny),b = (ma,n2) € Q x Q  Ey(a,b) & my = ma.

Herpynto nousith, uro Fy(z,y) — OTHOIIEHNE SKBUBAJICHTHOCTH, pas3tu-
BalolTlee KaxK/Iplil F-Kaacc Ha OECKOHEYHOe YHCJIO OECKOHETHBIX BBITYKJIBIX
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KJIACCOB, TaK 4TO Fy-TI0JKIAcChl Kazka0ro F-kiaacca MI0THO yMopsii09eHbl
0e3 KOHIIEBBIX TOYEK.

Mozker OpITh j10Kazano, aro M” — cnabo o-MUHEMAIbHAS CTPYKTYDA,
Ho Th(M") ne sBisieTcst CI€THO KATETOPUIHOIL.

IIpumep 10. Bosbmen cuernoe uncio xonuit crpykTypsl M’ := (Q, <, E?)
u3 [Ipumepa 5, ynopagodennnsix 1o tuny Q. Torja 1mosy4uM HOBYIO CTPYK-
typy M" := (Q x Q,< E? E?), rae ornomenue F)(x,y) onpejensercs cie-
JIYIOIIAM 00pa3oM:

JTst JIIOOBIX a = (my,n1),b = (ma,ny) € Q x Q  Ei(a,b) & my = mao.

Torna E(a, M") C Ey(a, M") nnst mo6oro a € M” rne Ey(x,y) — or-
HOIIIEHUE 3KBUBAJICHTHOCTH, pasbupatoniee M Ha GecKoHedHOE YUCIO Oec-
KOHEYHBIX BBIIYKJIBIX KJIACCOB, YIIOPSA09eHHBIX 110 Tuily Q. Samedaem, 410
FE-nonkiracest Kaxk10ro Fp-Kjracca yrnopsiJIodeHbl o THITY w™ + w.

Taxzke MOXKHO OHATH, 9T0 M"” — c/1abo o-MuHEMAaJIbHAsT CTPYKTYpa, HO
Th(M") ne aBIAETCA CICTHO KATETOPUIHOIL.

Teopema 11. Ilycmv M — 1-nepadauvumasn CHemMHO KAMeE20PUYHAA CAA-
60 0-MUHUMAAOHAA CMPYKMYPG paraa evinykaiocmu 2. Ipednososicum, 4mo
Ei(x,y) — (Q-onpedesumoe omnowenue sxsusarenmuocmu, padbusarouee
M wa 6eckoneunoe wucao GECKOHEUHWT 6bnYyKAbT Kaaccos. [Tyemv M —
obozauenue modesu M Hosvm ommnowernuem sxsusasrernmuocmu E*(z,y),
pasbusarowum M' na beckonewnoe Yucao ECKOHEUHDIT BBNYKAVT KAACCOB.
Tozda Th(M') — cuemno Kame20puHas CAGOO O-MUHUMANLHAAL MEOPUS <>
k0200 8HINOAHEHDL CACOYIOULUE YCAOBUA:

(A) cywecmeyem roneunoe wucao E*-kaaccos, umerowur roms 6ve 00ny
KOHUEBYI0 MOUKY;

(B) cywecmsyem koneunoe wucao E*-kaaccos, umerowus nenocpedcmaeen-
H020 NPeJUECBERHUKA UM HENOCPEICTNEEHHO20 NOCACOOBAMNEAA;

(C) M’ pasbusaemca Ha KOHEUWHOE YUCAO OECKOHEUWNHLT GOINYKADIT MHO-
orcecms Xy, ..., Xy, makuzx, wmo das Kaocdozo 1 < i < m 6wvnon-
HAEMCA 68 MOYHOCTU 00UH U3 CALOYOUUL NYHKMOS:

(1) dan wobozo a € X; Ey(a, M') = E*(a, M’);

(2) das mobozo a € X; Ey(a,M') C E*(a,M’), sup Ey(a, M') <
sup E*(a, M') winf E*(a, M') < inf E\(

(3) dan wwobozo a € X; E*(a,M') C Fi(a,
sup Ey(a, M') winf Ey(a, M') < inf E*(
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(4) X; = Ei(a, M") das nexomopozo a € M', maxozo wmo F1(a, M")
C E*(a,M") usup Ey(a, M") = sup E*(a, M") uau inf Ey(a, M")
= inf E*(a, M');

(5) X; = E*(a, M") daa nexomopozo a € M', maxozo wmo E*(a, M')
C Ei(a,M'") u sup E*(a, M") = sup Ey(a, M") uau inf E*(a, M’)
= inf Ey(a, M');

(6) X; = E*(a, M) N Ey(a, M) dasn nexomopozo a € M', makozo
wmo E*(a, M") \ Er(a,M") # 0 u Ey(a, M')\ E*(a, M') # 0.

Jlokasamenvcmeo. (=) (A) u (B) caeayior u3 gokasateabcrsa Lpemioxe-
nug 7. Paccmorpum cieyrorniue (hopMyJibt:

¢1(w) := Vy[Ei(2,y) < E*(2,y)]

Pa(z) := Vy[Er(z,y) = E*(x,y)]A
ATz1329(21 < @ < 29 A E* (21, 20) A 2 E1(21,2) A =B (x, 29))]
¢3(x) := VY[E"(z,y) = Er(z,y)]A
ATz 3z0(21 < @ < 29 A\ Ey(21,22) N E*(21,2) A = E*(z, 22))]
o4(x) == Vy[Er(z,y) = E*(z,9)] A (Vaolz < 20 A 2E1 (2, 20) = —E*(x, 22)]
W2z < & A =By (21,2) = E* (21, 2)))
o5() = Vy[E*(z,y) = E1(z,y)] A (Veo|z < 20 A E"(x, 20) — —Ey(, 22)]
W2z < x A =E*(z1,2) = 2By (21, 7))
¢6(2) == Fy1Tyo[yr < < Y AEL (Y1, ©)ANE™ (2, y2) A= E1 (Y1, Y2) A2 E" (Y1, 92)]
V3 Fyalyr <@ <ya AE (g1, ) A B (2, 40) A By, 42) A —ET (41, 1)]

Herpyauo mousith, uro s joboro a € M’ cymecryer 1 < i < 6
takoit, aro M’ = ¢;(a), a Taxxke aro M’ |= —3z[¢i(x) A ¢;()] mas mobbIx
1,7, Takux aro 1 <14,7 < 6 u i F# j.

B cuny ciaboit o-munnmanbHoctn Th(M') kaxkgas ux stux dHopMmyst
OIIpeieJIsieT MHOXKECTBO, ABJAIONIeecs 00beIMHEHNeM KOHEYHOI'O YHCJIa BbI-
IyKJIBIX MHOXKECTB, OTKy/Ia cieayer (C).

(<) Boimonnenue ycnosnit (A) u (B) cornacho jokasareiaberBy llpes-
JIoyKeHus 7 pOPMYJIbHO BbIJIEJISIET UMEIONINecs KOHIEBbIe TOYKN [/-KJ1accos;
KaxKJIblil [-KJ1acc, MeIouii HeroCcpeICTBEHHOTO MIPE/IIIIeCTBEHHIKA, WU He-
IIOCPE/ICTBEHHOIO TIOCIEJIOBATENA, a TaKyKe MPOMEXKYTKH, Iye [-Kiracchl
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IJIOTHO YIIOPSAJI0YEHBI 0€3 KOHIIEBBIX TOYEK; KPOME TOI'0, BBIICASAIOTCH MU-
HUMAJIbHbIE W MaKCUMaJbHble F-KTacchl B MPOMEXKYTKaX IJIOTHOTO YIIO-
psdjiodenns [-K1accoB, MMEIONINX CaMbIil JIEBBI WJIM CaMbIil TpaBbIil F-
kaacc. Takum 06pa3oM, HoJIydaeM KOHEYHOe YUCIIO ()-ompepemMbIx (popMy.I
0;(x),1 < j <mn, rak aro 6;(M')N;(M') =0 s mobsix 1 < i< j <n.
Beimosaenne yenosus (C) obecriednBaet, 910 Kaxaast 13 Gopmyrt ¢;(z),
1 <4 < 6, onpesiesiieT MHOYXKECTBO, SBJIAIONIEECs: 00beIMHEHNEM KOHETHOTO
YHCJIa BBILYKJIBIX MHOXKeCTB. Torma B cuiy JmHeitnoi ynopsgodennocru M’
Kaxkjag 13 opmyn ¢;(r) pacrmagaercs Ha KOHETHOE YUCIO BBITYKJIBIX (-
onpejeumbix popmyt ¢f (z), g2 (z), . .., ¢r(x) aa nekoroporo n; < w.
HaxkoHnerr, MozkeT GbITh J0Ka3aHO cTaHIapTHBIMU MeTogamu ato Th(M')
JIONYCKAEeT JIMMUHAINIO KBAHTOPOB € TOYHOCTBIO JIO ATOMHBIX (DOPMYJI U
bopmyn 0y(x),02(x),...,0.(x), d1(x)..., 07 (2);. .., 08(x), ..., d5°(x), oT-
Kysa nosxygaeM, aro Th(M') — cuerno Kareropudnas cj1abo o-MUHUMATbHAS
Teopus. O

CaencrBue 12. [Tycmo M — 1-nepadausumas cuemmo Kame2opusnas cA-
00 O-MUHUMAALHAA CMPYKMYPaA parza svinykiocmu 2. IIpednoaootcum, wmo
Ei(x,y) — 0-onpedesumoe omnowenue sxeusasernmmnocmu, pasbusarowee M
HA OECKOHEUHOE YUCAO OECKOHEUHBIT 8VNYKABLEL Kaaccos. [Tyemos M — o60-
eawenue modeau M Hosvim ommowenuem sksusasenmuocmu  E*(x,y),
pasbusarowum M' na beckoneuroe 4ucA0 6ECKOHEUHDIT BBINYKABLT KAACCOS.
Tozeda M' — 1-HEPasAUMUMAA CHEMHO KAME20PUMHAL CAADO O-MUHUMAALHAA
CMPYKMYPQ <, £0200 BHINOAHEHDL CALOYIOULUE YCAOBUA:

(A) waorcowi E*-xaacc ne umeem wonuesoir movex ¢ M';

(B) undyyuposarmwviii nopadox nwa E*-kaiaccax AGAAIOMCA NAOMHBIM AU-
HEUHBM NOPAJKOM 63 KOHUELEVT TOYEE;

(C) daa mobozo a € M’ ewnosnsemcs 6 mounocmu 00ur U3 CACOYIOUUT
NYHKMOS:

a, M") = E*(a, M');

(
(2) Ei(a,M") C E*(a,M’), sup Ey(a, M') < sup E*(a, M') wu inf
*(a, M") < inf Ey(a, M');
(a, M
(
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N3zy4dennio pa3andHbIX CBOWCTB (DyHIaMEHTAIbHBIX TPYII 3-MHOI000OPa-
30l TOCBSIIEHO OOJIBIIIOE KOJUYIECTBO MCC/IEI0BaHU, 0030p KOTOPBIX IIPHU-
BesiéH B [6]. B wactHocTH, B 9TOM 0030pe OTMEYEHO, UTO KaxKias (DyHIa-
MeHTAaJIbHas IPYIIa 3-MHOT000pa3usl ABJISIETCST IOYTH P-aIIIPOKCHMUPYEMOi
JJIS TTOYTH BCeX HPOCTHIX p. Kpome Toro paszimaabie dyHIAMEHTATbLHBIE
IPYIIIB MHOIOOOPa3nii BOSHUKAIOT Kak HekoTopbie H N N-paciupenus. Tak
J.T.Baiiz u T.Cy [12] nokazanu GUHATHYIO AIIPOKCHMUPYEMOCTb BOCXO-
gamux H N N-pacmpenuil mouTu HOJIUIUKINIeCKAX TPYIIIL.

B cBoto ouepenn, B [11] mcciaemoBan Bompoc O JIMHEHHOW IMpeICTaBU-
MOCTH HaJ[ KOJIBIIOM IeJbIX 9Yhces 7, TPOM3BOJBHBIX (HE BOCXOJAIINX)
H N N-pacuupennit KOHEIHO TOPOXKJIEHHBIX abe/IeBbIX IPYIIT U JTUHEHHOCTD
HECKOJIbKIUX YaCTHBIX ciydaeB JaHHbIX H N N-pacmupennii KOHETHO ITOPOXK-
JICHHBIX JIMTHEHHBIX TPYIIIL.

A. Bopucos u M. Cammp |7| mokazann GUHATHYIO AlIIPOKCHMUAPYEMOCTD
Bocxojsmux H N N-paciupenuii st J11000# KOHEYUHO ITOPOXKIEHHON JTMHE-
HO¥i TPYIIIBI B 9aCTHOCTH JIJist CBOOOMHBIX TPyl F. = (1, ..., X,) KOHEIHOTO
panra r. Ilpu sToM ecThb, Kak JIMHEHHbIE TPYIIILI, TAK U TPYIIILI HE PEJI-
CcTaBUMbIe MATPUIIAMU HAJI IOJIsIMH, KaK HYJIEBOH, TaK M IOJIOXKHUTE/TbHOIM
XapaKTepucTuku. Tak, HaIpuMep, rpyIa

HNN,(Fy) = (a,b,t|t at = p(g) = a*, t bt = p(g) = b*), Ik # +1,
HE IIpeJCTaBUMa MaTpHUIlaMW Ha/l II0JIEM HyﬂeBOﬁ XapaKTEPpUCTUKMU. B CJIy-

qae, korga k, [ ¢ {—1, 1} s1o nokazan B. A. . Bepdpur. o ciyuas kl # +1

60
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pesyabrar B. A. @. Bepdpuna yeumuau C. Ipyry u M. Cammp [9]. B cBoro
oduepesib, rpynma Lepcrena HN N, (F3), 3amanaas KogoM

(a,b,c,t|t " at = p(g) = a,t™'bt = ¢(g) = ba,t™'ct = p(g) = ca®),

He TpeJCTaBIMa MaTpPUIAMU HU HaJl KAKUM II0JIeM TOJIOYKUTETHHON XapaK-
TepuCTUKY [§].

B npeacrasiennoit pabore mokaszaHo, UTO TOJOMOPE MOJIUBOCXOJIAINX
H N N-pacmupenuil MouTH MOJUIUKINIECKAX T'PYIIT U30MOPGMHO IpeJicTa-
BUM MAaTPHUIAMU HaJ[ I[OJIEM palroHaIbHbIX [nces Q, m yxke m3 3rTorO,
1o u3BecTHbIM TeopemaM A. 1. Masbiiesa [4], Kak Jj1si KOHETHO TOPOK IEH-
HBIX JINHEHHBIX T'PYIII, cjIegayeT (DUHUTHAS AIITPOKCHMUPYEMOCTb BOCXOJIS-
mux H N N-pacumpeHuil moduTu HOJUNUKIAIECKUX TPYII U UX HOUTH P-
AIMIPOKCUMHUPYEMOCTD JIJIsI TIOYTU BCEX MPOCTHIX P.

1 IIpenBapurenblble NIOHATUA W ONpeaeIeHNIs

Ipynmny G HA3BIBAIOT NOAUUUKAUNECKOT, €CTTH OHA 00J1a/1aeT KOHEIHBIM
cyOHOpMaJIbHBIM psijioM moarpynn G = Gy > Gy > -+ > Gy = 1 ¢ nuk-
mrdeckumu cekisamu G /Giyq,1 =1, ..., s. llomumukindeckue rpymiibl 8-
JISTFOTCS YaCTHBIM CJIY9aeM Pa3peuiumbly TPYIIIL, TO €CTh TPYII, KOTOPbIE
00/18J1a10T KOHEYHBIM CYOHOpPMaJIbHBIM psiaoM noarpynn G = Gy > G >
- > Ggp1 = 1, ¢ abeseBbivu cexrusavu G;/Gii1,1 = 1,...,s. Kpome Toro,
ecsit O, (1, ..., Ton) — KOMMYTATOPHOE CJIOBO, OIPEJIEJEHHOE 110 WHLYKIHH
Kak 0p(z) = x,

5n+1(£L‘1, e ,l‘2n+1) = [5n(£L‘1, e 7$2n),6n($2n+1, Ce ,$2n+1)] =

:(5;1(%'17 . ,xgn)é,:l(xgmrl, Ce ,.T2n+1>5n($1, oo ,$2n)5n(l’2n+1, e ,$27z+1),

TO TPU HEKOTOPOM N B pasperumoit rpyiime (G BBIIOJHAETCS TOXKIECTBO
On(z1, .. o) = 1 (]3], m. 19). MunumasbHoe 1 ¢ TaKUM CBOMCTBOM Ha3bl-
BaIOT CMYNEHBIO PA3PEULUMOCTNU TPYIIIIHL.

Ecnu rpynma G coiepKuT MOJMMIUKINIECKY0 TOArpyniny H KOHEIHOro
unekca |G @ H| < 00, TO €6 Ha3BIBAIOT NOYMu nosuyukiuveckot. Boobie,
ecau rpynmna G cofepxkut noarpyniny H koneanoro unjekca |G : H| < oo,
00J13TAI0NTYI0 HEKOTOPBIM cBoiicTBOM P, To ToBOpsAT, uTO rpynna G nowmu
obsiastaer croiicrBom P.

Boczodauyum H N N-pacwupenuem rpynnbl G HA3bIBAIOT TPYIIITY

HNN,(G) = (G, t|{t"'Gt = G¥ < G),
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rjie ¢ — moHoMopduaM rpyuisl G. HekoTropbie aBTOPbI JaHHbIe PACIINPEHUS
HazbiBatoT Hucxogammmu H N N-pacmupenusmvu |1, 10]. Bosee Toro, noau-
socxodsugum H N N-pacwuperuem HN Ny, . (G) Oynem Ha3bIBATH IPYIIILY,
[OJIYYeHHYIO U3 I'pynnbl GG 110CJ/IeJI0BATETLHBIM BBIIIOJTHEHIEM BOCXOISIINX
H N N-pacmupenuii, To €CTh

HNN,

Pl Pitl

(G) = HNN,

Pit+1

(HNNy.. o(G))yi=1,...,n—1.

T'onomopom Hol G rpynmer G HA3BIBAIOT €€ MOJIYIPsIMOe pPacIInpeHre
G XN AutG, o ectb HolG = G- Aut G, tie G < HolG, GNAutG =1mn
Aut G — rpymnna Bcex aBroMopdu3MOB rpytibl G.

Hamomuum, aro rpynmny (G Ha3bIBAIOT TPYIION KOHEwH020 paHaa, €CIIH
HaliIETCs TaKoe IeJI0e IUCI0 7, 9TO Jifobasi €€ KOHEYUHO MOPOXKJIEHHAS 101
IpyIIa MOpoXKIaeTesa He bojee 1eM n djaementamu. MunnMaibHOe N ¢ Ta-
KHM CBOWCTBOM DPa3HbIe aBTOPbI HA3BIBAIOT: CNeyuasvHuiM, Marvuescrum
uinu IIprogeposvim parzom TPYIIIIHL.

[Tycts €2 — mekoropsiit kiaace rpyti. Ecu fjist j11000ro HeTPUBUATHLHOTO
9J1eMeHTa ¢ Tpymibl G HARJIETCT TOMOMOP(U3M © TOi TPYIIILI ¢ YCJIOBHEM
©(g9) # 1, (G) € Q, To rosopar, uro rpymna G annpoKCuMUpYemcs rpy-
namu u3 Kiacca ). Eciam () — Kirace BceX KOHEUHBIX Ipyii, TO rpymray G
HA3BIBAIOT PUHUMHO AGNNPOKCUMUPYEMOT, ecu () — KJIACC BCeX KOHETHBIX
P-TPYIIIL, — P-annpoxcumupyemoti, 3JIeCb p — MPOCTOE TUCJIO.

Ecau rpynma G uzomopdna mHekoropoii rpymme marpur u3 GL, (F'), npu
HEKOTOPOM 7 M HEKOTOPOM Tiojie F'| To roBopaT, ato G — AuHelinasa TPy,
WK, 9TO OHA M30MOP(MHO MPeJICTaABIMa MATPUTIAME HaJT TToJeM F.

2 OcHoOBHbBIE yTBePK/IeHUS

Pacemorpum ciyuait Bocxopgammx H N N-pacuiupeHus MOYTH MOJTUINAK-
JIMYECKUX TPYTI.

Teopema 1. ITycmo G — noumu nOAUUUKAUNECKGA 2DYNNA, © — MOHOMOD-
pusm epynnw G, mozda socrodsuwee HN N -pacwuperue HNN,(G) uso-
MOPPHO NPedcmasumo Mampuuamu Had nosem PayuoHarbHuT wuces Q.

Hoxasamenvemeo. Ilycrs t71Gt = G'. Tak kak G > G > G, MHOXKe-
crBo G = |J GY' apnstercss HopMabHO# IoArpymioit B rpynme H N N,(G).
i€Z
Hanee, Beakuii Koneunblit Habop gi,...,0s € G CONEPKUTCA B HEKOTOPOIt
msomopduoit kormmu GY mouTwH mosmmuKIMYecKoit rpymisl G.
XopoIo U3BECTHO, UTO Jio0asi MOYTH MOJUIUK/InIecKas rpyima G 00-
najaer aBToMopdHO momnycrumoii oarpynmnoit Gy < G, rae |G Go| < oo,
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Gy — paspermas rpyiia 6e3 Kpyderus, Korednoro panra ([3], m. 21). Tak

Kak (G KOHEYHO MOPOK/IeHA, TToArpyIia (g COAEpKUT BEPOATHHYIO TOATPYII-

ny T woneunoro unyekca B G (|3], m.13). OgeBumnno, uro rpynna T’ pas-

pernMa, Ge3 KpydeHus u KonedHoro pamra. Ilockosmsky T > o(T) = T7,

onpesienena rpyma 1 = (J T, Torma |G : T| < |G : T| < oo, npu 3moM
i€z

T — pasperumas rpymia 663 KpyueHns KOHCUHOI'O PaHTa.

B caMoM feste, ycTh gy, . . ., §, € G — IPeICTABUTEN PASIIIHBIX CMEIK-
HBIX KJIACCOB 10 mojrpytie 1. JIjst 1060ro KOHETHOrO MHOMKECTBA, SJIEMEH-
TOB rpymbl G, B ACTHOCTH, [Tl BLIOPAHHOTO, Haiiaéres noarpymmna Gf <
G, xotopas m3omopdua G U Beex uX conepzKut. [losromy BHIOpaHHbIC 31€-
MEHTBI cofiepsKaTes B He 6oiee ueMm |GY : TV| = |G : T'| pasiuunbix cMesx-
HBIX KJaccax 1o mnoarpyie T < T. CleoBaTeIbHO, BBIIOIHEHO HEPABEH-
creo |G : T| < |G : T| < co. Hanee, ecnt Gy, ..., Gom € T,6,(T) = 1, TO
Om(Gys .- Gom) € T Tlockombky rpyrma T usoMopdra T', osrysaem pa-
BEHCTBO Oy (G, - - ., Gom) = 1 1, B uTOre, TOXKIAECTBO 0,0 (T') = 1. KoHeunoctn
paHra rpyunsl 1 caejpyer u3 paBeHcTBa panros y rpymm 1’ i e Z. Orcyr-

CTBHE KpydeHHs B Tpylie 1 = U T, oueBUIHO, CJICIYET U3 OTCYTCTBUS
1€EZ

KpydeHus B rpyumst 1.

Hautee, rpynma T 1o nocrpoenuto 6yier nopmaibhoit 8 HNN,(G). Tak
Kak 1 KOHEYHOrO WMHJEKCA B @, 9JIEMEHT ¢ B HEKOTOPOW cTerneHu myg Oy-
JIeT TOXKJECTBEHHO IeHCTBOBATH CONMPAKEHNEM Ha CMeyKHBIX Kiaccax G /7.
CresoBarensno, rpymma (1, 1™°) Gyaer HOpMAaILHOM HOArPYIIOil KOHEYHO-
ro unnekca 8 HNN,(G). Ocranoch ToabKo 3aMeTuTh, uro rpymma (1, t70)
SABJIAETCA pa3penuMoil, 6e3 KpydeHuil 1 KOHEYHOI'O PaHTa.

Kak nokazan B.M. Konsrtos |[2|, mobas rpymma, KOTOpast sBIISETCS
[IOYTH PAa3pPeNIuMOil T'PYIIOil KOHEYHOrO PaHra, 0e3 KpydeHus, n30Mopd-
HO TIpeJICTaBUMa MaTPUIAMHU HaJl 1MojieM panuoHaJbHbx dncen Q. Orcio-
na u Bocxoggnme HN N-pacmupenns HN N, (G) 109Tn HOIHIMKIITIECKIX
rpytn G u30MOPGHO TPeICTaBUMbl MATPUIIAMHI HAJL ITOJIEM PAIMOHAIbHBIX

qncesr Q. O]

Tak Kak xapakKTepUCTUKAa I0JIs PAIMOHAJILHBIX dnces Q paBHa HyJIo, a
Bocxoygmme H N N-pacimmpeHusd MOYTU HOJUIUKINYECKUX T'PYIIT KOHEYHO
HOPOZKJIEHBI, 10 m3BecTHBIM TeopemaM A. V. Mausbresa u3 [4], Bocxosimume
H N N-pacmupenus MOYTH TOJUIUKINIECKAX TPYIIT SABJIAIOTCA U (DUHHAT-
HO AIMPOKCUMHUPYEMBIMU, W MTOYTU P-ANMPOKCUMHUPYEMBIMU /I TIOUTH BCEX
(KpoMe KOHEYHOTO YUC/Ia) MPOCTHIX P.

Tenepn, onmmpasich Ha PACCYKJIEHUS U3 MPEJIbIIYIIENH TEOPEMbI, JTOKaZKEM
OCHOBHO€ yTBEPKJIEHUE CTATHU.
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Teopema 2. [Tycmo G — noumu NOAUYUKAUNMECKAA 2DYNNa, Mo20a 2040~
mopd €€ noausocrodsuezo HN N -pacwupernus HN Ny, ., (G) usomopgro
npedcmasum Mampuyamu Had nosem pauuorarvhoir wuces Q.

Joxasamenvcmeo. Ilokaxem B nadase, aro rpynna HNN,, . (G) comep-
JKUT B Ka4eCTBE HOPMAJILHON MOAIPYIIIBI KOHEYHOIO MHIEKCA PA3PEIIuMYIO
I'PYIILY KOHEYHOI'O panra, 6e3 kpydenud. [Ipu n = 1, 310 nokazaHo B 10Ka3a-
resbeTBe Teopemsl 1. dasee, eciu HN Ny, o, (G) comepkut 0003HAYEHHYIO
HOJIPYIIY KOHEYHOI'O MHJEKCA, TO, KAK B KOHEYHO IIOPOXKICHHOIN IpyIe,
BBIJCJICHHAS TIOAIPYIIIA COAEPIKUT Y2KE BepOAIBHYIO MOJArPYIILY KOHETHOIO
ungerca B HN N, o, (G). OueBuamno, sra BepbaibHas moarpyimia Oymer
paspemmMoii, 6e3 Kpy4eHus U KOHEIHOro paHra. Tak Kak sepOasbHbIe MO/
IPYIILL 3HIOMOPQHO JIOIIYCTUMBI, TO AHAJOTMYHO, KAaK B JOKA3aTE/JIbLCTBE
TeopeMbl 1, MOXKHO HOKazaTh, uTo rpymna HNN,, . . (G) conepxut HOp-
MaJILHYIO ITOArPYIILY KOHEYHOIO MHJIEKCA, KOTOPas ABJSETCS Pa3pernImMOi
rpyunoii 6e3 Kpyduenns KoneaHoro panra. CiiegoBaTeabHo, 0 WHILYKIMA 10~
aydaeM, uto H N N-pacumpenne HNN,, . (G) conepKutT B KauecTBe HOP-
MAaJILHOI HOArPYIIILI KOHEYHOTO MHJIEKCA Pa3pelInMyo IPYIILy 0e3 Kpyde-
HUsI KOHEYHOI'O PaHra.

Kaxk nokazan B. A. @. Bepdpurr [13], romomopd Hol G mro6oit rpyrmst G,
SBJIAIONIENCT KOHEYHBIM PACIIUPEHUEM Pa3pernuMOoil TpyIIbl 6€3 KpyIeHus,
KOHEYHOIrO paHra, Oyger m3oMopdHO IpeJcTaBUM MATPUIAMU HaJ IIOJIEM
panuonaabHbix dncesn Q. Yro zapepiraer 10Ka3aTe/IbCTBO TEOPEMbI O

B zakmtogenne ormernM, 910 hOPMYJINPOBKA MOCTEIHEN TeOPEMbI TIepe-
KJIMKaeTCst ¢ u3BecTHbIM pesysbraroMm FO. V. Mepaisikosa [5] o rosomopde
MOJTUITUKIMIECKUX T'PYIIIL U SIBJISIETCS, CBOETO POJia “KOHCTPYKTUBHBIM = 0000-
IIIEHUEM 9TOrO YTBEPKICHUSI.
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1 IlpeaBapuresibHbIE CBEIeHUS

Onpepnenenne 1. [1]-[6]. IIycrs T' — nosmas Teopus, M = T. Pacemor-
pum bl p(x), q(y) € S(0), peamusyembie B M, a Takxke BCEBO3MOXKHbIE
(p, q)-yemotivuswvie win (p, q)-noayusosupyrousue HGOPMYIbL Y(T,y) Teopun
T, 1.e. bOpMyJIbI, JJI KOTOPBIX HalyTcs 3jeMeHThl ¢ € M, Takue 4TO
= p(a) u ¢(a,y) F q(y). HamomumMm, aro ecau = p(a) u = ¢(a,b) mi= (p, q)-
HOJIYU30JIUPYIOTIEi (hOPMYJIb (X, YY), TO TOBOPST, 9TO a4 NOAYU3oAUPYem. b.
Onperesum jijist Kazk a0l Takoit hopmysibl ¢(x, y) AByXMECTHOE OTHOIICHUE
R, = {(a,b) | M = p(a) A p(a,b)}. Ilpu ycrosuu (a,b) € R, ,, napa
(a, b) HazbiBaercs (p, ¢, q)-dyeot. Ecmu p(a,y) — rnasnas dopmyia (Hax a),
10 (p, @, q)-ayra (a,b) TakKe Ha3bIBACTCH 2406HOU.

Eciu (z,y) asasgercs (p < q)-dopmyaot, t.e. opHoBpeMeHHO (P, q)-
u (g, p)-ycroituusoii, To muOKkectBo |a,b] = {(a,b),(b,a)} Ha3BIBaETCSH
(p, ¢, q)-pebpom. Eciu (p, ¢, q)-pebpo [a,b] coctout u3 rnaBHBIX (p, ¢, q)- U
(q, 071, p)-nyr, e o~ 1(x,y) obosnauaer ¢(y,x), To [a,b] HazBIBAETCA 2406-
HoM (P, @, q)-pedpoMm.

Bynem naswiBars (p, @, q)-ayru u (p, ¢, q)-pébpa dyeamu u pébpamu co-
OTBETCTBEHHO, €CJIM U3 KOHTEKCTa SICHO, O Kakoil popmyse UAeT pedb, Win
pedb uIeT 0 HeKoTopoii hopmyite ¢(x,y). dyru (a,b), y Koropsix mapsl (b, a)
He SIBJISIFOTCS JIyTaMu HU 10 KakuM (¢, p)-dopMmysam, 6yieM Ha3bIBATh Heoo-
PAULACMOLMU.

*Pabora Boimosaena npu dunancoBoit nosyepxkke Cosera 1mo rpantam [Ipesuien-
Ta Poccuiickoit Penepariun s TOCYIAPCTBEHHON TOJIEPKKHU BEIYIINX HAYIHBIX MTKOJ
(mpoext HITI-6848.2016.1) u Komurera nayku Munucrepcrsa 06pa3oBanus U Hayku Pec-
ny6ankn Kaszaxcran (rpant Ne0830/T'D4).

66
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Ounpenenenne 2. [1, 7). dna tunos p(x),q(y) € S() obosnaunm vepes
PF(p, q) muO)eCTBO

{e(z,y) | pla,y) — rnapmas dopmyna,
o(a,y) Fqly), tne | pla)}.

[Tycts PE(p, ¢) — muoxkectBo map (p(x,y), ¥ (x,y)) dopmyn uz PF(p, q),
TAKUX 9ITO I JI000i (HEKOTOPOIt) pean3anui a TUIIA P COBHAJAIOT MHO-
J)kecTBa perennii bopmyn ¢(a,y) u ¥(a,y).

Ouernno, uro PE(p,q) sBiasercs oTHOIIEHHEM SKBUBAJEHTHOCTH HA
muoxkectse PF(p, q). Bamernm, uro kaxiaomy PE(p,q)-knaccy E coorser-
crByer Jinbo rytaBHoe pebpo, ubo HeobpamaeMas IJIaBHas JIyTa, CBI3bIBAIO-
Iasi Pea3allii TUIIOB P U ¢ TIOCPEJICTBOM JIt060i (HEKOTOPOIi) (hOPMYJIbL U3
E. Takuwm obpasom, dbaxkrop-muoxkectso PF(p, q)/PE(p, q) npeacrasisercs
B BHUJIE IU3BIOHKTHOTO 0ObeuHenusi Muoxkects PFS(p, ¢) u PEN(p, q), rue
PFS(p, q) cocrour u3 PE(p,q)-k1accoB, cOOTBETCTBYIOMIUX TJIABHBIM DPEG-
pam, a PFN(p, ¢) cocrout u3 PE(p, ¢)-kaccoB, coorBeTCTBYOMUX HEOOPa-
[IAEMBIM TJIABHBIM JLyTaM.

Mmuoxectsa PF(p, p), PE(p, p), PFS(p, p) u PFN(p, p) obo3na1atorcs co-
orsercreerno uepe3 PF(p), PE(p), PFS(p) u PEN(p).

BadukcupyeM MOTHYIO Teopuio 1, He MMEIONLYI0 KOHEYHBIX MOJIeJIeil.
[Mycrs U = U~ U{0}UU" — mekoropsiii andasut momuoctu > |S(T)],
COCTOSIIIUAI M3 OMPUUAMENLHOT dAemenmos u- € U™, nososicumesvHuix
anemenmos ut € U u nyna 0. Kak o6brano, 6yneMm mucarb v < 0 gjig Jjio-
6oro snemerTa v € U~ u u > 0 g moboro snemerTa v € UT. MHoxkecTBO
U~ U {0} oboznauaercss uepes U<C a UT U {0} — uepes UZ°. dnementsi
muOKecTBa U OyjleM Ha3bIBaTh MEMKAMU.

PaccMOTpUM MHDBEKTUBHDBIE MEMOUHbIE HYHKUUU

v(p,q) : PF(p,q)/PE(p,q) — U,

p(x),q(y) € S(0), npu koropeix kiraccam u3 PFN(p, q)/PE(p,q) coorser-
CTBYIOT OTPHIIATEIbHBIE 3/IeMeHThI, a Kiaccam u3 PES(p, q) /PE(p, ¢) — sue-
MEHTBI HEOTpHUIATEIbHbIE TaK, 9To 3Hadenue 0 OIpeessieTcs JIUIIb JIjis
p = q u 3amaéres no dopmyre (x ~ y), v(p) = v(p,p). Ilpu srom Gynem
CUUTATD, UTO Py(p) N Pu(q) = 10} a1a p # ¢ (rae, Kak obwIdHO, Uepes py 06o-
3HaYaeTCst 00/IaCTh 3HAYEHNH QYHKIUI f) U pu(pq) N Puiy ) = 0, ecim p # ¢
u (p,q) # (p',q). JItobbie MmeTouHbIE DYHKIMN C YKA3AHHBIME CBOHCTBAMHE, &
TakKe ceMeiicTBa Takux (PYHKIM Oy/1eM Ha3bIBATH NPAGUALHBLMU U JIAIee
paccMaTpuBaTh TOJILKO HPABUILHBIE METOYHBIEC (PYHKIUU U UX [PABUIbLHbLIC
ceMelcTBa.
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Yepes 6,,4,.4(z,y) OyayT obosnadarses dopmynsr u3 PF(p, ¢), npeacras-
JAIOMINE METKY U € Py (p,q)- Focim T p bukcupoBan u p = ¢, To opmyJia
0puq(2,y) obO3HATACTCS Tepe3 O, (T, y).

Ormernm, 4aro ecnu 0, 4(2,y) 1 O40,(2,y) — bOPMYIBI, CBHIETENb-
CTBYIOIIE O TOM, 9UTO /I peaju3aluii ¢ u b TUIIOB p M ¢ COOTBET-
crBerrHo mapel (a,b) u (b,a) ABIAAOTCS TIABHBIMU JyraMu, TO (hOpMYyJa
Op g (T,y) N0y p(y, T) CBEOETETBCTBYET O TOM, UTO [a, b] SBJIsETCS ITTABHBIM
pebpom. Ilpu 910M 06pamumoti MeTKe 1 OJIHOZHAYHO COOTBETCTBYET (HEOT-
pulaTe/ibHag) MeTKa v 1 Ha060poT. MeTKu u u v GyeM Ha3BIBATL 63GUMHO
obpamnvimu 1 0603HAUATE Uepe3 v I u~! cOOTBETCTBEHHO.

JIjit THIIOB Dy, Do, - - -, Prs1 € ST(D) u muoxkecrs metok X, Xo, ..., X C
U obo3nauum 4depes

P(pb X17p27 X27 <oy Dk Xkapk+1)

MHOKECTBO, COCTOSIIEEe U3 BceX METOK 1 € U, COOTBETCTBYIOIMIIX (hOpMYyIamM
Opy uprss (T, Y), KOTOPBIE JUIs peaIu3anyil @ THIIA p; ¥ HEKOTOPBIX U1 € X N
Pu(prp)s -+ > Uk € Xk O Pu(pypryr) YIOBIETBOPSIOT YCIOBUIO

Op, UPk41 (a,y) = 91017U17p27u2:-~~7pk7uk:pk+1 (a,9),

rie
9p1,m,pz,uz,m,pk,w,pul (z,y) =

= 39,23, .+, Tk (Opy g po (T, 22) A Oy iy s (T2, T3) A

A ka—lzukflapk (xk—b xk) A gpkﬂtmpkﬂ (Ilw y))

Tem cambiM, Ha Oyeane P(U) muoxkectBa U obpasyercst anzebpa pac-
npedesenuti OUHAPHHLT U30AUPYOUUL GOPMYA ¢ k-MECTHBIMU OIIEPAITAIMEI

P(p17 P25 Pk '7pk:+1)7

rae pi, ..., Per1 € SHD). Dra anrebpa uMeer ecTecTBeHHOE OOEJIHEHUE HA
mo6oe cemeiicreo R C S1(0).

O“IeBI/I,ZLHO’ qTo 6I/IeKTI/IBHO 3aMeHdd MHOXKECTBO METOK, MBbI IIOJIyYdacM
nzomMopduyio aarebpy. B qacTHOCTH, IMeeTCd KaHOHUYECKAA ar2edpa, Y KO-
TOPOI METKH IIPEJICTABICHBI SJIEMEHTAMU

UPF(p,q)/PE(p, ).

Tem HE MeHee, MBI OyJIeM HCIIOJIb30BaTh aOCTPAKTHOE MHOXKECTBO MeToK U,
OoTpazkalolee 3HAKN METOK W ITPOSCHSIONIee ajiredpanvecKne CBOWCTBa, Olle-
parmit na P(U).
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BameTnM, 9TO eciu XOTsd ObI OHO W3 MHOXKECTB X; He MepPeceKaeTcs C
Pu(pspir1) U, B JACTHOCTH, €CJIM OHO IIyCTO, CIIPABEJIMBO PaBEeHCTBO

P(pl; X17p27 X27 s 7pk7Xk7pk+1) - q)
Ormernm Taxxke, 910 ect X; C Py(p; piy,) A1 HEKOTOPOTO &, TO
P(ph X17p27X27 v 7pk7Xk7pk+1) =
= P<p1a Xl N Pur(p1,p2)> P25 XZ N Pv(p2,p3)s -« - s Pk Xk: N pV(pk,karl)?pk"l_l)'

Ha ocHoBanuu 1ocjietHero paBeHCTBa B JIAJIbHEHIIIEM ITPU PACCMOTPEHUHT
3HaYEHU

P(p17 X17p27 X27 <o Pk Xkupk+1)

Oyaem npeanonararhb, 910 X; € Py pia)s ¢ = 1., k.
Ecnu kaxkioe MmaoxkecTBo X; COCTOUT JIUIIBL M3 OJIHOTO JIEMEHTA, U;, TO
B 3aIiCh

P(plﬂ X1’p2’ X?a <oy Py Xkapk—i—l)

BMECTO MHOXKECTB Xz 6y,ZL€M HCIIOJIb30BaTh 9JICMEHTHI U; U IINCATb

P(p1,U17p2, U2,y .+ oy Pk ukupk—i-l)-
ITo onpejieIeHIIO CIPaBEIIMBO CICAYIONee PABEHCTBO:
P(pla X17p27X2) v 7pk7Xk7pk+1) -

- U{P(p17u17p27u27 R 7pk7uk7pk+1) | up € X17 ce, U € Xk}

Taxum obpazoM, 3ajiaHe MHOXKECTBa,

P(p17 X17p27 X27 <oy Pk Xkupk+1)

CBOJIUTCS K 3aJ[aHUI0O MHOXKECTB P(p1, U1, P2, Us, - . ., Pk, Uk, Dit1). OTMETHM
TaKzKe, 4To Jij1s Jiroboro muozkectsa X C py(p.q) UMeer MecTo P(p, X, q) = X.
BameruM, uro ecau u; = 0, TO p; = p;11 /I HEIMYCTBIX MHOKECTB

P(p1,U17p2, Uy .- -y Piy Oapi—i—h -y Pk uk7pk:+1)
1 IIPpU 3TOM BBLIIIOJIHAIOTCA CJeyonire COOTHOIIECHMA:
P(p1707p1> = {0}7

P(p1,u1,p2, w2, ..., Diy 0, i1, Uit 1, Dit2s - - - > Phs Uk, Pht1) =

= P(pla Ur, P2, U2y - -+ s Piy Uit 1y Pit2y -« - 5 Py ukakarl)-
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Ecaun Bce Turier p; coBIIaIaloT ¢ TUIIOM P, TO BMECTO 3alllCei

P(pla X17p27 X27 -5 Pk Xkupk—i-l)

u
P(plﬂ Ui, P2, U2,y - - - 5 Pk, UkaPk—I—l)

Oymem mmcars Pp(Xy, Xo,..., X)) u P,(uy,ug,...,u;) COOTBETCTBEHHO, a

rakke | X1, Xo, ..., Xil|p u [u1,ug, ..., ux|,. Bygem Takske omyckarp un-

JIEKCBI -, €CJIM U3 KOHTEKCTa $ICHO, O KAKOM THIIEe P HJeT pedb. IIpu srom
BMeCTO GOPMYT Oy uy pus.... paug.p( T, Y) OyzEM HCATD Oy iy 0y (T, ).

[pu manmaun mozean M, rpymmons B = (P(pup) \ {0}; [+, -]), Oy-
Jy9n nosyaccoyuamuenot (caesa) anrebpoi, MO3BOJISET IPEJICTABATL BCe-
BO3MOZKHBIE OIIEPAIUH |-, -, . .., | TepMaMu CUTHATYDHI |-, -|. B ganbmeitimenm
omeparnuio |-, -| 6yzeM Takzke 0603HAYATH Yepe3 - U UCIIOJIB30BATH 3AIHCH UV
BMeCTO « - v. Ilpu 9TOM B CiIydae OTCYyTCTBHS IOJIyacCONUATUBHOCTH CIIPaBa
Oy/1eM B 3QIACH UjUs . . . Uy, TIPEJIIOIATATH CJIEIYIONLYI0 PACCTAHOBKY CKOOOK:

[TockobKy 10 BBIOOPY MeTKH 0 syt bopmysibl (z & y) crnpaBejIuBbI
pasencrBa X - {0} = X u {0} - X = X g moboro X C p, (), rpynmnons
B (p) BMeeT equHIIHBIA s1eMenT {0} 1, IPU BHIIOIHEHNI CBOHCTBA HOJTyac-
COIMATHBHOCTHU CIpAaBa, sIBJAETCsT MOHOWJIOM. B 9roii cucreme Jyist o6bIx
muOZKecTB Y, Z € P(pup)) \ {0} cupasemnuso coorromenne

Y-Z:U{yz|y€Y,z€Z}. (1)

s cemeiictsa 1-tunos R C S(T') obozuatum uepes [r (B Mogenn M)
MHOKECTBO
{(a,b) | tp(a),tp(b) € R u a uzomupyer b},

a uepes Sl (B Momesmm M) MHOXKECTBO
{(a,b) | tp(a), tp(b) € R u a moayusomaupyer b}.

OueBnano, aro Ir C Sli u Ha JIFO60M MHOXKECTBE peaTn3aluii TUIoB u3 R
ornomenust Ir u Sy pedekcuBubl. VI3BeCTHO, ITO OTHOIEHHE TTOJIYU30JIH-
POBAHHOCTH Ha MHOXKECTBE KOPTErKeil MPOM3BOILHON MOIEIN TPAH3UTUBHO
1, B YACTHOCTHU, TPAH3UTHUBHO JitoOoe oTHotrenne Slz. UTo kacaercs oTHO-
meHnst Ir, OHO MOXKeT ObITh KaK TPAH3UTUBHBIM, TaK U HETPAH3UTUBHBIM:

IIpengioxenune 3. (1, 7|. [lyemos p(x) — noanwid mun noanot meopuu T,
umerowets modeas M, v(p) — npasusvias memounas dynkyus. Caedyro-
WUE YCAOBUS IKBUBAAEHTVHDL:
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(1) omnowenue I, (na mnoocecmse peasudauud muna p 6 10600 MOJEAU
M = T ) mpansumusno;

(2) dns m06viT MeMOK UL, U € Pupy MHONCECNBO Py(U1, Us) KOHEUHO.

IIpennoxxenne 4. [1, 7. Ecau p,q € R — anasnvie munv,, mo py(pq) U
pl/(q’p) g UZO

Pacmupsist muOY)KecTBO MeTOK U TOJIOKUTETHHBIMI U OTPUTIATETbHBIME
METKAMHU JIJIsT TIOJTYU30JIUPYIONUX (hOPMYJI, & TaKyKe HeUmpaibHbLmMu MeTKa-
vu v’ € U’ (coBMmeraromumu HeobpaTuMble JIyTH U TIaBHbIE peOpa B MHOKE-
CTBO pellieHuii noayusoaupyomux Gopmyi), noaydaem SJIg-cucrembr &J
JIJISE TIOJTy U30JTUPYIONUX (DOPMYJI, & Tak:Ke Si-paHru, OyJIeBbl Olepaliu Ha
MeTKaxX 3TuxX (hOpMyJi, OTHOIIEHUS JIOMUHUPOBAHUS METOK, COOTBETCTBYIO-
e otHomteHuto -, 1 POSTCr-cucremsr, BKIIOIAIONTE BCe YKA3aHHBIE aT-
pubyTsr [1, §].

IIpengsioxkenune 5. (1, 9]. Jlas mobott meopuu T, nenycmozo cemeticmea
R C SY(0) usoauposannvix munoe u npasusvrozo cemeticmea v(R) memon-
noix pynryuts das noayusosupyrowur popmys POSTCr-cucmema M, (r)
COCMOUM U3 NONOHCUMENDHDIT MEMOK U HYAA, U KANCOAA MEMKQ U UMEEM,
JlonoJtHeHne i, makoe wmo u AN = 0 u u V U ABAACNCA MAKCUMANLHDIM
anemenmom. Eciu R = {p}, mo monoud &3,y = (My(r), ) noposcdaem-
cA 0Yaesotl anzebpoti, s Komopol u NV U coomeememeyem U30AUPYOULUM
dopmyaram muna p.

Caexncrsue 6. |1, 9]. /las moboti w-kamezopuwnot meopuu T, nenycmozo
cemeticmea R C S*(0) u npasuavnozo cemeticmsa v(R) memouwnoix dynryul
das noayusorupyrowux gopmya POSTCr-cucmema M, gy xoneuna, cocmo-
UM U3 NONOAHCUMENHOIT MEMOK U HYAA, U KaAAHCIGA MEMKA U UMeem ONO0N-
Henue u.

Teopema 7. [1, 9]. Jasa w060t POSTCr-cucmemor M, y xomopot xasic-
a5 MEMKA NONOHCUMENOHAA UAU HYACBAA U NPU IMOM UMEETN, JONOAHEHUE,
cywecmeyem meopus T, nenycmoe cemeticmeo R C S () usoruposarmvix
munos u npasusvhoe cemeticmeo v(R) memounor Gynkyud 0as noayuso-
aupyrowux gopmya, maxue wmo M, gy = M.

Caencrsue 8. (1, 9. Jlaa w060t konewnot POSTCr-cucmemv M, y xo-
mopoti M0bas MEMKA NOAOHCUMEADHA UL HYACEAA U UMeEET D0NOAHEHUE,
cywecmeyem w-kamezopuunas meopua T, nenycmoe cemeticmeo R C S*()
u npasusvhoe cemeticmeo v(R) memounvix Gynkyut 044 NOAYUSOAUPYIOULUL
dopmyn, maxue wmo M, gy = M.
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Samevanue 9. . OT™MeTuM, 9TO €CIU Ug, ..., U, — BCE METKH, CBA3BIBAIO-
e peajgu3aluu 1-TUTIOB p W ¢ TJIABHBIME JIyTaMU, TO JJIA JIIOOOH MEeTKN
U = U V...V u; €€ NOLOJHEeHHEeM sBJIgeTcd MeTKa U = uj V ...V uj,
viae {iy, ... ik}, {J1,... i} — pasbmenne muOxkecTBa {1,...,n}. [Tosromy B
caeJcTBUsIX 6 1 8 0 HAJIUYIUN JOIOJHEHWI MOYKHO He YIIOMUHATD.

Kpome Toro, nockosibky B s060i1 Koreunoit POSTCx-cucreme M Bee
METKU CBOJIATCA K METKAM U30UPYIONIUX (POPMYJI, T4 CUCTEMA OTHO3HAYHO
oTpeIesIsieTCst CBOeH MoAaIredpoil pacipeie/leHuii N30 UPYIOmuX popMy.I.

2 Ajarebpbl OMHAPHBIX N30JIUPYIOINX (POPMY.JI
JIS Teopuii CUMILIEKCOB

Onpepenenne 10. [10]. Cumnaexc wima n-meproii mempasdp (or Jar.
simplex — mpoctoit) — reomerpudeckas burypa, ABIAIONAICA N-MEPHBIM
00001IIeHeM TPEYTOJIHBHUKA.

B npocreiinem ciryvuae cuMIniekce 3To TpeyrojbHuK. V3-3a pa3sHbix Bapu-
aruit KOMIIOHOBKY, OJINHAKOBOE KOJIMYECTBO CHMILJIEKCOB MOYKET UMETh Pas-
Hblid quameTp. Mbl OyiieM paccMaTpuBaTh aareOpbl JIjId TEOPUU CUMILIEKCOB
¢ yaerom juamerpa. [log qmamerpoMm mojgpasyMeBaeTcs MOHITHE JTHAMETPa
s rpada.

Anrebphl 1 TEOpUU CUMILIEKCOB 0003HAYAThL OyzieM depe3 &, e n
JIaMETP.

Onpegenenne 11. /I cUMIIEKCOB ¢ JUAMETPOM, PaBHBIM 1, 0003HAUNM
gepe3 G anrebpy (S1;*) ¢ MHOKECTBOM METOK p,(p) = 10, 1} 1 3aaBaemyio
caeIytoneit TabInIeit:

To [ 1
0| {0} | {1}
1 {1} ]{0,1}

Onpenenenne 12. /19 CUMILIEKCOB C JUAMETPOM, PABHBIM 2, 0003HAYNM
gepes Gy anredpy (Sa;*) ¢ MHOKECTBOM METOK py(p) = {0, 1,2} n 3a;1aBae-
MYIO CJIeJIyIomeil Tab /InIeii:

0 1 2
{0y | {1} {2}

{1y ] {1,2} |{0,1,2}
{2} | {0,1,2} | {0,1,2}

N =] O
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Onpepenenne 13. /19 CUMILIEKCOB € JUAMETPOM, PABHBIM 3, 0003HAYNM

gepes g anredpy (Ss;*) ¢ MHOKECTBOM METOK py(p = {0, 1,2, 3} u 3a1aBa-
eMYI0 cJiejiytomeii TabJimieii:

0 1 2 3
0] {0} {1} {2} {3}
1[{1y| {12 [{0,1,2,3}{0,1,2,3}
2 [ {2}1{0,1,2,3} | {0,1,2,3} | {0,1,2,3}
31{3}]{0,1,2,3} | {0,1,2,3} | {0,1,2,3}

Omnpegenenne 14. Jljasg cUMILIEKCOB ¢ A@aMeTPOM, PABHLIM 5, 0603HAYNM
gepe3 Gy anredpy (S5;%) ¢ MHOXKECTBOM METOK Py, = {0,1,2,3,4,5} n
3a/1aBAEMYIO CJIE/IYIONIei Tab et

[ O 1 2 3 1 5

0 | {0} {1} 12} {3} {4} 15}

1 [ {1} {1,2} {0,1,2,3} {0,1,2,3,4} | {0,1,2,3,4,5] | {0,1,2,3,4,5]
2 [ {2y [ {0,1,2,3} {0,1,2,3,4F [ {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}
31 {3y [ {0,1,2,3,4y [ {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}
4 [ {4} [{0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}
5 | {5y [ {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5} | {0,1,2,3,4,5}

Onpenenenue 15. /[y cUMILIEKCOB ¢ JMaMeTPOM, PaBHBIM N, ajredpa

(Sn;*) ¢ MHOKECTBOM METOK p,y = {0,1,2,3,...,n} 3amaerca ciejyomneit
TaOJINIIEH:
. 0 1 2 k n
0 | {0} {1} {2} {k} {n}
1T | {1} 1,2} 10,1,2,3} 0.1, . m+1} (0.1, .0}
2 | {2} 10,1,2,3] {0,1,2,3,4} (0.1, m+2} (0.1, _.n}
m T {m} ({00, m+1] | (00, .,m+2] 01, mT ki 0.1,
Wy | 0. ) 0.1, .n) L. ) | (0L 1)

u obo3Havaercda depe3 G,,.

BamernM, 910 (M + k) He MOXKET IPEBLIIIATH 3HAYCHUA N.

HeHOCpeﬂ‘CTBeHHaﬂ IIPOBEPKa Jid BbINICYKa3aHHBIX T&6JH/H_[ yYCTaHaBJI-
BaeT cJjieJyrouiee

YrBepxkaenue 16. /lasa cumnaexcos ¢ duamempom, pasHvim 1, as2edpa
OUHAPHBLT U3OAUPYOUUT Popmya umeem ud S,,.
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Buepsbie a1y npobsiemy paccmarpubas [Haccenxays B nadase 70-X 10108
mporioro Beka. OH IPeJIoKUII CJIEIYIONTY 0 TUIIOTE3Y:

(Aut) ITycte © € AutZG — Hopmasm3oBauubiii. Torga cyre-
crByeT eguHunia o« € QG u aBromopdusm o € Aut G, Takue 9TO

9(g) = a~a(g)a, Vg € G.

Ormpeiestenne HOPMaIN30BAHHOIO aBTOMOpdu3Ma cM. [1].

Onnako K 910l runorese 6w mocTpoerbl KoHTprpuMepsl. (K. W. Rog-
genkamp, L. L. Scott (1988) [2], M. Hertweek (2002) [3]). MsI paccmaTpuBaem
STy 1IPOOJIEMY € TOYKN 3PEHUS TEOPUH IIPE/[CTAB/IEHI.

IIycte G = {e, g2, ..., 9n} — KoHeunas rpynna, 11(G), ..., Ts(G) — Bce
ee HEIPUBOIUMBIC HEIKBUBAJICHTHBIE IIPECTABICHUS CTEHeHel Ny, . . ., M.

D(G) = {diag(T1(9), Ta(9); - - -, T(9)), 9 € G}

OueBntHo, uro ZG = Z[D(G)], mosromy Bce IaiabHEHAIIE PACCy 2K ICHIs
nposojsTest st Z[D(G)]. Yenosumces kombiia Z[T;(G)] HasbBaTh KiIeTKamu
kosblia Z[D(G)]. Mexy pasmmanbiMu KiaeTKamu Kousiblia Z[D(G)] Bo3nu-
KaloT 0TOOparkKeHust

Hij Zo‘gTi(g) A Zo‘gTj(g)»O‘g <€ Z,
geG geqG
KOTOpbIe JINOO ABJIAIOTCA u30oMopdusMamMu, Jub0 He saBjsioTed. [Ipo coBo-
KYIHOCTH Beex Tex Kiaetok Z[T;(G)], i = 1,--+ s, MeXKIy KOTOPBIMH OTOO-
ParKeHUsl [i;; ABJIAIOTCA n30MopdusMamu, OyJileM roBOPUThL, YTO OHH 0OOpa-
sytor 60k. Ecm knerxkn Z[T; (G)], ..., Z[T;, +xr-1(G)],k > 1, obpasyior

ip
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610k, To obozraunM D, (G) = {diag(T;,(9), .-, Ti,+k-1(9)), 9 € G}, KobI0
O, = Z[D,(G)] nazosem 6s0K0M. Cpasy BOSHHKAET BOIPOC: SABJISIETCS JIH
orpanmdenne asroMopdusMa ¢ Kosbia Z[D(G)] na 6ok O, aBromopdus-
MoM 6soka? st orBera Ha Bompoc sameruM, uro O, = Z[D(G)|/I,, rue
I, ={> ayD(g)| >0 ayDy(g) = 0}.
geG geqG
Teneps nowusaTHO, ¥TO ecin ¢(I,) = I,, To orpanndentue ¢ Ha O, ABIAETCH

aBroMopdusMoM O, B IPOTHBHOM CJIyYae OTBET OTPHUIATEIbHBII.
OcranoBumMcs mozjpobnee na BropoM ciaydae. Ilomarmo, w4ro mpe-

an [, nopoxmaer wugean I, amredpor Q[D(G)]. U3 Buma xierotuno-

HIZKHETPEYTrosIbHOTO Oasnca kosbna Z[D(G)] (em. [4]) morsTHO, 9TO MOXKHO

HallT! aJIUTUBHBIN Oasuc mieana I,, Torma 1:;, OyJeT TPOCTO 3aMbIKAHUEM

sroro 6asmca Hag Q. ABToMOpdU3M (p TIPOI0/IKAETCA JI0 aBTOMOPMU3MAa (0

9TOM aarebpbl TAKzKe B CHJLY COBIIAJICHHS aJIATUBHBIX GA3UCOB.
Ornocurensuo anrebpsr Q[D(G)] MoKHO 10Ka3aTh, 4TO

1) QD(G)] = QO1] @ --- ®Q[O];

2) asrebpst Q[O,],p =1, ...t ABIAIOTCS TPOCTHIMU HAJ] CBOMME I[EHTPA-
M.

JlokazkeMm TIepBOE YTBEPIKJICHUE.

Jlemma 1. Jlas xaoicdozo 6aoka O; koavua Z|D(G)] cywecmeyem packaeu-
8atOULEE HUCAO, MO ECTND MUHUMAADHOE HEHYALE0E HAMYPAALHOE YUCAO M,
makoe 4mo

diag(0,...,0,m;0;,0,...,0) C Z[D(G)]

||G\

Ipu smom m;| =, 2de n; — cmenenv kaemox, exodawux 6 om0k O;.
1

Jlokasameavcmeo. Hanomuum [6], aro npoexmop P; Ha HOAIPOCTPAHCTBO
V; mpocrpancra V = C", uaBapuantaoe oraocutesibio R(G), B KOTOpOM
peas3yercs npsiMas cymMa, npejcrasiennii T;(G), numeer Bu

Z xi(g (1)
gGG

rae x; — xapakrep npencrasiaenns T;(G). Torga us Buga (1) cieyer, aro

P! |G| g Xi(g = diag(0,...,0,en,,...,€n,,0,...,0),
—_———
geG n;
rae e, — €JIMHUYHAsi MATpPHIA CTEIeHU N;, MOCKOJIbKY P} Ha seMeHTax

ITOJIIpOCTPaHCTBa V; JIeliCTBYeT TOXKJIeCTBEHHO, a 3JIeMEHThI OCTAJIbHBIX HH-
BapUaHTHBIX OTHOCUTETHHO R((G) MoAmpocTpaHcTB 00pAIaeT B HOJIb.
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Bepuewmcst k ipescrasiennto D(G) u paccMOTPUM IPOEKTOPBI HA MOTPO-
CTpaHCTBa, MHBApUAHTHBIE OTHOCUTE/IHLHO O10KOB. Ilycrs OG0k O; cocTont
u3 k kierok. B sToM ciiydae paccMOTPUM MATPHILY

gEG
= diag(0,...,0,€n,,...,€n,,0,...,0),
—_———

k

rae eJMHUYIHbIE MaTPUIIbl CTOAT Ha MeCTaX KJIETOK

ZIT; (@), ..., ZTi+k-1(G)]. Ilo nemme 2 u3 paborsr (1], ecmm x = x; +
)

-+ Xitk—1, T0 X(G) C Z. Ilostomy n—ilAZ = Y ,caX(9)D(g) =
diag(0, .. .,0, |n£<|€n“ ey |S| €n;,0,...,0) € Z|D(G)]. Tax xax
N ~ .
G, _di IGlo,
. A/ ZID(G)] = diag(0,...,0, . 0;,0,...,0) C Z[D(G)], mmeem

7

N3 nokazaresibcTBa JJeMMBbI 1 BIHJIHO, 9TO

Q[D(G)] =Q[O1] @ - & Q[O].
JokazkeM yTBep:KjeHue 2).

Jlemma 2. Jlaa xaostcdozo 6aoka O; koavua Z[D(G)] nopoorcdénnan mad num
Q-anzebpa Q[O;] asasemes npocmot.

Jlokasameavcmeso. B cuny mzomopduoctn Q-amredp Q[T;(G)] u Q[O;]
(em. semmy 1 u3 paborsr [1]), Gyaem gokasbiBaTh mpocToTy Q-amrebpbr
Q[T:(G)].

[Ipeanonoxum, uro B Q-anrebpe Q[T;(G)] naménca HeTpuBHATLHDII
unean I. [lycrs {hy, ..., hy} — Heroropsiii Q-auTUBHBII Ha3UC ITOrO HJIe-
ana. Ilockombky T;(g)hj, h;jT;(g) € I, To muuHeiinas 060I0UKA ITOrO HeasIa
Hayt nosieM npejcrasienus Q(O;) 6moka O; Takzke OymeT MIEATOM B COOT-
sercrBytomeit Q(O;)-anrebpe Q(O0;)[T;(G)].

B cBoto ouepesn, nocrpoennas Q(O;)-anrebpa gBisieTcss MPOCTOil Kak
Q(O;)-anrebpa HENPUBOAUMOrO IMpejcTaBieHus u3 6soka (O;, MOITOMY JIIO-
6oit eé HeTpuBHAJBHBIN meas Oyaer coBmagarh co Beeit Q(O;)-amrebpoit
Q(0,)[T;(G)]. Cnenosarenbro, cpeau siemertoB Q-ajymruBHOrO 6asmnca
{h1,..., hg} maiigerca n? MaTpun, TuHEHO HezaBucuMbIX Hajl tojieM Q(O;),
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u 3Haqnt, Haj ero nomanoseMm Q(x;). 31ech n; — CTelneHb HEMPUBOIAUMBIX
npejcrapiaenuit n3 61oka O;.

lycrs hi,...,h,2 — BblaeneHHas, JUHEHO He3aBUCHMAs HaJ| HOJIEM
Q(x:), gacrs Q-amauruBHOTO Oasuca uneana I, ay, ..., — 0a3UC KOHEU-
noro pacumpenust Q(x;) : Q. Tak xax Q[T;(G)] = Q(x;)[L1i(G)], B naeasne
I < Q[O;] maiinéres kin? snementos aghj,i = 1,...,k;,j = 1,...,n?. dror
HAOOP HE MOXKeT ObITH JIMHEHHO 3aBUCUMbIM Ha | (Q, TaKk Kak B 9TOM Ciydae
noJydaeM JIMHeHHyIo 3asucuMocTb Hal Q(y;) i smemenToB hy, .. ., P2,
Yero He JIOJIZKHO OBITh B CUJIYy UX BBIOODA.

B wurore noayunnu, uro B uieane I < Q[O;] maiinéres kn? numneitno
HezaBHCHMBIX Haj Q semenToB, uTo Baedér paserctso [ = Q[O;], Tak Kak
dimgQ[O;] = k;n? . Takum obpasom, Q-anrebpa Q[O;] ne comepxur Herpu-
BUAJIBHBIX COOCTBEHHBIX HJICAJIOB, TO €CTh SABJIAETCSA ITPOCTOI. O

Us 1), 2) cremyer, ato

L, =QO] & ®Q[Op1] B QO] © - B QO

3(I,) =1L, =Q[O1] & - & Q[Oy 1] & QOy 1] & -+ B QIO,].

Toraa Q[D(G)]/1, = Q[O,], a §(Q[D(G)]/1,) = QID(G))/Iy = QOy).

Cootsercrsenno, ¢(Z[D,(G)]) = Z[Dy(G)], T.e. aBTOMOpdu3M ¢ 3amaeT
msomopdusm mexx ity omokamu Z[D,(G)| u Z[D,y (GQ)]. lycrs o : Z[D,y(G)] —
Z|Dy(G)] — m3oMopdu3M MeK/Iy STUMHI OJIOKAMU I

a=diag(ay,...,ap,...,0y,...,a;) € ZD(G)].

Torma
p(a) = diag(ay, ..., o(ap),. .. ,J_l(ap/), c,ay),

—1
rae o(a,) € Z|Dy(G)], a0 (ay) € Z[D,(G), 1.e. npu aBromopdusme ¢ 610-
ku O, u Oy “nepecraBidaiorca’ . HarmoMHIM BHJT KJTACCOBBIX CYMM, T.€. CyMM
9JIEMEHTOB, IIPUHAJIEZKAITIX OJHOMY KJIACCY COIPAZKEHHBIX JIEMEHTOB:

Gy .
S 1y(g) = BRI e, )

j
g€g§

Tak kak 1pu u3oMopdusMe KOoJell CKaJsipHble MaTPHUIbI IIEPEXOJIAT B
CKaJISPHBIE, TO U XapaKTePhl OJIOKOB IIPU aBTOMOPMU3ME ( TIEPECTaABIISIIOTCS.

B cBasu ¢ aTuM BBegeM Ha3BaHHS aBTOMOPMU3IMOB.

Ecmu ¢(I,) = I, T0o Ha30BeM ¢ — cMAOUAUSUPYIOULUM.

Ecmu ¢(I,) = Iy # 1,, TO HA30BEM ¢ — NePecmaBAAOULUM.
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Crabunusupyiorie aBToMOpGhU3MbI 00PA3YIOT MOATPYIIILY
Stab(Z[D(G)])

B rpymnue Aut (Z[D(G)]). Housaruo, uro Stab(Z[D(G)|) — nopmasbHas mos-
rpymmna Konednoro upgekca B Aut (Z[D(G)]), me. cymecTByeT KOHETHBII
Habop IMepecTaB/ISIONUX aBTOMOP(MU3IMOB, ONPEJIEIAIONINX (PaKTOP-TPYIIITY
Aut (Z]D(G)])/Stab(Z][D(G)]).

s onmcanust ¢Tpoenuss CTabUIM3UPYIONUX aBTOMOP(MU3MOB, U3y YeH-
HBIX HaMH paHee, BBEJEM B PACCMOTPEHHE elle OIuH aBToMopdusm. A
uMenno, nyctb K — anrebpamdeckoe pactmmpenne nosss Q, 7 € Aut K,
a = (ai;) € Ky. Onpenemm 7((ai;)) = (af;)

Orpanmdenne crabUIM3Upyonero aBromMopdusma ¢ Ha 6j0k O, ABIA-
ercst aBromopdusmom 6510ka O,,. Orciona orpanndenue $ Ha anrebpy Q[O,)]
sBJIseTCst aBToMopdu3MoM 31oit anrebpsl. Lenrpom anrebpst Q[O,] saBis-
erca nose xapakrepa Q(x;,). Torma mo reopeme Herep — Ckonema, ecim
paccmarpuBarh anrebpy Q[O,] kax anrebpy man Q, ee aBromopdusmamn
SAIBJIAIOTCS KOMIIOZUIIMU aBTOMOPGMU3MOB 7', Tie 7/ — IPOoJ0JIZKEeHUue aBTO-
mopdusma 7 € Aut (Q(x;,)) /1o aBToOMOpdHU3Ma O IpPe/ICTaB/IeH s O/I0Ka
O,, 1 COUPSIZKEHUs eUHAIIAME STOI ayredpel. B pesynbrare HaMu mosryte-
Ha dakTopusanus aBToMopdu3MoB Kosbla Z|D(G)], otimaHast 0T runoTessl
[Haccenxay3sa.

Teopema. 6ot nopmaauzosarnwd asmomoppusm xorvua Z|D(G)]
ecmb KOMNO3UYUA (L O T O g, 20€ O — NEPECMAGAAOUUL ABMOMOPPHUIM U3
KoHnewnoz20 nabopa, T — asmomopdusm noas npedcmasaenus 2pynnol G, o,
— conpascenue edunuyet s anrzebpu, Q[D(G)).
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1 Introduction

Many experts in the field of Digital Currency and Computer Science
in general have highlighted the need for convergence with the field of
Mathematical Logic and Formal Methods. The article of Herihy and Moir
[6] highlights the necessity of creating a logical system that can express
propositions such as “Because A (an agent) endorsed false statement, A
can no longer be trust with nuclear codes” and properties like authorization,
fairness, incentives as well as behaviors of miners.

In his presentation How Formal Analysis and Verification Add Security
to Blockchain-based Systems during the last Blockchain Protocol Analysis
and Security Engineering Conference 2017 Shinichiro Matsuo (MIT) reports
the need for a logical system that is sound and complete, and within which
we can describe the notion of security, privacy and thus prove the desirable
security specifications.

A first step was made by Brunnler et al [2]| with blockchain epistemic
logic, but as described by the writers, it is at a rather early stage. In addition,
Joseph Y. Halpern and Rafael Pass in [4] provide a complete characterization
of agent’s knowledge.

With our work, our goal is as follows. First, we want to examine whether
it is possible to create a logic that can describe properties such as privacy,
security or Common Prefix Property, Chain Quality Property etc. Can
there be only one logical system, a universal logic? What knowledge do
we need from model theory and mathematical logic in order to be sure that
we can express properties in the logical system? Furthermore, we should
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question the implications of other properties of a logical system like Craig’s
interpolation property and compactness property. Moreover, what knowledge
can we get from the community of formal methods and the work done on
the expressiveness of properties such as privacy in logical systems?

The second thing we intend to explore is the relationship between Bitcoin,
Game Theory and Mathematical Logic. Can we translate the fundamentals
of Bitcoin Game in Formal Languages? It is known that the tools of modal
logic have enriched the game-theoretic language by making it possible
to express concepts that were previously either informally claimed to be
captured by a solution concept. A famous theorem of this theory is the
notion of common belief in rationality and its relation to iterative deletion
of strictly dominated strategies [1].

The first step is here, where we give a first definition about stable
behavior through topological approach, using coalgebraic tools and notions.

2 Coalgebras and Topology

In general we can say that a coalgebra consists of a set X named as
a state space and a function £ : X — T'(X) where the elements of T'(X)
labeled as transitions from X. Formally the definition of coalgebra in the
language of category theory is above.

Definition 1. Let C be a category and T : C — C an endofunctor then a
T-coalgebra is a pair (X, ) where X is an object in category C and £ is an
arrow in C, i.e. £ : X — T(X).

Definition 2. Let T': C — C be an endofunctor then a morphism between
two T-coalgebras (X, ) and (Y, ) is a morphism f : X — Y such that the
following diagram commutes, i.e. vf = T(f)E.

Fig. 1: Morphism of T-coalgebra

Example 3 (Kripke Models). This example is coming from the area of
Modal Logic. A Kripke model [7] for a set of atomic formulas is a triple
M = (W AR criop, V'}) where W, the domain, is a non-empty set whose
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elements called as points or states or possible worlds. Each R™ is a binary
relation on W and V is the valuation function, which assigns to each basic
propositional symbol of the language a subset of the domain.

Following [5] we can define through a coalgebraic formalization as
Next(w) = {w" € W | wRw'} to be the set of states that are possibly next
of w and as Prop(w) = {p € P | w € V(p)} to be the formulas which are
true in state w.

Then we can see the Kripke model as (W, ), where

E:W = P(W) x P(P), £&(w) = (Next, Prop)

and finally the standard modalities can be defined as

06 = {w e W | €(w) (¢}

Example 4 (Topology). It is well known that we can obtain concrete
examples of colagebras from topological spaces [3]|. If (X, 7) is a topological
space we can see it as a T-coalgebra using the operation which associates
with every point z € X the filter U, , i.e.

VelU, <= F0ec71: 2 O0&OCV. (1)

Definition 5. [3] An F-coalgebra (X, a) is called topological if there exists
a topology 7 on X such that for all z € X, a(x) = U,(x).

Proposition 6. [3| Let (X,7) and (Y, p) be two topological spaces. Then
amap f:(X,U;) = (Y,U,) is a T-homomorhpism iff f is continuous and
open. Furthermore a subset Z of X is a subcoalgebra iff it is open.

In computer science, coalgebra has emerged as a formal way of specifying
the behaviour of systems and the behaviorally equivalent of two states.

Definition 7. For two coalgebras € : X — T(X) and ¢ : X' — T(X'), we
say that two states x € X and 2’ € X’ are behaviourally equivalent and we
write © = 2’ if there exists a coalgebra ¢ : U — T(U) and two coalgebra
homomorphisms f: X — U and g : X’ — U such that f(z) = g(2’').

It is obvious from the above definition that behaviour equivalence is
a reflexive and symmetric relation, it is not difficult to show that in any
category with pushouts the behaviour equivalence is also transitive relation.
The initial step for our work is to introduce a definition about the behavior
of agents using topological notions.
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Definition 8 (Stable under Behavior - SuB). Let X be a set, 7 a
topology over X and f a function f : X — X, then a point is Stable under
Behavior of the open U, and the orbit of function f iff f™)(z) € U, for every
n € N.

Definition 9. Let (X, 7) be a topological space and f a continuous function
then the orbit of x under the action of f is the set

O, = {z, f(x), [(f(2)) = [P (@),.... [P (@),...}

Theorem 10. Let (X, 1), (Y,p) be topological spaces, o a continuous
function on X, and v € X,y € Y two behaviorally equivalent points
such that x is Stable under Behavior of « and U,. Then z such that
f(z) =g(y) = z € (Z,x) is Stable under Behavior of f[U,] and g = f ® «
where g : Z — Z such that g™ (z) = f (o™ (z)).

Proof. Let U, C P(X) be an open set in (X, 7). Then f [U,]is openin (Z, x).
We have also f[0,] C f[U.]. Therefore, ¥V n € N: g™ (z) € f[O,]. O

3 Future work

Based on the presented arguments, it is clear that we treat states as
agents. Also it becomes clear that it is important to develop syntax and
semantics of modal logics for reasoning about multiple parties creating a
map of formal verification projects on Digital Currency field and templates
and languages which are suitable for formal verification.
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In the work [1], initial notions of the first-order combinatorics are
defined presenting a conceptual framework for investigations of expressive
power of predicate logic. First-order combinatorics requires to accept some
family of methods for transformation of theories. A transformation has the
aim either to simplify the theory or to reduce it to a definite form with
the same isomorphism type of the Tarski-Lindenbaum algebra and with
preserving model-theoretic properties of corresponding completions. The
common practice of investigations in model theory widely uses a terminology
connected with the model-theoretic properties of complete theories, however,
this term was not specified in any way yet. Thus, a necessity to give a
definition to the concept of a model-theoretic property becomes actual.

Combinatorics of a given type is characterized by a definite set of used
methods of transformation of theories and by the layer of those model-
theoretic properties which are preserved by these methods. Relation between
the accepted class of methods and the semantic layer of preserved model-
theoretic properties is a Galois’s correspondence. Therefore, an inverse
dependence takes place between the set of methods and the volume of the
layer of model-theoretic properties preserved on them. Signature reduction
procedures and transformations by the universal construction of finitely
axiomatizable theories are considered as combinatorial methods in predicate

*The work was supported by grant (0665/GF4) of Ministry of Education and Science
of the Republic of Kazakhstan (2015-2017).
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logic; these methods are taken as a basis for the first-order combinatorics.
For finitary combinatorics, we accept methods of a transformation of finite
signatures and more general methods of Cartesian extensions of theories
while for infinitary combinatorics, we accept methods of a reduction of
infinite signatures to finite ones as well as transformations of theories by
means of the universal construction. The class of finitary methods can be
considered separately. As for the class of infinitary methods, its consideration
requires adding the finitary methods.

In this work, we describe the operation of a Cartesian extension of a
theory, give a definition to the concept of a model-theoretic property, and
specify in detail the pragmatic approach that turns out to be the most
adequate to the real practice of investigations in model theory. The definition
of a model-theoretic property includes some informal parts, nevertheless, its
applications ensure exact mathematical statements.

1 Preliminaries

We consider theories in first-order predicate logic with equality and use
general concepts of model theory, algorithm theory, constructive models,
and Boolean algebras that can be found in [2], [3], and [4]. A signature is
called rich if it contains at least one n-ary predicate or function symbol
for n > 2 or two unary function symbols. In the work, the signatures
admitting Godel’s numbering are only considered. Such signature is called
enumerable. Generally, incomplete theories are considered. For theories, c.a
means computably axiomatizable while f.a. means finitely axiomatizable.

There are two levels of definability in the first-order logic. The first one is
called radically logical or briefly model. It does not assume any limitation on
the class of used formulas. The second more delicate level is called algebraic.
At this level, 3N V-type of first-order definability is used. In this work, we
systematically follow the algebraic approach. If it is needed, all results in
the article can be transferred to the form corresponding the model-type
definability.

2 Cartesian-type interpretations

We use a simplest concept of an interpretation of a theory Ty in the
region U(z) of a theory Ti, [5]. Classes of isostone and model-bijestive
interpretations are introduced in [6]. In this section, we introduce a technical
class of interpretations presenting finitary methods in first-order logic.
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Given a signature o and a finite sequence of formulas of this signature of
either of the following forms:

(a) 2= (@[ fer, o onr T2,
(0) se= (1" 952, 05"),

(1)

where ¢y, is a formula with my free variables, ex(yx, Zx) is a formula with
2my, free variables such that Lengy, = LenZz, = my; moreover, (1)(b) is
just a simpler notation for the common entry (1)(a) in the case e (¥, k)
coincides with gy = z; for all k < s.

Starting from a model 91 of signature o together with a tuple s¢ of any
of the forms (1)(a,b) we are going to construct a new model My = M(3¢) of
signature

op = o U {U17U11>U217"->U;} U{KT1+17""K;nS+1} (2)

as follows. As the universe, we take || = |9 U A; U Ao U... U A, where
all specified parts are pairwise disjoint sets. On the set |91, all symbols of
signature o are defined exactly as they were defined in 9)t; in the remainder,
they are defined trivially; predicate U(z) distinguishes |91|; predicate Uy(x)
distinguishes Aj; the other predicates are defined by specific rules depending
on the case. In the case (1)(b), each predicate K} in (2) should be defined so
that it would represent a one-to-one correspondence between the set of tuples
{a | M = gr(a)} and the set Ay = U(9M;). Turn to the most common case
(1)(a). Denote by Equiv(eg, px) a sentence stating that e is an equivalence
relation on the set of tuples distinguished by the formula o (Z) in 9. In this
case, (my + 1)-ary predicate K} should be defined so that it would represent
a one-to-one correspondence between the quotient set {a | M |= ¢x(a)}/e)
and the set Up(9M;), where €,.(y, 2) = ex(y, 2) V TEquiv(eg, ¢x). The aim of
replacement of € by ¢}, using Equiv(ey, k) is to provide total definiteness of
the operation of an extension 91(sr) independently of whether the formulas
€, represent equivalence relations in corresponding domains or not. In the
case (1)(a), M(s0) is said to be a Cartesian-quotient extension of 9 while in
the case (1)(b), the model M () is said to be a Cartesian extension of IM
by a sequence of formulas .

Expand the operation of an extension (initially defined for models) on
theories. Given a theory 7" and a tuple s of the form (1). Using a fixed
signature (2) for extensions of models, we define a new theory 7" = T'(3) as
follows: 7" = Th(K), K = {M(0) | M € Mod(T)}. In the case (1)(a) it is
called a Cartesian-quotient extension, while in the case (1)(b) it is called a
Cartesian extension of T' by a sequence s.
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Usually, we follow an algebraic approach; i.e., we consider passages T
T () for which the sequence (1) satisfies the following technical condition:

or(Zr) and ex(yg, 2x) are 3N V-presentable, for all k < s. (3)

Denote by RKD(c) and KC(o) the sets of tuples of formulas of signature
o of the forms, respectively, (1)(a) and (1)(b), while KD and KC are unions
of these sets for all possible (enumerable) signatures o. We denote by KC5y
the set of all tuples (1)(b) satisfying (3), while KD, is the set of all tuples
(1)(a) satisfying (3).

In theory T(x), the region U(x) represents a model of theory T.
Particularly, the transformation T+ T'(3) defines a natural interpretation
Ip, of T in T(x). It is called a special Cartesian-quotient interpretation.
Similar definition applies to the other case of the tuple s; thereby, the
concepts of a special Cartesian interpretation is also defined. Considering
theories up to an algebraic isomorphism we may use simpler term Cartesian-
quotient or, respectively, Cartesian interpretation.

Lemma 1. Given a theory T of an enumerable signature o and a sequence of
formulas » € KD(o). Special Cartesian-quotient interpretation I, : T
T(s20) is effective, model-bijective, and isostone. In particular, interpretation
Ir,, determines a computable isomorphism ur,, : L(T) — L(T()) between
the Tarski—Lindenbaum algebras.

The following statement is established based on first-order combinatorial
properties of Cartesian extensions of theories:

Lemma 2. The following relation defined on the class of all theories
T=, S@dﬁ(a%,%ﬂ € IL/i;Cgmv) [T(%’) g S(5") ] (4)
is reflexive, symmetric, and transitive (i.e., it is an equivalence relation)

Further properties of Cartesian-type extensions of theories and
interpretations can be found in 7] and [§].

Definition 3. We introduce the following notations for particular semantic
layers that are relevant in this direction:

(A) ASL =the set of model-theoretic properties p € AL preserved by
any special Cartesian interpretation Irg : T — T(£) for an arbitrary
computably axiomatizable theory T" of an enumerable signature o and
an arbitrary finite tuple £ = (¢1,..., ;) of sentences of signature o
satisfying (3).
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(B) MSL = ASLN ML.

(C) ACL = the set of model-theoretic properties p € AL preserved by
any special Cartesian interpretation Ir¢ : T — T(£) for an arbitrary
computably axiomatizable theory 7" of an enumerable signature o
and an arbitrary tuple & = (",...,¢") of formulas of signature
o satisfying (3).

(D) MCL = ACLN ML.

(E) ADL = the set of model-theoretic properties p € AL preserved by
any special Cartesian-quotient interpretation Ipe : T — T(&) for
an arbitrary computably axiomatizable theory T of an enumerable
signature o and an arbitrary tuple £ = (¢]"/eq, ..., o0"¢e,) of formulas
of signature o satisfying (3).

(F) MDL = ADLN ML.

Layer AC'L is said to be the (algebraic) Cartesian semantic layer; it plays
the role of a pragmatic release of the finitary semantic layer. By MCL we
denote its model version called the model Cartesian layer. Layer ADL is said
to be the (algebraic) Cartesian-quotient semantic layer; it plays the role of a
maximalistic release of the finitary semantic layer. By M DL we denote its
model version called the model-type Cartesian-quotient layer.

Fig.1 presents a scheme of inclusions between the semantic layers and
corresponding similarity relations relevant for first-order combinatorics.
Arrows point out relatively stronger similarity relations and relatively wider
semantic layers of model-theoretical properties. Two relations ~ and =,
in the top are relations of isomorphism of theories, where ~ means a
model isomorphism or simply isomorphism, while ~, means an algebraic
isomorphism or 3 N V-presentable equivalence between theories. Although ~
and =2, are not similarity relations they are included in the scheme for the
sake of completeness. The entries =., =,., etc., are short forms for semantic
similarity relations =y, =4cr, with semantic layers MCL, ACL, etc., that
were defined above. The inclusions M DL C MCL and ADL C ACL are
also valid although they are not presented in the scheme in Fig. 1.

The layer M QL consists of the model-theoretic properties preserved by
all interpretations in the class IQuasi U ICartes between computably
axiomatizable theories, where IQuasi is the set of all quasiexact
interpretations, while /Cartes is the set of all Cartesian interpretations. The
layer M QL is supported by a regular version of the universal construction
of finitely axiomatizable theories, [6].
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Fig1: Scheme of semantic layers of model-theoretic properties

The Hanf semantic layer HL is an empty set @. Corresponding semantic
similarity relation =g, alternatively =, is called Hanf’s isomorphism
because William Hanf was the first investigator who studied such relations
between theories just in relation to the problem of expressive possibilities of
first-order logic, [9].

3 A definition to the concept of a model-
theoretic property

We are going to discuss approaches to the problem of classification of
complete theories modulo coincidence of their model-theoretic properties,
cf. [10]. Two complete theories are said to be equivalent if their real model-
theoretic properties are identical:

Ty = Ty <4 (V real model-theoretic property p) [Tl epeT,) e p}. (5)

Accordingly, any classes of complete theories closed under = are said to
be real model-theoretic properties. Thus, to define the concept of a real
model-theoretic property it is necessary to find available dependencies (called
reasoning) between complete theories of the following form

T~ Ty =T = Ty, (6)

that have significance in the practice of working in model theory.
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Two most important pieces of reasoning (for complete theories) are:

(a) Tm,S=T=x=S8,
(7)
(b) T{x)=T = S, for any » € K Csny.

General significance of the reasoning (7)(a) is obvious. Argumentation (7)(b)
concerns virtual expansions of the universe which are just plain codings
for the initial universe; therefore, the pointed out sequence of implications
(7)(b) for all »x € KC can also be considered as adequate to the common
practice of work in model theory. Notice that, lots of researchers follow a
naive approach considering any classes of complete theories, even if they are
not closed under isomorphisms of theories. To avoid this common irregular
situation, we will assume (by default) that any considered class of complete
theories first should be closed under algebraic isomorphisms of theories by
the rule

pop =, ={TeC|@Tep) [T~ T} (8)

This correction rule is said to be a normalization pre-stage in the definition
we are going to introduce.
We give a generic definition to the concept of a model-theoretic property.

Definition 4 (Generic definition of a model-theoretic property). Initially,
we have to point out a collection of relations of reasoning of the form (for
complete theories)

~0 iel (9)

that we intend to accept as a basis of the definition. The relation =, cf. (5),
is presented by the relation ~} obtained by the operation of closure of the
system of relations (9) up to an equivalence relation. Accordingly, the class of
all real model-theoretic properties is presented by the following expression:

ArealL = {p C C | pis closed under ~ }. (10)

To check up, whether a set p C C is a model-theoretic property, first, a
normalization pre-stage p — p* should be performed; then, the condition
p* € Areal is to be checked. If the result is positive, we qualify p as a real
model-theoretic property; moreover, a specifying term “p is a model-theoretic
property up to the closure under isomorphisms” may be used. Otherwise, if
the test p* € Areal fails, p is qualified as a class that is not a real model-
theoretic property.
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Lemma 5. An inverse dependence of the set of real model-theoretic
properties on the accepted set of reasoning ~\’, i € I, takes place.

*

Proof. Indeed, let the pointed out set defines an equivalence relation ~
playing the role of the relation =, thus, defining the layer Areal. Assume
that, as the base for a new definition, some larger set of reasoning ~%’, i € I+,
It DI, is taken. It is obvious that the inclusion ~% C ~I must take place;
i.e., each class of the new equivalence ~ consists of a number of classes
of the initial equivalence ~*. Thereby, we have ArealL™ C Areal because
AreaL™ consists of the sets of complete theories closed under equivalence
~* having larger classes in comparison with those of the initial equivalence
A O

X

The following (pragmatic) variant of the definition is fixed as preferable:

Definition 6 (Pragmatic specification to Definition 4). As a set of reasoning,
we accept the relation (7)(a) together with a series of relations (7)(b) for all
» € KC5y. The relation &, on the class of all complete theories defined by
expression (4) in Lemma 2 is the closure of this system of relations. Thus,
within this approach, relation ~ coincides with =,. Accordingly, in view
of the scheme of semantic layers in Fig. 1, we obtain the following chain of
inclusions:

ArealL = ACL C ASL C AL. (11)

By default, we also suppose that, to apply Definition 6 for a set p C C,
a normalization transformation (8) should be performed initially.
An important statement concerning different versions of Definition 4.

Lemma 7. Suppose that a variant o of definition of a real model-theoretic
property is chosen with reasoning consisting of the relation (7)(a) and a
series of relations (7)(a) for all c € KCsny together with a definite set of
additional relations of the form (6). Then, the following chain of inclusions
takes place:

Aideal® C ArealLl® C ACL C ASL C AL, (12)

where the ideal semantic layer Aideal® corresponds to the potential
possibility of an extension of the accepted system of reasoning o with some
new rules of the form (6) that can appear and could be accepted in the future
within the system a.

Proof. From the principle of inverse dependence we mentioned before.  [J
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The following systems of reasoning to the definition of the concept of a
real model-theoretic property are possible. Let an arbitrary set p C C be
given. At the naive approach, any set of complete theories is considered
as a model-theoretic property; the primitive approach requires that p
should be closed under isomorphisms of theories; the pragmatic approach,
cf. Definition 6, requires that p is closed under isomorphisms, Cartesian
extensions, and back transitions in the operation of Cartesian extensions of
theories; at last, the maximalistic approach requires that p is closed under
isomorphisms, Cartesian-quotient extensions, and back transitions in the
operation of Cartesian-quotient extensions of theories, i.e., the reasoning
T(x) =S =T =8, for all x € KDS, is accepted that is wider in
comparisons with (7)(b).

Actually, other approaches for the definition to the concept of a realistic
model-theoretic property are possible. They can be based on principles
different from those adopted within the proposed scheme. To compare the
approach suggested here with the other potentially possible ones, some
discussion about the advantages and disadvantages of each of the alternative
approaches may be needed.

4 Transformations of theories complementary
to methods of finitary and infinitary
first-order combinatorics

In this section, we describe a number of interesting transformations of
theories which have properties close to those of methods of the first-order
combinatorics. These transformations are intended for different purposes
including that they can be used as possible extensions of argumentation
in a definition to the concept of a model-theoretic property. The suggested
demonstrations represent a useful addition to the first-order combinatorial
approach.

Demo 1. The rounding operation modulo theory SI. We consider
transformation of theories T +— T & SI, where ST is a successor theory
with an initial element and without cycles.

Signature og; = {<1?, ¢}, axioms of the theory ST:

1°. (Vo) [~(z < 2)];
2°. (Va)(Vy)(V2)[(z <y) & (z < 2) = (y
3°. (V) (Vy)(V2) [(y <2) & (2 <z) = (y

I I
ST
S~— SN—
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4°. (Vo)(3y) [z <y ];

5°. (Vo) [(z # )= (Fy)(y < 2) |;

6. (¥a)[~(x < 0)];

7°. (Voo 21, 20) (0 <921 Q-+ Q2 = 20 # 2,), n € N\{0}.

The theory ST is so simple that, in the common practice, anyone can
say that this theory has no model-theoretic properties. In view of its
completeness and decidability, the passage T +— T @ SI preserves an
isomorphism type of the Tarski-Lindenbaum algebra and transfers the
majority of model theoretic properties to correspondent complete extensions
of theories. The rounding operation, cf. Section 2.5 in [11], does not belong
to the class of finitary methods as it does not preserve the property to
have a finite model. It is possible to check that the natural interpretation
I :T — T &SI is quasi-exact. Therefore, this operation is an infinitary
method by definition. In the work [6], the rounding operation is applied to
transform a theory into a theory with infinite models. This represents a useful
reception allowing to prevent situations with finite models in constructions
corresponding to the infinitary direction in model theory.

Demo 2. Continual series of rounding operations. Such series can be
constructed based on the idea used in the proof of Lemma 1.4.1. in [11].
A set A C N is called rarefied if A = {ng,n1,...,nj,...H ng<mng <---<
n; < ...; moreover, limit of the sequence a; = (n;y; — n;) is infinity. By 2,
we denote the family of all rarefied sets. It is obvious that 2 is a continual
family. Consider a fixed set A € 2. We construct a modification ST[A] of
theory ST of a successor relation as follows. Signature ogra = {<?,¢,U'},
axioms of theory SI[A] are the following:

1°.
2°. (Va)(Vy)(V2) [(z Qy) & (z < 2) = (y=2) [;

3°.

)
)
V) (Vy)(V2) [(y Q@) & (2 < 2) = (y = 2) |5
)
5°. )
)

6°.

(
(

(
L. (Vo
(

(

7.

V2o, 21,y 2n) (20 <21 <9 <Dz = 20 # 20), n € N\{0};
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8°. (Vzo,zl,...,zn)(c:zo<121 Q- <z — U(zn)), for all n € A;
9°. (Vzo,zl,...,zn)(c: 201z <<z, — ﬂU(zn)), for all n € N\ A4;

10°. (Y20, 21, . .-, 20) (U(20) & 20021 <+ - - <12, —=U (2,,) ), for all n € N\{0}.

Similarly to the case of rounding modulo S1, each transformation T +— T &
SI[A], A € A can be also considered as a rounding operation as it preserves
an isomorphism type of the Tarski-Lindenbaum algebra and transfers the
majority of model theoretic properties to correspondent completions of
theories.

Demo 3. An alternative continual series of the rounding operations. By A we
denote the family of sets A C N satisfying {0,1} N A = @. It is obvious that
2’ is a continual family. Consider a fixed A € 2. We construct a modification
ST°[A] of the successor theory ST° with cycles as follows. The signature is
osro1a) = {<? ¢, U}, the axioms are the following sentences:

1°. (Vo) [~ (z < 2)];

2°. (Va)(Vy)(V2) [(z Q) & (z < 2) = (y=2) [;

<

3°.

5°.

)
)
V) (Vy)(V2) [(y 9 a) & (2 9a) = (y = 2) ]
)
)
6°. )

(

(
4°. (Va

(

(

7°. For any n € A, there is the only <-cycle of length n, moreover, exactly
one element in the cycle satisfies U(x);

8°. For any n € N\ A, there is no <-cycles of length n;
9°. (Vzq,... ,zn)(c Az, <2, — ﬂU(zn)), for all n € N;

10°. (Vzo,zl,...,zn)(U(zo)&z() Qz1 <<z, &U(z) = 20 = zn), for all
n € N\{0}.

Similarly to Demo 2, this series of transformation of theories is continual.
Moreover, each of them can play the role of a rounding operation. This
demo is based on the E. A.Palutin’s remark having the aim to point out a
collection consisting of the continuum of pairs of different theories having
identical model-theoretic properties at author’s talk at Maltsev’s Meeting in
November, 2016 in Novosibirsk.
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Demo 4. A quick scheme for the infinitary semantic layer. As it is noted in
[12], the following series of transformations

(a) T T(x), »xeKRC;
(13)
(b) T—T(x)DdSI, x€ RC

determines both finitary and infinitary semantic layers of model-theoretic
properties. Namely, up to coincidence modulo a representative list R of
model-theoretic properties, AC'L is equal to the set of all p € M L such that
p is closed under =, and is preserved under any transformation (13)(a),
while MQL is the set of all p € ML such that p is closed under ~, and
is preserved under any transformation (13)(b) for an arbitrary sequence of
formulas > € KC and an arbitrary computably axiomatizable theory T'. It
seems, the practical rule (13)(b) is the simplest representation allowing to
estimate preliminarily either inclusion or non-inclusion of a property p to
the infinitary semantic layer M QL.

Demo 5. Combinations of methods. Different variants of the rounding
operation preserve an infinitary layer, but do not that for finitary layer.
On the other hand, two rules (13)(a) and (13)(b) correspond to finitary and
infinitary types of the first-order combinatorics. This gives an idea to define
a series of combined rules with different transformations as follows. Consider
a fixed method m’ that is finitary or close to finitary, and a fixed method
m” that is infinitary or close to infinitary. We define their combination
m =m’ W m” on the class of complete theories T as follows

(14)

n(T) = m/(7T"), if T has a finite model,
| w”(T), if T is the theory of an infinite model

Furthermore, the method m that is initially defined on the class of all
complete theories can be expanded to the class of all theories (including,
incomplete ones) by the following rule:

T ~" S <4, (3 computable isomorphism g : L(T') — £(5))
(V complete extension 77 D T))

(V complete extension S’ O 5)

[

F= (T = (S ~, m(T))].

(15)

These combined methods can be used as argumentation in the definition of
a model-theoretic property.
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Remark. Consider theory Sc that is a successor theory with a distinguished
element and without cycles defined as follows. Signature og. = {<?,c},
axioms of the theory:

1°. (Vo) [~(z <) ];

2°. (Vo) (Yy) (V2) [(x < y) & (z 9 2)=(y = 2) |;

3°. (Va)(Vy)(V2) [(y <2) & (2 <) =(y = 2) |5

4. (Vo) (Fy) [z <y [;

5°. (Vy)(3Fz) [z <y ];

6°. (Vz0,21,...,20) (20 V21 Q-+ <z = 20 # 2,), n € N\{0}.

It is possible to use theory Sc instead of ST in Demo 1, Demo 2, and other
similar constructions obtaining the same results. On the other hand, it is
impossible to do so without axioms preventing cycles in Demo 1, because
an isomorphism type of the Tarski-Lindenbaum algebras is not preserved.
Furthermore, it is impossible to do without constant ¢ in Demo 1 based on
theory S of signature {<1} without cycles, because under an isomorphism
of the Tarski-Lindenbaum algebras, the model-theoretic property of being
a theory of a rigid model is not preserved.

5 Advantages of the pragmatic approach

A scheme of all possible variants of definition to the concept of a
model-theoretic property is given in Fig. 2. The scheme presents a primitive
approach (a), a restricted pragmatic approach (b) with the class of all
methods used by the finite signature reduction procedure, a pragmatic
approach (c) with the class of all Cartesian methods, a maximalistic
approach (d) with the class of Cartesian-quotient methods, as well as
different intermediate between (c) and (d) variants. Possible, some classes
of finitary methods beyond the set of Cartesian-quotient extensions can
be discovered in the future (the question of existence of such methods is
open). Some examples in the preceding section can be accepted as additional
argumentation to the definition, allowing us to create realistic systems with
different variants of the concept of a model-theoretic property.
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Fig 2: Versions of the concept of a model-theoretic property

A general analysis of the definition of a model-theoretic property shows
that the variant (c) with a finitary layer AC'L and with the set of methods
including all Cartesian extensions of theories is the most significant. Indeed,
the main results on expressive power of first-order logic are obtained based
on the operation of a Cartesian extension of a theory, i.e., within the
pragmatic approach (c). Extension of the argumentation with Cartesian-
quotient extensions of theories is inexpedient as it leads to smaller semantic
layer of model-theoretic properties in view of the principle of inverse
dependence. It is also important that the operation of a Cartesian extension
of a theory corresponds to a greater extent to a spirit of general model
theory whereas the operation of a Cartesian-quotient extension has a certain
algebraic accent. It shows the special significance of the pragmatic variant
(c) of the concept of a model theoretic property.

The close variant (b) based on the class of finite signature reduction
procedures preserves a semantic layer F2fL which does not differ from
ACL modulo representative list R, [1]. However, the variant (c) looks
more fundamental in comparison with (b) since the former depends on
arbitrariness while the choice of forms of coding configurations for the
finite signature reduction procedure. As for the primitive approach (a), it
defines a rather large layer of model-theoretic properties. However, there
are no constructions supporting this layer so its role is strictly subordinated
with a technical toolkit in investigations. As for the maximal approach (d),
its incentive motive is to reach the bigger fundamental nature based on
Cartesian-quotient extensions of theories representing the class of all finitary
first-order methods, even despite certain reduction of corresponding semantic
layer of model-theoretic properties.
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Conclusion

In the work, we introduce a definition to the concept of a model-
theoretic property. Subsequent demonstrations give a generalized view on
the possible extensions of the concept of a model-theoretic property. Notice
that, there is a possibility to create new argumentations by the method
of generic extensions in set theory. At the same time, addition of any
new argumentations to a pragmatic version of the definition of a model-
theoretic property can only reduce the layer controlled by finitary first-order
combinatorics. An important point is that although the suggested definition
of the concept of a real model-theoretic property uses some informal parts,
nevertheless, exact mathematical statements are obtained based on this
definition.
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1 MynpTnonepaiiiu 1 MeTaonepannn Ha MYJIb-
THOIEPAITIIX

[TIycts A — KOHEYHOE MHOXKECTBO U 1esioe ancyo n > 0. [lox n-mectHoii
oreparueii monnmaem orobpaxkenne f : A" — A a 10 n-MeCTHON MyJTh-
THonepanueii — orobpaxkenue f : A" — 24 e 24 — obosznavenue i
MHOXKECTBa, BCEX MOJIMHOKECTB MHOXKecTBa A.

Mpsr OysteM OTOXKIECTBIIATE SJIEMEHTBI C OHOYIEMEHTHBIMIA MHOXKECTBA-
MU, TO9TOMY TIOHSITUSI OTIEPAINN SABJISTETCS YACTHBIM CJIyIaeM TOHATHS MYJTh-
THOTIEPAIINN.

Hucsio |A| = k HasbBaeTCs paHrOM MYJIBTHOIIEDAIIAN.

Mynbruonepanuto f € M4 panra k, tne A = {ao, . . ., g1} MOKHO 1IpeJI-
CTaBJIATH KaK 0TOOparkKeHue

{202t 2k 0,1, 28 — 1),
nojtydaemoe u3 f 1pu KOJUPOBKE
a; — 2 @ —=0; {ay,...,a;,} — 2" 4+ 2%,

Benem obosznauenud:
P}, Py njia MHOXKeCTBa N-MECTHBIX M BCEX Ollepallnii;
M, M4 njia MHOXKeCTBa N-MECTHBIX U BCEX MYJIbTHOIIEPAIIii.

*ITybnukanys BBITOIHEHA B PaMKaX I'OCYIapCTBEHHOM paboTsl “UHunuaTuBHble Hayd-
HbIE TTPOEKTHI 6A30BOI 9acTH TOCYAAPCTBEHHOrO 3amanns MuHncrepcTBa 0Opa3oBaHus 1
naykn Poccuiickoit Qeneparun (3amanme Ne2.6553.2017/8.9).
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OmpesiesiuM 3ajaHMe N-MECTHON MyJIbTHONeparuit f B BEKTOpHO# (op-
Me: f = (ap,...,apm), tae a; € {0,1,...,28 — 1} m oy = f(20,...,2"), a
(1,...,1,) €CTb TpejCcTaBIeHUE ¢ — | B CHCTEMe MCUYUCIIEHHs] 110 OCHOBAHUIO
k n-paspsiIHBIM 9HCIOM.

[IpuBesem onpejieseHns 1 0O003HAYEHUsT JIJIT HEKOTOPBIX MYJIbTHOIIEDa-

o

I

® T-MECTHad IIyCTad MYJIbTUOIIEpalusd:

9”(&1, ce ,an) =

® 7-MeCTHad IIOJIHad MYJIbTHUOIIepalud:

w"(ay, ..., a,) = A;

® N-MeCTHAs MyJILTHOIEPAIHs IPOEKTUPOBAHKA I10 1 apryMEHTY:
er(ay, ... an) = {a;};

e OMHApHAA MYJILTUONEPAIM [IePECeTCHUSL:

fala,b) = {a} N {0}

Huxxe manbl mpuMepbl onpesie/IeHHbIX MYJIbTHONEpAIuil paHra 3 B Bek-
TOpHOIT dopme:
6% = (000000000), 72 = (TT7777777), fn = (100020004),

€2 = (111222444), €2 = (124124124).
TeHepb OIIpeJeJIMM HEKOTOPbIEe MeTaollepalliul Ha My.HbTI/IOHepaL[I/IHXZ

e 1niepeceuenue f u g:
(fNg)ay,...,an) = flar,...,an) N glay, ..., a,);

e paspernmmocts f € M% no aprymenty ¢ € {1,...,n}:
(uif)(ar,...an) ={ala; € flay,...,a;_1,a,a;41,...,a,)}.

Jlerko BUIHO, 9TO:
be (uif)(al, ey A1, Cy Ay - ,an) <~
cE f(ala s Mai—lvb)ai-i-la s 7an)};

[Ipumepsr: f = (305274615), pyf = (165720427), pof = (514236615);

e cynepnosunus Myiabruonepanuit f € M3 u fi, ..., f, € M}

(ffiofan, . am) = | 1. b

biefi(a17~--’am)
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® II0JICTAHOBKA Ha MECTO 1-I'0 apryMenTa B f MYJIbTHOIEPAINIO §:

(f*ig)ar,...,an4m-1)=
= U f(a17...,a/i_l,b,al‘_j’_m,.."an_"_m_l);

beg(ai,,@itm—1)
® OTOXK/JIECTBJIEHWE 7 U j apryMeHTOB B MyJbTnonepanun f € M}:
(Ai’jf)(al, N ,aj_l, aj+17 e ,(ln) = f((ll, Ce ,CLj_l, a;, aj+1’ e ,(ln);

® OTOXKJIECTBJICHHE BceX apryMeHToB f € M:

(Af)(a) = f(a,...,a).

B nmanbneiimem GyjiemM onyckaTh CKOOKH, KOTOPbIE OJHO3HAYHO BOCCTAHAB-
JINBAIOTCH.
Huxe jokazkem TOXK/JI€CTBa JIJIs IEPEHOCA OIEPATOPa PA3PEIIUMOCTH.

JlemMma 1. Buinoanaromces caedyrougue mostcdecmesa:
1) wi(fNg) = pif Npig;
2) ("5 ") = (uaf"*; ") mpui € {1,...,5 —1};
5) m(f" i 0™ = (i [ % g™) npui € {j+m,...,n+m—1};

4) pi(fr59™) = T (g™ ) mpum > 1wi € {j, ..., j+m—1},
ede "ML — jexomopas nepecmanoska apaymMenmos;

5) wi(f™ % %) = (g f™ % g°).
Joxasamenavcmeo. 1) Ilyerb jjis MoObIX ay, . . . , G, BBIIOJHAETCA
a < :uz(f N g)(a17 s 7an)’
Toraa 10 OIPeIeIeHuIo fi; 3TO0 PABHOCHILHO BLIIOJIHIMOCTH

S (f N g)(al, ey A1, A, Q11 - - ,an).

A »sro pasHOCWIBHO a; € f(ai,...,Gi-1,0,Qi41,...,0,) W a; €
glay,...,a;_1,a,0a;41,...,G,), & 3HAYAT U PABHOCHIBHO @ € (i;f(ay,. .., ap)
ua € pgla,...,a,). Takum ob6pa3oM, MOTYyIUIH YCIOBIE

a € pif(ay, ... an) Npiglay,...,a,)

SKBUBAJIEHTHOE MIepBOHavYaIbHOMY. PaBercTso 1) mokasaHo.
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2) Ilycrb myist JTHOOBIX a1, . . ., Gpypm—1 BBITOJTHSIETCS

a € ,U/z(fn *] gm)(al, P 7an+m71)7

rae i € {1,...,7 — 1}. Torga o onpejiesieHUIo f1; 9TO PABHOCUIIBHO BBITIOJI-
HUMOCTH

a; € (fn *j gm)(al, N B ¢ 2 ¢ 7 N € P ,CLn+m_1).

ITo omnpenenenuro *; HaflJIeTCsI 3JIeMEHT g, TaKOi ITO

m
ao € 9" (aj, ..., aj1m-1)
u
n
a; € f (ab <oy A1, 80, Gjtmy - - - 7an+m—1)a
e i € {1,...,j — 1}. DTu ycioBusi pABHOCHIBHBI CJIEJLY FOIIAM:
ap € gm(aj, c >aj+m71) uac uif”(al, ey @j—1, 00, Qj4m, - - - ,aner,l).

Taknm 00pasoM, TOTYIUIN YCIOBHE

a € (/L/Lfn *] gm)(al, e ,aner,l),

SKBUBAJIEHTHOE [IePBOHAYATIBHOMY. PaBeHCTBO 2) 10Ka3aHO.
3) Jloka3bIBaeTCsl aHAJIOTHIHO PABCHCTBY 2).
4) Ilycrb jyist JIIOOBIX Gy, . . ., Qpypn—1 BBITOJIHSIETCS

a € :U”L(fn x5 gm)(ala s aan-l—m—l);

e i € {j,...,7+m—1} u m > 1. Torga o onpeJe/IeHuto [i; 3TO0 PABHO-
CUJIBHO BBITIOJTHUMOCTHU

a; € (fn *j gm)(ala sy Q1,05 Qi 1y - - 7an+m—1>-

ITo onpenenenuto *; Hailjgercs 3jIeMeHT ag, TaKOil 4TO

m
ap € g (aj,...,czp,...,aﬁm_l)
u
n
a; € f ((11, ey A—1, 00, Qj4m, - - - ,an+m,1).
Orciona a € pig™(aj, .-, a0, - -, Ajym—1) 1

7

n
ap € /’Ljf (a17 ceey A1, Ay Qjpmyy - - 7an+m71)-
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Torna

a € (pig™ *; pif")(ag, ... a1, a1, ...

sy A1, Qg Ajpmys - - -5 Apm—15 Qi 15 - - 7aj+m—1)'

Taxum oOpaszoM, MOJTYIUIN YCJIOBHE

m n
a € (,ulg *; ,u]f )((Zj, e, Q1,07 ...
ey (i1, Ay Qjpmy - -+ 5 Andm—15 Qg1 - - - 7aj+m—1)7
9KBUBaJICHTHOE II€PBOHAYaJIbHOMY IIPDU IIE€PECTAHOBKE 3JIEMEHTOB

a1, ..., apym-1. PaBeHCTBO 4) J0KA3AHO.
5) Ilycth jjist JIEOOBIX a1, . . . , Ay 1 BBIIOJTHSIETCSI

a € pi(f" % ¢°) (a1, ..., an_1),

rae i € {1,...,n— 1}. Torma mo onpeneseHnIo fi; STO PABHOCUIBHO BBIIIOJI-
HUMOCTU

a; € (fn *y go)(al, ey A1, A, Ay - - - ,(lnfl).

ITo ompeenenuto *; HaiieTcs 3JeMEHT ag, TAKOH UTO ag € gO u
n
a; € f (al, ceeyQi1,00,Q, Ajg-q1y - - - ,an_l).

Orcrona
n
a € pip1 f(ar, .., 21,00, G5y Qigrs -y Gno).

TOF,ZL& IIOJIy4InJIn yCJIOBUE

a € (#z‘+1fn *q 90)(611, ey (i1, Ay e - aan—l)a

9KBHUBaJICHTHOE II€pBOHaYaJIbHOMY. Pasencrso 5) JOKa3aHO. ]

2 Auarebpsl omepanuii 1 MyJbTHOIIE DAL

B sToM pasjiesie IpuBeieM ONpeie/eHnsl U IPOCTERIIe CBA3H /I KJIO-
HoB (“Kion” —‘Clon” — “Closed set of operations”), cynepkiionos [1], anrebp
N-MECTHBIX OIeparnuii 1 MyJIbTHOIeparmii [2].

Kiomom man muoxkecTtBOM A HasbiBaercda Jroboe mnmoamuoxkectso K C
P4, comepzkaiiiee Bce onepari IpOeKTUPOBAHUSI U 3AMKHYTOE OTHOCUTETHHO
CYLIEPIO3UIIUA.
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AreOpoit n-MeCTHBIX Olepalnii HaJl MHOXKeCTBOM A HazbIBaeTcs Jr0boe
nogmuOoKecTBo K C PP cosepzKaliiee Bce n-MeCTHBIE OIlePAIi IIPOEKTUPO-
BaHUSI U 3aMKHYTOE OTHOCHTEIHLHO CYIEePIIO3UIIII.

Amnajiornanbie ajreOpbl pacCMaTPUBAJINCH B [3].

Bsenem obo3naueHud:

[K],, — amrebpa n-mMecTHBIX omneparuii Haj A MOPOXKIEHHAST MHOKECTBOM
K C Py; [K]™ = [K] N P}.

ﬂﬂﬂ IIOJTHOTBI U3JIOZKECHU A IIPpUBE/IEM CJICAYIoIee IIPOCTOEC YTBEP2KICHUE!

Teopema 2. /Jlna arbozo panea npu K C P} evnoansemca

Jlokasameavcmso. Briouenne (K|, C [K|" HemocpencTBeHHO ClielyeT U3
OIIpe/IeJIeHUI KJIOHA U aJirebphbl n-MEeCTHBIX OllepaIlHii.
JlokazaresibcTBy 06pATHOIO BKJIIOUEHUS IIPEJIIOINIIEM JIEMMY.

Jlemma 3. Ecau f™ € [K] u f1'y ..., [ € [Kln, mo (f™*f', ..., ) € [K]n.

JlokazaTeibCTBO JIeMMbI IPOBEJIEM WHJLYKITHEl 10 mocTpoenuto f.

Basuc wnayknuun. Ecim f™ € K, to f™ € [K], u 1o omnpe/ejeHuto
aarebpbl n-MecTHbIX omeparit (7 * fI' ... f1) € [K],.

Mar weayknuwu. ycrs f™ = (¢° % ¢, ..., ¢7) u ans g°, g7, ..., g"
BBINOJIHAETCS WHLYKTUBHOE IIpeJIoioxkenue. Torjga B CUIy TOXKJIECTBA Cy-

nepaccormaruBHocTH ToiydaeM (f™ x fl' ... fh) = ((¢° * g7",...,g7") *
P fB) = (0% 5 (G0 Fleee s f)see s (G 5 fee f). To mi-
JIYKTUBHOMY TPEJIIOJIOKEHUIO I ¢ caemyer, aro (g * fi', ..., fr) €

[K],, a 00 MHIYKTUBHOMY NPEJIOIOXKEHUIO i ¢° moaydaeM (g° * (g" *
f{l’afgm%?(gglf?’vf%)) S [K]n

Teneps fokazarenbero BRodenus K| C [K], HEIOCpeICTBEHHO cire-
JIyeT u3 JIeMMBI 3, Tak Kak jia f* € [K|" Bomommsercs [ = (f"xel, ..., el)
u el € [K],. O

[lepeiiem K anrebpam HaJT MYJIBTHOEPAITASIMHU.

CynepkaoHOM HaJ MHOXKeCTBOM A HasbIiBaeTcs JF0O60€ ITOIMHOXKECTBO
R C My, conepxKailtee Bce MYJIBTUOIIEPAITMH ITYCThIE, TIOJIHBIE, TTPOCKTUPO-
BaHUSA U 3aMKHYTOE OTHOCHTEJIbHO CYHEPIIO3UIINI 1 Pa3pernnMOCTei.

Jlemma 4. Caedyroujue ycrosus 0ai Muodrcecmea myivmuonepauuts A,
codeporcauyeeo 6ce MYALMUONEPAUUL NYCMBLE, NOAHBE U NPOEKMUPOSAHUA,
PABHOCUNDHDL:

1) A asasemcs cyneprioHom;
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2) A 3aMKHYMO OMHOCUMEABHO NOJCMANOBOK, PA3PEWUMOCeEd U
omootcdecmesernut;

5’) A 3aMEHYMO 0OMHOCUMENBHO NOOCTNAHOBOK, PA3PEWUMOCTET U Nepe-
ceyerut.

Jloxasamenvcmeso. Crepcrsue n3 1) B 2) BBIIOIHSETCS B CHJIY OYEBUIHOIO
[IPEJICTABJICHHS CYHIEPIO3UINH YepPe3 HOJCTAHOBKI C IIOC/CLYIONIM OTOXK-
JICCTBJICHHEM apryMEHTOB, a IEPECTAHOBKA i U j apyMEHTOB B MYJIBTHOIE-
paruu f BbIpazkaercs Kak

i (s (i f))-

CrencrBue u3 2) B 3) BBINOJIHICTCS BBUJIY DABEHCTBA
Aigf" = (((7" 1 (e Nef)) N f7) x5 7).
CraencrBue u3 3) B 1) BBINOTHSETCS, TAK KAK BEPHO TOXKJIECTBO

(fNg) = (fa* f,9), vae fn = (e * e}, (uae})).
0

Anrebpoit n-MecTHBIX MYJIBTHOIEPAIIi HAlT MHOXKECTBOM A Ha3bIBaeTCA
moboe monMuoKecTBO [R C M7}, comeprkaliee BCe N-MECTHBIE MYJILTHOIIE-
pauuu IIPOEKTUPOBAHUA, IIYCTYIO, IIOJHYIO MYJIBTUOLIEPAIIMU U 3aMKHYTOE
OTHOCUTEJILHO CYIICPIIO3UINNA, pa3pelmMOoCTeil U IIepeceYeHUit.

Baenem obosnauenus:

(R), — anreGpa n-MeCTHBIX MyJbTHOLepalmii Hasl A IOPOXK IeHHAs MHO-
xkecrBom R C M7%; (R)" = (R) N M4,

Teopema 5. /[as mysvmuonepayuti arobozo parea npu R C M} evinoansa-
emca:

(R), C(R)".

n

JlokazaTeTbCTBO HEITOCPEICTBEHHO CJEyeT U3 ONpPE/IeIeHNA.
Ob6paTHOe BKJIIOYEHHE MOYKET He BBINOJIHAEThCS Jlaxke Jjisd ajredop 1-
MECTHBIX MYJILTUOIIEPAIN, KOTOPbIE UCCIEIYIOTCA B CJIEIYIONEM pas3jiee.

3 AureOpbl yHApPHBIX MYJIbTHOIIEpaITnii

PaccmoTpuMm gacTHbI citydaiil aaredp n-MecTHBIX MYJIbTHONEPAINi, IIPH
n = 1, Koropble Oy/ileM Ha3bIBaTh ajredbpaMu YHapHLIX MYJIbTHOIIEpAInil, a
COKPAIIEHHO aJIredpaMu yMo.
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Haitnem kaHOHIUIEeCKYIO (DOPMY 7T YHAPHBIX MYJIBTUOIEDAITHIl, IIPUHA,I-
JIeZKalluX CyTePKJIOHY, IIOPOKIeHHOMY ajreOpoil ymo.

HazoBeMm n-6a3ucHBIMI MyJIBTHOIEPAIMAME JJId ajareOpbl ymMo IR ciemry-
IOIIUe MyJIBTHOIIEPAITHN:
(91, 9] = (g1 €]) NN (gn * €}), Te g; € R

Ompenemmm MuokecTBO F"(R) n-MeCTHBIX MyJIbTHOLIEPANHNil [Ist aareb-
PBI yMO R 110 MHJLYKITHH:
(g1, -+, 9] € F™(R), nyist MOOLIX [g1, ..., gn], T1ie g; € R;
ecint to,ty, ...ty € F™"(R), 10 (tg *t1,...,t,) € F"(R)

Teopema 6. [Tycmov R anszebpa ymo npouseosvrozo parza. Tozda das a10601
ft € (R) cywecmsyem n u f* € F*(R), maxoe wmo f1 = Af™.

JlokazaTeabcTBO ciaemyeT u3 jieMum 1 u 3.
Teneps npuBeeM pe3yabTaThl O COOTHOIIIEHNN CYIIEKJIOHOB U aIredp yMo.

e Ilpu panre 2 pemomsercsa ( R), = (R)'.

e IIpu panre Gosee 3 Bosmozxmo, aro (R), # (R)'.

[Tpumep s anrebper ymo panra 4 (coobun /1. H. 2Kyk), B dopme,
MOJIy4eHHO# B Teopeme 6.

[Iycrs R = {g}, tne g = (10, 13,10, 7).

Torna (R), = {g,¢e", 0", 7'}

f= A(([g7g] * [g,g], [ga 61]) * [617 61]7 [77-17 ﬂ-l]) = (57 2,5, 8)

omyuamma (R), # (R)".

e IIpu panre 3 510 OTKpBITHIH Bompoc: ( R), = (R)'.

[IpuBejieM CBOJIKY BBIYUC/IUTETBHBIX PE3YIHTATOB 110 YUCTY aaredp yHap-
HBIX OIlEepaInii 1 MyJIBTHOIEPAITUii paHTa J3:

e 699 asrebp yHapHBIX ollepalliii paHra 3, U3 HUX:
5 — MaKCUMAaJbHBIX, 13 — MUHUMAJIbHBIX.
B kuure [4] npusesieno nepedncienne Bcex ITUX aredp.

e 2079040 asredp yHApHBIX MYJbLTHONEPAIAl PAHTA 3, U3 HUX:
46 — MaKCHMAaJIbHBIX, 18 — MUHUMAJILHBIX.

CoobirieHne 0 MePeInCeHI BCEX AJIredp YHAPHBIX MYJIBTHOIIEDAIIHL
panra 3 cMoTpH B [2].
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4 Pa3z0OuneHne MHOXKeCTBa KJIOHOB Ha KJIACCHI
SKBUBAJIEHTHOCTU

OTMernM, 9TO MHOXKECTBA BCEX KJIOHOB MOXKHO pa30UTh Ha KJIACCHI K-
BUBAJIEHTHOCTH CJIEIYIOMNME CIIOCOOAM:

e Jlst 1106010 N MHOXKECTBO BCeX KJIOHOB Pa30MBaeTcs Ha KOHEUTHOe MHO-
JKECTBO KJIACCOB, KaKJIbI M3 KOTOPBIX COJAEPXKHUT BCE KJIOHBI C OJIM-
HaKOBBIMHU aJiredpaMu n-MEeCTHBIX oleparuii. B cury Teopembr 2 3T
KJIACCHI HE IIyCThIe.

OrmeTnM, 9TO B CJIydae YHAPHBIX OMEPaIldii UCIOJIb3yeTCsT Ha3BaHUe
MOHOW/IAJIbHBIC MHTEPBAJIBL [5)].

e Jlyst 106010 N MHOYKECTBO BCEX CYIEDKJIOHOB (& 3HAYUT U KJIOHOB, B
CUJTY CYIIECTBOBAHUS COBEPIEHHOIT cBsi3n [asrya MexK Iy KJIOHAMU U CY-
nepkyonamu [6]) pasbuBaercs Ha KOHETHOE MHOYKECTBO KJIACCOB, KazK-
JIBIT M3 KOTOPBIX COJIEPXKUT BCE CYNEPKJIOHBI C OJMHAKOBBIME aJre6-
paM# n-MECTHBIX MyJIbTHOIepanuii. Bo3sMoKHO, 9TO JIsi HEKOTOPBIX
aredp N-MeCTHBIX MYJIBTHONEPAIUil TaKue KJIACCHI SBJISTFOTCS MIyCThI-
MU.
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Ob O'PAHNYEHHO
ITOPO2K/IEHHBIX
KOHI'PYSHIINAX

n O CKOJIEMOBCKU-
OI'PAHUYEHHDBIX
PACHINPEHUAX TEOPUN

A.T. ITumyc

Hosocubupckuii rocyiapcTBeHHBIN TEXHUIECKUN YHUBEPCUTET,
up. K. Mapxkca, 20, HoBocubupck, 630073, Poccust
e-mail: ag.pinus@gmail.com

B nacrosieii pabore npuBeeHbI Iapa IPUMEPOB Ha [IPUMEHEHHE [TOHSI-
THSI PETPAKTHBHBIN CIIEKTP, KOTOpoe ObLIO BBEJEHO B pabore aBropa (1| m
YCIIEIIHO PUMEHATIOCh UM B pgjie padbor [1]-[3] B caMbIx pasHbIX cuTyaru-
six. B mepBoit yacTu paboThl BBOJIUTCS TIOHATHE OIPAHIIEHHO TIOPOXKIEHHBIX
KOHTDYSHIU YHUBEPCAJIbHBIX aJredp W OHO HCIIOJIB3YeTCs JIJIsi HaXOXKJIie-
HU$ HEKOTOPOI TIOJIPEIIETKY PENIeTKI KOHIPYIHIHIA 3TO aJIredphl 3a4acTyio
MeHee MOIIHOI YeM peIeTKa BCeX KOHIPYIHIM 3Toil ajaredpbl, HO YHUBED-
CaJIbHO SKBHUBAJECHTHOI (B TEOPETUKO-MOJIEJTBLHOM CMBIC/IE) ITON TIOCTIe Hel
pemerke. Bo BTopoii 4acTu BBOAUTCA MOHATHE CKOJEMOBCKH-OIPAHNIEHHDBIX
paCIIUpEeHnil 3/IEeMEeHTAPHBIX TEOPHil U, OIATH Ke, pelleTKa MOJI00HBIX pac-
[IMPEHKI OKa3bIBAETCS YHUBEPCATHLHO SKBUBAJIEHTHON PEIIeTKe BCeX PacIlii-
peHuil JaHHOUi TECOPUU.

[Ipu n3ydenun cTpoenusi U CBONCTB yHUBEPCAJIBHBIX aJINe€dp C MOMOIIBIO
TeX WU UHBIX TPOU3BOIHBIX CTPYKTYP ITUX aaredp, OJIHUM U3 MIPEIsiTCTBUN
K yCIIexXy siBJIsgeTcst 6oIbInast (3a9acTyio 6OJIbINast, 9eM MOITHOCTE CaMOil aJi-
re6pbl) MOIHOCTH ITUX CTPYKTYD. B CBSI3M ¢ 9TUM ecTeCcTBEHEH MHTEepec K
OTBICKAHWIO MeHee MOIHBIX CTPYKTYD, B TON MM WHOI Mepe 00J1aIafonnx
CBOMCTBAMU 3TUX CAMBIX ITPOU3BOIHBIX CTPYKTYD. 1lo/100HbIil nHTEpEC nMe-
€T MeCTO ObITh HE TOJILKO 0 OTHOIIEHUIO K IIPOU3BOJHBIM CTPYKTYpaM, HO

112
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U 110 OTHOIIEHUIO K CAMKM MCXOJIHBIM ajirebpandeckum cucremam. OTBeT Ha
BOIIPOC O CYIIIECTBOBAHUY TAKOBBIX (IIPH OMPAHUYEHUH CBOMCTBAMI, BBIDA3U-
MBIMH B sI3bIKE JIOTUKU TIEPBOTO TOPAIKA) JIAET U3BECTHAsI Teopema JIeBeH-
reiima — Ckosema (cM., K mpumMepy, [4]). U xors ee 10Ka3aTesIbCcTBO JOCTa~
TOYHO 3(PPEKTUBHO (B CMBIC/IE yKA3aHWUsI HA MHYKTUBHBI METOJI TI0CTPOE-
HIsI CUCTEMbBI MAJIOH MOIIHOCTH), B IPUJIOKEHUN K KOHKPETHBIM CHTYAITHSIM
JKeJIaTeIbHO yKa3aHue Ha 0oJiee KOHCTPYKTHBHBIN (MMest B BHJLY TIOHSITHE
“KoHCTPYKIUs) TMOXOJ K MOCTPOCHUIO UCKOMBIX CHCTEM MAJIOH MOIHOCTH
HACJIEIYIONUX CBOMCTBA MMEPBOHAYAIBLHBIX 0OJIee MOIIHBIX aaredpanvdecKux
CHCTEM.

OJ1HOM 13 BO3MOXKHBIX TI0/I00HBIX KOHCTPYKITHI OKa3aaach KOHCTPY KIS
MIPSIMOTO U OOPATHOTO TIPEJIEJIOB PETPAKTUBHBIX CIIEKTPOB YHUBEPCAJIBHBIX
anre6p (cm.[1]). B paborax [1]-[3| sTa KOHCTPYKIHs HCIIOJIB30BAHA 15 3aMe-
HbI OOJIBINUX PEIIETOK (PYHKITHOHATBHBIX KJIOHOB HA KOHETHBIX MHOYKECTBAX
HA YHUBEPCAJIbHO SKBUBAJIEHTHBIE UM (B TEOPETUKO-MOJIEIbHOM CMBICJIE) Pe-
[IETKY OIPAHINIEHHO TOPOXKIEHHBIX KJIOHOB, JIJIsl 3aMEHbI OOJIBIIIX PEITETOK
[IOJIMHOT000pas3uil JUCKPUMUHATOPHBIX MHOrOOOpasuii YHUBEPCATBLHBIX aJl-
rebp Ha YHUBEPCAJbHO SKBUBAJIEHTHBIE UM PEIIeTKH OrpaHUYeHHO Oasupye-
MBIX TOJMHOT000Pa3uil U JjIsi 3aMEHbI B pPsijie CIyIaeB PEIIeTOK Mo1aaredbp
HA PENIeTKN OIPaHUIEHHO MOPOXKJICHHBIX MMOJAredp ITHX aareop.

B Hacrosiiem pasjiesie aHaJOMMIHBIN TOAXO0/] IIPUMEHSIETCST K PEIIeTKAM
KOHI'DY9HIIUA.

Hastee gepe3 Con®2l OyneMm 0003HAYATH PEMIETKY KOHIPYSHIIUA yHUBEP-
canbHOl anrebpol A = (A; o), pu 31oM OyjieM OTOXKJIECTBIATH KOHI'PYIH-
o 6 anre6pnl 2 ¢ mogMHOKeCTBOM MHOXKecTBa A2 — rpaduxoM oTHOIIe-
Hus 6.

Hamomuum, uro muoroobpasue V' yHHBepcaabHBIX ajaredbp Ha3bIBAeTCs
MHOI0OOpasneM ¢ MPOJOZKUMbBIMUA KOHIDYIHIUAME (TAKOBBI, K MIPUMEDY,
MHOT000pa3ust abeIeBbIX IPYII, IUCTPUOYTUBHBIX PEIIeTOK, TUCKPUMITHA-
TOPHbBIE MHOTOOOpa3ust W TEJIbIi Pl JIPYTUX, CM., B 9acTHOCTH, [5]), ecim
Jutst ioboit V-amrebper A = (A; o), moboit ee momanrebpsr £ = (B;o) u
o60it KoHrpysHIun 6 ajrebpsl £ umeer MecTo paseHcTBo () N B% = 6.
Bnech n nasee asa modoro C' C A% wepes (C)y 0603Ha9aeTCs KOHTPYIHIUA
areopnl A, opoxkaenHas MHO)kecTBoM 1ap u3 C'. Tem cambiM it 11000~
ro MHOroobpasust V' ¢ mpoJ0/IzKUMBIMI KOHI'PYIHITUAMHE, JTE000i V-a/reOphr
A = (A;0), mo6oit ee nomanrebpsr £ = (B;0) oTobpazkeHne 1) PemeTKn
Con 2l na pemerky Con £, onpejieniennoe kak () = 0 N B2, ssasercs ro-
mMomopduamom, a orobpazkenne ¢ : Con £ B Con2A, rue p(0) = (0)y aBasger-
ca BioxkenneM peretkn Con £ B pemerky Con®l. IIpu sTom orobpakenue
Y ToxpecrBenHo Ha Con £. Takum obpazom, perrerka Con £ sgBisgercs pe-
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tpakToM penterkn Con 2 oTHOCHTEIBHO Apbl 0TOOpazKeHuit (p, 1).

Qurcupyem Ternepb HEKOTOPoe MHOTO0Opasne V' ¢ IMpOIOIKIMBIMUA KOH-
rpysunuamu. [Tycrs A = (A; o) — nekoropas ajnrebpa uz V. Ilycrs (I; <) —
HEKOTOpPOE HAIPABJIEHHOE BBEPX YACTUIHO YIIOPSIOYEHHOE MHOYKECTBO U
L={U = (A;0)]i € (I; <)} HeKOoTOpast crcTeMa COOCTBEHHBIX HOAITe0D
anreoper 2, Takas uTo 2; ABjgeTca cOOCTBEHHOM 1oaareOpoil aaredper 2A;
asii < jus I u | A = A — nanpasaennan cucmema cobcmseernvr noda.n-

icl

2ebp anzebpol 2. 6TM€TI/IM, YTO COBOKYITHOCTH BCEX KOHEYHO ITOPOXKJIEHHBIX
ojiasirebp anrebpbl, He SIBJISIIOIIENHCST KOHETHO TTOPOXKJIEHHOMN, SBJISETCS, K
[IpUMeEPY, HAIIPABJIEHHON! CUCTEMOI COOCTBEHHBIX T0JIare0p 9TOH aJredphl.

Konrpyshrmio 6 anrebpbr 2 HazoBeM i-mopoxaeHHon (st ¢ € 1), ecan
6 = (60N A?)y. COBOKYIHOCTD i-MOPOZKJIEHHBIX KOHIPY3HIHiT aire6pbt A 06-
pasyer nojpernietrky Con;2 pererkn Con 2l nzomopdnyio pemierke Con ;.
Konrpysunuio 6 anredpsr 2 nazoBem L£-ozpanuyierio nopostcdennodi, ecan
OHa 7-IIOPOK/JIeHA JIjId HeKoToporo ¢ € [. Tak »Ke 04eBHIHO, YTO COBOKYII-
HocTh Cong®l L£-orpaHNYeHHO MOPOXKIEHHBIX KOHIPYSHIMNA aaredpol 2A 06-
paszyer nogperierky perterku Con 2. Ilpu srom Coneg2l = J Con,;2A.

iel

Onsarh Ke, B CHJIy 3aMeYeHHOro BbIe 00 ajrebpax 51H0r006pa3m’1 c
MIPOJIO/IZKUMBIMEI KOHTDYIHIIUSIMU, ONpejesdas Jad ¢ < j u3 I orobpaxke-
mag b : Con®; — Con®; kak W(0) = (0)a, m orobpazkenust Yo
Con®; — Con®l; xax YJ(0) = 6 N A? nonydacM PETPAKTHBHBIH CIIEKTD
S = (Con |}, ¥ nnal < j € (I;<)).

[Ipu 9TOM € TIPSAMBIM MIPEJIETIOM TIPSIMOTO CIIEKTPA

S = (Con ;! prst 1 < j € (I;<))

€CTEeCTBEHHBIM 00pa3oM oToxKaecTBuMa pernerka Conel, a ¢ oOpaTHBIM IIpe-
nesom obparsoro crektpa S = (Con2;|¢) nnal < j € (I;<)) — pe-
merka Con®l. B pabore [1]| mokasana yHuBepcasbHas SKBUBAJICHTHOCTD (B
TEOPETUKO-MOJICJILHOM CMBICJIE, T.€. TO YTO HA HUX MCTHHHBI OJHU U T€ JKe
V-hbopMysibl JIOTHKH 1IEPBOIO HOPSJIKA) MPIMbIX 1 0OPATHBIX HPEJIEJIOB Pe-
TPaKTUBHbBIX CIICKTPOB. TeM CaMbIM HMeEET MEeCTO

Teopema 1. Jlis 2106020 mHo2o0bpasus V. ¢ npodosrcumvimu KoH2pysHUU-
Amu, 210000 V -arzebpor A u 110001 nanpasiennot cucmemnv, £ cobcmeen-
HuLL nodaszebp anzebpor A pewemxa xonepysryutd ConA smot arzebpvl u
pewemxa ee L-oeparudenno noposrcdennovir konepyanuut Congl yHusep-
CANLHO IKBUBANEHITVHDL.

Caeacrsue 2. /s 11006020 mH02000pasus V' ¢ npodosrcumoimy KOH2PYIH-
UYUAMU U 210007 6ECKOHEUHO NOPOAHCICHHOT, M. €. He ABAANULETUCA KOHEUHO
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nopootcdernnoti, V-anzebpo, A pewemru Con2A u Cone2l ynusepcarvro k-
susaseHmMHl. 3decy £ — co80KYNHOCMb KOHEUHO NOPOHCIEHHLLT Nodanzedp
anzebpvl 2.

B wactroctn permerkun Con2l m Cong®l comepkar OHE U Te Ke KOHEeU-
HbIE TIOJIPEIIeTKN W Ha HUX UCTUHHBI OJIHU W Te Ke ToxKjecTBa. lIpm sTom,
B CJIydae CIYeTHOCTH U JIOKAJBHON KOHETHOCTH aareOpbl U M KOHTHHYAIbLHO-
CTHU pelIeTKHU COH Ql MbI UM€€M BO3MO2KHOCTDb 3aMEHUTDb 9Ty KOHTHUHYaJIbHYIO
perrerky Con 2l wa cuernyio pemerky Cong2l (re £ — cucrema KOHEUHBIX
nozaarebp anredbper A) ¢ coxpanenneM cBoiicTs perterku Con A, BEIpa3UMbIX
V-dopmyiamu.

2

PaccmoTpnM 371eCh errie oJinH cirydail BOSMOXKHOCTY TPUMEHEHNU S PeTPaK-
TUBHBIX CIIEKTPOB M WX IIPEJIEJIOB, CBA3AHHBINA C peIleTKaMU pPacCIIUpeHnit
9JIEMEHTAPHBIX T€OPUil (MU JIBOMCTBEHHBIMU K HIM PEIIeTKAME AKCHOMATH-
3UPYEMBIX TIOJIKJIACCOB HEKOTOPOIO aKCHOMATH3UPYEMOro KJIacca MoJIeieit).

[Iycrs T — mekoropast hUKCHpOBaHHAS IeMEeHTapHAas (B JIOTUKE TIEPBOTO
HOPsIJIKa AKCHOMATH3UpyeMasi) Teopusl CUTHATYPBI 0. Hepes Ly obozHaunM
perieTky (OTHOCHTENHLHO TEOPETHKO-MHOKECTBEHHOI'O OTHOIIEHMs BKJIIOUYe-
st C) ee anemeHTapHbix pacimpennit. Yepes 1] musg 77 O T obo3HadmM
coBoky1HOCTD hopmyst T1\T. st mroboit coBokymrocT (opmysn F curHa-
Typel 0 depe3 (F') 0603HAYNM JIEMEHTAPHYIO TEOPUIO CUTHATYPBI 0 aKCHO-
MaTU3UPYEMYIO COBOKYITHOCTBIO F'. JIyisi pemerodnbix oneparuit A u V pe-
merku Ly umeem pasencrsa 11 VT, = (T1UTy) u TINTy = ({d1 Vs o € T;})
JJIA T17T2 € LT.

DuiemenTapuyio hopMysry @ curHaTypbl 0 HA30BEM N -CKOAEMOBCKYU 02Pa-
nuvernot ommocumenvro T (37ech N — HEKOTOPOe HATYDPAJIbHOE HHCIO),
eCJIH JIJIsl HEKOTOPO#i TIPEeHEKCHON HOPMaJIbHO (OPMBI (OTHOCUTEIBHO Teo-
pun T') dbopmynbr $ ee ckoseMoBeKre (DYHKIMUA MMEIOT apHOCTH HE Ipe-
BocxozdIyio n. Teoputo Ty € Ly Ha30BEM N-CKOAEMOBCKU 02PAHUMEHHBLM
pacwuperuem meopuyu T, ecnm 17 akcnomaruzupyema dopmysiamu 1 U F
riae F' C Ti\T — HekoTopas COBOKYIHOCTb 1-CKOJIEMOBCKH OIDAHIYCHHBIX
orHocuTesibHO 1" hpopmyit. To ecTh OBITH 1-CKOJIEMOBCKU OTPAHUYE€HHBIM Pac-
mupeHneM Teopunu ' o3Ha4YaeT g Teopur 1] BO3MOXKHOCTH OOOTaIeHUs
CUTHATYDPBI 0 MCXOJHOI Teopun T J10 CUTHATYPBI 0 (DYHKIMSAMU apHOCTH
He IPEBOCXOJIAINEl Ynucaa n ¢ TeM 4To Obl KJjiace Mojesieit Teopun 1) ObLI
o-06eIHEHeM HEKOTOPOro V-KJjacca Mojesieii curuaTypbl o’ BHYTPH KJacca
Mmogiesieit reopun 1. Teoputo T} € Ly HA30BEM CKOAEMOBCKYU 02PAHUMEHHDIM
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pacwuperuem Teopun 1, ecim OHA €CTh N-CKOJIEMOBCKU ONPAHUYEHHOE Pac-
mupenne Teopun 1’ Jijisi HEKOTOPOT'O HATYPAJIBLHOTO M.

[Ipezxie Bcero 3ameTum, 410 JII0O0E KOHEYHO aKCcuoMaTusupyemoe na 1’
pacmiupenne Teopun 1 ABJISETCH CKOJIEMOBCKHM OT'PAHUYIEHHBIM PACITHPEHM-
eMm Teopun 1. IlpuBeiem Takke HECKOJBKO IIPUMEPOB CKOJIEMOBCKH OIDAHI-
YeHHBIX PACITUPEHUI /IJIsT KOHKPETHBIX Teopuit 1, He ABJISIONIIXCA KOHETHO
AKCHOMATH3UPYEMbIMU PACIIUPEHUSIMU TTOCJICTHUX.

[lycts T — syieMeHTapHAsT TEOPHUS JIEPEBHEB HECKOHEYHO BBICOTHI, Pac-
CMAaTPUBAEMbBIX KaK YACTHIHO YHOPsIJOUEeHHbIE MHOXKECTBA B curarype (<).
Torna teopust T,, (n- Ipon3BOIBHOE (DUKCHPOBAHHOE HATYPAJIBHOE THCJIO) —
SJIeMEHTapHAs TeOPUs TTOI00HBIX JIEPEBBEB € 1 BETBJICHUSIMU B KaXK 0 Bep-
IIIIHE SBJISETCS KOHETHO aKCHOMaTU3upyeMbiM Ha1 T’ 1-CKoJIeMOBCKHT orpa-
HUYEeHHBbIM paciiupenueM 1. B 1o ke Bpemda 1., — 3jeMeHTapHasi TEOPUs
T-nepeBbeB ¢ GECKOHEYHBIM YUCIOM BETBJIEHUN B KaK/I0# BEPIITUHE SIBJISET-
cs1 1-CKOJIEMOBCKY OIPAHUYEHHBIM paciiupeHueM Teopun 1'; He siBJIAIOIINMCS
KOHEYHO aKCHOMATH3UPYEMbIM HaJT T pacuimpeHueM MocieTHeld.

[Iyctes T — Teopus OyneBbix anredp, 1) — Teopus OyaeBbIX ajaredp c
OECKOHEYHDBIM YUCJIOM aTOMOB, a 1o — Teopusi aTOMHBIX OYyJIEBBIX aJredp ¢
OeckoneuHbIM uncsioM aTtoMoB. Torma T aBisiercs 0-CKOJIEMOBCKYM OI'DAHM-
YEHHBIM pacIiupeHueM Teopuu 7', He SBJISIONIMCH KOHEYHO aKCUOMAaTU3U-
pyembiMm HayT 1) a Ty — 1-cKoieMOBCKOe OorpaHuveHHoe pacimupenue 1, He
SIBJIATOIIEECST KOHETHO aKCHOMaTU3UpyeMbiM HaT 1.

Haxowner, mycts T' — Teopus abesieBbIX rpyi, a 1] — Teopusi JIeJTUMbIX
abesieBbIX IpyIir. Onarh ke 17 — 1-CKOJIeMOBCKH OIDAHIMYEHHOE PACIIUDEHNE
Teopuu 1, He ABJISIONINECS KOHEYHO aKCUOMATU3UpyeMbIM Hal 1.

B cuty npuBeieHHBIX BBIIIE OIpejie/iennii onepanuit A u \V pemerku Ly
OYEBH/IHO, YTO COBOKYIHOCTH L7 *" -CKOJIEMOBCKI OI'DAHMYEHHBIX PaCIIHpe-
Huit Teopun T' (17151 71106010 (DUKCHPOBAHHOTO 1) 06PA3yIOT HOJIPEIIETKH Pe-
nreTky Ly ¥ s HaTypaJIbHBIX 1 < m pemieTka L *" dABJIseTcs MoapereT-
Koit pemerku L5~ °". Hepes F7 0003HaYUM COBOKYIHOCTH 7-CKOJIEMOBCKH
OTPpaHUYEHHBIX OTHOCUTEILHO Teopun ' 3/1eMeHTapHbIX (POPMYJT CUTHATYPbI
0. Orobpazkenue 1" pemerku Ly B pemerky Ly " onpemesuM cieLyomum
obpazom: st 1y € Ly nyers ¢™(Ty) = (T'U (17 N F™)). Henocpencraento
3aMEYAeTCs, ITO 1" SIBJIIETCd TOMOMOPMU3MOM peIeTKr L Ha PenieTKy
L77°" n pemerka L *" aByigercda peTpakTOM OTHOCUTEJILHO 3TOI'O TOMOMOP-
dbuszma u ToxkaecrBennoro Biaoxkenusa Ly B Lp. Yepes ¢ (mas n < m)
0003HaUNM OrpaHHYIeHHEe TOMOMOpdU3Ma Y™ 10 noapemerkn Ly ~*" pemeTkn
Ly. Touno Tak ke L7 " aBiseTcs peTpakToM pemteTku L™ *" oTHOCHTETb-
HO roMoMopdu3Ma " 1 TOXKJIECTBEHHOI0 BjoxKeHus id,, pemerkn Ly " B
pemerky L~ "
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Takum 06pa3oM MbI HMeEEM JeJI0 C PETPAKTHBHBIM CIIEKTpOM S =
(L7 (n € w)i ', o (n < m € w)).
IIpu sTOM HpsIMOIL IIpee lim & COOTBETCTBYIONIErO IIPSIMOIO CIEKTPA
—
S = (L7 (n € w);id) (n < m € w)) oroxkmectsum ¢ |J Ly~ = Li-

new
peIHeTKOfI CKOJIEMOBCKU OI'paHNY€eHHbIX paCHII/IpeHI/IfI Teopuun T, a O6paTHbII71

upezen lim S | 3necy S = (L7 (n € w); ¢l (n < m € w)) — ¢ pemeTKoi
$—
L.
OusTh 2Ke, B ity TeopeMbl 13 1], mosryaaeM ciejyroree yTBep K/ IeHHe.

Teopema 3. /[aa 210600 saemermaproti meopuu T pewemra ee ckoremos-
cru o2paruvennur pacwupernul LT yrusepcasvro sKeusasenmma pewemse
Ly ecex ee pacwuperuti.
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DyHKIMOHAIbHBIE KJIOHBI Ha MHO)KecTBax A (cucrembl (yHKIHMIT Ha A,
3aMKHYTBIE OTHOCUTEILHO CYIEPIO3HUIUT U BKIIOUAIOIINE B ce0sd CeJIeKTOP-
upte dynkmmu €' (ry, -+, T,) = T, A9 1 < N € W) UTPAIOT 3aMEeTHYIO
POJIb HE TOJIBKO B Pa3/IMYHBIX pas3jeax JUCKPETHON MaTeMaTuKu U ee IIpu-
JIOXKEHUSIX, HO U KOHKPETHO B YHHBEpCaJIbHON ajrebpe (MOCKOJIBKY 060JIb-
IINHCTBO MOHSTHIA, CBSI3aHHBIX C YHUBepCaabHON anrebpoit A = (A;o0) 3a-
BUCST, B KOHEYHOM CYeTe, He OT CUTHATYPHbIX (bYyHKIWi 370 aarebpsl, a
oT kJioHa Tr2l ee TepMabHBIX (PYHKIWMH, T.e. HE OT camoii 2, a OT COBO-
KYIIHOCTH PAlUOHAJILHO SKBUBAJEHTHLIX eii, B cMbicie A.V.Masbiesa [1],
anre6p). Ilpu srom raBHOe BHMMaHHWE NpPU U3ydeHUH (DYHKIMOHAJIbHBIX
KJIOHOB Ha MHOXKeCTBaX A TpaJuIMOHHO OBLIO COCPEIOTOYEHO Ha H3yUe-
HUU pereToK L 4 9TuxX KJIOHOB (coBoKymHOCTH F'4 Beex KiIoHOB Ha A ymopsi-
JIOYEHHON OTHOIIIEHUEM TEOPETHKO-MHOYKECTBeHHOrO BKodeHusi C). Ompe-
JIEJIAIONIYIO POJIb B U3YYEHUH STUX PEIIeToK urpaju pedyibrarhl E. [Tocra
[2] n FO. U. fdnosa ¢ A. A. Myunukowm |[3|, ykaspiBaomue Ha IPHHIAIHAb-
HYIO Pa3HUIly B CUTYallUU C PACCMOTPEHHUEM COBOKYIHOCTEH F4 KJIOHOB Ha
naByxastementHoM (|A| = 2) n ne menee wem Tpexsnementaom ([A| > 3 )
MHOXKecTBaxX. B mepBom ciryuae E.IlocTom meTasbHO OmmcaHo He TOJIBKO
cTpoenune perterku L4 BCex KJIOHOB Ha JIBYX3JIEMEHTHOM MHOXKecTBe A, HO
TaKyKe CTPOEHKME U CaMUX KJIOHOB U3 F, BKJIIOYasi UX MOPSIKU, OA3UCHI 1
up.. Bo Bropom ke ciyuae (korma |A| > 3) FO.U. fInos u A. A. Myunuk
JIOKa3a/Il He MEHee 9eM KOHTHUHYaJIbHOCTH COBOKYIIHOCTH F4, CyIIecTBOBa-
HUEe KJIOHOB Ha A, He UMeoImuX 0a3ucoB, W HAJUYUE [EJIOr0 PsAJia WHBIX
cioxHoCTel pu pabore ¢ Kiaonamu n3z Fy. Tem cambiM, B ciaydae Korja
|A| > 3, nmosnoe omnmcanue crpoenust perretku L4 (110106HOE OMECAHWUIO
E. Iocra mns ciyyas |A| = 2) npuHIINTAILHO HEBO3MOXKHO. B cmity sToro
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OCHOBHOE BHUMAaHWE TIPU HCCJIeJ0BaHUM COBOKyIHOCTel Fy (s |[A] > 3)
OBLIO COCPEOTOYEHO JTUO0 Ha MCC/IeIOBAHUU PA3IUIHBIX dacTeil 3Toi co-
BOKYITHOCTH (B 9aCTHOCTU, MHTEPBAJIOB penierku L 4), ubo Ha uccieioBa-
HUU KJIOHOB Ha A, YJOBJIETBOPSIONIUX TEM WU WHBIM 3HAYAIINM YCJIOBHU-
sM (B TOM YHCJIe W SKCTPEMAJbLHBIM TOUYKAM DEIeToK L 4: aroMaM, KOaTo-
MaM u T. 11.). [TomobHBIe BOIPOCH! pa3pabaThIBaJINCh COBETCKO-POCCHICKOI
IIKOJION UCCJIeI0BaTe el TUCKPETHBIX (DYHKITUIT (He IIpeTeHayd Ha I[IOJIHO-
Ty, ynomsaHeMm 3xech A. V. Mamabnesa, C.B. f6aonckoro, O.B. Jlymanosa,
FO. U. dduosa, A. A. Myunuka, A. A. Bynarosa, I'. I1. TaBpuiosa, 1. A. MaJib-
neBa, A.A.Kpoxuna, B.A.Pomosa, JI. A. Kaxyxuuna, C.C.Mapuenkosa
U J.p.), demickoii kool Bo riase ¢ V. Poszenbeprom, BeHrepckoit —
A. Crenspeit u ap., xamajackoit — P.KpakenOymr u jp., repmaHcKOil —
K. Henexe, /I./lay, P.Ilemen u ap., aBcrpuiickoit — M. IIuackep u mp.
Obmupnas Oubsmorpadust MOJOOHBIX pPAdOT HpPHUBEJEHA B MOHOI'DadUM
A. . Mambuesa u 1. A. Masbuesa [4].

B psze pabor [5]-[8] aBropa maHHOI cTaThU MPETIOKEH METOJL UCCIE0-
BaHUs COBOKymHOCTell Fy (1, B wacTHOCTH, pemeTok L) Ha OCHOBe ecTe-
CTBEHHOH AIIPOKCUMAIINN KJIOHOB UX QparMeHTaMu. V3/10:KeHro 3Toro
O/IX0a M 0030py MOJyYeHHBIX HA €r0 OCHOBE PEe3YJILTATOB M IIOCBSIIEHA
JlaHHagd padora.

[ouarue gpaemenma xaona F € F4 BBeseHo B pabote [5| u cszano
¢ OrpaHWYEeHWEM Ha apHOCTb BXOaAmmux B F dyHKnit. n-gpaemernmom F"
dbyHKIMOHATBHOIO KiIOHA F' Ha MHOXKecTBe A (N € w ) Ha3BIBAETCsl COBO-
KYIIHOCTH BceX PYHKINNA u3 F, apHOCTH KOTOPBIX HE IPEBBINIAET YHUCJIa 7.

B cuny BK/IIOUEHHST B KJIOHBI CEJIEKTOPHBIX (DYHKIMN a, 3HAYUT, U Ha-
JIMIUST BO3MOYKHOCTH JTI00ABJIATH K apryMeHTaM (DyHKIUN (hUKTUBHBIE apry-
MEHTBI, UMEIOT MecTO BKJtoueHust F™ C F™ s mo0bix n < mu F € Fjy.

[Tpu srom F' = |J F™. TlockoabKy coBokymHoCcTh P4 Beex dynkumii Ha A
new
U caMa gBJIAeTca KIOHOM, COBOKYIHOCTH P’} Bcex He Hosiee deM 1-MEeCTHBIX

dyuknit Ha A gBiserca ¢pparMeHTOM KJIoHa U s joboro F € F 4 mMmeer
mecto F"* = F'N @Y.

Hepes F) 0603HaIMM COBOKYITHOCTH BCeX (DparMeHTOB (DYHKITMOHATBHBIX
KJIOHOB Ha MHOXkecTBe A. OTHOmIEeHne crpororo mnopsaka < na F’y omnpese-
auM caregyiomuM obpazom: g ¢ O € FYy momoxum ¢ < ®” rorma m
TOJIBKO TOTJIA, KOTJA JjId HEKOTOPBIX Fi, Fy € F4 W HATYPAJIbHBIX M < N
umeer Mecto ¢ = ", @ = F u F]" C FJ'. YuopsjodeHnas COBOKYIIHOCTD
(Fy; <) ABIAETCS JIECOM, T. €. 0ObeMHEHIeM HEKOTOPOH COBOKYITHOCTH Jie-
peBbeB. A kiioHBI F' Ha MHOXKecTBe A OTOXK/IECTBUMBI C BeTBAMHU VE Jieca
(F'; <) ux dbparMenTos.

[amee, roBops 00 n-ozparuvennoli cynepnosuyuu dyHKImi u3 P, Oy-
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A€M CHUTAThb, 9TO IIPpU CYHEPIO3UIUU I3TUX beHKL[I/Iﬁ X apryMEHTbI BXO-
JIAT HEKOTOPYIO (DUKCUPOBAHHYIO COBOKYIHOCTH TE€PeMeHHbIX {T1,- -+ , Ty}
U, TeM CaMbIM, COBOKYHHOCTb (yHKImuit P’} 3aMKHyTa OTHOCHTETBHO n-
OrPaHUYEHHBIX CYIEPIO3UIUN U BKIOYaeT B cebs dynkimu e! mist i <
m < n.

Nmeet mecto coreyronias XxapakTepusanus n-GparMeHToB KJIOHOB u3 F).

Yrepxkaenune 1. [5|. Cosoxynriocmv ® dynruyuii na mmoocecmee A om
HE DONEE UEM N AP2YMEHMOE ABAAECNCA N-PPAMEHMOM HEKOMOPO20 KAOHA
u3 Fp moezda u moavko mozda, xo2da oHa 3aAMKHYMA OMHOCUMENLHO M-

[ Z .
02DANUNMEHHDIT CYNEPNO3UUUT U 6KA0aem 6 ceba Pynryuu e, oarai < m <
n.

[TousTre dparmenTa KJIOHA CJIY?KUT OCHOBOM JIJTsT OIIPE/IETICHIST HEKOTO-
pOIi eCTeCTBEHHON MepbI OTJINYUs KJIOHOB Ha MHOXKecTBe A JIpyr oT Jpyra u
H& OCHOBE 3TOH MEpPBI CTOJIb YK€ €CTeCTBEHHBIX MOHSITUNA METPUKU Ha COBO-
KynHoctu F4 v pa3MepHOCTH 3JIEMEHTOB U3 F4, T. €. KJIOHOB.

Omnpejesum paccrosinne d MeXKJIy KJoHamu Ha MHOxkecTBe A (Mexxy
Fy, Fy € Fy ) cremyiomum 06pa3om:

AF ) = (min{n € W'|F # F3})~1, eciu Fy # By,

(F1, o) = 0,8 caydae, korjga Iy = Fy

Baech w' = w\{0}.

OueBnao, 4t0 (Fl4;d) siBIsIeTCs: METPUIECKUM ITPOCTPAHCTBOM B KOTO-
poM cucTeMoit OKpecTHOcTeli KioHa F ciyxkar mHoxkectBa OF = {F| €
FAlF]'=F"}, tne n € W'.

Hns moboro F' € Fy non pasmeprnocmuvio dim F kiona F' Oygem 1o-
HIMATh HAUMEHbIlee HATYypasbHOE Yucsio 1 (ecam mojobHOe CYIIEeCTBYeT),
Takoe 4TO I jroboro [y € Fy paBenctBo [ = F™ Bieder coBnajieHue
kjonoB F; u F. B nporuBHOM citydae (B cjiydae OTCYTCTBHs MOJ0OHOIO 1)
Oy/ieM cuUnTaTh PA3MEPHOCTD KJIOHA F' OECKOHETHOI.

Taxum 06pa3oM, H30IMPOBAHHBIE TOUKH ITpocTpaHcTBa (F'; d) cyTh Ki1o-
HbI KOHEYHON pa3sMEepHOCTH U TOJBKO OHH.

OTMeTHM OCHOBHBIE CBOHCTBA MPOCTPAHCTB (F4; d).

YrBepxkaeune 2. [5],[6]. a) Jas 06020 neodnossemenmmozo A 6 npo-
cmpancmee (Fa;d) cywecmeyrom npedeavrvie mouru (m.e. Kionv, becko-
Hewnot pazmeprocmu wa A). Ipu smom daa deyxasemenmmuozo A smux
npedesvHuir movex 60cemov wmyk: F° Fo -« [ F$° 6 0003navenuar pabo-
mot [4].

6) Bce npocmpancmea euda (Fa;d) noatot.

8) Jaa awobozo beckoneurnozo mnooicecmsea A npocmpancmeo (Fa;d)
He Komnaxkmmo. B mo owce epema oaa dsyxrasemenmmozo A npocmparncmeo
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(Fa;d) komnaxmno. Bonpoc o komnaxmmuocmu npocmpancme (Fu;d) das ne
0BYTINEMEHMMHDIL KOHEUHDLT A 0CMaemcea omypoimbiM.

2) Jas mobvix mmoocecme B C A npocmpancemeo (Fg; d) usomempuue-
cKu 6a00cuMO 6 npocmparcmeo (Fa;d) .

d) Jlas 06020 ne menee wem mperasemenmnozo A cywecmeyem noo-
pewemxa L pewemxu L4, o6pasyrowan cosepuienoe noomMHoNCecmso npo-
cmparemea (Fa;d), 2omeomopproe karnmoposy duckoHmunyymy.

OTMeTnM Tak Ke YTO perieTovdHble onepary A,V Ha COBOKYIMHOCTH Fy
(omepanuu pemerku L 4) HempepbiBHBI Ha mpocTpaHcTBe (F4;d), Tak 49ro
pemerky L4 Bcex KJIOHOB Ha MHOXKECTBe A MOXKHO paccMaTpuBaTh Kak TO-
HOJIOTUIECKYIO PEIIETKY.

Pasmeprocts dim F' kiona F' (Hapsly ¢ MUHUMAJIBHBIM YHCIOM €r0 M0~
POXKJIAIOIINX U MOPSIJIKOM KJIOHA) SIBJISIETCS OJTHON U3 BO3SMOYKHBIX €CTECTBEH-
HBIX XapaKTEePUCTUK CJIOXKHOCTU CTPOEHUs KJjioHa F.

IIpu sTom nopsaxom O(F') kimona F Ha3bIBaeTCsT MUHUMAJIBHBIN U3 IIO-
PSIZIKOB KOHEUHBIX 6A3MCOB 9TOT0 KJIoHA (ecm F' KOHEIHO Gasupyem), a mo-
PAJOK KOHEYHOI'O MHOYKECTBA, (DYHKIIUI 3TO MAKCUMYM MOPSIKOB BXOJIAIINX
B 3T0 MHOXKeCTBO pyHKIMA. [Topsjiok »Ke DyHKIMKI — 3TO YUCJIO CYIIECTBEH-
HBIX (He (PUKTUBHBIX) apryMEHTOB 3TOM (hyHKIUN.

OueBngao nepasenctBo O(F) < dim F, npm 5TOM BO3MOXKHO CTDO-
roe HepaBencrBo O(F) < dim F' u juyist mobeix Fy, Fy € Fa, ecmn m =
max{O(F),O(F2)} n F" = F}", 10 F| = F>.

OTmernM ciiejiyroniee yeJoBre KOHEUHOCTH Pa3MepHOCTH KjloHa F' usz Fy
B TEPMHUHAX pereTku L.

VYrBepxkaenue 3. [6]. Ecau dan xonewrno noposicdennozo kaona F uz Fa
CYWECMBYEM, AUULDL KOHEYHOE YUCAO Nokpuimud Fy, -+ | F, 6 La, u das ao-
bozo F' € F5 maxozo, umo F' < F'" 6 L, umeem mecmo 00no u3 nepasencme
F; < F (Oasni < k) unpu smom sce kaonw, Fy, - - - | Fy, Konewno nopootcdenol,
MO PA3MEPHOCTNG KAOHA KOHEYHA.

Hamee, mis moboit coBokynHoctu ® yHKIWMIT HA MHOXKecTBe A depes
(®) Oymem obozHaUaTH HAMMEHBINHU KJIOH Ha A, BK/IoUatonmii B cebs P,
KJIOH TTOPOZKJIEHHBI COBOKYITHOCTBIO P.

Yepes F} 0603HAYNM COBOKYITHOCTB BCeX N-MOParMeHTOB (DYHKINOHAb-
HBIX KJIOHOB Ha A. DTa COBOKYIIHOCTb OYEBHIHBIM 0OpPa30M IIPEICTAB/ISIET
co0O0i1 HEKOTOPYIO PeIeTKy

W= <FZ;/\n7vn>

OTHOCHUTEJIbHO TEOPETUKO-MHOKECTBEHHOIO oTHOIIeHus C. 3nech FI'A, it =
Fro, Fu FP' vV, FY = (F'U,, F}')™ noaa mobsix Fy, Fy € FY.
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Orobpaxenue 1, : Fy — F} omnpememmm kak ¢,(F) = F" pua
F € Fy4. HemnocpeCTBEHHO IMPOBEPSAETCs, 9TO 1, sIBISIETCS TOMOMOPQU3-
MOM perieTku KioHOB La = (Fa;A,V) Ha pemerky ux n-GpparMeHTon

no=(F%; An,y V). Hepes ¢, 0bo3HaunM oTobpakeHne coOBOKymHoctu F) B
F, onpeienennoe kak @, (F™) = (F™) ans moboro F™ € Fh. Tak ke Hemno-
CPEJICTBEHHO 3aMedaeTcs, UTO , €CTh BJIOXKEHHe peleTKd L'} B pererky
L4, a paseHctBo Uy, (pn(F™)) = F™ Bieder 1o, 4ro pernerka L'} siBjsiercst
PETPaKTOM perteTku L 4.

Hoist m06bix m < n onpejesum orobpazkenue (romomopdusm) ¢ pe-
merku L’ ma pemerky L7} xak ¢ (F™) = F™ nias moboro F € Fy. OT06-
pazkenue (Bioxkenue) 1) pemerku L'} B pemerky L (mas m < n) oupese-
M, iodtarast @ (F™) = (F™)". Tlpu stom 7 (@ (F™)) = F™ njst 1106010
F e Fy.

HernocpeicrBeHHo 3aMedaercst, 910 cucTeMa peretok L (n € w) u ux

<—
romoMopdusmMoB Y (npu m < n) obpasyer obpaTHBIN creKTp £, U 1pH

9TOM liin £ = La. C apyroit croponbl, cucrema pemterok L' (n € w ) u ux

BaOKeHUH ' (mpu m < n) obpasyer MpsMOii CIIEKTD B

Knon F € F4 Ha30BEM 02DaHUYEHHO NOPOHCIEHHBLM, €CITA OH TIOPOKJIEH
HEKOTOPbIM cBouM parmenToM (ecau F = (F™) s HEKOTOPOro n € w)
WM, 9TO TO YK€ CAMOE, €CJIU CYIIECTBYET CUCTEMa IIOPOKJIAIONUX KJIOH F
byHKIWMIA, apHOCTH KOTOPBIX OIPAHUYEHDI B COBOKYITHOCTH. B cityvae KoHed-
HOCTH MHOYKECTBa A NMOHATHS KOHEIHONW M OIPAHUYEHHOI TTOPOKIEHHOCTH
KJIOHOB Ha A COBIIQJIAIOT.

Yepes F)’ 0603HAYNM COBOKYIIHOCTH BCEX OIDAHUYEHHO MOPOXKJIEHHBIX
ksionoB Ha A. Hemocpencrsenno sameuaercs, uro FY sBigercs nojperer-
koit LY = (F%;A,V) pemerkn L, Bcex wionoB Ha A. Ilpu stom pe-

rg . E
merka Ly OTOXKIECTBUMA C HIPAMBIM IIPEJCIOM h_r)n IIPSIMOTO  CIIEKTPA

= (Lp; "m < n € w). Takum 06pazom, mMeeT MecTo

Yrepxkaeuue 4. [5|. Pewemka Ly GynKkuuonasoholl KA0H06 HA MHOICE-
cmee A omootcdecmeuma ¢ obpammvim npedesom 006pamHo20 cnexkmpa pe-
wemok L7 (n € w) n-gdpaemernmos smux xaonos, a ee nodpewemsra L'
02PAHUMEHHO NOPOHCOEHHDIT KAOHOE ABAAELMCA NPAMBIM NPEVENOM NPAMO20
cnexmpa smux pewemor L (n € w).

rg

ITpu sToM B cirydae IByX3jeMeHTHOro MHOXKecTBa A permmerku Ly u L)
coBnaaroT (T. K., KAK XOPOIIO M3BECTHO, JIFOOOH KJIOH Ha MojobHOM A 1o-
POXKJIEH HEKOTOPOW CHCTEMOI cocTosieil u3 He 6ojiee 4eM deTbipex (DyHK-
mwit). B ciyuae ke He MeHee ueM TPeX3/IeMEHTHOIO KOHETHOIO MHOYKeCTBa A
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pereTrka ng SIBJISIETCSI COOCTBEHHON CUETHOI MO/IpeIeTKO KOHTHHYaTIbHO
pemerku L 4.

Ha camom jiesie u3 yTBepKieHnsd 4 BbITEKaeT COBIIa IeHUE CBOICTB pellle-
tok LY u L 4, BoIpasuMbIx V—hopMystaMi B sI3bIKe JIOTHKH IIEPBOTO HOPSI/IKA.

VrBepxkaenue 5. [5]. Pewemka L' ynusepcanvro sxsusanermna, pewem-
ke Ly u asasemcesa 6crody naommuot 6 npocmpancmee (Fa;d).

Do craeqyer u3 obIIeEro, JJOKa3aHHOro B padote [9], dakra Jyisi mpsiMbIx
1 OOPATHBIX IIPEIE/IOB TaK HA3BIBAEMBIX PETPAKTUBHBIX CIIEKTPOB.

W3 yrBepxkaeHns 5, B YaCTHOCTHU, CJIEyeT COBIAJEHHE COBOKYIIHOCTEI
KOHEUHBIX IIOJIPEIIeTOK perteTok L' u Ly, a pasimdaue MexK/[y HIMI HaCTYy-
aeT, Kak 3TO CJIe/yeT W3 MPUBEICHHOrO Jajiee yTBep:K/IeHusl 7 Ha YPOBHE
X KOHETHO TTOPOK/IEHHBIX TO/IPEIIETOK.

Tem cambIM, caeTHasI, a 3HAYUT BIIOJIHE BO3SMOXKHO TOIAIOMIALACS 1eTa b
HOMY OIlMCaHuto, pemerka L'y MoXKer urparb poJib MOJEIN Jis U3yYeHUs]
CBOMCTB KOHTUHYAJILHBIX PEIIeTOK L4 B CIydae KOHETHOCTU MHOXKeCTBa A.

B pabore A.A.Bymnarosa [10] mokazano, uro npu |A| > 3 Ha pemerke
L 4 He BBITIOJTHEHO HUKAKOE PEIIeTOYHOe TOXK,1eCTBO. I3 9Toro pesynbrara u
YTBep:K/IeHNsT 4 BBHITEKAET

YrBepxkaeuune 6. [5]. s 1106020 ne meree wem mperasemMenmnozo MHo-

orcecmea A 6vimoanAMEs caedyrouue ceotUCmea:

a) das 106020 pewemounozo mostcoecmsa t; = to cywecmsyem Hamypaib-

HOE M, Makxoe 4wmo mootcdecmeo t1 = ty A00CHO HG KAHCAOT U3 PEWEMOK
L mpun >m;

6) na pewemxe LY ne swinoanumo nukaxoe pewemounoe mostcdecmeso.

Cpeu cBoiicTs, pasirdaonux pemerku Ly u LYY ormernm cieyonee.

Kaxk nokazano A.A.Bynarosbivm B pabore [11| mpu |A| > 4 pemerku Ly
He SIBJISIIOTCSL JIOKAJILHO KOHEYHBIME. B TO e BpeMst (OIsiTh Ke, KaK TO
BBITEKACT U3 YTBEPKICHUS 4, IMEET MECTO

VrBepxkaenue 7. [5]. Pewemka LY noxarvro xoneuna das 4106020 Koreu-
Hozo A.

OHEM 13 BayKHEHINNX MOHSTHI TaK HA3bIBAEMbBIX aaredpanvdecKoil 1 Jio-
IUYECKOM NeOMETpHil YHUBEPCAJIBHBIX ajredp paspadaTbIBacMbIX ITKOJIAMHI
B. M. IInorkuna (cMm., k npumepy, [12], [13]) u B. H. Pemeciennnkosa (cu.,
K npuMepy, [14]) sBisiorcs moHATHs aJaredpandeckoro u JIOrHIecKoro MHO-
JKeCTB yHuBepcasibHoii anrebpbl A = (A; o). Ilpu 5T70M 9TH HOHATHS, KAK 9TO
YIIOMHHAJIOCH B HAaYaJ/Ie CTaThbH, 3aBUCIT HE OT CUTHATYPHI 0 ajaredpnr XA, a ot
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kJsiona Tr2l ee Tepmasbabix byHknumii. B cuity sroro mpejcrapisercs ecre-
CTBEHHBIM DPAaCCMOTPEHHE COOTBETCTBYIOMINX MOHATHH JJIs TPOU3BOIHLHOTO
dbyuknmonanpHoro kiaona F wa mHOKecTBe A (KstoHa Tr2p TepMmasbHBIX
dbyukuumit anredbpot Ap = (A; F'), curnarypa KOTOpoii BKJIIOUaeT B cebsi BCe
dbyuknun u3 F'). Takum 06pa3zoM Mbl IPUXOIUM K CJIEYIOMIEMY OIIPeIe ie-
HUIO.

Onpepnenenne 8. IToxmuoxkectBo B C A™ Ha3bIBaeTCHA N-042€0DaUYECKUM
ons xaona F (B € Alg,F), ecrm B = {a € A"|f!(a) = f?(a)} ana nekoro-
poit copokynnocru { f}, f2|i € I} dyukunit us F".

3ameTnM, 4T0 COBOKyHHOCTH Alg, F' siBJIsieTCsl TOJTHOI PEeIeTKON OTHO-
CUTEJIbHO TEOPETUKO-MHOXKECTBEHHOI'O OTHOIeHusT C.

[Tox aneebpauueckoti 2zeomempueti kiona F Oynem jgajiee TOHUMATDH I10-
cienoBaresbaocts Alg F' = (Alg, Fn € w).

Yepes LoggF (st F' € Fy) obosHadum Oy/ieBy anrebpy MOJIMHOKECTB
mHOKecTBa A", onpeieieHHbIX B anrebpe A = (A; F') 6eckBaHTOPHBIMI HOP-
MYJIaMHI JIOTUKH TIEPBOTO HOpsAIKa curaaTyphl F. Muoxkectsa u3 Log) F' 6y-
JIeM Ha3bIBaTh N-Lg-A02uveckumu muoncecmseamu 0as kaona F. Ormernm,
uTo Kak pemerka Alg, F, Taxk u Gy/esa anre6pa Log F' ompejiesieHs!, B KO-
HEYHOM CUeTe, He caMuM KJIoHOM F'| a ero ¢dbparmenTtom F".

[ocrenoaremsrocts Log' F = (Log" F|n € w) Gynem masbisath Lo- 0-
2uveckoli ceomempuedi xaiona F'.

Ba kmona Fi, F, na mHO)KecTBe A HazoBeM asnzebpauvecky Fy ~qe Fo
(Lo-no0eunecku Fy ~og Fh) K6U6ANEHMMHBIMU, €CIIT COBIIQJIAIOT UX ajarebpa-
maeckue (Lg-normdeckue) reomerpun, Te. ecau Alg Fy = Alg Fy (Log'Fy =
Log"F, ).

OueBnaHO, 9TO [T JTI000r0 MHOXKecTBa A 1 m00bIx KioHoB Fi, Fh Ha A
oTHoOIIeHUe F ~,i Fy BiedeT ornomenne Fy ~, Fh. Obparnoe HeBepHO.

Cpen ecTeCcTBEHHBIX BOIPOCOB, CBA3aHHBIX C ajredpamdeckoit m Lo-
JIOTUYECKOI TeoMeTpueil KJIOHOB F', oTMeTuM cjieyrorue.

1) Hacko/ibKO HauaIbHBIA HHTEPBAJ

(Alg,F,--- ,Alg,F)  ((Log{F,---,LoghF))

COOTBETCTBYIOIIEH TeoMeTpun KJIoHA [ MoXKeT olpeeaTh Bech KJIOH [
60 BCIO ero ajrebpandeckyio (Bcio ero Lo-ormdeckyio) reomerpuio Alg F
(Alg’F)?

2) CKOJIBKO, JIJIst pa3InIHbIX MHO)KeCTB A cymiectByer Ha A momapHo He
~alg-9KBUBAJIEHTHBIX (HE ~]o,-9KBUBAIEHTHBIX) KI0HOB? T.e. Bompoc o Mor-
HOCTH MHOKECTBA Fy/ ~aig (F4/ ~log). 3aMETHM IIPH STOM, UITO JJIAA JIFOOOTO
He OJIHOIJIEMEHTHOTO MHOXKeCTBa A OTHOIIEHNe ~,), Ha F4 He TPUBHAIBHO.
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3) KakoBbl MOIHOCTH U KaK yCTPOEHBI (K IpuMepy B pernetke L4 Beex
KJIOHOB Ha A) K1accel F/ ~gp (F/ ~iog) AJIS PA3IHIHBIX KJIOHOB F' Ha
MHOXKeCTBe A.

B cBs131 ¢ mmepBBIM BOIIPOCOM BBEJIEM CJIeLyIoIue omnpeeaenus. 1o aa-
eebpauneckols pasmeprocmyio alg-dim F' (empozoti anzebpauneckoti pasmep-
nocmoio st.alg-dim F') knona F' wHa A GyieM MOHHMAThH HAUMEHbIIee HATY-
pasibHOe n (ec/u MojobHOe CYIIECTBYeT), TaKoe ITO Jist JIOoro KioHa Fj
Ha A pasencrso Alg, F1 = Alg, F Bieder pasencrso Alg F; = Alg F' (coBna-
Jienne KjiouoB Iy u F'). B nporusHOM citydae (B ciiydae OTCYTCTBHsI TAKOTO
n) 6yJeM ToBOpUTH 0 GECKOHETHOCTH ajaredbpantdeckoil (crporoit aarebpan-
9ecKoii) pasMepHOCTH KJiioHa F.

AnasormaneiM o6pazom, ¢ 3amenoit Alg, F' na Log® F' u Alg I na Log’ F
COOTBETCTBEHHO, ONIPEJIEJISIOTCst Ao2uyeckas log-dim F' (u cmpoeas aozuve-
cxan st.log- dim F) pasmeprocmu ximona F.

B kadecTBe mpmMepa OTMETHM CJIEJYIONIHE pPaBEHCTBa st KjioHa Pg
Bcex (YHKIMI Ha JBYx3aeMeHTHOM MHOXKecTBe 2 = {0,1}: alg-dim &y =
st.alg- dim ®5 = 3, npu s10oM mopsiziok O(Py) 1 pasmeprocts dim $y paBHBI
JIBYM. 3aMeTHM, 9TO JIJIsi JII0OOr0 KJIOHA MMEIOT MECTO HepaBEHCTBA

alg-dim F' < st.alg-dim F,
log-dim F' < st.log-dim F

Kax oTKpBITbIE OTMETHM BOIIPOCHI O BO3MOKHBIX 3HAYEHUSIX TapaMeTpPOB
dim F', alg- dim F, st.alg-dim F, log-dim F', st.log- dim F' myrs xknonoB F' Ha
PA3INIHBIX MHOXKECTBaX A.

OTBeThl Ha BTOPOIl U TPETUI U3 OTMEYEHHBIX BBIIIE BOIIPOCOB OKA3AJNCH
CBSI3aHHBIMU C BBEJIEHHBIME B paboTax aBTOpa MOHATHAMU YCJIOBHOTO U TI0O-
SUTHUBHO yCJIOBHOI'O TEPMOB JIJIsi YHUBEPCAJIBHBIX ajreop.

He ocranaBimBasich 371ech Ha OIPEJIEJIEHUN STUX MOHATHI (CM. 0 HUX, K
npumepy [15], [16]), ormerum Jstumis, aro coBokymnHocTh Ctr2l yeaoBHO Tep-
MasIbHBIX (coBOKyIHOCTH PCtr2l mo3uTuBHO yCJIOBHO TepMaJbHBIX) (DyHK-
it anrebper A = (A; o) obpasyer DyHKIMOHATBHBIN KJIOH Ha MHOYKECTBE
A. st moboro dyuknuonaabHoro kioHa I ua A gepes CTF (PCTF) o6o-
saaunM GyHKimoHaabHbil KIoH CtrAp (PCtrp ) Ha mHOXKecTBe A. Otie-
paroper CT : FF — CTF (PCT : F — PCTF) saBnstiorcst onepaTopamMu
3aMbIKaHUsl Ha pererke L4 Bcex KJIOHOB Ha MHOxkKecTBe A (T. e. oHE 3K3u-
CTEHIMAJIbHBI, MOHOTOHHBI U UJIEMIIOTEHTHBI Ha 9TOil peIieTke).

Knon F na mHOXKecTBe A Ha3bIBAETCS IKBAUUOHANDHO GOOUMUCHDIM, €C-
JIM COBOKyIHOCTH MHOXKecTB Alg, F' (n € w) 3aMKHYTBI OTHOCHTEILHO 00b-
eJINHEeHNIT KOHETHBIX COBOKYITHOCTEH CBOWMX 3JeMeHTOB. B pabore [14] mpu-
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BeJICHbI MHOIOYHUC/ICHHBIE IIPUMEPDI aredp 2 a1 KOTopbiX KJIOHBI 11 2l 9K-
BaI[MOHAJIBHO &J[JINTUBHBI.
Nmeer mecto ciiemyronuit YacTUIHBINA OTBET HA BOIIPOC 2 JIJIsi OTHOIIEHUS

~

alg-

Yrepxkaenune 9. [7|. s a06020 Koneunozo mnooicecmsa A wucao nonap-
HO AA2EOPAUMECKU HE IKGUBANCHMMHT IKEAUUOHANDHO AOUMUCHBLT KAOHOG
na A xoneuno.

DTO CBA3AHO C TE€M, UTO JIJIA SKBAIMOHAILHO & JIATUBHBIX KJIOHOB F' mMe-
eT MecTo F' ~,, PCTF, a uncio PCT-3aMKHYTBIX KjIOHOB [’ Ha KOHEYHBIX
MHO)KeCcTBax A KOHEYHO (MX MHBAPUAHTAMH CJIyZKAT HOJIyTPYIIIGI BHYTPEH-
HIX TOMOMODPGhU3MOB aredbp Ap).

OueBnmo, 1ro s jaoboro kimona I na muoxecrse A kinace F/ ~ alg
SIBJISIETCS BBIITYKJIBIM B peleTke L 4 M 3aMKHYTBHIM MHOXKECTBOM B ITIPOCTPAH-
crBe (F4;d). ObparHoe HEBEPHO.

Jlts1 moboro onepaTopa 3aMbIKAHU ¢ Ha ITPOU3BOJIBHOI perreTke L 11o/1-
MHOYKECTBO B pertieTku L HA30BEM GEPTHUM NOAYUHMEPBAAOM NOPOAHCIEH-
HOLM ONepamopom ¢, eciiu Jiis HekoToporo b € B mmeer mecto g(b) = b u
B = {c € Llg(c) = b} . OueBunno, aro upu 31oM b = sup B.

Vreepxkaeune 10. [7|. [Jas 06020 koneurnozo mmoscecmea A u 4106020
IKBAUYUOHANLHO addumuenozo Kaona F na A waace F/ ~ alg asasemca
00BedUNEHUEM KOHEYHO20 YUCAL GEPTHUL NOAYUHMEPEANOE, NOPOHCOCHHLT
onepamopom zamuvikarus PCT na pewemxe Ly.

Cpe/in OTKPBITBIX BOIIPOCOB OTMETHUM BOIIPOC O MOIIHOCTAX MHOXKECTB
Fy/ ~ alg myist npou3BoJIbHBIX (B TOM YHCJIE U KOHEIHBIX) MHOYKECTB A 1 O
crpoennu KjaccoB F'/ ~ alg st mobbix kiaoHOB F' 13 Fy.

B ormmuun OT OTHOIICHUS ~ e, JJlsl OTHOIIEHUS ~og, B C/Iydae KOHeY-
HOCTU MHOXKeCTBa A, 3TH BOIIPOCHI PEIIeHbI B MOJTHOM oObeme. B ormmann
OT OTHOIIEHUA e OTHOmeHHE F' ~j,, CTF mmeer mecro yxke naa mo-
ObIX KJIOHOB F' Ha MPOU3BOJILHBIX MHOXKecTBax A n maBapuantamu s CT-
3aMKHYTBIX KJIOHOB F' BBICTYTAIOT IIOJIyTI'PYIIIBGI BHYTPEHHUX U30MOPQPU3MOB
aareop Ap. Tem cambiM BMeeT MeCTO

VrBepxkaenue 11. [8]. [asa moboz0 koneurnozo muoscecmsea A wucao no-
NAPHO Ne ~iog-IKEUECAACHIMHILT KAONOE NG A KOHEwHO.

Crpoenne ke KIaccoB F/ ~j, [Is1 KOHEIHBIX A ONHCAHO B CJIEJYIOIIEM
IPEJIJIOKEHNT.

VrBepxkaenue 12. [8]. Jaa mobozo konewnozo A u 106020 kaona F € Fy
kaace F/ ~joq asanemcea 0bsedunenuem Konewn020 “UucAl 6ePIHUL NONYUH-
mep6anos, noposicdennvix onepamopom samoikanus CT na pewemxe L 4.
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W3 3Tux yTBEpXK/IeHUIT BBITEKAET 1

YrBepxkaenune 13. [8]. [Jasa 106020 Konewnozo mnosicecmea A u 106020
F € Fi aoeuueckasn pasmeprocms log -dim F' koneuna. Boaee mozo, cy-
wecmeyem namypaavroe wucao n(A), maxoe wmo das mobvx Fi, Fy € Fy
PaseHCME0 Logg(A)Fl = Logg(A)Fz 8.4EUEM COBNADEHUE NO2UMECKUT 2E0MEM-
pudi kaonoe Fy u Fy.

Haxomnern, ykaxkeMm elrie Ha HEKOTODBIE PE3yJIbTATHI, CBA3aHHBIE C (ppar-
MeHTaM# KJIOHOB. B pabote [17] (na ocuoBe BBegenunoro B. U. [Tnorkunbiv
u I 1. ZKuromupekum [13], HOHATUS JIOTHYECKN SKBUBAJIEHTHBIX aare0p)
BBEJICHO IIOHATHE 3JIEMEHTAPHO SKBHBAJIEHTHBIX KJIOHOB: KJIOHBI [, F, Ha
mHOZKecTBe A anemenmapno sxeusasenmmo, (Fy ~poq Fo ), eciu coBmagator
COBOKYIIHOCTH 3JIEMEHTAPHBIX MHOXKECTB [JIF 3TUX KJIOHOB. IIpm sToM MHO-
xectBo B C A" nasbiBaerca F-aaemenmapnvim, ecmu B = {a € A™|r =

N\ ®;(@) nia mexkoropoit copokynuoctu {®;(7)|i € I} snementapueix (Joru-
el
KU [IEPBOTO MOPsiIKa) GopMyst curHarypel F'}.

B pabore [17] nokazano

Yreepxkaeuue 14. [17|. Jas 4106020 Konewnozo muoscecmea A 6vinoatie-
ML caedyrowue ceolicmea:

a) YUCAO NONAPHO HE INEMEHMAPHO IKEUBAAEHIMHBIT KAOHO8 HA A KOHEUHO;
6) cywecmsyem namypaavroe wucao n(A) maxoe, wmo das aobvx Fy, Fy €
F 4 cosnadenue cosoxynnocmets F;-anemenmapHuiz nooMHoHcecme MHoce-
emea AMA) saevem anemenmapryio sK6USaACHMHOCTIL KA0H0E Fy U Fy;

8) daa nobozo F' € Fy knacc F| ~ asasemes 06sedunenuem KOHEUHO20 4uc-
A0 BEPTHUT NONYUHMEPBAAOE NOPONHCIEHHLLT onepamopom 3amvikanus ECT
ne pewemse L 4.

3necy ECT — F-kJj10H Beex 3/IeMEHTAPHO YCIOBHO T€PMaJIbHBIX (DYHKITHI

([8],19]) amnrebper Ap.
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O HEKOTOPBIX E-ITPEAITOJIHBIX
KJIACCAX TUIIEP®YHKIINN
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YHUBEDPCHUTET,
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e-mail: riabets@rambler.ru e-mail: ritaal9952015@gmail.com

B pabote paccmarpuBaioTcs HEKOTOPBIE 3aMKHYTHIE KJIACCHI THIIEPQYHK-
i Ha TPEX3JeMeHTHOM MHOYKECTBE OTHOCHTEIHLHO OIEPATOPa 3aMBIKAHUS
C pa3BeTBJIEHNeM 110 [IpeJuKaTy paseHcTsa ([E-omeparop).

B nociennee BpeMs npu usydennn (QyHKIMOHAJIBHBIX CUCTEM ITPUMEHS-
0T OIlepaTOpbl 3aMbIKaHUs, KOTOPbIE CYIECTBEHHO CUJIbHEE OllepaTopa Cy-
neprosunun. OJHUM U3 TaKUX OIIEPATOPOB SIBJISIETCS OIEPATOP 3aMbIKAHUST
C pa3BeTBJIEHHEM II0 TIPeIuKaTy paBeHcTBa. VccaemoBanust JIedCTBUS 3TOrO
oriepaTopa Ha MHOXKECTBE OYJIEeBBIX (PYHKIUI, YACTUIHBIX OyJIeBbIX (DyHK-
it U BYHKIMA MHOTO3HAYHON JIOTMKY TIPOBOJMINCL B paborax |1, 2, 3].
B pabore [4] nomyuen Kpurepuii E-1moJHOTH Ha, MHOYKECTBE I'UIIepdyHKITHI
panra 2.

[Tycrs B3 = {0,1,2} u 25 — muoxecTBO Beex noamuoxkects Ez. Onpe-
JIeJIUM MHOXKeCTBO H3 — MHOXKECTBO BceX TuiepdyHKIi paHra 3:

F={s11: By =2\ {e}}, Hy=| ] H;.

[ycrs  f(z1,...,x0), filzy, ..y @m), ooy folT1, .oy @) — rHIEPYHK-
nuu. Cynepnosunus runepdyHKIni

F(fi(zr, .oy xm)y oy fu(xr, oo 2m))

onpeiessier TuHepdYHKIMIO §(Z1, . . ., Tpy) CAETYIONIM 00pa3oM: ecyin Habop
(a1, ..., ) € EY*, TO 110 OIIpe/Ie/IeHuTo

glar,.am)= | fBr .- ).

Bicfi(ai,...,am)

*Pabora BbirtostHeHa 11pu huHancoBoit nojaepkke POOU, rpant 16-31-00209 Mot _a.
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Byznem rosoputh, urto runepdyHknus ¢(rq,...,T,) HOIyIaeTCs U3 TH-
nepbyukiwit f1(z1,...,2,), f2(x1,...,2,) ¢ TOMOIIBIO OlEpaIMU PA3BETB-
JIEHUsI 110 TIPEIUKATY PABEHCTBA, €I Jisi HeKOTopbIX 4, € {1,...,n} BbI-
HOJIHSIETCST COOTHOIICHUE

filzy, ..., x,), ecmm x; = x4,
g(xy, ..., 1) =
fo(z1,...,2,), B OPOTUBHOM CJIydae.

Omnpesiesium F-3ambikanne MaoxkecTBa (Q C Hy Kak MHOXKECTBO BCEX T'H-
nepdyuknuii u3 H3, KOTOpble MOYKHO TIOJIYIUTh U3 MHOKECTBa () C TIOMOIIIHIO
oreparuii BBe/ieHUs] (PUKTUBHBIX IIEPEMEHHBIX, OTOXKIECTBJIEHUS TIePEMEH-
HBIX, CyIEPIIO3UIIN 1 PA3BETBJIEHUs 110 MIPEINKATY paBeHCTBa. MHOXKeCTBO
runepdyHKIM, KOTOPOe COBIIAIAeT CO CBOMM F-3aMbIKAHHEM HA3BIBAETCS
E-3aMKHYTBIM KJTaCCOM.

[Iycts MHO)KeCTBO A — HemycToe Mo IMHOYKECTBO MHOYKECTBa 3, mpudem
A me coBnazaer ¢ Es. Obosmauum 1epes 1, MHOXKECTBO I'MIEp@YHKIHUN U3
Hj, Takux 9To

L={f€H;|f(ar,...,a) NA# D, 0; € A}.

Bcero cymecrByer mects Takux Kiaccos. Hampumep, mis A = {0} kmace
Ty, comep:kut runepdyHKIMI, KOTOPbE Ha HYJIEBOM HaboOpe MOTYT IPUHU-
mars snadenns {0}, {0,1},4{0,2},{0,1,2}. dna A = {0, 1} xnacc Tj; conep-
KUT TunepdyHKIMN, KOTopble Ha Habopax, cocrodnmx u3 0 u 1 He MoryT
npuHIMaThH 3HadeHne {2}.

Teopema 1. Kaaccw Ty asaaromes E-zamxnymovimu.

Joxazamenvcmeo. Sadbukcupyem A u mokakeM 3aMKHYTOCTb Kiacca 1,
OTHOCHUTEJILHO OllepaTopa CyIepIo3UIun runepdyHKINI.

[Iycrs dyuxiun f(1, ..., 2n), f[i(z1,. . 20), - fl21, ..., 2,) TpH-
Hayyiexkat Kiaaccy 17, n cyneprnosurus f(fi(xy, ..., 2n), ..., fm(T1,...,2p))
sajaer GyHknuo h(zy, ..., x,).

Pacemorpum 3Hauenne dbyskiun h Ha Habope (o, ..., q,), TIe o; € A.

hag, ..., an) = U fOr, o m)

vi€fi(al,...,an)

u fi(ag,...,a,) NA# & 1ys Beex i.
ITycts HAbOD (7, .. ., Ym) TAKOI, 4TO J171s JIE060TO 7 971eMenT y; € A. Ilycrs
d; = f(v,...,Ym)). B cuy Toro, uro f € T, cupaseniuso §; N A # &.
Taxum obpazom, h(ay,...,a,) NA# @ u h(zy,...,x,) €T,
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Herpynso nposeputs, 4ro Kiacc Ty 3aMKHYT OTHOCUTEIBHO OlepaIluii
OTOK/ICCTBJICHUS TIEPEMEHHBIX W BBEJICHUS (PUKTHBHBIX TIEPEMEHHBIX.

[TokazkeM 3aMKHYTOCTB KJiacca 1y OTHOCHTEIBHO OIepaTopa pa3BeTBIIe-
HUA 110 TIIPEJUKATY PaBEHCTBA.

Paccmorpum runepbynkuun fi(xq,...,2,), fa(z1,...,2,) € T, . Oupe-

nesum ruepdyHKIuo h(zy, ..., Ty,)
Tiyeoo\ ecl T; = I,
h(ajly-"’l‘n): fl( 1 ) n)7 7 E
fo(x1,...,x,), B IPOTUBHOM Cilydae.
Paccmorpum suadenune h(aq, ..., o), tae o; € A. Ecmn o; = a5, T0

h(ag,...,an) = filag, ..., qn).

Torma h(ay,...,a,) NA# .
Ecmun o; # a;, TO

hag, ..., 0n) = folag, ..., a).
Taxum obpazom, h(ay,...,a,) NA# S u h(zy,...,x,) €Ty ]

B [3] nokazano, uro cucrema dynknuii {0,1,2} E-moana B Kiacce Ps.
s knacca runepdyHKIME Ha TPEX3JIEMEHTHOM MHOYKECTBE CIPABEIJINBO
AHAJIOTMYHOE YTBEpZKICHHE.

Jlemma 2. Cucmema 2unepdymnruyui {0, 1,2,{0,1, 2}} aeasemces E-noanot
8 kaacce Hs.

Paccmorpum cBolicTBO E-TIOJTHOTHI ONMCAHHBIX BBIIIE KJIACCOB.
Teopema 3. Kaacew T asasomes E-npednoarvimu.

Jloxazamesvemeso. 3adukcupyem MHOKECTBO A n paccMOTpuM rutiepdyHK-
o f(xy,...,x,), He upuHaAIexkamyio kiaccy 1, . Torma cymecrsyer na-
60p A, . . . , (y, COCTOLAIIMIN U3 3JIEMEHTOB «; € A, Takoit uto f(aq,...,qa,) =
B,tne BCEsuBNA=a.

Hns moboro A kmace T, COEpKHUT COOTBETCTBYIONIHIT HAOOP KOHCTAHT,
a IMeHHO: JyIst Kaxkaoro a; C A dyukmms tj(xq, ..., T,) = a; CONEPXKUTCS B
T, . Takum 06pa3oM, MOYKHO IIOJIyYUTH (DYHKIINIO

h(xy, ... xn) = ft;, (21, 20), .. b, (21, ..., 2,)) = B.

Pacemorpum runepdynkmmio g(zq, ..., x,) € Ty, Takyio 9T0:
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e na Habopax (aj,...,qy,), B KOTOPBIX «; € A i Bcex i, 3HAYCHHE
g<o‘{17"'704n)mj47é Qa

e na Habopax ([, ..., [n), B KOTOPBIX JiJIsl HEKOTOPOT'O { 97IeMeHT [3; & A,
suavenue g(f,...,0,) =c¢, c ¢ A.

Paccmorpum cyneprio3uriuio rutiepyHKITHi

s(x1, .. xn) = g(h(z, ..o xn), .. h(x, .. 2,)) = g(B, ..., B).

Hng kaxaoro yrounenus (v, ...,7,) Habopa (B,..., B) 3HaueHne ruimep-
by g(y1,. .., ) = c. Tora

(1, ..y my) = U 9y ) = U c=c.

(Y15+457m) (Y1557n)

Takum o6pas3oM, yJaaoch HOIYydnTh HeJOCTalomue B Kjaacce 1’y KOHCTaHTHL.
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1 Introduction

In this article, our notation is the same as in [1]-[5]. The reader should
review these references for a complete account of the universal algebraic
geometry. However, a brief review of fundamental notions will be given in
the next section.

Let £ be an algebraic language, A be an algebra of type £, and S be
a system of equations in the language L. Recall that an equation p ~ ¢
is a logical consequence of S with respect to A, if any solution of S in A
is also a solution of p ~ ¢. The radical Rada(S) is the set of all logical
consequences of S with respect to A. This radical is clearly a congruence of
the term algebra T, (X) and in fact it is the largest subset of the term algebra
which is equivalent to S with respect to A. Generally, this logical system of
equations with respect to A does not obey the ordinary compactness of the
first order logic. We say that an algebra A is q,-compact if for any system
S and any consequence p = ¢ there exists a finite subset Sy C S with the
property that p ~ ¢ is a consequence of Sy with respect to A. This property
of being ¢,-compact is equivalent to

Rad(S) = U Rad 4 (5),
So

where Sy varies in the set of all finite subsets of S. If we look at the map
Rad, as a closure operator on the lattice of systems of equations in the
language £ then we see that A is q,-compact iff Rad 4 is algebraic. The class
of g,-compact algebras is very important and it contains many elements.
For example, all equationally noetherian algebras belong to this class. In [3],
some equivalent conditions for ¢,-compactness are given. Another equivalent
condition is obtained in [6] in terms of geometric equivalence. It is proved
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that (the proof is implicit in [6]) an algebra A is g,-compact iff A is
geometrically equivalent to any of its filter-powers. We will discuss geometric
equivalence in the next section. We will use this fact of [6] to obtain a new
characterization of q,-compact algebras. Although our main result will be
formulated in an arbitrary variety of algebras, in this introduction, we give
a simple description of this result for the case of the variety of all algebras
of type L.

Roughly speaking, a super-product operation is a map C which takes a set
K of congruences of the term algebra and returns a new congruence C(K)
such that for all § € K we have § C C'(K). For an algebra B define a map
T which takes a system S of equations and returns

TB(S) = {RadB(So) : S() - S, |S()| < OO}

Suppose for all algebra B we have C'oTp < Radpg. We prove that an algebra
A is gq,-compact if and only if C'o Ty = Rad4.

2 Main result

Suppose L is an algebraic language. All algebras we are dealing with, are
of type L. Let V be a variety of algebras. For any n > 1, we denote the
relative free algebra of V, generated by the finite set X = {xy,...,z,}, by
Fy(n). Clearly, we can assume that an arbitrary element (p,q) € Fy(n)? is
an equation in the variety V and we can denote it by p ~ ¢. We introduce
the following list of notations:

1. P(Fy(n)?) is the set of all systems of equations in the variety V;
2. Con(Fy(n)) is the set of all congruences of Fy(n);

(V) = U2, P(Py(n)?):

Con(V) =U,~, Con(Fy(n));

5. PCon(V) = U,~, P(Con(Fy(n)));

-~ W

6. q.(V) is the set of all ¢,-compact elements of V.

Note that we have Con(V) C X(V). For any algebra B € V, the map
Radg : ¥(V) — X(V) is a closure operator and B is g,-compact, if and only
if this operator is algebraic. Define a map

Tp : X(V) — PCon(V)
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by
TB(S) = {RadB(So) : Sy C S, |S(]| < OO}

Definition 1. A map C : PCon(V) — Con(V) is called a super-product
operation, if for any K € PCon(V) and 6 € K, we have § C C(K).

There are many examples of such operations. The ordinary product of
normal subgroups in the varieties of groups is the simplest one. For another
example, we can look at the map C(K) = Radg({Jycf @), for a given fixed
B € V. We are now ready to present our main result.

Theorem 2. Let C' be a super-product operation such that for any B € V,
we have C o Ty < Radg. Then

Qw(V> = {A eV: Co TA = RadA}.

To prove the theorem, we first give a proof for the following claim. Note
that it is implicitly proved in [6] for the case of groups.

An algebra is q,-compact iff it is geometrically equivalent to any of its
filter-powers.

Let A € V be a ¢,-compact algebra and I be a set of indices. Let
F C P(I) be a filter and B = A!/F be the corresponding filter-power.
We know that the quasi-varieties generated by A and B are the same. So,
these algebras have the same sets of quasi-identities. Now, suppose that Sy
is a finite system of equations and p = ¢ is another equation. Consider the
following quasi-identity

VZ(So(T) = p(T) = ¢()).

This quasi-identity is true in A iff it is true in B. This shows that Rad 4(Sy) =
Radpg(Sp). Now, for an arbitrary system S, we have

Rada(S) = [ JRada(S)
So
= URadB(S())
So
g RadB(S)

Note that in the above equalities, Sy ranges in the set of finite subsets of S.
Clearly, we have Radg(S) C Rad4(S), since A < B. This shows that A and
B are geometrically equivalent. To prove the converse, we need to define
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some notions. Let X be a prevariety, i.e. a class of algebras closed under
product and subalgebra. For any n > 1, let Fx(n) be the free element of
X generated by n elements. Note that if V = var(X) then Fyx(n) = Fy(n).
A congruence R in Fx(n) is called an X-radical, if Fx(n)/R € X. For any
S C Fx(n)?, the least X-radical containing S is denoted by Radx(S).

Lemma 3. For an algebra A and any system S, we have
RadA(S) = Radpm,«(A)(S),
where pvar(A) is the prevariety generated by A.

Proof. Since Fx(n)/Rad4(S) is a coordinate algebra over A, so it embeds in
a direct power of A and hence it is an element of pvar(A). This shows that

Radpvm«(A) (S) g RadA(S).

Now, suppose (p, q) does not belong to Rad,uar(4)(S). So, there exists B &
pvar(A) and a homomorphism ¢ : Fx(n) — B such that S C ker¢ and
o(p) # ¢(q). But, B is separated by A, hence there is a homomorphism
¥ : B — A such that ¥(p(p)) # ¥(¢(q)). This shows that (p,q) does not
belong to ker(¢ o ). Therefore, it is not in Rad4(.5). O

Note that since pvar(A) is not axiomatizable in general we cannot give
a deductive description of elements of Rad4(S5). But for Rad,er(4)(S) and
Radgyar(4)(S) this is possible because the variety and quasi-variety generated
by A are axiomatizable. More precisely, we have:

1. let Id(A) be the set of all identities of A. Then Rady,qr(4)(S) is the set
of all logical consequences of S and Id(A);

2. let Q(A) be the set of all identities of A. Then Radgyar(a)(S) is the set
of all logical consequences of S and Q(A).

We can now, prove the converse of the claim. Suppose A is not g,-compact.
We show that

pvar(A), # quar(A),.

Recall that for an arbitrary class X, the notation X, denotes the class of
finitely generated elements of X. Suppose in contrary we have the equality

pvar(A), = quar(A),.

Assume that S is an arbitrary system and (p,q) € Rada(S). Hence, the
infinite quasi-identity

VZ(S(T) — p(T) = ¢(T))
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is true in A. So, it is also true in pvar(A). As a result, every element from
quar(A), satisfies this infinite quasi-identity. Let Fa(n) = Fyara)(n). We
have F4(n) € quar(A),, and hence Radgyar(4)(S) depends only on quar(A).,.
In other words, (p,q) € Radgar(a)(S), so p = ¢ is a logical consequence of
the set of S 4+ Q(A). By the compactness theorem of the first order logic,
there exists a finite subset Sy C S such that p ~ ¢ is a logical consequence
of Sy + Q(A). This shows that (p,q) € Radguar(4)(So). But Radgar(a)(So) €
Rada(Sp). Hence (p,q) € Rada(Sy), violating our assumption of non-g,-
compactness of A. We now showed that

pvar(A), # quar(A),.

By the algebraic characterizations of the classes pvar(A) and quar(A), we
have
SP(A), # SPP,(A),,

where P, is the ultra-product operation. This shows that there is an ultra-
power B of A such that

SP(A), # SP(B)..

In other words, the classes pvar(A), and pvar(B), are different. We claim
that A and B are not geometrically equivalent. Suppose this is not the case.
Let A; € pvar(A),. Then A; is a coordinate algebra over A, i.e. there is a
system S such that

4 - v
"7 Rada(S)
Since Rad4(S) = Radg(S), so
Fy(n)
A = VYV
"7 Radg(9)’

and hence A; is a coordinate algebra over B. This argument shows that
pvar(A), = pvar(B).,

which is a contradiction. Therefore A and B are not geometrically equivalent
and this completes the proof of the claim. We can now complete the proof of
the theorem. Assume that C'o Ty = Rads. We show that A is geometrically
equivalent to any of its filter-powers. So, let B = A!/F be a filter-power
of A. Note that we already proved that for a finite system Sy the radicals
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Rad4(Sp) and Radp(Sy) are the same. Suppose that S is an arbitrary system
of equations. We have

Rada(S) = C(Ta(9))
= O({RadA(So) 5 C S, |So‘ < OO})
= C({Radp(Sy) : So € S,|S| < oo})
g RadB(S)
So, we have Rads(S) = Radg(S) and hence A and B are geometrically

equivalent. This shows that A is ¢,-compact. Conversely, let A be q,-
compact. For any system S we have

Rada(S) = [ JRada(S)
So
= \/{Rada(S0) : Sy C S, [So| < oo}

= \/Ta(5),

where \/ denotes the least upper bound. By our assumption, C(T4(S)) C
Rada(S), so C(T4(S)) € \/ Ta(S). On the other hand, for any finite Sy C S,
we have Rad4(Sy) € C(T'4(S)). This shows that

C(Ta(5)) = \/ Ta(9),

and hence C' o Ty = Rad4. The proof is now completed.
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We consider some basic aspects of the classification of countable models
of complete theories [1].

1. At first, we recall related syntactic and semantic objects.

Collecting an information from the reality we get an (elementary) theory
T, i. e., a consistent information. It produces the syntazr written by first-
order formulas. Among all theories any complete theory contains a maximal
consistent information.

Semantic objects M interpreting, i.e., realizing the theory T are models
of T. A countable model (a structure) is a model (of a theory) with countably
many elements.

A (complete) type is a (complete) information about a finite set A in
M. Complete types are denoted by tp,,(A), tp(A4) if M is fixed, or p(z),
where T = x1,...,x, is a tuple of variables, if there is some realization
A=ay,...,a, (in a model M of T) for p.
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Countable theories

with continuum many
w-categorical countable models
I(T,w)=1 I(T,w) =2¢
with finitely many with with wq
countable models, countably many countable models
Ehrenfeucht countable models
(T, w) =w;
3<I(Tw) <w I(T,w) =w Vaught Problem
Fig 1:

2. We consider the classification of models of a theory up to isomorphisms,
i.e., to one-to-one correspondences preserving relations and operations. It
means that we take into consideration only essentially distinct objects.

3. For a complete theory T" without finite models and for an infinite power
A, we denote by I(T', \) the number of pairwise non-isomorphic models of T’
having A elements.

The spectrum function I(T,-) maps a (finite or infinite) power I(T, \) for
an infinite power .

We consider countable A\: A = w, i.e., models are enumerable by natural
numbers forming the set w.

4. It is known that for any countable complete theory T,

e [(T,w) # 2, Vaught Theorem,

o if I(T,w) > w; (where w; is the least uncountable power) then
I(T,w) = 2¥ (where 2 is the continuum, i.e., the set of all {0,1}-
sequences), Morley Theorem.

Thus, I(T,w) € (w\ {0,2}) U {w,w,2¥}.

5. On Figure 1, possibilities for the number of countable models of
complete countable theories are represented.

6. Classification of models is divided into two main parts: uncountable
and countable (see Figure 2).



Classification of countable models

143

9.

. For countable models we have the following subdivisions (see Figure 3).

. We denote by

P(T) the number of pairwise non-isomorphic (almost) prime models

of T,

L(T) the number of pairwise non-isomorphic limit models of T,

NPL(T) the number of pairwise non-isomorphic other countable

models of T.

The set of all types of theory T is denoted by S(T).
Countable theories are divided on two classes with respect to the number
of types (Figure 4).
10. For countable models of small theories we have the following
subdivisions with respect to spectrum function (see Figure 5).

11. The following theorem describes triples for distributions of countable

models of theories with continuum many types.

Models

uncountable

Shelah’s Classification Theory [2],
B. Hart, E. Hrushovski,
M. S. Laskowski [3],
and many other specialists

Fig 2:

countable

Many results
by specialists
including
the author’s [1]
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Countable models

Fig 4:

prime over limit other
finite sets, (not prime (neither
almost prime but unions prime
(finitely of almost nor
generated) prime models) limit)
Fig 3:
Countable theories

small, unsmall,

i.e., with i.e., with
countably continuum
many types many types
1S(T)] = w [S(T)| = 2¢
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Small theories

— NPL(T) =0

Fig 5:

I(T,w) =2%

1<P(T)<w
L(T) =2¥

I(T,w) =w;

1<P(T)<w
L(T) = wy,

existence of T
is unknown

Theorem 1 (R. A. Popkov, S.V.Sudoplatov [1, 4].). Assuming the continu-
um hypothesis, for any theory T in the class T. of theories with continuum
many types, the triple cmg(T) = (P(T),L(T),NPL(T)) has one of the

following values:

(1) (2v,2¥ X), where A € wU {w,2};

(2) (0,0,2¢¥);

(3) (A1, A9,2%), where \y > 1, A, Ay € wU {w, 2},

All these values have realizations in the class 7.

12. We consider two basic characteristics for the classification of
countable models of a theory:

e Rudin—Keisler preorders <gk for isomorphism types of almost prime

models:

MA <gg M(B) & M(B) realizestp(A);

e distributions of limit models over equivalence classes of almost prime

models.
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1 2 1 1
0
0 0 0 0
I(T,w) =3 I(T,w) =4
Fig 6:

—
o

3 1 2 1
0
0
0 0 0 0
(®) 1
2 1 1
0
C)) (®
0 0 0 ® 0

I(T,w)=5

Fig 7:

We obtain a classification for the class of small theories, with respect to
these characteristics.

The classification is generalized for the class 7. (with R.A. Popkov) [1, 4].

13. On Figures 6, 7 we represent examples of diagrams for Ehrenfeucht
theories with respect to Rudin—Keisler preorders and distribution functions
for limit models.

14. There are natural examples of Ehrenfeucht theories, among which
there is the most clear and historically first series of examples by
A. Ehrenfeucht:
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Let T,, be the theory of a structure M™, formed from the structure (Q; <)
by adding constants ¢y, ¢ < cxi1, k € w such that lim ¢; = oo, and unary

k—o00
predicates Py, ..., P,_3 which form a partition of the set QQ of rationals, with
EVr,y((z<y) =3z ((x<2)AN(z<y)AP(2), 1=0,...,n—3.
The theory T,, has exactly n pairwise non-isomorphic models:

(a) a prime model M™ (khm k= 09);
—00
(b) prime models M over realizations of powerful types p;(z) € S'(2),
isolated by sets of formulas {¢;, <z |k € w}U{P;(2x)},i1=0,...,n—
3 (khm cr € P);
—00

(¢) a saturated model M (the limit klirn ¢k 1s irrational).
—00

At the same time, these and similar Examples “from the nature” do not
cover all possibilities for the distributing spectrum for countable models of
Ehrenfeucht theories.

15. Realizing all possible basic characteristics for the classification we use
syntactic generalizations of semantic Jonsson—Fraissé-Hrushovski-Herwig
generic constructions based on syntactic amalgams.

Let ®(A), ¥(B), X(C) be diagrams in a class Dy describing links between
elements in finite sets A, B, C respectively, with some (maybe empty) extra-
information, and such that ®(A) C ¥(B) N X(C).

A (syntactic) amalgam of W(B) and X(C') over ®(A) is a diagram O(D) €
Dy such that ©(D) 2 ¥(B) UX(C).

In particular, these diagrams can contain only inner descriptions for finite
structures A, B, C with universes A, B, C. In such a case, a structure D is
a (semantic) amalgam of B and C over A.

On Figures 8, 9, we illustrate a semantic amalgam and a syntactic one
respectively.

16. We construct a generic structure M step-by-step using a given class
Dy of diagrams and of their amalgams such that all diagrams in Dg are
represented in M:

(1) every finite set Ay in the universe M of M is extensible to a finite set
A C M with a diagram ®(A) € Dy satisfied in M: M |= ®(A);
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Fig 9:

(2) if A € M is a finite set, ®(A),¥(B) € Dy, M = ®(A), and
®(A) < ¥(B) (where < is a given upward directed partial order for
Dy coordinated with C), then there exists a set B’ C M such that
AC B and M =V (B).

Every finite part of the extra-information should be realized on some
step: if Jxp(z) € ®(A) then there are B O A with U(B) O ¢(A) and an
element b € B such that ¢(b) € U(B).

Finite steps approximate the required generic structure.

17. We form a required theory (with desirable properties) introducing an
appropriate class Dy of (in)complete diagrams.

If the process is organized uniformly then diagrams ®(A) € D, force
complete types tp(A).

It is natural to take diagrams with a minimal information including
atomic links by predicates and operations.
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We put an information via the class Dy and obtain a generic theory
T such that models of T realize the information I. Here, step-by-step
we construct simultaneously a syntactic object T' collecting the required
information I and a semantic object M realizing I.

On the following examples, we illustrate the mechanism for realizations
of basic characteristics of theories with three and four countable models [1].

18. For a theory T with I(T,w) = 3, i.e., with P(T) = 2 and L(T) =
1, we consider countably many disjoint colors 0,1,...,n,... for elements
and directed links by colored arcs also with countably many disjoint colors
ordered by colors of elements.

For the theory T" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M(a) over a realization a of the
type describing the infinite color. The model M(a) has countably many
essentially distinct extensions M(b;) by arcs of colors i.

We introduce “bridges”, i.e., principal edges [b;, b;], guaranteing that any
i-extension M; = M(b;) is equal to a j-extension M; = M(b;). Having
these bridges we obtain unique limit model M (together with two non-
isomorphic almost prime models M, and M(a)). Links between the models
are represented on Figure 10.

19. For a theory T" with I(T,w) = 4, P(T) = 2, and L(T) = 2 basing
on the example of a theory with three countable models we consider again
countably many disjoint colors 0,1,...,n,... for elements and directed links
by colored arcs also with countably many disjoint colors ordered by colors
of elements.

For the theory 7" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M(a) over a realization a of the
type describing the infinite color.

The model M(a) has two essentially distinct extensions M; = M(b;)
and My = M(by) by arcs of colors 1 and 2 respectively.

We introduce arcs (bs, b) guaranteing that any 2-extension My includes
a l-extension M but not vice versa. Having these arcs we obtain two limit
models MP® and M3° corresponding to elementary chains of 1-extensions
and of 2-extensions (together with two non-isomorphic almost prime models
My and M(a)). Here M3° is saturated.

Links between the models are represented on Figure 11.

20. For a theory T" with I(T,w) =4, P(T) = 3, L(T) = 1, and a linear
Rudin—Keisler preorder basing on the previous examples for two disjoint
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Fig 12:

infinite unary predicates F, and P;, we consider countably many disjoint
colors 0,1,...,n,... for elements and directed links by colored arcs also
with countably many disjoint colors ordered by colors of elements. Thus we
have two non-isolated 1-types p; and p, realizing predicates Py and P; by
elements of infinite color.

For the theory 7" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M; = M(a) over a realization a of
the type p; such that M; has a unique realization of p;.

The model M(a) has an extension My = M(b), where b is a realization
of p,. Moreover, having a and a realization o’ # a of p; we obtain
a model isomorphic to Msy. Without loss of generality we assume that
M(b) = M(a,d).

Extending the model M5 by principal arcs we get unique limit model M.

Links between the models are illustrated on Figure 12.

21. For a theory T with I(T,w) = 4, P(T) = 3, L(T) = 1, and a non-
linear Rudin—Keisler preorder, again for two disjoint infinite unary predicates
Py and P;, we consider countably many disjoint colors 0,1,...,n,... for
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elements and directed links by colored arcs also with countably many disjoint
colors ordered by colors of elements. We have two non-isolated 1-types p;
and py realizing predicates Py and P; by elements of infinite color.

For the theory T" we have a prime model M, whose all elements have
finite colors.

Furthermore, there is a prime model M; = M(a) over a realization a of
the type p;.

The model M(a) has a proper extension My = M(b) by a principal arc
(b, a), where b is a realization of p; and My is not isomorphic to M.

Then the model M has a proper extension M} = M (a’) by a principal
arc (a’,b), where @’ is a realization of p;, M) has a proper extension M/, =
M(V') by a principal arc (V,a’), where b’ is a realization of ps, etc.

Extending the chain of almost prime models we get unique limit
model M.

Links between the models are illustrated on Figure 13.
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[Tycth G — HekoTopas rpymnma, o = (-, ' e) — rpynmnosas curHarypa,

o(z1,...,T,) — dopmyna a3bika 1-if CTYIIEHE CUTHATYPBI 0 CO CBOOOJIHBIMU
IIEPEMEHHBIMA T, . . ., Tp.
ITommHOXKECTBO

P(p) ={(g1,---,92) €EG" | G E 0(g1,---,9n)}

rpymmbl G" Ha3BIBAETCS  POPMYALHOIM, I  ONPeJesUMbIM  HOPMYAOT

(1, ..., Ty).

Pacmupum nonstue popMyaIbLHOIO MHOXKECTBa. JIJIs 3TOro paccMOTpUM
HEKOTOpoe GeckoHeaHoe cemeiicTBo hopmyit p; (1, ..., bvr,), i € N. Muoxe-
CTBO

O(pi) ={(g1,---,90) €G" | G Ewilgr,...,9n) masa Beex i € N}

HA30BEM onpedesumvim mrootcecmeom gopmyn o;(xq, ..., x,), i € N.

OueBnHO, 9TO J1I000E MHOYKECTBO, OIIPEIE/IMMOE COBOKYITHOCTBIO POp-
MYyJI TPYIIIIOBOM CUTHATYPBI, THBAPUAHTHO 10T JeiicTBIEM JIF0OOr0 aBTOMOD-
dusma rpymisr G.

Paccmorpum rpynmny GG, ¢cBoOOIHYIO B HEKOTOPOM MHOIOOOpa3Wy I'PYIIII
M. Dnement g € G HABBIBAETCI NPUMUMUESHDILM, €CJIA €TI0 MOXKHO JTOIOJI-
HUTD JI0 Oa3uca 3TOI IPYIIIIbI.

Usgecrno (M. [1], npemioxenue 1), 970 MHOKECTBO IPUMHUTHBHBIX 9J1€-
menToB P(F) cBoGoHOM rpytiiibl F' KOHEYHOrO paHra n, He siBJsieTcst hop-
MYJIBHBIM JIazKe B CUIHATYpPe 0, PACIIUPEHHON KOHCTAHTAMU JIJIsi CBOOOIHBIX
nopoxgaroonmx, eciu n > 3. Oxnako npu n = 2 muoxkecrso P(F') dop-
MYJIBHO B CUTHATYDE 0, PACIIUPEHHON IBYMsT KOHCTaHTaMu /71 Oasuca {a, b}
rpyunsl F. 910 ciaenyer u3 [2].

*Pabora BeinosHena npu ¢unancosoii nogep:xkke PODU (mpoekr 15-01-01485)
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I'pynma G HaswiBaercss 00HOPoOHOT, ecyid JJist JIIOOOTO TOJIOKHUTE b

HOTO 1 JioOble J[Ba YIOPsJIOUYeHHBIX HAbopa 3J1eMeHTOB § = (g1,...,0n)
u h = (hy,...,hy,), yIOBIETBOPSIOIINE OJNHAKOBOMY MHOXKECTBY (op-
Myst @(Z1,...,%y,), CONPSZKEHBbI TOKOOPJANHATHO HEKOTOPBIM aBTOMOPQhU3-

MoM rpymibl G, To ectb gff = h;, « € Aut(QG).

UsBectHo, 9T0 cBOOOMHAS TPYIIa KOHEYHOrO paHra F' omHoposHa [3,4].
DyieMeHTapHasd Teopus rpymmbl F paspemmuma. [losTomy Moxk#HO 3dhdek-
TUBHO BbIucaTh Bee Gopmyiibl ¢(z), UCTUHHBIE Ha djemeHTe ¢. MHOXKe-
CTBO 3TUX (POPMYJI TUIIOBO OIIPEJIEIIeT OPOUTY dIeMEHTa §. SHAYUT opouTa
O(g) = g% npousBOILHOTO 3J1eMeHTa ¢ CBOOOIHOM TPyl F KOHETHOTro
paHTa ABJISIeTCs OIPeIe/IMMON HEKOTOPOIT COBOKYITHOCTBIO (hopmyit. [Ipuaem
MHOKeCcTBO bopmyi, onpeesaonmx O(g), MoxKHO 3bGEKTUBHO Tepednc-
JUTH. B 9acTHOCTH MHOXKECTBO MPUMUTHBHBIX 3j1eMeHToB P(F') cBOOOIHOI
rpynibl F' KOHEYHOrO paHra SBJISIETCS ONPEIeTMMbIM HEKOTOPBIM MHOYKEe-
crBom opmyst. CoBokynHOCTE hopmyit, onpeessonux P(F'), MOKHO 3¢-
(EKTUBHO TTEPEUNC/TUTD.

[IpuBesienHbIe BBIIIE COOOParKeHUs JJisi CBOOOJIHON I'PYIIIbI HE IIPOXO-
JIUT I cBOOOJIHOM MeTabesieBoii rpyrbl M, KonedHnoro panra n > 2. Bo-
[IEPBBIX, HEU3BECTHO, SIBJISACTCA JIM 3Ta TPYIIIA OJHOPOJIHON, U, BO-BTOPBIX,
s/IEMEeHTapHas Teopus rpyIbl M, HepaspemmMa. TeMm He MeHee JIJIst TPYIIIIbI
M5 MBI IBHO yKazKeM CeMeicTBO (POPMYJI, BBIAESIONINX MHOKECTBO ITPUMU-
TUBHBIX 9JIEMEHTOB T'DYIIIIEL.

Onpenennm

) =gy =g S Fye=g), )

(51,...,61‘)

rae €, € {—1,1}, a ¢ = flge f.

Teopema 1. Til Mnoowcecmso P(Ms) npumumushox siemenmos c60600-
Hot memabenesoti epynnu, My paneza 2 onpedeaeno I— dopmyramu (1). Hu-
kaxas Konewnas wacms (1) ne onpedeasem mmoorcecmeo P(My).

Jokasameavcmso. Ilycts h € My n My = @;(h) maa i € N. Beibepem B
rpynne My 6Gasuc {x1, 79} Tax, uro h = 2ic, rne | € Z, ¢ — snement us
KoMMyTaHTa rpymisl M. Pacemorpum B hopmyiiax (1) KadecTse g 1eMeHT
x1. Tak kak 1pu J1000M [ 371eMeHT h MPUHAJIEKUT HOPMAJILHOM TOrPYII-
1e, MOPOXK/IEHHON 3JIEMEHTOM X1, CIIPABEJIMBA XOTs OBbI OJIHA ITPE/ITOCHLITKA

B HEKOTOPOit (opmyse ¢;(x). TlosTomy crpaBeyinBo U CJeJCTBUE B STO
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dopnye. 3HAUNT 3JeMEHT h CONPSKEH ¢ OTHUM U3 JIEMEHTOB T, WK T .
B toMm u apyrom ciydae h gBIgeTCT TPUMUATHBHBIM 3JIEMEHTOM.

Haobopor, mycts h — npuMuTuBHbIi 37eMeHT. [Ipeamosokum, 9To mnpe/i-
ochbLIKa (POPMYJIBI (p; BEpHA, TO €cTb h = ¢°'™¥' ... ¢"¥ |isi HEKOTOPBIX
9JIEMEHTOB TDPYIIIBL ¢, Y1, . - ., Y; ¥ HEKOTOPBIX £,€1,...,&; € {—1,1}. Cuemo-
BaTeJIbHO, 3JIEMEHT h IPUHAJIEKUT HOPMAJIBHON ITOATPYIIIE, TOPOKICHHON
sreMeHTOM ¢. Tak Kak h — IPUMUTHBHBIN 3JIEMEHT, SJIEMEHT § TaK:Ke IPH-
mutuBen u conpsizken ¢ hE! (em. [5]). BnauuT Bepua dbopmya ¢;(h).

B [6] okazano, 9T0 MHOXKECTBO IPUMUTUBHBIX 3JIEMEHTOB CBOOOTHOMN Me-
TabesIeBOil TPYIIIIBI HEJIb3sl ONPE/IEINTh 3-(hOPMYJIO IPYIIIOBOI CUTHATYPHI.
OTciofa ciiejlyer Bropas 4acTh TE€OPEMBbI. m

U3 semmbl 3 paborsl [6] ciemyer, 9TO MHOMKECTBO NMPUMHUTHBHBIX SJie-
MEHTOB CBOOOJION I'pyIIbl F' KOHEYHOTO PaHTa TaKKe HeJIb3sl OLPEIEINTh
J—dopmynoit rpynmosoit curnatypsl. Kpome Toro, B 110000 ¢BOOOTHOIM
rpymnie F' KOHEYHOrO paHra MMeeT MeCTO KJlacCuiecKuii pesysibrar MarHy-
ca [7], anasormdublii Teopeme DBanca u3 [5]: eciu MPUMHUTHBHBIN SJEMEHT
g € F npuHa yIe?KuT HOPMaJIbHOIT IIOArpyIIIe, HOPOXKIeHHOI B F 91eMeHTOM
h, TO g cONpsieH C OJHUM U3 3jeMeHToB h¥l.

[Tosromy crpaBejiyiuBa

Teopema 2. Mwnoowcecms npumumuenor ssemenmos P(Fy) ceo600mot
epynnoe Fy panea 2 onpedeasemces gpopmyaramu (1). Hukares womewnas
wacmo (1) we onpedeasem mmoorcecmeo P(Fy).

st AByX JAHHBIX 9JIEMEHTOB g U h HEeKOoTOpOU rpymmnbl G OyjieM mucarh
g =3 h, ecim 3T 3JIeMEHTHI YJIOBJIETBOPSIOT OJHUM U TeM 2Ke I-hopmysiam
(1) TPYMIIOBOI CUTHATYPHI.

Teopema 3. /Jlsa darnvix snemenma g u h u3 xKommymanma c60600no1
memabenesoti epynnve M panea 2 moeda u moavko moezda aesxtcam 6 00HoT
opbume nod deticmsuem 2pynno, asmomopgpusmos Aut(M), xoeda g =3 h.

Joxaszameavcmeo. Eciu oqun U3 JJAHHBIX 3JIEMEHTOB TPUBUAJIEH, TO TPUBH-
ayied u sipyroii. [losromy Oymem cauTarh, 9TO JaHHBIE 9JTEMEHTHI OTIUIHBI
OT €/IMHUIIBI TPYIIIIHL.

[Iycrs {x,y} — 6asuc rpynnst M u g = g(x,y), h = h(x,y) — 3anucu
9J1IeMEHTOB 1epe3 Oaszuc. loctarouHo npoBepuTh, 4To U3 ¢ =3 h ciemyer
CyIlecTBOBaHIE aBTOMOPQU3Ma rpynibl M, orobpazkaroIiero g B h.

OueBnIHO, 9TO J1/TsT (DOPMYJIBI

0g(2) = Eluv(g(u, v) = z)
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mmeeM M = ¢,(g). Snaaur, M = ¢4(h). Apyrumu croBamu, snement h
SIBJISIETCS 00PAa30M 3JIeMEeHTa g TPU HIOMOpdU3Me

a={x—u, y— v}

Amnajiornvso, cyiectByeT sH0MopdusM 3, orobpaxkawomuwmii h B g. 3HauuT
SHJIOMOPDU3M p = af OCTABJISIET HEIOABUKHBIM HECIMHUIHBIN SJIEMEHT U3
KOMMYyTaHTa rpymibl M.

DJIEMEHT TPYIIIbI HA3BIBACTCI MECMOGILM, €CIU JII000H SHI0MOPGMU3M,
OCTABJIAIONINI ITOT JIEMEHT HEIOIBUKHBIM, SIBJIIETCA ABTOMOP(MOU3MOM.

B [8] npuBesieHo ommcanne TECTOBBIX 3JIEMEHTOB B CBOOOHOIN MeTabesie-
BOII rpymme panra r,r > 2. VI3 310if TeopeMbl cJie/IyeT, 9TO HeeIMHUIHBII
SJIeMeHT ¢ u3 KoMmMmyTaHTa [M, M| sBiisiercst TeCTOBBIM TOI/IA U TOJBKO TO-
718, Korjaa Jiio0oii SH10Mopdu3M v rpyIsl M, IeicTBYIONNI HA 9JIEMEHT ¢
TOXKJIECTBEHHO, MHJyIUpyer asromopdusm rpymmnst M /[M, M].

BosbMmem B KadecTBe ¢ 9JIeMEHT ¢, a B KadecTBe 7y npumeMm aff. Vmeem
gy = g. llokaxewm, aro v nHmynupyer asromopdusm rpymust M /[M, M].
DJIEMEHT ¢ 3amuIneM B Buje g = [z, y|%, r/e a HeKOTOPBIil SJIeMEHT U3 KOJTb-
na Z[M/[M, M]]. Ilpeanonoxum, 1aro «y jeiicrByer Ha 6asuce {z,y} ciery-
FOIIUM 00pa3oM

w’_)xnymch nypquQa n,m,p,q € Z7 C1,Co € [M7M]

Hucsio ng — pm obosnaunm vdepes d. Herpynuo nojcuurars, aro ([x,y|*)y =
[z, Y497, Tax Kax 7 ocTaBIAET 3TEMEHT ¢ HETIOABIZKHBIM I MOTY/h [ M, M]
He umeer Z[M /[M, M|]-kpyuenus, To a = d(a7). Tak Kak orobpazkenue 7 He
U3MeHsIeT MHOXKeCTBO KoadhduimenTos npu siementax rpymmst M /[M, M],
BXOJIAIIMX B 3allUCh 3JIeMeHTa a, To d = 1. D10 03HAYaeT, UTO 7y MHLYIIU-
pyer asromopdusm rpymuist M /[M, M|. 3uauut, o — aBroMopdusm. O

CdopmymupyeM Tpu CBORCTBA JjIst OTHOCUTEIBLHO CBOOOIHOM TIpyIiibl
KOHEYHOTO paHra .

CaoiictBo 1. Cywecmeyem dopmysra @(xq,...,2,) 2pynnosot cuena-
mypol €O C80000HBIMU NEPEMEHHBIMU X1, . .., Ty, MAKGA YO INEMEHIIDL
91,9 € G ydosaemsoparom popmyse mozda u Mmoavko mozda, ko2da

onu Asasromes basucom oas G.

CsoiictBo 2. Cywecmsyem gopmyaa o(x) 2pynnosotl cuznamypv, co c60-
60010l nepemennot x makaa, wmo asemenm g € G ydosaemsopaem pop-
MYAE MO204 U MOALKO M020a, K020 ABAAECMCA NPUMUMUSHBIM.

CsoiictBo 3. I'pynna sasaisemcsa 00HoOpodHoT.
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Ecmu rpynma G ob1ataet cBoiicTBoM 1, TO 09€BUIHO, UTO OHA 00JIaaeT
cBoiictBoM 2. [IpoBepum, UTO OHa 00/18/1a€T CBOMCTBOM 3.

Urak, mycts hopmyiia ¢(zy, . . ., o) Bbiaeaser 6asucet rpymisl G. [Ipes-
IIOJIOZKUM, YTO HAGOPHI 3IEMEHTOB § = (g1,...,9n) u h = (h1,..., hy) yao-
BJIETBOPSIOT OJIHUM U TeM 2Ke (hOpMYJIaM OT 7. CBOOOJIHBIX ITepeMeHHbIX. Pac-
CMOTpUM (hOPMYITY

Og(x1, . Ty) = Elyl...yT(go(yl,...,yr) /\/\gi(yl,...,yn) :xi).
i=1

Eit ynoBieTBOpSIOT 3JIEMEHTHI g1, . . ., §,. B KadecTBe Y1, ..., Y, MOXKHO BbI-
6parh 3JeMeHThl 6asuca {ay,...,a,} rpynnsl G, B KOTOPOM 3alMCaHbl ¢; U
h;. 3aaguT sTa hbopMmysia BepHa JJist 971eMeHTOB hy, . .., h,. [lycTb B KauecTBe
y; BBIOpaHBI 3j1eMeHThI b;. Ciie1oBaTeIbHO JIEMEHTHRI h; ABJSIOTC 0Opa3aMu
9JIEMEHTOB @; TIPU aBTOMOPdU3Me

a={a; —by,...,a, — b}

Tem cambIM 1oKa3ano, 410 rpymmna G oJHOPO/IHA.
Tak kak Gasucbl cBOOGOAHOI HUIBLIOTEHTHOI (HeabeseBoit) rpymisl Ko-
HeYHOro panra GopMy/IbHbI [6], orydaem

IMpenamoxkenne 4. C60600HaA HUADNOMEHMHAA 2DYNNA KOHEYHO20 PAH2A
ABNAAENCA 00HOPOIHOU.

[Iycrs Th(G) — meopus epynnu G, TO €CTh MHOKECTBO BCEX MPEJITIOKE-
HUI TPYIIOBO#l CUTHATYPBI, HCTUHHBIX Ha rpytme G.

B |9] onpenenen knacc QQA-rpyIi, a UMEHHO, KOHEYHO MOPOKJIEHHAS
Heckoneunas rpymmna (G HaA3BIBACTCA KGA3UAKCUOMAMUUPOSaHHoT: uau (QA-
2pynnoti, ecau 15 J1000i KOHEYHO HOPOXKIeHHO Tpymnbl H BepHa MMILIN-
KaIms

Th(G)=Th(H) = G = H.

U3 knaccudukanuu [10] abesieBbIX IpyIin cieyer, 4To Jobas KOHETHO
OPOXK IeHHasT OeCKOHedHasl abeieBa rpyIa IPUHAIERKAT Kiraccy QQA.

B [11] mokazano, uro cBoGOHAsT MeTabesieBa IPyIia KOHEYHOTO PaHra
sBisiercst () A-rpymmoit, a B [12] ycraHoBieHO, UTO J1100ast KOHEUHO ITOPOXK-
JIeHHasl 2-CTYIIeHHO HUJIBIIOTEHTHAasl Ipylia 0e3 KpydeHus siBjsgercs ()A-
rpymmoit. Tam ke mpuBeieH TpuUMep KOHEYHO IMOPOXKIEHHON 3-CTYIEeHHO
HUJIBIIOTEHTHON TPYIIIBI, KOTOPas He JIe?KUT B Kjacce (QA.

Mpbl mokazkeMm, 9TO J0Oasi 9aCTUIHO KOMMYTATHBHAsl HUJIBLIIOTEHTHAS
rpyiia sipjisiercs () A-rpymmoit.
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Hanomanm ompesiesierre 9acTUIHO KOMMYTATUBHOW T'PYIIIBI B HEKOTO-
pom muHoroobpasuu M. [lycrs ' KoHeUHBbINT HeOpUeHTUPOBAHHBIN rpad Oe3
mmeresib U KpaTHbIX pebep, X — MHOXKecTBO BepinuH rpada I, E — MHOXKe-
cTBO ero pébep. Takzke MHOXKECTBO X sIBJIsteTcsT 6a31COM CBOOOIHOM IPYIIIIBI
F(9) muoroobpasust M. Pebpo, coeauisaioniee BEPIINHLL &; U L', 0003HATAM
(x;, ;). Ilo rpady I' ompenesrnm 9acTHIHO KOMMYTATHBHYIO PYIIILY TOIO
muoroobpasus G(I', M) kak dakrop-rpynmy F(9N)/R, rae R nopoxiena
KaK HOpPMasIbHas HOJIPYIINIa TeMH KOMMYTATOpaMu [T;,Z;| = x; lxj_lxixj,
JIst KOTOPBIX BEPIINHBI ; U Z; cMexKHbI B rpade I', To ectb (z4,7;) € E.
Ipad I' maseiBaercs onpedeasrowsum epagom miist rpymnst G (I, 9N).

YacTuaHO KOMMYTATUBHYIO T'PYIITy MHOTOOOpasus 1. HUJIBIIOTEHTHLIX
IPYHI CTYIIEHH HUJIBIIOTCHTHOCTH < ¢ Oyzem oboznadarb N .

ITpennoxkenune 5. Kaowcdas wacmuiro KOMMYMAMUESHAS HUALONOMEHMHAA
epynna N.r, ¢ > 2, npunadaredxcum xaaccy QA.

Joxazameavcmeo. 1lyctb H — KOHEYHO TMOPOXKJIEHHAs HUJIBIOTEHTHAS
I'pyllia, 3j1eMeHTapHad Teopud KOTOPOil COBIIaIaeT ¢ 3JIeMeHTapHON Teopueit
rpymnsl G = N, p.

[Ipenmonoyxkum, 9T0 KaKas-TO BEPIINHA, HAITPUMED &, Tpada [' cmexxna
co BceMmm ocTajbHbIME Bepimuaamu. Ob6osnadnm depe3d A noarpad ') mo-
POXKJEHHBIN BEPIIUHAMUI L1, . . ., Tp_1-

B [12] JOKa3aHO, 9YTO JBe KOHEYHO HOPOXKJIEHHbIE HUJILIIOTEHTHBIE I'PYII-
IIbI G1 n G2 QJIEMEHTAapPHO 3KBHUBaAJICHTHBLI TOI'la WM TOJIBKO TOI/Ia, KOI'da
Gi1 X7 =Gy X 7.

I'pynma G u3omopdua npsivmoMmy npousse/ieHuio rpymi N, o X (z,). SHa-
YUT

Nea X (xy) X Z = H X Z.

Us [13], temma 1, B TaKOM Cirydae HOTydaeM
NC,A X <xn> = Ha

To ectb G = H.

[Iycts rpad [' He cosepkuT BEPIINH, CMEXKHBIX CO BCEMU OCTAJIbHBIMH.
ITepexonst k rpymiie Ny 1 uctosssys [14], serko yoeuThest, 9To B 9TOM CJIy-
qae 1earp Z(G) rpynnel G npuHajyiexkut eé kommyTanty [G, G|. Koneuno
MOPOZK/IEHHBIE HUJIBIIOTEHTHBIE TPYIIIIBI, 00JI/Iaf0INe TeM CBOHCTBOM, UTO
UX IEHTP JIEXKUT B U30JIATOPe KOMMYTaHTa, Jjiexkar B kiacce QFA. B [15]
nokazana Teopema 10. CoryacHo eif g Kaxkoit rpymnmnsl A € QF A cy-
IIIECTBYET MPEJJIOKEHUE , UCTUHHOEe Ha A, npudém s 000 KOHETHO
[TOPOK JIEHHOMN TPyl B BepHa MMILTUKAIUS

BEyp=— A=B.
[Mosromy G € QFA C QA. n
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1 BsBenenue

Outocodckas JOKTPUHA, YTBEPKIAIOIIAA, I9TO U3 OJHUX 3aKOHOB JIOTH-
K CJIEJYIOT, ITO BCE B MUDE HPEJIONPE/IEJIEHO U [OITOMY UeJIOBEK He HMeeT
CBOOO/TBI BOJIH, TIOJIY YUJIa HA3BAHNE JOKTPUHBI JIOTHIECKOro (haTaamn3ma. Ap-
IYMEHT JIOTUIECKOro haTajm3Ma ¢ MeJbIo €ro OIIPOBEPXKEHNUs BIIEPBbIE ObLT
uzobperer Apucrorenem (IV B. 10 H.9.) B ero 3HamennToit 9-if TaBe Tpak-
tata “O6 ucronkosannn” [Apucrorens 1978 (nepensmarmue).
Cam apryMeHT MOXKHO IIPEJCTaBUTL B cieiayiomeM Buje. lIpemmonmozxim,

*Pabora BeimosiHeHa npu duHaHCOBOM mommepkKe rpanTtoB PODU, npoektsr 14-07-
00851a, 14-07-00249a.
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ceffyac MCTUHHO, YTO 3aBTPa OyjieT MOpCcKoe cpaxKenwue. I3 sToro ciemyer,
YTO HE MOXKeT OBITh, 9TOOBI 3aBTpa He OBLIO MOPCKOTo cpaxkenusi. Cjrejo-
BaTEJIbHO, HEOOXOMMO, YTO 3aBTPa MOPCKOE CparkKeHue Ipou30iiier (puH-
i HeobxommMocTn ). [Tomo6HO 9TOMY, eciu ceifgac JIOKHO, UTO 3aBTpa Oy-
JIET MOPCKOE CPakeHue, TO HeOOXOMMO, ITO MOPCKOE CparkKeHue 3aBTpa He
npomsoiizer. Ho camo BbICKa3bIBaHWE O TOM, 9TO 3aBTPa IIPOU30UIET MOP-
CKOe CpakeHue, ceffuac JIMb0 UCTUHHO, JTUOO0 JIOKHO (JOTUIeCKUil TPUHITAIL
nBysHaanoctH). Cre/I0BaTeIbHO, WM HEOOXOAMMO, ITO MOPCKOE CParKeHUe
3aBTpa MPOU3OIIET, WM HEOOXOIMMO, YTO MOPCKOE CpajKeHHe 3aBTpa He
npousoiijer. OOOOIUB STOT apryMEHT, MOJIyYaeM, U9TO BCE MPOUCXOIUT 10
HEeOOXOMMOCTH U HET HU CJIyYaHBIX COOBITHUI, HU CBOOOJIBI BOJIU.
Jlormyeckas cTpyKTypa JJaHHOTO apryMeHTa:

“p” — BBICKa3bIBaHUE O OY/IyIIEM CJIYIaiiHOM COOBITHH;

“~ p” — BBICKa3bIBaHUe, IIPOTUBOpEYAIICE P, U IUTACTCA Kak “He P’

T(p) — “ncTunHO, 9TO P’;

~r~ F(p) — “moxno, arto ”;

~r~ N(p) — “Heobxomumo, 4ro p’.

Torma numeem:

(1) T(p) — N(p) — npuHIMI HEOOGXOAUMOCTH,

(2) F(p) = N(~ p) — 1o ke camoe,

(3) T(p) V F(p) — upuHIMI JBY3HATHOCTH,

(4) N(p)V N(~ p) — u3 (1-3) mo npaBmIy KIacCHIeCKOil joruku: u3 A —
C.B—+DuAVB=CVD.

Ha ocnoBanue sToro dgarajm3ma M BO3HHUKJIA WJies BBEJCHUsS JIPYIUX HUC-
TUHHOCTHBIX 3HadeHunit kpome 1 u 0. Ogaum u3 nepsbix Obu1 JlykaceBut,
KOTOPBII TIPeIOKUT BBECTH TPEThe NCTHHHOCTHOE 3HAYEeHNEe, HHTEPIIPETH-
py4 ero kak “Oespaziaumaro’. B coeit crarbe “O merepmunusme” JlykaceBud
Jnaér dunocodckoe 000CHOBaHNE BBEICHUS B JIOTUKY TPETHEI'O0 MCTUHHOCT-
Horo 3Hadenus. B #ém JlykaceBud nuimer, 9To CyIIECTBYIOT OyayIue gdak-
ThI, JJId KOTOPLIX €Ill¢ HET COOTBETCTBYIOIIUX CbaKTOB B HacToOdmieM, T.e.
HEeT HUYero, 94To C H€O6XOJII/IMOCTBIO 3aCTaBUJIO 6BI HaC IIPUHATH BBICKA3bI-
BaHHe 0 TakoM OymyrneMm ¢akrTe Kak ncruaHoe. C JIpyroil CTOPOHBI, MBI HE
MOXKEM YTBEPK/IaTh, 9TO TAaKOE BBhICKA3bIBAHUE JIOYKHO, €CJIM B HACTOSIIEe
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BpeMs He CyIecTByeT (hakTa, SIBJISIONErocss MPUINHON TOro, 9T0 OyIyInii
dakT He mpousoitsier. Takne BhIcKa3bIBaHue B 3TOi cTtaThe JIyKaceBud Ha3bI-
BaeT “‘0e3paz/MuHbIMU U JIeJIaeT BaXKHOE 3aKJIIOUEeHUe, YTO aJbTepHATUBA,
cOCTaBJICHHAs U3 JIBYX 0JIOOHBIX BHICKA3bIBAHUIL, HAIIpUMep, “Au Oyier 3as-
Tpa B IOJIJIEHDb JIoMa, 0o flHa 3aBTpa He OyjeT B IOJIJIeHb JIoMa’, JTOJI2KHO
OBITH UCTHHHO COTJIACHO 3aKOHY MCKJ/IOYeHUst TpeTbero. JlykaceBud yTBep-
JKJIaJI, 9TO apUCTOTETIEBCKOE PeIlleHne MpobJIeMbl, MO-BIIMMOMY, COCTOUT B
TOM, YTO aJbTEPHATUBA ‘3aBTPa MPOU30MIET MOPCKOE CPayKeHHe WJIU 3aB-
Tpa He MPOU30ii/IeT MOPCKOEe CparKeHue' Yy2Ke CerojiHs UCTUHHA, HO HU BbI-
CKa3bIBaHIe “3aBTpa OYIET MOPCKOe cpaskeHne , HU BbICKA3bIBAHUE ‘3aBTPa
He Oy/IeT MOPCKOTO CpayKeHus’ He SBJISIIOTCS HU UCTUHHBIMU HU JIOKHBIMU,
KaK OTHOCAIIecd K Omzkaitiemy Oyaymemy. [IpeamoxKuB Takyio nurepipe-
tarnuio Apucroresis, JlykaceBud, oHaKO, 3aK/I09aeT, 9TO J0BOJIBI ApHucTo-
TeJIs TOJIPBIBAIOT HE CTOJBLKO 3aKOH UCKJIIOUEHUS TPEThEro, CKOJIBKO OJINH
13 TJIyOOYaNIuX MPUHITUIIOB BCEil HAIEl JIOTUKU, KOTOPBI UM 2Ke BIIEPBbIE
U yYCTAHOBJIEH, & MMEHHO, YTO KarKJ0€ BBICKA3bIBaHUE JTUOO0 HCTUHHO, JIV-
60 J10KHO (3aKOH GUBAIEHTHOCTH). JIJIst TIPOCTOTHI U MOTPYKEHUsI B JIETAJIH
Jlajiee paccMaTpUBaeM 3-3HAYHYIO JIOTUKY JIykaceBmua.

2 O Tpexs3HauHoiil Joruke JIlykaceBu4a

JlykaceBuda cTpoms cBow0 JIOrHKY 10 aHajorun ¢ (o, ¢ COXpaHeHHeM
CBOICTB HEPOTUBOPEIMBOCTH, MOJTHOTHI U pa3peruMocTu. Ly sBisercs pac-
muperreM Cy, HECMOTPsI Ha He MPOXOXKJIEHUE B MEPBOil OCHOBHBIX 3aKOHOB
KJIACCHIECKON JIOTUKH, KaK 3aKOH HCKJIIOUEHHS TPETHEro M 3aKOH HEIpo-
tuBopeuns. s nocrpoenns Jloruku JIlykaceBuda Ham HaJIO JIOONPEICTUTH
HEKOTOPbIE JIOTHYECKHE CBSI3KH (3aMETHM, 4TO Mbl OCTABJISIEM KJIACCHIeCKUil
CMBICJI UMILUIAKAIN — U oTpurianud ~) (1 — 1/2) = (1/2 — 0) = 1/2;
(0—1/2) = (1/2 > 1/2) = (1/2 = 1) = 1;
~1/2=1/2.

[TocpeicTBOM HCXOTHBIX CBSI30K OIPEJIEIAIOTCS JIPYTHe JJOTTIECKUe CBA3-
Kiu: pVq=(p—q) =g
pAg=~(~pV~q)
p=q=(—q) N(g—Dp)

Sanuriem Tab/uIbl HCTUHHOCTH:

p |~p| [= 1T 1/2 0 AT 1 1/2 0
110 1 |1 1/2 0 1 [ 1 1/2 0
1/201/2] [1/2/1 1 1/2] [1/2|1/2 1/2 0
0| 1 01 1 1 0] 0 0 0
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1 12 0 =11 12 0
1|1 1 1 1| 1 1/2 0
1201 1/2 1/2] |1/2]1/2 1 1/2
01 1/2 0 00 1/2 1

Ouenxa mHOXKecTBa GopMysa For B Tpexsnadnoii jioruke JIykaceBnda ecTb
dbyukmus v : For — {0,1/2,1}, “coBmecTHas” ¢ npuBeieHHBIME Bblille Tab-
muramu. PopMysia Ha3LIBAETCA MAGMOA02UET, €CIIN IPU JII000I OLEHKe N
HPUHAMAET 6videnernoe snaverue 1. MHOXKeCTBO JaHHBIX TaBTOJIOIHWIT Ha-
3BIBACTCS TPEX3HAYHON (MaTpUvHON) Jlorukoil JlykaceBudaa u 0b03HATAETCS
rocpeicTBoM L.

[TepBas akcmomaTu3aIysa MHOXKECTBa TaBToJornil Ly npunamiexnT yaenu-
Ky Jlykacesmua M.Baiicbepry [Weisberg 1931]:

Lp=qg—=g—=r)=@—r)
2.p—(q¢—=p)
3. (~vp—=~q) = (¢ —p)
4. ((p—=~p)—=p)—p
HpaBI/Iﬂa BBIBO/JIa TaKHE 2Ke, KaK J1JId KJIACCUYECKON JIOTUKMU.
R1. Modus ponens.
R2. IloxcranoBka.

Axcnomaruzamust Baiicbepra osmauaer, uro s Ls, kak u g Co, mmeer
MECTO

Teopema agekBaTHOCTHU. /l15 6carol dopmyasve A umeem mecmo = A 6
L3 mozda u moavko moeda, koeda = A 6 L.

Taxum obpazom, ucuuncsenue L3 HETPOTUBOPEUUBO U JEyKTUBHO TIOJIHO.

3 MHWurepuperarnuu Tpex3HadHoii joruku Jlyka-
ceBu4da Lj

C dopmasibHOI TOUYKY 3peHns Tpex3HadTHasl JIOTHKa JIyKaceBuda BBITJIsI-
JIAT OEe3yIpPedHo: MoKa3zaHa eé HeIPOTHBOPEYNBOCTD, T.e. B Ly HegoKazyema
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HekoTopas ¢popmysa A BMecTe co cBouM oTpuiianueM ~ A, mokazaHa JeayK-
TUBHAs MOJTHOTA L3 M, KaK M KJIacCHYecKas JIOTUKA, L3 sBJIseTcs pa3perim-
moit. Ho mockosbky nocrpoenue Lig, T.e. BBejieHIe B JIOTUKY TPETHETO UCTUH-
HOCTHOT'O 3HAYEHUs, MMEJIO CyTI'y0O CO/lepyKaTe/IbHbIE TIPEIIIOCHLIIKH, & UMEH-
HO UJIEI0 OTPA3UTDh B JIOTUYECKOiT (popMe MHIeTEPMUHUCTUIECKUI CTATYC BbI-
CKa3bIBAHUI O OY/IyIIUX CJIyYaflHbIX COOBITUAX M TaKUM 0Opa30M OIPOBEPTI-
HYTb haTaTuTuIecKnit apryMmeHT ApuCcTOTe s, TO BCTAET BOIIPOC: HACKOJIHKO
dopmasbabie cBoiicTBa Ly oKazaanch aJleKBATHBLIMU JIJI BHIPDAXKEHUS 9TOM
ujien. YToObl 9TO HMOHATH HAJO0 YSACHUTH CMBICJ MCTUHHOCTHBIX 3HAYEHUN
L3, a rmasroe cmbicst 1/2. Iepsbim aruMm Borpocom 3agaicst A. H. Ilpaitop
[Prior 1953]. ITo ero muenuto, Apucroresisb B 1eBsATOM riaBe Tpakrara “O6 uc-
TOJIKOBAHUU TIBITAETCS MPEOJ0JIeTh NCTUHHYIO TPYIHOCTH — BO3MOYKHOCTH
WCIIOJIb30BATh BBICKA3bIBAHUS BO BHEBPEMEHHOM CMBICTIE JIJIS OMUCAHUS CO-
ObITUil THITa “3aBTpAITHEro MOpckoro cpakenus . [Ipaitop gemaer BBIBOJ,
9170 ApHCTOTEIH TOBOPUT O HEKOTOPBIX BBICKA3BIBAHUAX O OY/IyIIEM, Kak He
SABJIATIONIUXCS HA UCTUHHBIMU, HU JIO2KHBIMU, IIOCKOJIBKY €ITle HET OTPeIeIeH-
HOTO (paKTa, C KOTOPHIM 3TU BBICKA3BIBAHUS MOYKHO COOTHECTH; OJTHAKO KaK
yTBep:K/IeHne, TaK W OTPHUIIAHUE TOJO00HBIX BBICKA3BIBAHUN MOTEHIUAJIHHO
UCTUHHO WM MMOTEHIUAJILHO JIOKHO, HO HE aKTYaJbHO UCTUHHO WM JIOXK-
no. Korjia ke 3Ta MOTEHIIMAJIBLHOCTD MCYE3aE€T CO BpPEMEHEM, TOrjia 3Hade-
nue “1” IpUImMCchIBaeTCH BBICKA3BIBAHUAM OITPEIEJIEHHO UCTUHHBIM, T.€. ITPU
omnucanue OYyIuX COOBITHI KakK IPeIoNpeIe/IeHHbIX W COOBITUI, KOTO-
pble y2Ke CTaJ HACTOSIUMU WJIN MPOILIGIMUA. TaKne BbICKA3bIBAHUA U SIB-
JigoTed ‘HeobxoauMbiMu’. TakuMm 0Opa30oM, yTBEp2KIeHNE BhICKa3bIBAHUN O
COCTOSIHUM JI€JI B HACTOSIIEM U IPOILJIOM M YTBEPXKICHUE UX “HEOOXOIMMO-
ctu’ siBJsioTCs dKBUBaJieHTHbIMU B L. Kaszasioch ObI, Bce TpyaHOCTH TIpe-
OJI0JIEHBI, HO APHCTOTEb YTBEPXK A/, UTO ajJbTepHaTuBa pV ~ p B JIIOOOM
ciyuae sBisercd Bcerja uctunnoit. Oaako, B Ly 9T0 He BepHO, T.€. JU3b-
IOHKITUS B IIPeJIIoaraeMoil Tpex3HadHol jioruke Apucroress He Oblia Obl
UCTHHHOCTHO-(YHKIMOHABbHOI [Prior 1953].

4 O Te3mce Cyimko

B 1975 romy P.Cymko nocrpons 6UBaJeHTHYIO CEMAHTHUKY JJI TPEX-
3HavHoil jiorukn JlykaceBuua L n BHEC cyMATHILy B YMBI MHOI'O3HAYHHUKOB,
yTBEPKJIasl, 9TO KaxK/iasd MPOIMO3UIMOHAJIbHAS JIOTUKA SBJISETCH JIBY3HAU-
noii. [Iycts For obosnadaer MHOXKeCTBO (hOPMYJT IIPOITO3UITNOHAIHLHOTO SA3bI-
ka L, a {0,1} — mHOX)ecTBO HmecTHHOCTHBIX 3HaveHnit. Torna LV 3 ectb MHO-
xkecrBo Beex dynkuuii ¢ : For — {0, 1}, Takux aro jis jobbix «, 5 € For
CIIPABEJJIUBBI CJIEIYIONIIE YTBEPXK I€HUS:
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1. t(a) =0 mm t(~ ) = 0;

2. t(aw — B) = 1 Becerga, korma t(f) = 1,

7. ecin t(a) =1 u t(B) =0, 10 t(~ (0 = B)) = t(~ B);
8. ecin t(a) = t(~ ) =t(B) ut(~p) =1, 10 t(~ (0 = B)) = 0.

B urore MbI moyuniin aJeKBaTHYIO CEMaHTHUKY JI/I TPEX3HAYHON JIOTH-
ku JIlykaceBuua Lj3. [Ipu Takom 1mojxose 3/ieMEeHTHI TPEX3HAYHON MaTPUILHI
Jlykacesuua 1,1/2 u 0 He paccMaTpUBAIOTCsT KaK JIOTUYIECKUe 3HAYEHUsT; OHU
npejcraioT, o Cyriko, Kak anrebpandeckne 3uadenns. [lo Cyiko, soruye-
CKOIl OIEHKO#l sIBJIAIOTCS OUBaJIEHTHBIE OIEHKH, PACCMOTPEHHbIE KAK XapaK-
TEPUCTUIECKUE OIEHKN MHOYKeCTBa (hOPMYIL.

Tesuc Cymiko BbI3BaJ oripejiesieHHy 0 Kputuky. Hampumep, I'. Mayimmunos-
ckmit [Malinowski 1994] ckoHCTpyHpOBaAI TpeX3HAYHYIO KBa3U-MATPUIHYTO
JIOTUKY, i KoTopoit Metosr Cyimko He MoxKeT ObITh npumenen. Obcyx ie-
HUIO JUJIEMMBI JIBY3HAYHOCTUA ¥ MHOTO3HAYHOCTH ITOCBAIIEHA 3HAYNTEIHbHA
gacTh paborsl |Beziau 1997].

5 O merone Ckorra

. Cxorr [Scott 1973,1974], 3amMeHsisi HCTUHHOCTHBIE 3HAYEHUsI OIEHKA-
MU, TBITAETCS MIPUIATH 00JIee OYEBUIHYIO XaPAKTEPUCTUKY KOHEUHBIM MHO-
FO3HAYHBIM KOHCTPYKIUAM. OTEHKH SBJISIOTCS JIBYX3HAUHBIMU (DYHKITHSI-
MU U 33JIal0T paclpejie/ieHne MHOXKECTBa BBICKA3BIBAHUN JTAHHOTO SA3BIKA
[0 THUIAM, COOTBETCTBYIOIINM WCXOJIHBIM JIOTUYeCKUM 3HadeHusM. llycTnb
For — muoxkecTBO (hOpMYysT JAHHOTO MPOMO3UITMOHAILHOTO 3blKa L u V =
{vo,v1,...,Up—1}(n > 1) —-KOHETHOE MHOYKECTBO OIIEHOK: 3JIEMEHTHI MHO-
J)KecTBa V' SBIISIIOTCS TPOUM3BONIbHBIME DyHKIMAME v; : For — {t, f} ¢ t,
obo3HagaronmM uctuny, nu f — j10Kb. [lox Tunom BeICKa3bIBaHU si3bIKa, L
OTHOCHTEIBHO V' MBI IOHHMaEM IIPOU3BOIBHOC MHOXKECTBO Z3 BHJIA

Zg ={a € For : v(a) = v4(B) ma upoussossnoro i € {0,1,...,n — 1}}.
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Ucrionb3ys n-371eMeHTHOEe MHOXKECTBO OIEHOK, MOXKHO BBECTU MAKCUMAJIHLHO
2" runos. Hampumep, JIBYX3JeMEHTHOe MHOXKECTBO OIEHOK {wp,w;} ompe-
JensdeT 4deTblpe THNa: i, La, 43, Z4. HaknajpiBas orpaHndeHus Ha OIEH-
KI, MBI COKpAaIllaeM 9HUCJI0 THIOB. TOJIBKO UTO PACCMOTPEHHOE MHOXKECTBO
OIEHOK OyzeT ompenessTh Tpu (camoe GoJiblnoe) Tuna: Zi, Zo, 4, KOTJA
MBI TIOTpebyeM, drobbl wo(a) < wi(a)Va € For, apa tuna: Zs, Z3, ecian
wo(av) # wi(a)Va € For, u Zy, Z4, 1pu yCIOBAI, UTO Wy = W.

Wo | W1
Zy| | F
Zy | £ | T
Zs | t | F
Zy| t | T

Taxkue THUIIBI ABJIAIOTCA aHAJIOTAMU Jorudeckux 3nadennit. lana CkorT ro-
BOPHUT O HUX KaK 00 “MHIeKcax .

Uctnionb3yst 3ToT MeTo 1, CKOTT MOy 9UJI ONICAHNE UMILIUKATHBHON CUCTEMBI
n-3HavIHOI Jloruku JIyKaceBuda ¢ oMoIpio (n — 1)-31eMeHTapHOTO MHOXKE-
CTBa OIEHOK

VL;kL = {V(]?Vla "'7yn—2};

TAKOro 4To jiis Jirobbix i, j € {0,1,...,n—2} u a € For* (For* ucnosb3yer-
e It 0603HAMEHUS MHOXKECTBa, (DOPMYJI s3blKa, L*, BKIIIOYAIOIIErO CBA3KN
OTPUIAHUS U UMILIAKAIIUH —):

(mon)vj(a) =t <=vi(a)=tni<j

u, 6onee Toro, vo(a) # f u v, o(ag) # t Jyist HEKOTOPBIX i, e € For*.
Jlasee Mbl BepHeMCsl K Halllell TpPeX3HA4YHOI JIOTMKE U PacCMOTPUM MeTOJ,
Ckorra 111 Heé.

VL; = {1/0, 1/1}

Huzke npuBeniena Tabiuia moKasbIBaromasl, 9T0 MHOXKeCTBO V Lj onpeeis-
er 3 Tuna 4, Z, BbICKa3bIBaHMUI:

Vg | 1
Zo | t | ¢
Zy| £t
Zy | £ £
CDyHKHI/IH f(Zl) = 2 — 1 dBJsieTcd OIHO3HAYHBIM O6paTHO HallpaBJICH-

HBIM OTOOpakKeHMeM MHOYKECTBa TUIIOB B YHUBEPCYM MaTpuiibl JIykaceBuda



Hoprle Moge/IbHbIe PACCTOSHIS 169

M; L. CBsI3KU OTpUIIAHNS U UMILIAKAIIII OIIPEIEISTIOTCS CTaHIaPTHBIM 00-
pasom. MHozKecTBO Beex (hopMyJI si3bika L*, MCTUHHBIX IIPU TPOU3BOJILHOI
oneHke v; € V Ly, ecTb B TOUHOCTU cojlepzKaHue MaTpuibl My

E(M;)={a€ For* :yi(a) =t,i € {0,1}}

O/IHOBPEMEHHO, OJIHAKO, COOTHOIIICHHE CJie/oBaHns —5C 2For™ s For* :

X E% a, eciim n Tonbko ecan v; (o) = t Beerma, Korjga v;(X) C ¢ g mpous-
BoJIbHOTO V; € V' L3.

. Ckorr npeiaraer, arobbl paBeHcTBO (opmbr “v;(a) = 7, as i € {0, 1},
YuTANCh Kak “(yTBeprKieHue) « mcTuHHO B crenenu . CiieoBaTesIbHO,
OH IpejroJiaraet, uro guciaa B pamy ‘0 < ¢ < 17 cuMBOJM3UPYET CTEIeHN
3a0/1y2K/IeHnsT B OTKJIoHeHnH oT ucTtuHbl. Crernenb () — camasi cuyibHas U
COOTBETCTBYET ‘‘COBEPIIEHHON WCTUHE WM OTCYTCTBHUIO 3a0JIyKJICHUS: BCE
TaBToJI0run JIOTUKY JIyKaceBuda sIBISIOTCS CXeMaMU yTBEPXKJIEHUH, UMEr0-
IUX B KavecTBe cBoeil crernenu 3a0/yxkaeHus 0. Kpome Toro, mMmiinkams
JlykaceBuda MoxkeT ObITh YJI00HO MCTOJKOBAHA B 9TUX TEPMUHAX: IPEJIIIO-
noxuB ¢ + j < 1, Mpl momydaem, ato vi(a — () =t n yi(a) = t maer
Vit (B) = t. Tak, ucrosp3yst BbICKa3bIBAHUA (v — (3, MOXKHO BBIPA3UTD BEJIH-
YUHY Pa3/nYdnsi MEXKJIy CTEIeHsIMU 3a0J1y2K/IeHUs TOChIIKI U 3aK/II0UeHNsI,
KOTOpasl SABJIAETCA MEePO 3a0JTyK/IeHU BCE MMILTUKAIIIH.

K Bompocy 06 mutepnperarnun umiuimkaiun Jlykacesuua — JI. Ckorr
BO3Bparaercss B pabore [Scott 1976] B pasgene “Jloruka 3abiryKeHuii”.
3ech CKOTT jieslaeT MHTEPECHOE 3aMeYaHue O TOM, UYTO MHOTOMECTHOE OT-
HOIIIEHUE CJIC/IOBAHUS

A[):Ah o 'Anfl - BOa B17 T Bmfl

UMeeT TTPOCTYIO MHTEPIPUTAINIO B TEPMUHAX CTENEHU 3a0JTyKJIeHUd 1: BCe-
ria, Korma ¢ > A;, as Beex ¢ < n, Toraa i > B, s HEKOTOPBIX U < 1.

BameTnM, 9To Joruka 3a0/1y K ennit CkoTTa ObLIa MOJIBEePTrHYTa KPUTHKE
JIxx. Cmaitia. Hanpumep, yka3biBaeTcs, ITO B HMOJOOHBIX TePMUHAX HEJIb3s
ITPOUHTEPIIPETUPOBATDH OIEPAITAIO OTPUITAHUS ~.

6 IlocranoBka 3aga4dnm

Jlano M — KoHEYHOE HYHUCJIO SKCIIEPTOB, W KaXKJbIi M3 HUX YIOPAI0-
YHUBaeT dJeMEHTAPHbIE BBICKA3BIBAHMS, BXOSIINE B Oa3y 3HAHUI. 3a1aIuM
YIIOPSIJIOYUEHHSI C IIOMOIIBIO (DYHKITUIT

pi(x) : S(X) — (0,1],i =1,..., M.
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JList ocTpoenust PacCTOAHUS YIUTBIBAIONIErO “MHEHUS O PACCTOTHUN KaXK-
JIOTO 9KCIIepTa CHAJdaja BBEJIEM PACCTOSHUE JIJId OJTHOTO (PUKCHPOBAHHOTO
skcuepra. st mpocToThl 0603HAaUEHN BPEMEHHO OIIyCTUM HHJIeKc. Paccro-
stHue MeK 1y hbopMysiamu Oy/ieM CTPOUTD ITO3TAIIHO, JIJIsl HAYaJ/Ia BBEJIEM pac-
CTOSTHUE MEYKJIy MOJIEJISIMU C (DUKCHPOBAHHBIM YIOPSIOUEHUEM dJIeMEeHTap-
HBIX BBICKA3bIBAHUI. BTOPBIM 9TAIIOM TOCTPOUM PACCTOSTHUIE MEXKTY MHOYKE-
cTBaMu Mojeseil. /laiee 1mosib3ysich MOCTPOEHHBIMU PACCTOHUAMU, BBEJIEM
paccTosgHre MexKIy (hbopMysIaMyi UCUYUCICHUS BBICKA3bIBAHUI C yIETOM pac-
CTOSTHUI JIJIT KOHETHOI'O MHOXKECTBA IKCIIEPTOB. PaHee aHAJIOIUYIHbBIE BOIIPO-
Cbl B JIPYyTOii CHUTyaluu paccMmarpuBajuch B paborax [6]-[8]|. ZKemareasno
3HAKOMCTBO ¢ paboramu [1|-[5].

7 PaccrosHuss Ha BbICKa3bIBaHUAX 3IKCIIEPTOB
C IMpUBJIEYEHNEM MOJIeJIEl 1 NX CBOMCTB.
Heobxoanmbie onpeaeaeHnd

HO,IL JIOTHYECKNMU BBbICKA3bIBAHUAMU ITOHNMAEM Cl)OpMyJIy ncyucjIeHu4d

BoicKasbiBanuii (M1B), onpe/ie/ieHHYI0 Ha MHOYKECTBE UCXOJIHBIX TPOCTEHIINX

JIOTUYECKUX BbICKa3bIBaHHI71, Ha3bIBa€MbIX 3JIEMEHTaPHbBIMU CbOpMy.HaMI/I.
[Iycts 3 - 6a3a 3nanwmii, cocrosiias u3 dopmys NB.

Onpenenenne 1. MuoxkectBo S(p) 37M€MEHTAPHBIX BBICKA3bIBAHUIL, WC-
moJTb3yeMbIX Tpu Hamucanuu dopmysisl B ¢, HazoBem wocumenem gop-
MYADL P

Onpenenenne 2. Hazosem nocumesem cosokynmocmu snanuti S(X) 06b-

enuHeHne HOCHTEel hopMyst, BXOAAmumx B X, T.e. S(X) = U S(p). Pac-
peEX

cvorpum MuozKectBo P(S(X)) = 3%9%) BceBo3MOKHBIX TI0MHOMKECTB MHO-

xkecrBa S(X). Daementor MHOKecTBa P(S(X)) HasbiBaeM ModeAAMU.

Ussectro, uto |P(S(X))| = 35,
HpI/IMep 3. Y = (Al/Q A BA ~ C)\/ ~ D1/27 S(QO) = {Al/Q,B, C, D1/2}.

Ounpenesienne 4. Diementaphas Gopmyna A ucrnuna vHa Mogean M (t.e.
M =1 A) Torma u Tosbko Torma, kKorjga Ay € M (1 MOYXKeM OIlyCKaTh), T.e.

1. M}ZlA@AleM
2. M)ZQA@Al/QEM
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3. M =11 A & (M |1 1) 1 (M =1 p2)
4. M =1 o1 Vs & (M 1) nm (M = o))

O6oznaunm gepes Mod g (A) muoxkecTBO MOJIe€it n3 S(3), Ha KOTOPBIX
uctunna A, T.e.

Modg(s)(A) = {M|M € P(S(X)), M k= A}.

O6osnaunm gepes Tgex) (M) MHOKeCTBO (HDOPMYJI, TTOCTPOEHHBIX C OMOIIBIO
siementos S(X), ucrunnbix Ha M: Ty (M) = {¢[S(¢) € S(X), M = ¢}

Jlemma 5. Umerom mecmo pasencmea:

1. Modgs)(A A B) = Modg(s)(A) N Modgs)(B)
2. Modssy(AV B) = Modg(s)(A) UModg(s)(B)

Taxkum obpaszom, sobas dopmyrta g, takas aro S(¢) C S(X), coorser-
crByeT coBokyHocTH Modgs () Mogesneit nuz P(S(X)), Ha KOTOPBIX NCTHH-
Ha .

Ounpenesienne 6. Paccmoanuem mexy dbopmyaamu ¢ u ¢ upu (S(p) U
S(y) € S(X)) na muoxkecrse P(P (X)) HazoBeM BeMInHy

Mod ~ ~
s ) = Lol 22 DV (o~ )

8 Paccrosinue MexKay MoAeaaMu

st mo0bIX JIBYX MoOjiesieil M Ha MHOYKECTBE BCEX KOHEUHBIX MoJiesieit
P(S(X)), n dukcupoBanHoro 3aganus p(r) SKCIEPTOM, OIPEIETUM PACCTO-
stHIe MexK Ty tuMu Mojzesimu A u B dopwmyitoii:

Y P@)(xale) = xp(2))’

zeS(X)

p(A, B) =
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Teopema 7. Ha xaacce P(S(0)) koneunwr modeaets ¢ durcuposarnvim
sadanuem p(x) axenepmom, Pynruyus p(A, B) ydosaemeopsem ceoticmeam
mempuku, m.e. (P(S(0)), p) Asasemes mempuueckum npocmpancmeom.

Jloxasameavcmeo. 1. p(A,B) =0« A = B.

IIycrs p(A, B) = 0 gokaxkem, aro upu stom A = B. p(A, B) = 0, cienoBa-
TesibHO, Y A(7) — xB(z) = 0, Vo € S(X), 1o ectb smbo x ¢ A, x ¢ B, mubo
r € A,x € B, 3naunr A = B.

Tenepsb mycth = jokazkeM, ato 1pu 31oM p(A, B) = 0.
A =B = xa(zr) = xs(x) = xa(x)—xs(x) =0,Vz € S(X), cregoBarennHo,
p(A, B) =

2.p(A, B) = p(B, A).
OueBuIHO U3 OIpE/IEIEHUS .
3.p(A, B) < p(A,C) + p(C, B).
Hokazxem ot nporustoro. Ilycrs p(A, B) > p(A, C) + p(C, B), Torna

Z - xa(x))?

zeS(Z
>
> P
z€S(%) (*>
Z — xc(x))® Y P@)(xelr) - xp())?
zeS(Z zeS(X)
Y P S P
zeS(X) zeS(X)
Orciona

Z —xs(@)’ >

zeS(2
S ~ Xel@))? +\/ > p@)(xele) - val@)?
z€S(%) zeS(S)

BosBeem nepaBeHCTBA B KBaJIpaT.
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Y P (xal@) —xs(@)’ > Y p@)(xale) = xe(@)’+

zeS(X) zeS(X)
+2 | > PP (xal@) — xe(@)® [ D PP@)(xole) = xs(@)*+
zeS(X) zeS(X)
+ Y P@)(xel@) = xp(@)*,
zeS(X)
Torma
Y P@)xal@) —xs(@)’ = Y P@)(xel@) - x5(x)* -
z€5(%) z€5(%)
- 3 Pk - xe@)? >
zeS(X)
2 [ P@)xal@) —xo@)® | Y p@)(xelz) — xs())”
2€5(%) 2€S5(%)
Nmeem
> P@)((xal@) — x8(@)* = (xo(@) = x8(2))* = (xa(z) = xc())?) >
zeS(X)
3 S 7 ~ Xp(2))*.
z€S5(X) z€S(X)

Jlajtee BO3BO/ISI B KBaJIpaT U IIPUBO/Is 110/I00HBIE,

Y P@)(=2xa@)xs(@) + 2xa(@)xo(z) — 2x0(2)” + 2x8(2)x0 (@) >
zeS(X)

Z Z — x5(2))%

z€S(Z z€S(Z
Y P@)2xs(@)(—xal@) + xe () = 2xo(@)(—xa(@) + X0 (@) >
zeS(X)

> 0 S — x5(@))’

zeS(X) zeS(X)
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[Tonyuaem:
> 2 (@)((—xal@) + xo(2) (xa(z) = xe()) >
zeS(X)
(%)
>2 [ Po)al@) —xe@)® [ Y p@)(xe(@) - xp(@)
2€S(3) zeS(%)

Pacemorpum ouo u3 caaraemsix (—xa(z) + xo(z))(xs(z) — xo(z)) n npo-
BEPUM, KOIJIa OHO TIOJIOKUTEJIHO. DTO BO3BMOKHO B JIBYX Ciydasix. Ilepsbiii

—xa(z) + xo(x) >0 xa(z) < xc(z) rd ANz eC
{ xB(x) — xc(z) >0 (i){ xB(z) > xc(x) (:){ r€BAxgC

[Moyaaem mporuBopeune (ecom xa(z) = 0, xp(z) = 1, xo(z) = 1/2, 1o
(%) GyzmeT paBeHCTBOM U BCE XOPOIIO), PACCMOTPHUM BTOPOI CJIydait

—xa(x) + xc(z) <0 xa(z) > xo(z) reANz gC
{ xs(r) = xc(r) <0 @{ xe(z) < xc(z) ﬁ{ t&BAzeC

Cuoa mporusopeune (ecan xa(x) = 1, xp(x) = 0, xc(z) = 1/2, To (%)
Oyzner paseHcTBOM), HepaseHCTBO (—xa(x) + xo(2))(xs(x) — xc(z)) > 0
HeBO3MOXKHO, 3HadnT Vo € S(X)(—xa(zr) + xo(z))(xs(z) — xc(z)) < 0,
OPOTUBOPEYreE ¢ (%), T.K. CIIpaBa CTOUT HEOTPUIATE/IbHASI BeJIMINHA.

]

IIpumeuanue. B pabore ucrosb3yercs mporpamMma, CIUTaoNasi pacCTos-
HUST MEXKJLY JIBYMs JIIOOBIME MOjesisiMu 110 hopmyste u3 Teopembr 7.

9 Paccrognne Mez2K/J1ly MHO2KeCTBaMu MOﬂeJIefI

astee nepeiijieM K BBEJIEHUIO PACCTOSTHUS MEXKTy MHOYKECTBAMU MOJe-
JIefl 1t onpejiesieHus cTereHn pasbpoca Mojesieit IByX popMys ¢ yueTom
yIopsiZiodennst 1 (bUKCHPOBAHHBIM 3aJIaHIeM P () KCIEPTOM.

Onpegesienne 8. Paccrognme MexKy 3J€MEHTAMHU X METPHUECKOTO IIPO-
crpanctsa (P(S(X)), p) 1 MHOXKeCTBOM (MOJIEJIBIO) B U3 9TOr0 METPUIECKO-
ro IPOCTpaHCTBa ¢ (PUKCHPOBAHHBIM 3aJaHueM p(x) (SKCIepToM), 3a1a/um
CJIEJTYIOIIUM 0Opa30M:

d(z, B) = min{p(z, y)|ly € B}
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Omnpenenenue 9. Beegem B pacemorpenne GyHKINUIO 0T MHOXKecTBa A u B
u3 Merprdeckoro npocrpanctsa (P(S(X)), p) ¢ dukcupoBaHHBIM 33/ 1aHTEM
p(x) (sKCcHeproMm), onpeenseMyo Kak

d(A, B) = max{d(z, B)|x € A}

Bamerum, aro d(A, B) merpuky, BooOIe TOBOPsi, He OIpejiesisieT (Tak Kak
He BBIIOJIHAETCsI, HAIIPUMED, AKCHOMa CUMMETDHH ).

Onpeaenenne 10. Paccrosinue p Mexkty JBYMsI KOHEUHBIMU MHOYKECTBAMHE

mozesieit A m B u3 merpudeckoro mnpocrpanctBa (P(S(X)), p) ¢ dukcupo-

BaHHBIM 3aJIaHIEM P; () IKCIEPTOM, 3aa M (hOPMYJIOii:
d(A,B)+d(B,A)

[TokaxkeMm, 9TO p JAEHCTBUTE/IHLHO OIPEJIEISIET METPUKY.

Teopema 11. Qynryus p Aeasemca Mempurot.

Jlokazamenvcmeo. Tpebyercss IPOBEPUTH BBIIOJHAMOCTD AKCUOM.

1. p(A, B) > 0. Dro ciemyer u3 onpejie/ieHus P, Tak Kak Bejauaubl d(A, B)
u d(B, A) HeoTpuraTebHbIL.

2. p(A,B) =0« A= B. Eciiu A = B, 1o, ouesnjino, p(A, B) = 0. C apy-
roit croponsl, eciu p(A, B) = 0, to d(A, B) = —d(B, A). Tx. d(A,B) > 0,
mveeM d(A, B) = d(B, A) = 0. Besnencrsue cBoiicts dyukimu d nosrydaem
A=B.

3. p(A, B) = p(B, A). 910 yTBepKIEHNE CIIEYeT U3 ONPeIeIeHus p.

4. p(A,C) < p(A,B) + p(B,C). Cravyana mokazxKeM, UTO IS JIIOOBIX
A,B,C C P(S(%)) somouusercsa d(A,C) < d(A, B) + d(B, (). Hokaxkem
nepsoe paBeHcTBo. Ilycrs a € A, Torma d(a,C) = min{p(z,c)|c € C}. dna
Kaxkioro b € B:

d(a,C) <min{d(a,b) + d(b,c)|c € C'} < d(a,b) + min{d(b,c)|c € C} <
<d(a, B) + max{d(b,C)|b € B} <d(a,b) +d(B,C).

Tak Kak 9T0 paBeHCTBO BepHO mpu JoboMm a € A, momygaem d(A,C) <
d(A, B) +d(B,C). Hanee, cymmupyeM J1Ba HEPABEHCTBA!

d(A,C) < d(A,B)+d(B,C) n d(C,A) < d(B,A) + d(C, B), nerum na 2.
[oayuaem p(A,C) < p(A, B) + p(B, C). O



176 A. A. Bukenrtren

10 Paccrosinue MexKay ABYyMS IIPOIO3UINO-
HAJbHBIMHU JIOTUYeCKUMHI (popMyIaMu

Onpenenenune 12. Paccrosaue Mex 1y 1ByMs (hOpMyIaMy BbICKA3bIBAHMI
sKcrepra ¢ (PUKCHPOBAHHBIM 3ajlaHueM p(x) 9KCIepToM, 3aaauM (hopMmy-

JIOM:
ple, ¥) + p(Modss) (p), Mods(s) (v))
2

plp, ) =

YrBepxkaeaune 13. Ha mnooicecmee Kaacco8 9K6UBAACHMMHOCTNU GbICKA3bL-
sanutll aKcnepmos ¢ Purcuposanmvim 3adanuem p(x), p onpedeasem mem-

PUKY.

JlokazaTebCcTBO TMOJIydaeTcsd U3 CBOWCTBA, UTO JIMHEHHasi KOMOWHAIUs
METPUK SIBJISIETCS METPHUKOIA.

ITpumep 14. Ilycth 6a3a 3HAHUIT SKCIIEPTOB COCTOUT U3 TPEX dJEMEHTapP-
ubix BhickasbiBanuii S(X) = {A, B, C'}, ynopspodenue st GUKCUPOBAHHOTO

skrcnepra: A < B < C,P(A)=1,P(B)=1/2,P(C) =1/3.

© Y p(e,¥) | ple,¢)
ANDB A= B 1/3 [ 0406245
ANDB AV B 2/9 | 0325397
AV B A B 2/9 | 0325397

S (BAC) |A= (BVC) | 2/27 |0,181216
AN(B=C)| ~AVC | 10/27 | 0411062
(AVB)AC ASC 5/27 | 0221362
~ A B—C 7/27 | 0408301
AN(BVC) | (ANB)VC | 3/27 | 0269841

11 ®opmysaa g PaCCTOAHUA MPHU HAJINUNU
HECKOJIbKIX PAa3JINYHBbIX IKCIIEPTOB

Teopema 15. Ha mmooicecmee KAacco6 IKGUSAACHMMHOCTY IKCIEPTIHOIT
BHICKA3BIBANHUT MOJICHO 3adamb paccmosanue p* (a makoce p** ¢ eecamu,),
ABNANULEECA MEMPUKOT, C YUEMOM YNOPAIOUEHUA INEMEHMAPHOIT 6bLCKAZI-
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B8aHUT KAHCOBLM IKCNEPMOM U CTENEHU Pa3dpoca Karcd020 IKCNepma:

p* (. ) A7
> Bi(Modss) (), Modgs) (1))
_ple) | iefan
2 2M ’
a maxotce ¢ secamu,
Z iPi(Modsg(s) (), Mods(s) (¢))
ie{1,...,.M}

M )

Bamernm, 910 KOIMMUIIMEHTH (v U 7Y; MOXKEM BBIOPATh METOIOM Hau-
MEHBIITUX KBa/IPATOB, €C/Ii OyJAeM UMETb JOIOJHUTEIbHBIE CBEJIEHUA O JKe-
JlaeMOM paccrogHue p**.

p* u p** OyAyT PACCTOSHUSIIME, TaK KaK SBJISIOTCS JIMHEHHON KOMOWHA-
el pacCTOAHUM.

IIpumep 16. Ilycth 6a3a 3HAHMIT SKCIEPTOB COCTOUT U3 TPEX dEeMEHTap-
HbIX BbicKasbiBanuit: S(X) = {A, B,C} u aByx skcnepros. [lyis nepsoro
BO3bMEM yropsiouenne: P(A) =1, P(B) = 1/2, P(C) = 1/3. s Broporo:
P(A)=1/2,P(B)=2/3,P(C) =1/4.

@ Y P, ) | pale,¥) | p (0, %)
ANB A— B | 0406245 | 0406123 | 0406184
ANB AV B 0325397 | 0302676 | 0314037
AV B A— B | 0325397 | 0398459 | 0361928

AS (BAC) [ A= (BVC) | 0181216 | 0180711 | 0,180964
ANB=C)| ~AVC | 0411062 | 0345825 | 0378444
(AVB)AC A= C | 0221362 | 0297184 | 0259270
~ A B—C | 0408301 | 034514 | 037672
AANBVC) | (AANBYVC | 0269841 | 019923 | 02345355

ITouck ko3 dumuenTon. VzBecTHbl pacCTOAHUS:
p(ANB,A— B) =04
p(AV B,A— B)=0,3
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p(A—= (BANC),A— (BVC(C))=0,2

p(AN(B—=C),~AVC)=04

p(AN(BVC),(ANB)V(C)=0,25

Nimem k03 UImenTbl MEeTOI0M HAMMEHBIIINX KBAIPATOB I IIEPBOIO IKC-
mepra:

pit + pi(l —x) — p; =0

x=0,53;y =047 p(AANB; AV B) = 0,319206; p((AVB)ANC, A — C) =
0,219192; p(~ A, B — C') = 0,399358

JIJISI BTOPOT'O SKCIIEPTA:

x = 0,5583;y = 0,4417 p(ANB,AV B) =0,293295; p((AVB)ANC, A —
C') = 0,284125; p(~ A, B — C) = 0,335127

C onruMaabHbIMU KO hUIMEeHTaMI [T 000X 9KCIEPTOB(C PaBHOI crerre-
HbBIO JIOBEPUsI) PACCTOSTHUS TIOJIY YATCSI:

p(ANB,AV B) = 0,3062505; p((AV B) NC, A — C) = 0,1251583; p(~
A, B — C)=0,136724

Cronr 3aMeTUTh, YTO MCXOAS U3 M3BECTHBIX PACCTOSHUN MBI MOYKEM BbI-
O6paThb KOI(PUIMEHTHI JIOBEpUA SKCIEPTy. B HalmeMm NnpuMepe TMOJIyduM
7 =3/4;7 = 1/4.

p(ANB; AV B)=0,31273; p((AV B)NC, A — C) = 0,235425; p(~ A, B —
C) = 0,3833.

12 Mepbl nH(POPMATUBHOCTU U HEJIOCTOBEPHO-
ctu (HETPUBUATHHOCTM )

Onpenenum nHGOPMATUBHOCTD M HEJIOCTOBEPHOCTH B TEPMUHAX TEOPUH
Mojiestelt jiig Tpex3Hadnoit joruku. Ilom nadopMaTUBHOCTHIO BHICKA3bIBa-
HUs Oy/eM MOHUMAaTh OTHOCHTEIbHOE YHCJIO MoJiesieil, Ha KOTOPBIX 3TO BbI-
CKa3bIBaHUE JIOZKHO, WJIM, YTO TO K€ caMOe, HODMUPOBAHHOE PACCTOAHUAE OT
BBICKA3bIBAHUS JI0 TOXKJIeCTBEHHO ucTUHHON (hopmysinl 1. [longaTHo, 1T0 BbI-
CKa3bIBaHUEe TeM MH(POPMATUBHEN, YeM MEHbIIEe MOJIe/Iell U3 JJAHHOTO KJIacca,
Ha, KOTOPOM OHO UCTHHHO. [Ipw 3TOM TIpe/iosiaraeM 9To OHO UMEET MOJICIIH.

’Mods(g)(f\/ A)‘
:U’S(E)(A) - pS(Z)(A> 1) = 3I5(0)]

st TpeX3HAYHOM JIOTHKU MOYKHO BBECTU MEPY HEJIOCTOBEPHOCTU — OTHOCH-
TeJbHOE YUCJIO0 MOJIeIel Ha KOTOPBIX BBICKA3bIBAHUE HE UCTUHHO.

[Mods(s)(A)|
nss)(A) =1— BT
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AHAJIOrMYHO MOKHO BBECTH HOBYIO Mepy HHMDOPMATHBHOCTH [ig(s)(¢),
KaK PacCTOdHUE OT UCKOMOM (hOPMYJIbI JIO TOXKJIECTBEHHON (hOPMYJIbI, UC-
MMOJTb3YS ITPU 9TOM BBEJIEHHOE paHee pacCTOSHUE, T.€.

fis(s)(A) = ps) (A4, 1).
Teopema 17. (cBoiicTBa Mep nHGOPMATHBHOCTH W HEJIOCTOBEPHOCTH )

1.0 < psey () < 1;

2. psy(~ @) #1— ps)(9);

8. us)(p) > pses) (e AY);

4 sy (V) < psesy(9);

5. ecau psx)(p, ) =1, mo psy (@A) =1 u pgs)(p V @) = 0;

6. ecau ps(s)(p,¥) = 0, mo psy (P AY) = pses) (@) u pse)(p Vi) =
Ms(z)(w);

7. pss) (e AY) = pss) (@) + ps) (e V Y);

8. min{ sy (@), us (W)} > ps)(@ VvV P) > max{pss) (@), 1

(@)}
pses) (e, w) u mm{ﬂs ) (), us<z>(¢)} + ps) (@, ) > MS(z)(SO A1)

AV

maX{Ms ®) (), s (¢)}
Aokasamenvcmeo. 1. 0 < pigesy (@) < 1
OdeBniHo, uTO cBOIICcTBO 1 BRINOHSACTCS JUIsT flg(s)(A) 1 Ns(x)(A).
2. psy(~ ) # 1 — pss)(9);
Mod Mod ~
) S S £ L S
Mod +|Mod ~
sS(z) P e SE) ® 7&1
[Iycers ¢ = AN B, Torga 1 # = 5 % B dopwmyste moxkno nmocraButh <.
Mod g (s) (~ )| |M0d ()]
0) 1— —gmr— #1-1+ e
1 +# |M0ds(2)( ;L:@f?ds(z)(mw)' Amnanornuno a), B HopMmyse MOKHO MOCTABUTH
>,
3. ps(z)(0) = ps(z) (0 A);
[Mod g5y (~ (<P/\¢))| ~ Modg(sy(~(pAy))|
a) 315()] = 315(®)] =
[Mod g(s) (~pVaip)| \MOdS(m(NLP)UMods@)(MM > [Mod g(s) (~¢)|
3‘Sl(l\i)Id ( /\¢)| |§J{S(dz)‘ (p)NMods () ()| - Mods(s;) ()]
6) 1 — =gk =1 - — O 20 > 1 — s
4. a) s (e V) < pses)(0);
|M0d5(2)(~(¢\/¢))| _ [Modg sy (~pA~p)| — [Modg (s (~p)NModg(sy(~1h)] < [Mods (s (~¢)|

3l1S(®)] - 3lS(®)] - 3IS(®)] 31S(®)]
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6)1 _ Modgsm) (Vi) _ 1— [Mod g (s (¢)UModg(s) ()] <1- [Mod 55 ()|
31S(X)] 31S(3)] 31S(>3)]
5. ecn pg(s) (¢, 1) =1, T0 Msz)(¢A¢) =1u ps)(pVe)=0.
CBOICTBO BEpHO, €CJId ( U 1) He NPUHUMAIOT 3HadeHus 1/2) T.e. ¢ =~ 1) u
OJIHU JIBy3HAYHBIE.
6. ecot ps(s) (@, V) = 0, 10 ps(s) (PAY) = pss) (0) 1 sy (PVY) = ps(z) ().

OdeBnziHo, Tak Kak u3 pg)(p,¥) =0 cneﬂyeT 910 O = 1.
T ps) (@ AY) = pses) (@, w> + pse) (o V );

[Mods(s) (~(pAd))] _ [Modg(s) (~pAY)V (A1) + [Mods () (~ (V)| |
35 3IS] 3[S] ’
[Mods () (~(pAP))| [Modg(s) (~ (sovw))l \Mods<z>((~ww)\/(w~w))l
35 3[S(] EIEO)] ,

cJleBa M3 YUCJIa MOJE/e, Ha KOTOPBIX MCTUHHA (0, UM 1), WX 00€ JIOXKHDL,

BbIYUTaEeTCA YUCJIO MO,H‘eJIeI.;I, Ha KOTOprX " (p n 'QZ) JIOZKHBI. HOﬂyqaeTCE{ quc-

JIO MOjIeJieil, Ha KOTOPBIX UCTUHHA WA WK 1), HO He ( A1) — a 9TO U eCTh

CI/IMMeTpI/IquKaﬂ paSHOCTb, 3alluCaHHaA CHpaBa.

8. min{pugs) (@), sy (V) } > psy (@ V) > max{uss) (@), s (V) } —
=) (0, %) m min{ugs) (@), ps)(V)} + psey(e.¥) > psee A ) >

max{uss) (), tscz) (V) };
) ( |)M0d5(z)(N@)ﬂMOdS(Z)(Nw)\ . |Modg(sy(~p)| [Modg(s)(~)]
a) sy (e V) = STSTT < min{——5mr—, —gEer )

OYEBH/THO.
s (e V) + ple, ) > max{uss)(p), tss)(¥)} cuesa, sce monen,
KpOMe TeX, IJie ¢ A ¢ UCTUHHA, CIIpaBa BCe MOJEIN, KPOMe MUHUMAJIHHOTO
U3 MHOXKECTB Mods 2)( ¢) 1 Modgs) ().
pss) (@ A1) — psmy (@, ) — ducno Mozeseil Ha KOTOPBIX (0 1 1) JIOAKHBI.
DTO 4uCIO0 He 60J1bme aem min{ pg(s) (@), us) (V) }-

s A ) > ma{iss (). sy (1)) ocmno:
6) aHAJIOTUYHO, C UCHOJIb30BAHUEM CBOUCTB 3,4,7.

13 IIpumepsl kjaacTepusaiui (popMyJ

[Tycrb 6a3a 3HAHUIT IKCIIEPTOB COCTOUT U3 TPEX JIEMEHTAPHBIX BbICKA3bI-
Bannit S(3) = {A, B, C'} u ecrb ynopsouenue sxcnepra: P(A) =1, P(B) =
2/3,P(C) =1/3.

=AAB

=AVBEB
QDgIA%B
o=~ A

(,05:B—>C
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Y1 P2 ¥3 P4 ¥5
V1 0,31156 | 0,407573 | 0,67267 | 0,496536
wy | 0,31156 0,365195 | 0,55638 | 0,27815
w3 | 0,407573 | 0,365195 0,25600 | 0,26497
w4 | 0,67267 | 0,55638 | 0,25600 0,36348
w5 | 0,496536 | 0,27815 | 0,26497 | 0,36348

©1 P2 ©3 'z P5
w|5/911/911/913/9(1/9

Ncnonib3yeMm ob6beInHEHNE KJIACTEPOB 110 METOLY “OJIMzKaIIero coceia’.
Omnncanne agropurma: [IpuMeHnM HepapXUyecKuii aaropuT™M K/acTepu3a-
UM K HEKOTOPOIi rpyie n BbicKasbiBanuil. CHavdasia cauTaeMm, 9TO y Hac
ecTb N KJjaacTepoB. [TocTpouM MaTpuily paccTOsiHUIE JiJIst TPYIIIBI U3 7 BbI-
CKa3bIBaAHUIi, IIOTOM BBIJEJINM HAUMEHbBIIEE PACCTOSHIE MEXKILY (POPMYyJIaMU
©; B ; , 1 00beanHIM (DOPMYIIBL ; U (; B OJIUH KJIACTEDP. 3aTeM IIepecduTa-
eM MaTPUILy PacCTOSTHU j1y1st y2Ke 1 — 1 BbICKa3bIBaHus, U OyjIeM TIOBTOPATH
JIefiCTBUS 10 TEX HOP, MOKa BCE BLICKA3bIBAHNs HE OObEIUHATCS B OJUH KJla-
crep. Kitacrepnt 6yiemM 00beIMHATE 110 METOJLy OJIMzKaifIero coceia, TO eCTh,
p(er, pi;) = min{p(pr, i), p(en, 05)}-

Hlar 1: min p(y;, ¢;) = 0,25600 = p(ps, p4). Kmacrepsr: 1, 02, 34, ©5;
Hlar 2: min p(;, @) = 0,26497 = p(ps4, @5). Knacrepsr: @1, pa, ©345;

Hlar 3: min p(y;, ¢;) = 0,27815 = p(pa, Y345). Kitacrepsr: 1, pasas;

Hlar 4: min p(p;, ¢;) = 0,31156 = p(p1, Pasas). Kitacrepsr: pia345. B ciyuae,
€CJI ONTUMAJIbHOE YHC/IO KJIACTEPOB 3apaHee He U3BECTHO, B KAYeCTBE KPU-
TEepUs OCTAHOBKHM AJIOPUTMa OODbEIMHEHUS MOXKHO B3ATh Mepy uHbOpMa-
TUBHOCTH BbICKa3blBaHuil. Hampumep, e miepesi HadaaoM KjiacTepu3aliin
3a/1aTh MaKCUMAJILHYIO JIOIYCTUMYTO PA3HUILy MEXKIy MepaMu HH(pOpMaTUB-
HOCTH 3JIEMEHTOB OJIHOIO KJIACTEPa, TO aJrOPUTM OyIeT HMPOIOIKATHCS 10
JIOCTUZKEHUS STOIO 3HAYCHUSI.

Ha mrare 1 MakcuMasibHas pasHUIa MeXKLy MepaMu HH(MOPMATUBHOCTH OJI-
HOI'O KJjlacTepa:

max || (i), ;) || = 2/9; na mare 2: 2/9; na mare 3: 2/9; na mare 4: 4/9.
Taxum 00pa3oM, e€cjid Mbl 3aJa/IMM MaKCHMaJIbHOEe 3HAYeHUe PA3HOCTH Mep
nH(GOPMATUBHOCTH OJIHOTO KJIacTepa paBHoe 2/9, TO aJropuT™M OCTAHOBUTCS
[I0CJI€ TEPBOro IIara, U pe3yJbTaToM OyAyT KIaCTePbl ©1, Yo, P34, ©5. Keam
38 M 3/9, TO Pe3YIbTaT 1, Poz4s. Femn 4/9, T0 p12345.

[Tycth HaM HaI0 pa3bUTh MHOXKECTBO HAIUX (DOPMYJI HA OIPEEIeHHOE
YHCJI0 KJIACTEPOB, JOIMYCTHM Ha 2:

BosbMeM hopMyIibl, pacCcTOSTHIE MEK LY KOTOPBIMUA MAKCUMAJILHOE: B HAIIEM
ciydae 910 @1 1 @4 , p(p1,ps) = 0,67267. Jlornano 6ygeT HOMECTUTH STH
dopmybl B pa3ubie Kiactephl. MckaTh pa3buenne Ha 2 Kjractepa OyjieM Tak:
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JUISE KazKJI0rO /IeMeHTa HailjieM OJkaiiiero cocejia u3 Tex BhICKa3bIBAHUIA,
KOTOPBIE YK€ MPHUIUCAHBI K KAKOMY-HUOY/Ib KJIACTEPY, W IPUIHIIEM €ro K
TOMY K€ KJIacTepy.

Tar 1: min p(pe, ;) = 0,31156 = p(ps, p1). Kinacrepsr: v12, @4;

HTar 2: min p(ps, ;) = 0,25600 = p(ps, p4). Kitactepsr: @19, p34;

Tar 3: min p(ps, ;) = 0,26497 = p(vs, p3). Kimactepsr: @19, p345;
[Monyaaem 2 knacca K1 = {1, 02}, Ko = {3, 04, 05}

14 3akJjrodyeHue

Bo BBeiennn TpUBOIATCS PA3INIHBIE ITOIXO/IBI B H3yUeHUN (DOPMYIT MHO-
rosua4dnoii yioruku JIykacesuda. Pesysibrarom pabors! sBiisiercd Teopema 7
0 METPUKE C YIETOM yHOPAIOUEHNS JIEMEHTAPHBIX BHICKA3bIBAHII KaZKTHIM
9KCIIEPTOM, U3yUeHHAas aBTOPOM paHee B KJIACCHIECKOM ciiydae u Teopema 11
O METpPHKE, IMOCTPOEHHOI ¢ MOMOIIbIO cTerneHn pa3bpoca. [Ipuseiensr npu-
MEPHI C MMOICYETOM PACCTOSHUN MeXKIY POPMYJIaMy, CBUIETETHCTBYIONINE O
HOBH3HE METPUKH, U TpuBejeHa Teopema 15 0 mocTpoeHnn HOBOM (KOJLIEK-
TUBHOIT) METPUKH 110 yKe MMEIONUMCs. BBejieHbl Mepbl MH(GOPMATUBHOCTH
u HejiocToBepHocTn n Teopema 17, yKasbIBalomas Ha CBOHCTBa 9THX MeD.
[IpuBeieHbl AJTrOPUTMBI KJIaCTEPU3AINNA MHOTO3HAYHBIX (DOPMYJI IIPUA ITOMO-
I BBEJIEHHBIX PACCTOSHII U TPUMEDHI.
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S. G. Afanasyeva. Algebraic sets in divisible 2-rigid group.
We give a description of finite unions of special irreducible algebraic sets
in a divisible 2-rigid group such that these unions are algebraic.

K. Ahmadidelir. Non-associating graph of a finite Moufang loop and
its relationship with the non-commuting graph.

The non-commuting graph associated to a non-abelian group G is a
graph with vertex set G\ Z(G) where distinct non-central elements z and
y of G are joined by an edge iff xy # yx. The non-commuting graph of a
non-abelian finite group has received some attention in existing literature.
Recently, many authors have studied the non-commuting graph associated
to a non-abelian group. They have shown that some classes of groups can be
characterized (or at least order characterized) with non-commuting graphs.
Specially, Woldar has proved that all finite non-abelian simple groups can
be characterized with their non-commuting graphs.

Also, the author has defined the same concept for a finite non-
commutative Moufang loop M and tried to characterize some finite non-
commutative Moufang loops with their non-commuting graph and obtained
some results related to the non-commuting graph of a finite non-commutative
Moufang loop.

In this paper, we are going to associate a new graph to a finite non-
associative Moufang loop and call it non-associating graph of this loop and
try to derive its important and interesting graph properties and then to
determine its relationship with its non-commuting graph. We define this
graph as follows. Let M be a non-associative Moufang loop with nucleus
N(M). The non-associating graph associated to M is a graph with vertex
set M \ N (M) where distinct non-nuclear elements x and y of M are joined
by an edge iff for some z ¢ M we have [z,y, z] # 1.

S.S. Baizhanov, B.Sh. Kulpeshov. On ezpansions of models of 1-
indiscernible countably categorical weakly o-minimal theories.

We find necessary and sufficient conditions for an 1-indiscernible
countably categorical weakly o-minimal structure of convexity rank 1 or 2 at
expanding by an equivalence relation partitioning the universe into infinitely
many infinite convex classes to preserve both countable categoricity and
weak o-minimality.

O.V.Bryukhanov. On ascending HN N -extensions of polycyclic-by-
finite groups..

184
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It is proven a holomorph of a poly-ascending H N N-extension of a
polycyclic-by-finite group is isomorphically represented by matrices of finite
size over field of rational numbers.

D.Y. Emelyanov. Algebras of binary isolating formulas for simplex
theories.
Algebras of binary isolating formulas for simplex theories are described.

E. V. Grachev, A. M. Popova. Fuactorization problem of integral group
rings of finite groups automorphisms.

We present the factorization of integer group rings of finite groups. The
proposed factorization differs from the Zassenhaus factorization.

Y. Kiouvrekis. Agent-behavior system: An introduction to a topological
approach.

In this paper, we give a first definition about stable behavior through
topological approach using coalgebraic tools and notions. Also, we argue that
it is important to develop syntax and semantics of modal logics for reasoning
about multiple parties, creating a map of formal verification projects on
Digital Currency field and templates and languages which are suitable for
formal verification.

M. G. Peretyat’kin. First-order combinatorics and a definition to
the concept of a model-theoretic property with demonstration of possible
applications.

The work is devoted to the first-order combinatorics presenting a
conceptual foundation for investigations concerned the expressive power of
predicate logic. We give a definition to the concept of a model-theoretic
property, and specify in detail the pragmatic approach that turns out to be
the most adequate to the real practice of investigations in model theory.

N. A. Peryazev, I. K. Sharankhaev. Algebras of multioperations.
Ratios between superclones and algebras of n-seater multioperations are
considered.

A.G.Pinus. On vrestrictedly generated congruences and Skolem
restricted extensions of theories.

Universal equivalence for lattices of restrictedly generated congruences
and lattices of all congruences of algebras and an analogous result for lattices
of Skolem-restricted extensions of theories and lattices of all extensions of
elementary theories are proved.
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A. G. Pinus. Fragments of functional clones as a method of studying the
latter ones.
There is a review of the author’s results on fragments of functional
clones.

L. V.Ryabets, M.I. Goncharova. About E-precomplete Classes of
Hyperfunctions on Three-Element Set.

In this work, we consider the closure operator with the equality predicate
branching (FE-operator) on the set of hyperfunctions on three-element set.
With respect to this operator six closed classes of hyperfunctions are
generated. It is shown that these classes are precomplete.

M. Shahryari. A new characterization of q.-compact algebras.
In this note, we give a new characterization for an algebra to be q,-
compact in terms of super-product operations on the lattice of congruences
of the relative free algebra.

S.V.Sudoplatov. Classification of countable models of complete
theories: popular and philosophical aspects.

We consider main notions and steps related to the classification of
countable models of complete theories. These objects are represented and
illustrated within popular and philosophical viewpoints.

E.I. Timoshenko. On formulas on soluble and nilpotent groups.

Let G be the free group F' of rank 2 or the free metabelian group M of
rank 2 and P the set of all primitive elements of GG. First, there is a countable
set of I-formulas defining the set P however no finite part of these formulas
defines P. Secondly, two elements of the commutant [M, M| are conjugate by
some automorphism of M iff they satisfy the same 3-formulas. Thirdly, free
nilpotent groups of finite rank are homogeneous and partially commutative
nilpotent groups are (Q A-groups.

A. A. Vikent’ev. New model distances on logical sentences used expert
interpretations formulas of many-valued Lukasiewicz’s logic for collective
clustering of formulas from the knowledge base.

New model distances on logical sentences used expert interpretations
for formulas of many-valued Lukasiewicz’s logic for collective clustering of
formulas from the knowledge base are considered.
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