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Introduction

Algebra and model theory 12

The 13th International Summer School-Conference “Problems Allied to
Universal Algebra and Model Theory” was held on 23-29 of June 2019 at
the camping center “Erlagol” (Chemal district, the Altai Republic). The
School was organized by Algebra and Mathematical Logic Department
of Novosibirsk State Technical University (NSTU) and Sobolev Institute
of Mathematics of Siberian Branch of Russian Academy of Sciences
(IM SBRAS). This school was dedicated to the 90th anniversary of
birth of professor A.I. Kokorin and the 60th anniversary of professor
K. N. Ponomarev. The School was supported by Grant of NSTU (C19-2).
At the school-conference, there were participants from France, Kazakhstan,
Kyrgyzstan, and Russia. They made 26 talks. Within the school-conference,
the discussion on problems put in “Erlagol’s problem notebook” was held.

The Organizing Committee of the School-Conference



ITamsaru E. A. ITamgoruna

3a Bpems mporreitee Mexk ity 12-oit u 13-oit Dpiraronbekumu KoHGpEpeH-
musivu (B HOstOpe 2018 rosa) yimesn u3 )kusan Esrennit Augpeesua [lasto-
THH, 3aMeYaTeIbHBI MaTeMaTHK U 9eJIoBeK. Ero paboThl 1 paboThI €ro yue-
HUKOB COCTaBJIAIOT OJIHY U3 HamboJiee 3HAYUTENbHBIX cTpanut, CuOupCKoii
IIKOJIBI Teopun Mojieseit. OH CTOs/T Y UCTOKOB DPJI1aro/ibCKuX KOHMepeHImii
[0 TIOTPAHUYHBIM BOIIPOCAM YHUBEPCAJbHON aareOpbl U TEOPUU MOJIEJIEN,
ObLI HEM3MEHHBIM YJIEHOM OPI'KOMUTETOB TUX KOH(DEPEHINii, AaKTHBHBIM UX
yaacTHEKOM. OH HEOTHOKPATHO ITyOJTMKOBAJICS B TPY/IaX JPJIaroabCKUX KOH-
depennuit. Oaunnaamaras Kondepennus, mporreiras B 2015 romy ObLia mo-
csena ero 70-yieruio. Esrenuit Annpeesnd [lagroTnn HaBcerga ocTaHeTcst
B Hallleil HaMATH.

Opexomumem U yuacmHuKry

13-0ti Meotcoyrapodnoti wrorvi-kongepernyuu
“Iloeparurnvie 60NPOCH, YHUBEPCAALHOT AN2EODDL
u meopuu modeaeti”



Program of

13th International Summer School-Conference
“Problems Allied to Universal Algebra

10:00am—10:10am

10:10am—10:30am

10:30am—10:50am

11:00am—-11:50am

Noon—-12:20pm

3:00pm—3:20pm

3:30pm—3:50pm

4:00pm—4:20pm

4:30pm—4:50pm

5:00pm—5:20pm

and Model Theory”

June 24, Monday

Opening School-Conference

S. VINOKUROV  (Irkutsk, Russia), N.PERYAZEV
(Saint-Petersburg, Russia) “On mathematical works
of A. Kokorin”

Chairman S. Sudoplatov

K. PONOMARYOV (Novosibirsk, Russia)

“Multiplicative group of zero-characteristic field
with finite ramification (talk by A.Chekhonadskih)”

B. KULPESHOV (Almaty, Kazakhstan) “Vaught’s
conjecture for weekly o-minimal theories of finite
convexity rank”

M. SHEREMET (Novosibirsk, Russia) “Standard
interpretation of partial functions and multi-
functions”

Chairman S. Vinokurov
N. GALANOVA (Tomsk, Russia) “Symmetric cuts of
real closed non-Archimedean fields”

A.KaziMIROV (Irkutsk, Russia) “On difficulty of
multifunction standard forms”

A.ZAKHAROV (Novosibirsk, Russia) “Algebraic
varieties allied to  Gelfand—Dorfman—Novikov
algebras”

A. CHEKHONADSKIH (Novosibirsk, Russia)
“Algebraic aspects of gyroscopic stabilization”

F. DUDKIN (Novosibirsk, Russia) “F, residuality of
generalized Baumslag—Solitar groups”



School Program

10:00am—10:50am

11:00am—-11:50am

Noon—-12:50pm

3:00pm—3:20pm

3:30pm—3:50pm

4:00pm—4:20pm

4:30pm—4:50pm

10:00pm—10:50pm

11:00pm—11:50pm

Noon-12:50pm

June 25, Tuesday
Chairman V. Verbovskiy

A.Morozov (Novosibirsk, Russia) “On Sigma-
representable structures over the reals”

V. CHURKIN (Novosibirsk, Russia) “Splittable Lie
algebras of type G2 and stable matrices”

S. SUDOPLATOV (Novosibirsk, Russia) “Families of
the theories and their characteristics”

Chairman N. Peryazev

A.ZABARINA, E. FOMINA (Tomsk, Russia) “On the
set K,(G) in finite groups”

A.BALYUK (Irkutsk, Rossia) “On decomposition of
functions under finite fields to sums of products of
unary functions”

N. MARKHABATOV  (Novosibirsk, Russia; Nur-
Sultan, Kazakhstan) “Ranks for families of
permutation theories”

E. POROSHENKO (Novosibirsk, Russia) “Universal
equivalence of partially commutative Lie algebras of
some class”

June 26, Wednesday

Chairman A. Morozov

V.Roman’kov (Omsk, Russia), E.TIMOSHENKO
(Novosibirsk, Russia) “Verbally closed subgroups of
free solvable groups”

A.Pinus (Novosibirsk, Russia) “Universal algebras
and funtional clones (on scales of universal algebras
on fixed sets)

B. Poizar (Lyon, France) “Symmetries in groups
without involutions”



School Program

3:00pm—3:50pm

4:00pm—4:20pm

4:30pm—4:50pm

3:00pm—3:20pm

10:00am—10:50am

11:00am—-11:50am

Noon—12:50pm

3:00pm—3:50pm

4:00pm—4:20pm

4:30pm—4:40pm

Chairman V. Churkin
N. PERYAZEV (Saint-Petersburg, Russia)
“On algebras of operations and algebras of
multioperations”

E. GRACHEV, A.PoprovAa (Novosibirsk, Russia)
"Extending automorphisms of character fields to
automorphisms of integer group fields of finite
groups”

A.ZENKOV (Barnaul, Russia) "On o-approximability
m-groups”

June 27, Thursday

Chairman A. Pinus
A. BORODIN (Gorno-Altaysk, Russia) “To
homogroup theory-I"

June, 28, Friday

Chairman B. Kulpeshov

S. VINOKUROV  (Irkutsk,  Russia)  “Invertible
computations and polynomials of boolean functions”

A.NURAKUNOV (Bishkek, Kyrgyzstan),
A.KRAVCHENKO, M. SHVIDEVSKI (Novosibirsk,
Russia) "On lattices of quasi-varieties, varieties and
congruences”

A. SHEVLYAKOV (Omsk, Russia) “Model theory and
universal algebra in machine learning”

Chairman E. Poroshenko
V. VERBOVSKIY (Almaty, Kazakhstan) “Properties
of formula subsets of ordered structures”

Erlagol notebook: old and new problems

Closing School-Conference



K 90-yetuio co mHs poXKJIeHUS
npodeccopa A. . Kokopuna

Asn Usanosua Kokopun posuics 15 nosiopst 1929 roza B r. CBep/iytoBeke.
OKOHYMB CPEJIHIONI0 IIKOJIy, OH IOCTyIaeT B BoeHHoe yumuiie. [locie 3a-
Bepriienusi yaebor A. . Kokopun nanpasien na lansuuit Bocrok jyist mpo-
XOXKJIeHUsT JlasibHeeit ciayx0br B psajgax Coserckoit Apmun. OH CIyKUT
oduiepoM MOpPCKOii 1mexoTsl B I. [lopT-ApTyp BILIOTH /10 1eMOOUIH3AIIH.

[Tocie memobmmmsanuu B 1954 romy Asnum VBanoBud BO3BpalaeTcs B
CBepIOBCK, ycTpanBaeTcs paboTaTh Ha Y PAILCKII MAITUHOCTPOUTEIHHBIH
3aBOJI.

B sTom ke romy oH mocTynaer Ha 3a09HOE OT/eseHne (PU3NKO-MaTe-
MaTUYIeCKOro aky/abTera Y pajbCKOro rocyIapCTBEHHOIO YHUBEPCUTETA Ha,
cuenuaabHocTh “‘MartemaTruka’. C TpeTbero Kypca IMepeBOJUTCA Ha OYHYIO
dopmy 0OyueHUs U YBOJBHAETCA C 3aBOJIA, OJIHAKO M3-3a TIKEJIOTO MaTe-
PUAJIBHOTO TIOJIOZKEHUS TPYJIOBYIO JEeATETbHOCTD MIPOJIOJIZKAET, HO padoTaeT
y2Ke TPEHepOM II0 IaxMaTaM ¢ ILJIABAHUIO.

JlanbHeRy1o »KI3Hb [M0CJIe OKOHYaHUs Y PAIbCKOIO I'OCY/IapCTBEHHOTO
YHUBEPCUTETA U HAYIHO-IIEJANOTHIECKYI0 JedTebHocTh Ay VBanoBuda
MOXKHO pa30UTh Ha TPU MEPHUOIA.

Csepamosckuii mepuoz (1960-1964 rr.). C 1960 roga A. 1. Kokopus pa6o-
TaeT aCCUCTEHTOM, 3aTeM CTapIuM IpernoaBareseM B CBepyioBcKoM (u-
JInajie 3a09HOT0 MHCTUTYTA COBETCKON TOPTOB/IM M YUUTCHA B ACHUPAHTYPE
YpasbcKOro rocyapCTBEHHOIO YHUBEpPCUTETa. ¥Ydeba B acUUpaHType Ipe-
pBhIBaeTCs Ha OJMH rojl, B TedeHne kotoporo Ajm BanoBud paboraer y4n-
TeJleM MaTeMaTHKN B MOCETKOBOI mKose. B actupanrype Anm VBanoBua
I0JT, BJIMSTHUEM CO3JIaTesIsi YPaJIbCKOl ajrebpandeckoil TIKoJIbI Ipodeccopa
II.T'. KarTopoBria HaunHaeT 3aHUMATbCsI HOBBIM HalIPaB/IeHHEM B ajredpe
— YIIOPSIIOYeHHBIME IPYTIIaMi, OBICTPO CTaB JIUAEPOM ITOTO HAITPABICHMUS.
JlocTukeHus 9TOro nepmojia ObLIM HACTOJIBLKO 3HAYUTEIbHBI, UTO PE3YJib-
tarel (acnupantal) 6pum onybimkosanbl B Jokmamax AH CCCP. Cebuiku
Ha paborsl A. V. Kokopuna 3Toro mepmosia BCTpeYarOTCs MPAKTUIECKUA BO
BCceX MOHOTrpadusx M0 ajaredpandeckuM CTPYKTYpaM, CBI3aHHBIX C YIIOPSs-
JIOYEHHBIME IPYyTIaMA. 3a BpeMsl y4aedbl B aCIUPAHTYPE MO/ PYKOBOICTBOM
npodeccopa I1. I'. Kanroposuda Anu MBaHOBHY HOATOTOBMII KaHIMIATCKYIO
juccepranuio Ha Temy ‘Bompocsl yrnopgiaodenud rpynn’ u B 1964 romy 3a-
MIUTHJ €€ B JINCCEPTAIMOHHOM coBeTe HoBOCMOMPCKOTO yHUBEpCHUTETA.
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HoBocubupcknii nepuon (1964-1969 rr.). B 1964 romy Asm Vsanosud
o npurameHnio akajgemuka A. 1. MasbreBa nepees:kaer B HOBOCUOUPCK U
AxkasieMropo/iok, rjae HadnmHaeT paboTy Ha Kadeape ajaredpbl U MaTeMaTh-
Jeckoit Jiorukn HoBocubUpCKoOro rocy1apcTBEHHOIO YHUBEPCUTETA, CHadaJIa
crapimM npenogasareseM, 3arem gorearom. B HI'W A. 1. Kokopun unraer
CIEIKYPC 0 YIOPSI0UYMBAEMbIM T'PYIIIAM, BEJIET CEMUHAD HA ITY K€ TEMY.
Marepuasnl ero crenkypca “YnopsaounBaeMble TPYIIbI BBIXOJIAT B U3/1a-
tesibeTrBe HI'Y B 1966 ro1y. 910 OBLT 11epBbIii BBITYCK U3BECTHON cepun “‘Bub-
JImoTeka KadeIphl aaredpbl 1 MaTeMaTHIeCKOl JIOTUKKW ', T/e B JlaJbHeleM
BBINLIO 60s1ee 20 BBITyCKOB. Brioc/ieiIcTBUM 3TOT TEKCT CTaJ OCHOBOM KHUTH
“JIuneitno yropso4eHHbIe IPYIIIILI , BbIIE/Iel B u3mareabcTBe “Hayka’ B
1972 romy (B coasroperse ¢ B. M. KombrroBbim). 910 OblTa IIepBast KHUTA U3
BceMUPHO n3BecTHOM cepun “CoBpemenHast aareopa’.

B 50-e u 60-e roapl HponLIoro Beka OOJIBITIOE BHUMAHHE MaTeMaTHKOB
VJIEJISLIOCh TEOPETUKO-MOJIEIbHBIM UCCJIEIOBAHUSIM B ajredpe U MareMaTh-
1yeckoit jjoruke. B HoBocubupcke smu nccieoBanust IpoBOIUINCH T10JT PYKO-
BojicTBOM akajiemuka A. V. Masbiesa, u Ay Banosud, npuexas B HoBocu-
OUPCK, cpaldy Ke OKYHYJICS B 9Ty TEMATHUKY, BK/IIOYUB B CBOU MCCJIEIOBAHUS
BOIIPOCHI PA3PEITUMOCTH 1 3JIEMEHTAPHON KJIACCU(DUKAIINN TAKOW €CTeCTBEH-
HO¥1 JIOTUYIECKO# MOJIE/TN, KaK yIOPSI0UeHHas IPyIIa. JTO OTPA3UIOCh U Ha
ero yaenukax, H. I'. Xucamuene u I'. T. Koz/ioBe, 3a1uTuBIIMX KaH/I1IaTCKIE
nuccepranuu B HoBocubupckuit mepuos, — obe juccepraiun cojepKar pe-
3YJILTATDI 110 JIEMEHTAPHON TEOPUU PEIIETOUHO YIOPSI0UEHHBIX abe/IeBbIX

rpyIII.

Npkyrckuit mepuon, (1969-1987 rr.). B 1969 roxy Asm Vsanosud
[0 TPUIJIAIIEHUIO peKTopa VpKyTCKOro rocy/lapCTBEHHOTO YHUBEPCUTETA,
H. ®@. JloceBa nepeesxkaer B T. IpKyTCK M Ha MaTeMaTUYeCKOM QaKyJibTe-
Te VIpKyTCKOTO TOCYJapCTBEHHOIO YHUBEPCUTETa CO37aeT Kadeapy ajred-
pPbI U JIOTHKH. DTO BpPEMsl MOXKHO Ha3BaTb MEPUOJOM OCHOBAHUS ajredpo-
Jlorudeckoit mKoJtet T. pkyTceka, Beab A. V. Kokopun ObL1 epBbIM crierua-
JINCTOM TIO ajiredpe u MaTeMaTudeckoit joruke B pkyrcke. Ctas 3aBeyro-
M Kadeapoit, A BanoBud passuBaeT OypHYIO JI€SITEILHOCTD 110 Pas-
BUTHUIO aJIre€0PO-/IOTMIeCKOr0 HAIIPABJIEHUsI: OPraHU3yeT Hay IHbIe CEeMUHAPHI,
HaJIAYKUBAET u3jaHne COOPHIUKOB HAYIHBIX TPYIOB I10 ajaredpe, MaTeMaTde-
CKOI1 JIOTWKE U KHOEPHETUKE, IPOBOUT HAYIHYIO KOH(PEPEHIINIO BCECOIO3HO-
ro ypoBus. s obcyxaenuit mpoBoguMbiX B VIpKyTCKe HAYUIHBIX HCCJIEI0-
BaHUil MpUTJIAIIAIOTCA Beytue crenuaanctol u3 Mocksbsl, HoBocubupcka,
Jlenunrpasa, Kuesa, Kummnaesa, Csepjocka. Cepbesno A VBanoBud
OTHOCUTCS U K paboTe ¢ MOJIOJIEZKbIO: INTAET JIEKITUHU IIKOJIbHUKAM B JIETHEH
duznKO-MaTEMATUIECKOIT TITKOJIE; TIPUBJIEKAET K PabOTe CEMUHAPOB, & 3aTEM
U K HAYYHBIM HCCJIe0BaHUAM, CTyAeHTOB. AciiupanTtoB Ajn VIBaHOBUY BbI-
OupaeT M3 COOCTBEHHBIX BBIITYCKHUKOB MaTeMaTU4uecKoro (daxysiabrera. Bee
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ero actmpanTbl pKyTCcKOro neprojia (3a UCKIIOYEHUEM JIBYX, OKOHIHMBIIIHAX
HoBocubupckuii yHEBEPCHTET, 1 TaKKe ABJABIINXCS €10 YIeHUKAMN ), ObLIH
BBINTyCKHUKaMu VIpKyTCcKOro yHUBEpCUTETA.

B xpyr mayunbIx mHTEpecoB Kadeapbl BCET/Ia BXOIUIU BOIPOCHI, CBsI-
3aHHbIe ¢ TpuMeHeHneM DBM B oOpa3oBaHny n B IPUKJIAIHBIX HAYIHBIX HC-
cnefpoBanusgx. OcoOEHHO aKTHBHO 3TO CTAJIO MPOSBIATHCA ¢ KoHIa 1970-x,
Hagasa 1980-x romos, a ¢ 1984 roga kadeapa crajia Ha3bIBAThCs Kadeapoi
aJireOpbl, JIOTUKN U KHOEPHETUKH.

3a JO0CTHKEHMEe BBIIAIONINXCS HAYIHBIX PE3Y/JIbTaTOB U 3HAUUTE/IHHBIX
YCIIEXOB B CO3JIaHUU aJireOpo-jormdeckoit mkosbl Upkyrcka B 1981 rojuy
A. . KokopuHy OBLIO IIPUCBOEHO YUEeHOE 3BaHme IPodeccopa.

Kadenpoit A. V1. Kokopun pyKoBOIMI ¢ MOMEHTa, €€ CO3IaHnA D J1eKabpsi
1969 roga um o mociaenaux aHei cBoeil :xm3Hu. Ckondasics A. V. Kokopun
B Upkyrcke 22 okTsabps 1987 roja mociie TsKeIoil CKOpOTedHO# 0oJie3Hn
(moxoponen B CBepJIOBCKE).

B nayunoit nearespnoctu Asin VlBanHoBUYa MOXKHO BBIJIEIUTH IIATh Ha-
[IPABJICHU{T, KOTOPBIE TECHO IEPECEKAIOTCS MEXKLY CODOI.

Ilepsoe manpasienue — Teopus YIOpsJIOUeHHBIX rpymi. VccienoBanus B
9TOM HaIPaBJIEHUN AKTUBHO MMPOBOJMINCH ¢ Hadasa 1960-x m j10 cepeu-
bl 1980-x 10J10B, Korja ObLIa 3allUileHa KaHIUJIaTcKas JUCCEPTAIs ero
acrimpanTa B. @. Kieiimenosa. 3a 3ToT mepuoj uMm ObLia omnyoukoBana 21
pabora, u3 KoTophix 10 — 3a Bpems paborbl B I. CBepijioBcKe, 8 — B
r. HoBocubupcke u 3 — B 1. IpkyTcke.

Ero nepBasi pabora cojiepzkasia Te3uchl goKIaa Ha Bropyio Cubupckyio
KOH(DEPEHIINIO 110 MaTeMaTUKe U MeXaHuKe. JTa paboTa ObLIa IPOIUTHPO-
BaHa B m3BecTHOil MoHOrpadwuu JI. Pykca “HacTudHo yropsiaovueHHbIE aJl-
rebpandeckne cucteMbl’. B Te3ncax aHOHCHPOBAJIOCH JOKA3aTEIbCTBO CY-
IIECTBOBAHUS JIMHEHHO YIIOPSI0UYEHHON IPYIIIBI ¢ €IUHCTBEHHBIM CIIOCOOOM
yropsiodennsi. Opaako moaxos, npejoxkeruniii A. V. KokopunabiM, peasim-
30BaH B JlajibHelneM He ObL1. Ho BCE ke, cylecTBOBaHNE TAKUX TPYIIIT OBLIO
oJIy9eHo 1epe3 HecKoJibKo JjeT B. Jlyrabom u B. B. Biyosbiv.

B 1962 roxy e emé Tpu padborsr A. . Kokopuna, KoTopble BOILIH
B €r0 KaHIMIaTCKYIO aucceprannio. OTMeTHM, 9YTO B OJIHOM M3 HUX paccMar-
PUBAJICST TIOJTYOTHOPOJIHBIN TIOPSAIOK (KOTOPBIHA MOYKET MEHATHCSI HA TPOTU-
BOIIOJIOKHBIN TIPU yMHOYKEHIN HEPABEHCTBA HA OOIINIT KpATHBI 97eMenT). B
TO BpeMsi 9TO ObLIO HOBBIM HAIIpaBJIEHUEM B TEOPUU HEKOMMYTATUBHBIX YIIO-
pAI0UUBaEMbIX TPYII, W OHO HAIJIO MPOJIO/IZKEHNE TOJIbKO B KOHIlE 1970-x
rojioB, korna Ay Vpanosud paboras B MpkyTcke.

Emé onno nampap/ieHEEe B TEOPUH YIOPSIOUYUBACMBIX I'DYIIT CBA3aHO €
M3yYeHNEeM BO3MOXKHOCTU IPOJIOJIZKEHNS YACTUIHBIX TOPATKOB 0 TTOJTHBIX
(JIMHEHHBIX ) TIOPSAIKOB. [ Py, B KOTOPBIX TAKOE IIPOJIOJIZKEHIE BCErIa BO3-
MOKHO, Ha3bIBAIOTCS JIOYIOPSA0UYNBaeMbIMU. M XOTd TOHATHE TOYTIOPSI0-



K 90-ytetuto co jasi poxkgennst npogeccopa A. U. Kokopuna 11

YrBaeMoil TPYIIIBI BOZHUKIIO B 1950 roxy B paboTax sIMOHCKOTO MaTeMaTHKa
Onucu, OCHOBHBIE PE3Y/IBTATHI IO TEOPUU JIOYTIOPSIOINBAEMBIX TPYIIT OBLITH
nosiyaersl B 1960-x romax. U 31ecy ormerum padorsr M. U. Kapramososa,
A. . Kokopuna n B. M. Konbrrosa. Heckosbko pador A. . Kokopura, BbI-
nosinennble B HoBocubupcke, OBLIM MOCBAIIEHBI CBOWCTBAM OTHOCUTEIHHO
BBIITYKJIBIX TTOATPYIII.

[To sTomy mampasiennto 1o, pykosojctsoM A. V. Kokopuna 6b110 3ammu-
mieno e jauccepramuu: B. B. Biynoseim u B. @. KieiimenosbiM (cOpyKoBO-
murens B. B. Buynos).

Bmopoe nanpasaenue nayunot deameavrocmu A. H. Koxopuna — yHUuBEp-
caJIbHbIE W PACIIUPEHHBIC TEOPUU YIIOPSIOUCHHBIX IPYII, KOTOPBIMH OH 3a-
HUMaJICs, B ocHOBHOM, ¢ 1963 mo 1970 roxa. Ilo sTomy HalpaB/ieHHIO OITyO-
JINKOBaHO 5 pabot, u3 HuX oxHa B CUBepmoBckuii mepuoi, Tpu — B HoBo-
cubupckuit nepuoj u ogHa — B VIpKyTcKuit mepuoji, yuYeHuKaMu 3aluiieHo
nee juccepranuu — H. I Xucamuessim (copykoBosuress A. /1. TaiitmanoB) u
I'. T. KozioBbiM.

Tpemwve wanpasaenue naywnoti deameavnocmu A. U. Koxopuna — pac-
[IMPEHHBIE TeOpUH U BOMpOCchl paspemtumoctu (19691981 rr.). Omy6in-
koBaHo 14 pabor, u3 uux ojauHa B HoBocubupckuii mepuos, a ocCTasIb-
uble — B VpKyrckuii mepuoji. YUYeHMKAMU 3alluileHo 6 KaHMJIaTCKUX
gucceprammii — FO. I Ilensunbiv, B. 1. Maprbsaaoseiv, A. M. Ciioboackum,
9. . ©®puamanom, H. A. Ilepszesbim, 3. A. Jlynarosoii. NcceenoBanue pac-
IIUPEHHBIX Teopuil U BorpocoB paspertumoctu s A. V. Kokopuna 66110
ocHoBHBIM B UpkyTckuit nepuoj. B 310 BpeMs oH yjesissi OOJIbIIOe BHUMA-
HUe y4eHuKaM, co3jiaBad B VIpKyTCKe ¢ HyJIs HAYIHYIO aJIredpO-JIOrMTIecKyIo
mkosty. [louTu Bee myOmKaym B 5TOM HAIIPABIEHUH HATUCAHBI IM COBMECT-
HO ¢ ydeHukamu. /IBe craTbu mMeroT OO30pHBIN XapaKTep W HAIUCAHBI 110
pe3yabTaTaM IJIeHapHBIX JOKJIAJIOB, C/IeJIAHHBIX Ha Bcecoro3nbix kKondepen-
[USX 110 MaTeMaTudeckoil joruke. OqHa U3 HUX OMyOJIMKOBaHA B IMPECTHK-
HOM MaTeMaTHUIECKOM KypHaJie “Ycrexu MaTeMaTHIecKuX HayK COBMECTHO
¢ A.T. [Tunycowm.

Yemesepmoe nanpasienue vayunot deasmeavrhocmu A. U. Kokopuna — tpu-
menerne DBM B anrebpe n maremarmaeckoii oruke (1975-1985 rr.). Dro na-
[paBJIeHne B OCHOBHOM paspabarbiBajn ydeHuku Ajm VBaHoBuda, nmpu ero
HEIOCPEICTBEHHOM DPYKOBOJICTBE. YUYeHUKAMU OBbLIM 3allUIIeHbl 3 Juccep-
raruu: 1O. [1. Bacunbebim, B. U. BommonoseiM, A. B. Manmusooit. Ory6-
JINKOBAHO TOJIBKO JiBe pabOThI, MPUYEM CTaTbs, HAIMCAHHASA COBMECTHO C
B. B. Bity1oBbiM, HOCHT 0030PHBIIl XapaKTep U BBIINLIA B U3BECTHOM KHEB-
ckoM Kypaase “Kubeprernka’
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Iamoe nanpasaenue nayurot deameavnocmu A. M. Kokopuna — marema-
THYeCKOe MOJIeIMpOBaHue 00IecTBeHHbIX mporieccoB (1985-1987 rr.). Ore-
JeCcTBEHHAs UCTOPHS, PEJINTHUS, XPUCTUAHCTBO U A3bIYeCTBO Ha Pycu Bcerja
Bxojman B Kpyr uaTepecoB A. U. Kokopuna. Tricauenerune kperenus Pycn
(1988 r.) oH BOCIIPUHUMAJI KAK JIaTy CEPhE3HOTO COOBITHSI B UCTOPUU PYCCKOI
roCy/IapCTBEHHOCTH, IIO9TOMY IIE€peJ] ITOH JAaTOi MHOT'O 3aHMMAJICS BOIIPOCA-
MU PEJIUTUU, MOJICJIMPOBAJI TIEPEX0JT K € IMHOO0XKUIO0. {1 mocTpoenns mare-
MaTHUYIeCKON MojIe/n epexo/ia ot noymrensma K Mmonoren3my A. V. Kokopun
UCIIOJTb3YET HOBYIO JIJIsi HErO 00J1acTh MareMaTuku — Teopuio urp. [locrpo-
eHHasg UM MOJIe/Tb MEePEX0/a OT sA3blUeCcTBA K XPUCTUAHCTBY B BUJIE ITO3UIIU-
OHHOIT UT'PBI 3aMHTEPeCcOBaJIa NCTOPUKOB U pesiuruoBeioB. B asrycre 1987 1.
B Mockse npoxogun VIII Mexynapoabiit KOHIpece 10 JIOTUKE, METO/I0-
jiorun u umocopun Hayku. O 6611 oprannzoBan Axajemueit Hayk CCCP
ot arujioit OTjesienus JIOruku, Merojoorun u dpusocobun nHaykn Mex-
JIYHAPOJIHOTO coto3a ucropun u duiocopun nayku. [IporpamMmubiit Komu-
rer npurytacuit Ay IBanoBu4a nNpuHATH ydactue B pabore KoHrpecca. Ajm
VBanoBuY NpuHS TPUTJIAIIIEHNE W BBICTYIUI € JIOKJIAJ0M, B KOTOPOM JIAJT
000CHOBAHME TIOCTPOCHHON UM MATEMATHICCKON MOJIE/IN MEePEXo/ia OT TOJIU-
Ten3Ma K Monorenzmy. K coxkasieHuio Tskesiast 60Je3Hb IpepBasia 9TU UCCIIe-
soBanust. Ayin VIBaHOBUY BCETO HECKOJTBKO MECSITIEB HE JIOXKIIT JI0 ODUITHA b
noro npaszanoBanusg 1000-metust kperenust Pycu. Oun ycres omy0/nKoBaTh
10 9TOMY HAIIPABJIEHUIO TOJILKO J[BE€ PAOOTHI, a €Ille OJIHa CTaThs 0DOpMIIeHA
u onyosmkoBana B. 1., Tapacosoii yxe mociie emeptu A. 1. Kokopuna.

A. /. KokopuH HE TOJIBKO IMOJIyYaJ Pe3yJbTAThl, HO U CUCTEMATHICCKH
myOJINKOBaJI OTKPBITHIE BOIIPOCHI 110 Teopuu rpynn B KoypoBckoit Terpa/in,
1o Teopuu KoJierl B JIHecTpOBCKO# TeTpa/i U 110 MaTeMaTUIecKOl JIOTUKE B
Jlormueckoit TeTpa/u.

B mnacrosmee Bpems Haydnas mkoia A. . Kokopuna cocrour wus
HECKOJIBKUX JIECATKOB MaTeMaTUKOB, IMEIOINX YUeHbIe CTEIIeHN, BOCEMb U3
KOTOPBIX JIOKTOpa HayK. Dosibiasg nx gacth cocrasisger VpKyTckyio Hayd-
HYIO IITKOJIy 110 ajredpe, JJOTHUKe U KHOepHETUKE.

II. E. Anaes, B. B. Baydos, A. B. Bacuaves,

A. A. Buxenmuwes, C. @. Bunoxypos, C. C. [onuapos,
@. A. Jlyoxun, I'. II. Ezopwiues, FO. JI. Epwos,

B. H. ?Keasbun, B. M. Konwmos, B. JI. Masypos,

JI. JI. Maxcumosa, H. J]. Mapxrabamos, U. A. Maavues,
A. C. Moposos, C.II. Odunuos, B. H. [lanmenees,

H. A. Ilepases, A.I. [Tunyc, A. M. Ilonosa,

B. I Ilyzapenxo, H. C. Pomanosckuti, A. H. Packun,

A. U. Cmyxaues, C. B. Cydonsamos, E. U. Tumowenxo,
H. I Xucamues, B. A. Yypxun, M. B. [llsudedcru



K 60-aetuio mpodeccopa K. H. IlonomapeBa

Croé mectumecarunaerne 6 okTsiopst 2018 rojga oTMeTH I JOKTOP (GU3UKO-
MaTeMaTHYeCcKuX Hayk, mpodeccop Kadeapbl aaredpbl U MaTeMaTUIeCKO
sgoruku HI'TY Koncrantun Hukonaesuu [Tonomapés.

OkoH4YMB MexaHUKO-MaTeMaTudeckuit pakyabrer HoBocubupckoro rocy-
nmapcrBennoro yuusepcutera B 1980 romy, K. H. [lonomapés nmocrynmia B ac-
nupaaTypy Uucrturyra matematruku CO AH, e ero pykoBoguTesaem craii
MU3BECTHBIN crieruaucT 1o Teopun rpynn B. H. Pemecnennukos. B acttupanT-
CKUe T'oJIbI ObLIM TI0JTYYeHbI OCHOBHbBIE PE3Y/IbTaThl KaHIUIATCKON JinccepTa-
nun Koncrantuna Hukomaesuua “AbGcTpakTHble M30MOPGMU3MBI Pa3PEIy-
MBIX aJiredpandeckux rpyiir’, 3amuméeénnoit B Muncke B 1987 rogy.

Bonee Tpuanaru Jsier Koncrantua HukosaeBnd mocBaTHII TIperiojiaBa-
tesibekoit pabore B HITU-HI'TY, npoiiis Bce cTymneHn oT acCHCTEHTa 0
npodeccopa. B mepuozn ¢ 2007 mo 20091. on 3aBemoBas Kademapoit AuMJI,
Ha KOTOpOil paboras ¢ MoMmeHTa e€ co3manust B 1992 romy. Ilommepzxku-
Bas KypC Ha COBMeEINEHUE MeJAarOrnvecKoil U UCCJIe0BaTe/IbCKOl paboThI,
K. H. I[lonomapés 3amurua B 1998 romy mokTopckyto muccepranmio “I'pym-
[IOBBIE CBOWMCTBA pa3peluMbix ajaredpandeckux rpymnir . [Tomumo paszperm-
MBIX aJIre0pamdecKux IPYIII, B 00J1aCTh HAYIHBIX HHTEPECOB I00UIsIpa BXO-
JIAT HOPMUPOBAHHBIE M JIOKAJbHBIE 10JIs1, ajaredpbl JIu, HeacconmaTuBHBIE
KOJIbIIA U Pa3/IMIHbIe BOIIPOCHI 00IIeil aaredpbl. Kro pe3yabrarsbl HAILIH OT-
pakeHue B BOCBMUJIECATH HAYUIHBIX IyOJIUKAIMAX, & TaKxKe B TPEX MOHO-
rpacdusax, namnedaranubix B HI'TY ¢ 2007 mo 2016 rr. Y4yacTHUK MHOXKECTBa
MeKIYHAPOIHBIX ajiredpandecknx KoHdepeniuit, Koncrantun HukosraeBua
coBmecTHO ¢ mpocdeccopom A. T Ilunycom B TedeHme aBeHAIATH JIET OBLI
copykoBojTesieM MeskiyHapoiHoi JieTHeil 1mikoJibl “IlorpanndHbie BOpo-
ChI aJIredphl U TEOPUU MOJIe/Ieil”, TPaJIUIIMOHHO TPoBo Mot Ha baze HI'TY
“OpJrarosr’.

[MIupoka u reorpacdusa Hayunoit nearenbroctu K. H.Ilonomapésa. On
nojiiepKuBaeT cBa3u ¢ ajarebpaucramu Cankt-Ilerepbypra, Mocksbl, Mun-
cka, ['epmanun, Typrun, FOzxnoit Kopen, CIITA n Kanaapr. B kagecTBe npu-
riatennoro jekropa B 2001-2002 rr. on paboTay B ITreiiCKOM YHUBEPCUTETE
(U3mup, Typrus), a B 2004-2006 rr. — B 10:KHOKOPEHCKUX YHUBEPCUTETAX
Kpanr-fura u [lToxanra. Cpean MHOruX pe3yabTaToB — JIBe 3alllUINEHHBIE
1o/, pyKoBoJicTBOM 10obuisipa PhD nuccepranun.

Hayunas pabora K.H.IlonomapéBa HeEOIHOKPATHO IOJJIEPKUBAIACE
rpanTtamu MuHHCTepcTBa U1 PODU, a ero Tpyjsl B HayKe U 0Opa30BAHUU
OTMEYeHbI IPaMOTAMU MUHHCTEPCTBA, 00/IACTHONW aIMUHUCTPAIIUN U PEKTO-
para HI'T'Y.

C camoro Hagaja cBoeil memarorndeckoit paborer Koncrantma Hukomae-
BUY CTPEMUJICS PA3BUBATH OPUTHUHAJbHBIE 3(DMEKTUBHBIE CIIOCOOBI ITPETO/I-
HeceHUsl MaTepuaJia, Oy/ib TO ajaredpa, aHau3, JUCKPETHAS MaTeMaTUKa, U

13
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MEeTO/IbI onTuMu3alun. VcKmoauTe/IbHO IEHHON OKa3aJiach 9Ta ero crocob-
HOCTDb B 1990-€ rojinI, KOT/1a HAILIBIB CTYIEHTOB 3209HOI0 00y YEHUsT TIOCTABUT
110/, COMHEHUE TIPEXKHUE CIIOCOOBI ITperoiaBanus. K cqacTbio, MHOTHE U3 €ro
[eJIArOrNYeCKUX HAXOJIOK U3JI0XKEHBI B psijie yIeOHO-MEeTOINIeCKUX TT0COOMiT,
a BCE CKazaHHOe BMecTe ¢ yuéHbIM 3BaHueM mpodeccopa (2000 r.) npusecso
K. H. [TonomapéBy 3ac/iyKEHHBIN aBTOPUTET CPEIU KOJLIEr U CTYJIEHTOB.

Tosapuriam Koncrantun HukosaeBud n3BecTeH KakK HCKIIOUUTEIHHO OII-
TUMHUCTUIHBIN, JTOOPOXKEIaTeIbHBII M OT3BbIBUMBLINA Ue€JIOBEK, ITPEKPaCHbI
CEeMbsIHIH; COBEPIIINB B IOHOCTH BBIOOD MEXKIy MY3BIKOI (B aKTHBE I00HIIIPa
OKOHYAHNE My3bIKAJIbHOIO YUUJIUINA 110 KJaccy (hbopTennaHo) u aarebpoit B
MOJTb3Y MOCJIeTHEN, OH OCTAJICA TIPEJICTaBUTEIEM BBICOKOH Ky/IbTypbl. Hemyr,
OT'PAHUYMBAIONIUN €ro MOJABUXKHOCTL B TIOCJIEJIHUE JIECATUJIETUS, HE T03-
BOJIMJI €My HapalliBaTh CIHOPTUBHBIE JOCTHXKEHUS B JIBIZKHBIX NOHKAaX, HO
HUKAK HE OTPA3UJICS HU Ha €ro Xapakrepe, HU Ha MPOodecCHOHATBHON KBa-
JinbUKaIUu, HI HA OTHOIIEHUSIX C COCYKUBIAMU U CTY/IC€HTAMHU.

Jlosirux u 1I10J0TBOPHBIX JIET, 3J10POBbs u OJtaromnosryunst Bam, Koncran-
tua Hukosraesuu!

II. E. Anaes, A. B. Bacuaves, A. A. Buxenmuoes,

C. C. I'onuapos, @. A. Jlyoxun, FO.JI. Epwos,

B. H. ?Keasbun, B. /[. Masypos, JI. JI. Maxcumosa,

. A. Maavues, H. /[. Maprabamos, A. C. Moposos,

C. II. Odunuos, A. I unyc, E. H. [lopowenxo,

B. I IIyzapenko, H. C. Pomanoscrxuti, A. H. Packun,
A. U. Cmyxaues, C. B. Cydonaamos, E. U. Tumowenxo,
H. I Xucamues, /1. I'. Xpamuos, B. A. Yypxun,

M. B. lllsudegcru



K TEOPUU I'OMOI'PYIIII-I

A. H. Bopoaun

lopro-Anraiickuit rocyIapcTBEHHBI YHIBEPCUTET
yit. Jlenkuna, 1, r. opro-ATaiick,
649000, Poccus

e-mail: SerajSova@yandex.ru

1 Omnpenenenne peHOMEHOJIOTTIECKOI
CUMMETPHUHN YHUBEPCAJIbLHOI aJaredpbl

OCHOBHBIM 00BEKTOM U3y9eHUS B 3TOH CTaThe ABJIsieTcss (DeHOMEHOJIOI -
JecKasl CHMMeTpust, urpakoiias dpyHIaMeHTalIbHy0 posib B dusuke [1], 2]
u reomerpuu [3]. B pabore omucanbl heHOMEHOJOINIECKH CHMMETPUYHBIE
aareOpbl panra 3 MaJoro ImopsiiKa, IIOCTPOCHHBIC Ha OCHOBE MOMOIPYIIIL.

[IpoumocTpupyeM (hpeHOMEHOJIOTHYECKYIO CUMMETPHIO ILIOCKOCTH EB-
KJIUJIa CJIeJYONIM [IPUMepOM, Tpe/iozkeHHbIM B [3| Muxaitmnaenko I.T. B
JIEKapTOBOIi CHCTeMe KOOpAMHAT (I,y) KBaJpaT paccTosHus p(i,]) MekKy
OOBIMHI JABYMsT €€ ToUKaMu ¢ = (2, ;) U j = (x;,y;) 3anaéres byHKImeR

fG,3) = p°(0,5) = (@i — ;)" + (yi — ;). (1)

BosbMéMm Ha 1tockocTu EBK/MIa TpU MPOU3BOJIbHBIE TOUKH 1, J, k. Pac-
crosiaust f(i,7), f(i,k), f(j, k) Mexky TpeMst IPOU3BOJIBHBIME TOYKAMU 1, J,
k nmockocru EBK/nia He CBI3aHbI MKy CODO0I HUKAKON (DyHKIIMOHATBLHOMN
3aBUCKMOCTBIO. OJIHAKO, ecyin BMeCTO EBKJINI0BOM TIIOCKOCTH Mbl BO3HBMEM
IpsAMy0 L, TO MeXK/ly STUMHU PACCTOSHUSIMU CyNIECTBYeT (byHKIIMOHAIbHAS
CB#A3b, BbIparkaeMasi ¢ IOMOIIbIO onpejenuress Keaun — Manrepa nopsyika

4:

0 1 1 1
10 S fGR) |
L fGg) 0 fGky | 2)

L fQ,k) f(.k) 0

rae f(ij) = x;— ;. BosbMem Ha miockoctu EBK/na deTbIpe IPON3BOIbHBIE
TOYKH: ¢, ], k, [, — ¥ 3amuIeM Jijisi HUX IeCTb 3Ha9eHUIl METPUICCKUX (DYHK-

it (2): f(¢,7), f(i, k), f(i,0), f(4,k), £(4,0), f(k,l). Xopormo u3BecTHO, 9TO
IeCTh B3aNMMHBIX paCCTOHHI/Iﬁ MeK1y JIIOOBIMU YEeTbIPbMA TOYKaMMN €BKJIN-
JIOBOIT IIJIOCKOCTH (DYHKIIHOHAIBHO CBS3aHbI, 0OpAaIIiast B Hy/Ib OIIPEIETHTEDb

15



16 A. H. Bopojuu

Ksau — M»snrepa nopsiaka b:

0 1 1 1 1

Lo fg) fGk) f(,0)

Lofg) 0 fUk) FUD | =0 (3)
Lof@,k) f(G.k) 0 f(k]I)

Lof@ ) fG.0 fk1)

[eomeTpuvecKnit CMBICJI COCTOUT B TOM, YTO O0ObEM TETpadIpa ¢ BEPIIU-
HAMU, JICXKAIIMI Ha, IJIOCKOCTH, PaBEH HYJIIO.

B coorBercrBum ¢ TepmuHOsIOrHEil, npuHATOR B [1], coorHOMmeHus (2) n
(3), BBIpazKaoT (heHOMEHOJIOIMIECKYIO CUMMETPHO EBKJINIOBOI ILIOCKOCTH
U IIPSAMOM.

[Iycts A = (A,0) — anrebpa na ocHoBHOM MHOXKecTBe A, a T (A) —
COBOKYITHOCTH BCEX €€ TePMAJIbHBIX OTE€PAITHil.

Omnpenenenne. Byjiem ropoputs, ato airebpa A genomenonrozuvecku cum-
mempuuna panea 3, ecim B T (A) cyiecTByOT TaKie TepMaJIbHBIE OTlePaIin
t1, ta, k (repnapHasi, OuHapHasl U HyJISpHAs), JJisi KOTOPBIX UMEET MECTO
TOXKJIECTBO:

t(ta(w,), ta(x, 2),ta(y, 2)) = k. (4)

U3 paccMOTpEeHHBIX BBIIIE IPUMEPOB U OlpejesieHns (DEHOMEHOIOT U e~
CKU CUMMETPUYHON asjreOpbl, BUJIHO, YTO TepMaJibHbIe oreparuu to, t1, k
CYTb HE YTO MHOE KaK MeTpudecKas (pyHKIusd, onpeaeaureab Kaan — Man-
repa, npuuém k = 0. Tepmasnbubie onepanuu ti, to, k, paccmarpuBaeMbie
BMeCTe C OCHOBHBIM MHOXKeCTBOM A, ylnoBjerBopsitorye Tox,1ectBy (4) 06-
pPa3yIoT IPOU3BOIHYIO CTPYKTYPY — TepMaJIbHYI0 ajiredpy. Takum obpazom,
9Ta TepMaJibHas ajiredpa ecTb He YTO MHOE, KaK I'e€OMEeTPUs UCXOJIHON YHU-
BEPCAJILHOI AJIreOPhI.

[Toyrpymmoii, KaK U3BECTHO, HA3BIBAIOT aredPy ¢ CUTHATYPOIl COCTOSI-
et U3 oJIHO¥ OMHAPHOI onepaluu, yJI0BIETBOPSIONIEH TOXKIECTBY aCCOIIU-
aruBHoctH. [losyrpymma, obsiaaomas HedTpaaIbHBIM 9JIEMEHTOM, €CTh MO-
nou . I'pynmoit KieitHa Ha3pIBAIOT TaKyio T'PYIILY, B KOTOPOIl BBITIOJTHSIETCS

TOZKIIE€CTBO
2 =e, (5)

rie € — €€ HeUTpaJIbHBIM SJIEMEHT.

Jlerko mokasarb, 4TO BCAKHUIA MOHOM/I C TOXKIeCTBOM (1)) siBJIsleTcst TpyI-
noit Kiteitna.

[omorpymioii, HasbBaeTCs TaKas IOJIYTPYIINa, y KOTOPOil CyIIeCTByeT
ujeadt, apysomuiicsa rpymmnoif. O4YeBHIHO, 9TO BesKask IPYIIIA ABJISAETCS T0-
MOI'PYUIION.
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[Iycte N = (A, 0 = {xy, k}) — anrebpa, curaarypa o KOTOPOH COCTOUT
13 OMHApHOI acCOIMATUBHON Olepalu ry W HYJIAPHON oneparuu, (pUuKCcu-
pyloleil HEeKOTOPBIi, He 00g3aTe/IbHO HERTPAJILHDIN, 3JIeMEHT k, yJI0BJIETBO-
PAIOIINX TOXKJIECTBY:

2? = k. (6)

Yepes N (n) o6o3HAYMM COBOKYIHOCTH BCEX TaKUX aarebp y KOTOPLIX
MOIIIHOCTb PaBHA N, Tjie N — JII000e HATYPAIbHOE YUCTIO.

2 Hekoropsie Teopembl s anaredop u3 N (n)

Teopema 1. kx = xk. Jlaa aobozo v € N.

Jloxazamenvcmeo. Vlcnonb3yem accolmaTuBHOCTb 1 TOXK1ecTBO (6)):

rk = x(zx) = (xx)x = k.

Teopema 2. k™ = k, 2de m — aboe namypasvHoe “ucao.

Zloxazameavcmeo. JlokazaTeabCTBO SIBISIETCA ITPOCTBIM CJIEJCTBUEM TOXK-
JIECTB ACCOIUATHBHOCTH, (6)) U MHIYKIMA IO IIary m. O

Teopema 3. Beaxas anzebpa uz N (n) codeporcum nodanzebpy, womopas
asasemcs epynnoti Kaetina.

Jlokasamenvcmeo. ObozuadnM depes I MHOXKECTBO 9JIEMEHTOB Buja: kT, e
x € N. OueBuzno, uro I C N u asasercst nopaare6poit N, 1OCKOJIbKY,
¢ yaerom teopembl 2, (kz)(ky) = kk(zry) = k(xy). Ho ecam smement k
Juist Beeit anre6psr N MoxkeT He ObITh HeHTpasbHBIM, TO JIJIsl TIOJAIreOpbI

I o TOYHO SBJISIETCS TAKOBLIM, ITOCKOIBKY (kz)k = k(kz) = k. Takum
obpaszoM, mojaarebpa I, Oyay<ar MOHOHJOM C TOxkaecTBoM (6), siBisercs
rpymmoit KireitHa ¢ KoHCTaHTO# k& BMECTO €IUHUIIBI. |

Teopema 4. Besaxas anzebpa us N (n) PenomMenorozunecku cummempuima
parea 3.

Zoxazameavcmeo. Onupasich Ha TeopeMbl 1, 2 u 3, nMmeeM:
k= (kx)*(ky)*(kz)* = k(zy)k(z2)k(yz) = (xy)k(z2)(y2).

Tak kax (rz)? = k, B utore nosyqaem (zy)(z2)3(yz) = k. Eciu B nocie-
HeM PaBeHCTBe TOJIOKUTh ¢ (u, v, w) = uvdw, a to(x,y) = Ty, TO HOJYIUM
TOXKJIECTBO (4), 9TO U JTIOKA3BIBAET TEOPEMY. O
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Teopema 5. [lodaszebpa I asasemes udearom anzebpu uz N(n) .

Jlokasameavcmso. Ilycts y € N, torma y(kr) = k(yz) € I, (kx)y =
k(zy) € I, To ectb NI C I, IN C I. Yro u J0Ka3bIBae€T TEOPEMY COIJIACHO
OIIpEJIEJIEHUIO HJIeaIa. a

Takum ob6paszom, u3z TeopeMbl 1 u 5 cieyer, uro anrebpol uz N (n) sB-
JIIOTCsl TOMOrpynnamu. VI3BecTHBI ciiejiyionye pe3yIbTaThbl O TOMOIPYIIax
[4]: ecsiu mosryrpynna obsaaer ugeanom I, ABAAIOIMMCS TPYIOii, To I co-
JIEPIKUTCS BO BCAKOM JIPYTOM UJeasie 9Toi nosryrpynibt. JIpyrumu cioBamu,
I sByisiercss MUHUMAJILHBIM UJEAJIOM B COBOKYITHOCTU BCEX UJIEAJIOB IOJIY-
IPYIIBI, OTKY/A CJIEIYeT, YTO MOJIyIPyIIa MOYKET UMeTh He 0oJiee OJIHOTO
ujieasia, sABJISIONIErocs IPYIIIO.

3 Kuaccudukamus romorpynmn u3 N (n),
anga n=1,2,3

Knaccudukanuio OyieM MpOBOIUTH, OMMPasiCh HA MOHATHE MUHHUMAJIb-
Horo ujeasa. Ilo reopeme 3, MuHUMAILHbIE Heaanl anredp u3 N (n), GyayT
rpymmavu Kieitna. ['pymmbsr Kireitna xopormmo nsydensl. M3BecTHO, 9TO BCe
rpynnbl Kieftaa ojHoro mopsiaka m3oMopdHbl MexK 1y coboit. CyriecTByior
rpynnbl Kieitana opsaka 2m, e m = 0,1,2,....

n = 1. CymecrByer TOJBKO OJ/IHA OJIHO3JIEMEeHTHas aJirebpa paccMaTpuBa-
emoit curaaTypbl. OYeBUIHO, YTO OHA SIBJIAETCS OJHOIJIEMEHTHOM T'PYIIIOit
Kieitna. Beném g meé obosnadenne 1.

n = 2. Ocuoroe muOKecTBO A = {k,a}. B srom ciryuae, MUHUMAIbHBIMIE
njeaaMu sipjsiiorcs Ip u rpynna Kireiina mopsiaka 2 (0603HaunM eé uepes

L):

a

k
[21 k| k

[1i a
alalk

|

B cuiy Toxecrsa (6)) u reopemst 5, B copokynuoct N (2) cymecrByer
TOJILKO OJTHA 2-X dJIeMEHTHas ajredpa c umjeasioMm [1, Tabymia Ksan nmeer
BT

k|a
k1 k|k
alk |k

Jlns neé BeeéM oboznavenue N7
Takum obpasoM, cripaBeJIMBa CJIE/IYIONas TEOPEMA.
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Teopema 6. Cosoxynmnocmo N (2) ¢ mournocmovio do uzomoppuzma cocmo-
um us zomoepynn N u I.

n = 3. Ocuosroe MHO)KecTBO A = {k,a,b}. Tak Kak He CylIeCTBYET TPYIIIIbI
Kuteitna nopsiaka 3, MEHEMaJbHbIE ujeatabl anre6p u3 N (3) aHagorudHsl
MUHUMAJILHBIM #jeanam aaredbp us N (2).

Hauném kiraccudukanmio ¢ uaeana [1. Tak kax uaeas [; oqHOdIEMEHTEH,
TO B CUJIy OIpeJie/ICHUS Hjeasia HeloJiHas Tadsuna Kamm npunumaeT BUIL:

klal|b
kKl k|k|k
alk|k
b |k k

CymiecTBy1oT 9 BapuaHTOB 3aIlOJIHEHUAS MYCTHIX KJIETOK M, CJIEI0BATE/ b
HO, 9 rpynmounioB, U3 KOTOPHIX, KaK JIETKO MPOBEPUTH, TOJHKO OJIUH SIBJIs-
eTCsl aCCOIMATUBHBIM, 8 UMEHHO:

klalb
k|l k|k|k
alk|k|k
bl k|k|Ek

DT0 Tak Ha3bIBaeMasi TPEXIIEMEHTHAs CUHTY/IIPHAA MOIYTPYIIIa, KOTOPYIO
obozHaunm uepes N

Knaccudukanus o npeany Io. B aTom citydae Besgkast aarebpa 3 coBo-
kyrnocrn u3 N (3), MUHUMAILHDINH B1eal KOTopoit ecThb [o, nMeeT Tab/mIy
K»smm, B KOTOpOit HEKOTOPBIE 3JIEMEHThI JTOJKHBI OBITH JIOOIPEIC/ICHbI:

klalb
kK|lk|Db
alalk
b k

[To omnpenenenuto ujaeata, B MyCThIX KJIETKAX MOT'YT OBITH TOJBKO 3Jie-
MeHThI ujeasa [o. MoxKHO 1oKa3aTh, 9TO B 9TOM CJydae CyIecTByIOT 16
I'PYIIIONAI0B:

klal|b kElalb klal|b
klk|lalk klklalk klk|lalk
ala|k|k ala|k|k alal|k|k
bl k| k|Ek blk|lalk bla |k |k

klalb klalb klalb
klk|lalk klkl|lalk A3 klk|lalk
alalk|k alalk]|a 2lalalk]|a
bla|alk bl k| k |k blk|lalk
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klal|b kElal|b kEla|b
Elk|lalk s | k| k|alk s | k| k|lala
alalkl|a Ny alalk|k Ny alalk]|k
blalalk blal|k|k bl k| k|k
klalb Elal|b klal|b
Elk|ala e Elk|al|a Elk|ala
alalklk Slalalk|k alalk]|k
blkl|lalk blal|k|k blal|alk
kEla|b kElal|b klalb klalb
Elk|ala Elk|ala klk|lala klk|lala
alal|lk|a alal|lk|a alalk]a alalk]a
blk |k |k blkl|lalk blal|alk blalk|k

Bes ocoboro Tpysa mpoBepsieTcsi, YTO TOJBKO HYeThbIpe IPYIIIONIa, 000-
3HaUYEHHbIE Yepe3 u IpUHAJJIE?KaT COBOKYITHOCTHU
NE, N3, NGB u N2, N(@3),
TaK KaK OCTaJIbHbIe OKA3BIBAIOTCS HEacCouaTuBHbIMU. TakumM obpazom, J0-
KazaHa CJeIyIolasd

Teopema 7. Cosoxynnocms N (3) ¢ mounocmvio do usomopdusma codep-
orcum namo 2omozpynn: N7, N3, N3, NP u N2
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1 IIpenBapuresibHble CBeAEHUs

Onpepenenne 1.1. [4, 5, 6, 7, 8, 4]. Ilycrs T — nosmas Treopusi, M = T.
Pacemorpum tumst p(x), q(y) € S(0), peanusyemsie B M, a Takzke BCEBO3-
MOKHBIE (P, q)-ycmotiuusve Wi (p, q)-nosyusosupyrousue Gopmyst ¢(z,y)
Teopun T, T.e. (POPMYJIBLI, JJIsl KOTOPLIX HAlyTCsa 3jeMeHThl a € M Takue,
aro = p(a) u ¢(a,y) b q(y). Hanomuum, uro ecim = p(a) u = ¢(a,b) s
(p, q)-mrosynsonupyiormeit bopMysbl ¢(x,y), TO TOBOPAIT, UTO a4 NOAYUIOAU-
pyem b. Oupeennm jiisg Kax 1ol Takoit hopmysisl ¢(z, y) JIByXMECTHOE OT-
nomenue Ry, ,, = {(a,b) | M = p(a) Ap(a,b)}. Ilpu ycnosuu (a,b) € R, 44
napa (a,b) HaseBaercs (p, ,q)-dyeot. Ecim ¢(a,y) — riaBHas dbopmyia
(maz a), To (p,p,q)-ayra (a,b) Takxke HA3BIBACTCSA 24A6HO.

Ecmu ¢(x,y) asaserca (p <> q)-dpopmyaot, T.e. OJHOBPEMEHHO (P, q)-
u (q,p)-ycroitunsoii, To muoxecrBo |a,b] = {(a,b),(b,a)} wHasbiBacTCH
(p, ¢, q)-pebpom. Ecim (p, ¢, q)-pebpo [a, b] coctout u3 rnaBHBIX (p, ¢, q)- I
(q, 07, p)-nyr, e o1 (x,y) obosnauaer ¢(y,x), To [a,b] HazbIBaeTCA 2406-
Houm (P, @, q)-pedpom.

Bynem naswiBath (p, ¢, q)-ayru u (p, ¢, q)-pebpa dyeamu u pébpamu co-
OTBETCTBEHHO, €CJIM U3 KOHTEKCTa SICHO, O Kakoil bopMmyse UAET pedb, WK
peub WIET o HeKoTopoit hopmyiie p(x,y). dyru (a,b), y koropeix napsi (b, a)
He BJIAIOTCA JyraMu HU 10 KakuM (¢, p)-dbopmyiam, OyjieM Ha3bIBaTh HE06-
PAULAEMBLMUL.

Onpenenenne 1.2. [4, 10]. Jys tunos p(z), q(y) € S(0) oboznauum yepes
PF(p, q) muOX)ecTBO

{#(z,9) [ p(a,y) — rnasuas dopmyna,

21
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w(a,y) = qly), tne = pla)}.

ITycrs PE(p, g) — muoxkecrso nap (¢(z,y), ¥ (z,y)) dopmyn us PF(p, q)
TAKUX, 4TO JijIs JII000i (HEKOTOPOit) peasus3amnuu a TUIa p COBIAIAIOT MHO-
JkecTBa perennit popmyn ¢(a,y) u ¥(a,y).

Ouesuano, uro PE(p,q) sBisiercs OTHOIIEHHWEM SKBUBAJEHTHOCTH HA
muoxkectBe PF(p,q). Bamernm, uro kaxpomy PE(p, q)-kmaccy E coorser-
cTByeT JinOo ry1aBHOe pebpo, Jimbo HeoOpalaeMasi IJIaBHAsS JIyTa, CBI3bIBaIO-
Iast PEATU3AIMU TUIIOB P U ¢ IOCPEJICTBOM JIF000H (HEKOTOPOit) hopMyIIbl U3
E. Takum o6pasom, dakrop-muoxkectso PF(p, q)/PE(p, q¢) npeacrasisiercs
B BUJIE JIU3BIOHKTHOTO 0Obeunenusi Muoxects PFS(p, ¢) u PFEN(p, q), tae
PFS(p, q) cocrour w3 PE(p, q)-k1accoB, cOOTBETCTBYOIMIUX [JIABHBIM DPEO-
pam, a PFN(p, q) cocrour u3z PE(p, ¢)-kinaccos, coorBeTcTByOMuxX HeoOpa-
[IAEMBIM IVIABHBIM JIyTaM.

Muozxecrsa PF(p, p), PE(p, p), PFS(p, p) u PFN(p, p) obosuagarorcs co-
orsercrBerno depes PF(p), PE(p), PFS(p) u PFN(p).

Badurcupyem mnosnyio Teopuio 1, He UMEIONIYI0 KOHEYHBIX MOJIEJIEI.
[lycrs U = U~ U{0}UU" — mexoropsriit andasur momuocrn > |S(T)],
COCTOAIIMIT U3 OMPUUATMEALHBL IAEMENMOE U~ € U™, nososcumesvsix
anemenmos ut € Ut n mymna 0. Kax o6prano, 6ymem mmcats v < 0 s Jmio-
6oro asementa u € U™ u u > 0 aya mo6oro snementa v € UT. MuoxkecTso
U~ U {0} obozmauaercs wepes USC, a UT U {0} — uepes U=". DuemenTor
MHOXKecTBa U OyJ/ieM Ha3bIBaTh MEMKAMU.

PaccMOTpUM MHBEKTUBHBIE MEMOYHBLE HYHKUUL

v(p,q): PF(p,q)/PE(p,q) — U,

p(x),q(y) € S(0), upu koropsix kiaaccam uz PFN(p,q)/PE(p,q) coorser-
CTBYIOT OTpHIIATEIbHBIE 3JIeMeHThI, a Kiaccam 13 PES(p, q) /PE(p, q) — sute-
MEHTBI HEOTpPHUIATeIbHbIE TaK, 9TO 3HadeHue 0 OmpeJesisieTcst JIUIIb JIjs
p = q u 3agaérea no dopmyre (x ~ y), v(p) = v(p,p). lpu srom Gyaem
CUUTATE, UTO Py(p) N Pu(q) = 10} M1t p # q (rze, Kax 0ObIUHO, Yepe3 py 060-
3HadaeTcsa 00s1acTh 3HAYCHUH QYHKIMA [) U py(p.q) N Pu(p.q) = 0, ecim p # q
u (p,q) # (P, ¢). JTrobbie MeTouHbIe QYHKIMN C YKA3AHHBIME CBOHCTBAMIE, &
TakKe ceMeiicTBa Takux (DYHKIMi Oy/1eM Ha3bIBATH NPAGUALHBIMU U JIAIee
paccMaTpuBaTh TOJIBKO IPaBUIbHBIE METOYHBIE (DYHKIIUU U UX [IPABUJIbHbIE
cemeiicrTsa.

Yepes 0,,4(z,y) Oynyr obosnadarsesa dopmyist u3 PF(p, ¢), npeacras-
JAIONIHE METKY U € Py (pq)- BCmu I p dukcuposan u p = ¢, To dopmyia
Opuq(,y) obO3HATAETCS Tepe3 O, (T, y).

Ormern™, ato ecittt Oy (2, y) u O44,(T,y) — dopmyisl, cBHIETED-
CTBYIOIIIE O TOM, 9YTO /IS peaju3aluii a u b TUIOB p U ¢ COOTBET-
creerno mapel (a,b) u (b,a) ABAAIOTCA TIABHBIMU JlyraMu, TO (hOpMyJia
Opuq(T,y) Nbyop(y, T) CBEIETETBCTBYET O TOM, UTO [a, b] SBJIAETCS IIIABHBIM
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pebpom. Ilpu 910M 06pamumoti MeTKe 1 OJHOZHAYHO COOTBETCTBYET (HEOT-
puraTesbHas) MeTKa v 1 Hao60poT. MeTKu u u v Gy1eM Ha3bIBATH 63GUMHO
obpamnvimu 1 0003HAYATE Uepe3 v~ ! I u~! cOOTBETCTBEHHO.

Jljist THIIOB Py, Pa, - . ., pei1 € SH(D) u muOsKecTB MeTOK X1, Xo, ..., Xi C
U oboznaunm gepe3

P(p1, X1,p2, Xo, ..., Dk, Xk Dit1)

MHOKECTBO, COCTOsAIIEee U3 BeeX METOK u € U, cooTBeTCTBYIOMUX (hopMyJiam
Opy uprsy (T, Y), KOTOPBIC JIs peaIu3anyil @ THIIA p; ¥ HEKOTOPBIX U1 € X N
Pu(prp2)s - > Uk € Xk O Pu(pyppyr) YIOBIETBOPSIIOT YCIOBUIO

0171 yUsPk+1 (av y) '_ 9?17U1,P2,u2,~~7pk,uk7pk+1 <a7 y)7

rie
0101,u17p27u2,~~~,pk,uk,pk+1 (xv y) =

= 39,3, o, Tk (Opy g o (T, 2) A Oy iy s (T2, T3) A

A epkflﬂ%fhpk (xk*b xk) A epk,UmpkH (xkv y))

Tem cambiM, Ha Oyneane P(U) muoxkecta U obpasyercs aszebpa pac-
npedenenuti OUHAPHDBIT US0AUPYOUWUT POPMYA ¢ k-MECTHBIME OLEpAIIAMU

P(plv P25 5 Pk '7pk+1)7

rie pi, ..., Per1 € ST(D). Dra anrebpa nmeer ecrecTBeHHOE O0EIHEHNE HA
moboe cemeiicreo R C S*(0).

Od4eBuiHO, UTO OMEKTUBHO 3aMeHssl MHOXKECTBO METOK, MBI I1OJIyYaeM
n3omopdHuyio aarebpy. B qacTHOCTH, IMeeTCd KaHOHUYECKAA ar2ebpa, Y KO-
TOPOIT METKU IIPEJICTABJIEHBI dJIEMEHTAMU

UPF(p,q)/PE(p, ).

p.q

Tem ne Menee, MbI OyJIEM HCIIOJIB30BaTh aOCTPAKTHOE MHOXKECTBO MeTOK U,
oTpazKarollee 3HAKN METOK U IPOSICHSIOIee ajredpandecKne CBOMCTBaA OTe-
panmit na P(U).

BamMeTnM, 9TO eciu XOTsd Obl OHO W3 MHOXKECTB X; He IepeceKaeTcs C
Pu(pspir1) U, B JACTHOCTH, €CJIM OHO IyCTO, CIIPABEIIMBO PaBEHCTBO

P(pla X17p27 X27 s 7pk7Xk7pk+l) = (D

Ormernm Taxxe, 9To ecmu X; Z py( JIJIsT HEKOTOPOTO 2, TO

DisDit1)

P(plﬂ X17p27 X27 -y Pk Xk’apk-f—l) =
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= P(p17 Xl N pV(p17p2)>p27 X2 N pz/(p2,p3)7 <oy Pk Xk N pu(pk,pk+1)7pk+1>-

Ha ocnoBanum 1ocsie/iHero paBeHCTBa B JlajbHENIIIEM IIPU PACCMOTPEHUN
3Ha4YEeHUI

P(p17X17p27X27 e 7pk>Xk?pk+1)

Oyzaem npejanosaraThb, 910 X; € pPupipii1)s ¢ = 1, ., k.
Ecmm kazxgoe MHOXKecTBO X; COCTOUT JIMIIL W3 OJJHOTO 3JIEMEHTA, U;, TO
B 3aIlICH

P(pb X17p27 X27 <oy Dk Xk7pk+1)

BMECTO MHOXKeCTB X; Oy/eM HCII0JIb30BaTh 9JIEMEHTHI U; U IHUCATh
P(pl,ul,]?muzw--,pk,um]?kﬂ)-
[To ompejiesieHnIO CIIPaBEIJIMBO CJIEIYIONIEe PABEHCTBO:
P(plathQ;XQa cee 7pk7Xk7pk+1) =

= U{P(p1, u1,p2, U2, - .., Die, Uk, Piet1) | w1 € X1, ..., up € X}

Takum obpazoM, 3ajjaHre MHOYXKECTBA

P(p17X17p27X27 e 7pk7Xk7pk+1)

CBOJIUTCS K 3aJ[aHUI0O MHOXKECTB P(p1, Uy, P2, Us, - . ., Pk, Uk, Prt1). OTMETHM
TaKzKe, 9TO JIst J1E060r0 MHOKeCTBA X C Py (p.q) UMeeT MecTo P(p, X, q) = X.
Bamernm, uro ecqn u; = 0, TO p; = pij41 /I HEIYCTHIX MHOYKECTB

P<p17 u17p27 u27 e 7pi7 Ovpi+17 LI 7p]€7 ukapk+1)
1 IIpU 3TOM BBIIIOJIHAIOTCHA CJEYyIoNe COOTHOIIICHMA:
P(p1707p1) = {0}7

P<p17 Uy, P2, U2, - - -, Pi, Ovpi—i-la WUit1, Pit2y - - - 7pk7uk)pk+1) -
= P(p17u17p27 U2y -+ 5 Pis Uiy 15 Pit2,y - - - 7pk7uk>pk+1)'

Ecym Bce Tumbl p; cOBIaIAIOT ¢ TUIIOM P, TO BMECTO 3amucei

P(p17X17p27X27 s 7pk7Xk7pk+1)

"
P(ph Uy, P2, U2y .- -, Pk, Uk;pk—i-l)

oymem mmcars P,(Xy, Xo,..., X)) u P,(u1,us,...,u;) COOTBETCTBEHHO, &

takke | X1, Xo, ..., Xg|p u [u1,ug, ..., ugl,. Bysem Takxke omyckars uiiex-

CBI -5, €CJIN U3 KOHTEKCTa ACHO, 0 KAKOM Tule p naeT peds. IIpu sTom BmecTo
PopMYT Oy s, e p (2, Y) OyzeM mHCATD Oy, (T, Y).-
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[pu manmaun moxean M, rpymmons B = (P(pup) \ {0}; [+, -]), Oy-
JIYIH NOAYACCOUUamMueHol (caesa ) anzebpot, O3BOJACT IPEJICTABUTD BCE-
BO3MOZKHBIE OTI€PAIUH |-+, ..., | TepMaMu CUTHATYDHI |-, - |. B maabreiinem
omneparnuio |-, -| 6yzem Takzke 0003HAYATH Yepe3 - U UCIOJIb30BaTh 3AIUCH U
BMeCTO U - v. [Ipn 9TOM B CiIydae OTCYTCTBHS MOJIyacCONUATHBHOCTH CIPABA
6yJIeM B 3aIUCH U Us . . . Uy, TPEJIIOTIATATH CIE/YIONLYI0 PACCTAHOBKY CKOOOK:

[TockobKy 110 BBIOGOPY MeTKu 0 syt bopmysbl (z & y) clpaBejIuBbI
paserctBa X - {0} = X u {0} - X = X na moboro X C py, (), rpymmons
PBo(p) UMeeT eMHIIHBI dj1eMeHT {0} 1, 1PN BBIIOJHEHNH CBOCTBA I0JIyac-
COIMATHBHOCTH CIIPaBA, SIBJISETCS MOHOMJIOM. B 9T0ii cucreme st J1i00bIX
muOKeCTB Y, Z € P(py(p)) \ {0} cupaseamso coornomenne

Y-Z:U{yz|y€Y,z€Z}‘ (1)

s cemeiictBa 1-tuno R C S(T') oboznataum uepes I[r (B Mogenn M)
MHOZKECTBO
{(a,b) | tp(a),tp(b) € R u a uzomupyer b},

a uepes Sl (B Mogesn M) MHOKECTBO
{(a,b) | tp(a),tp(b) € R u a noxyusomupyer b}.

OuesBunno, uro Iy C Sli u HA JTIOOOM MHOXKECTBE PeaJIU3aIiii TUIIOB U3 17
ornomenus Ir n Sly pedekcusubl. VI3BecTHO, UTO OTHOINEHHE TTOJIYU30JIM-
POBAHHOCTH Ha MHOXKECTBe KOpTezKell ITPOU3BOJILHOI MO/ TPAH3UTHUBHO
U, B YaCTHOCTH, TPAH3UTUBHO JiioOoe orHoIenue Sli. YTo Kacaercs oTHO-
menus [p, OHO MOYXKeT OBITh KaK TPAH3UTUBHBIM, TAK U HETPAH3UTUBHBIM:

IIpenmoxenune 1.3. [4, 10]. Tycmo p(x) — noanwid mun noanot meopuu
T, umerowets modeav M, v(p) — npasuavras memounas dynryus. Cae-
JYOUUE YCAOBUSA IKEUBANEHITHDL:

(1) omnowenue I, (na mrosicecmese peasusayut muna p 6 410600 Modesu
M = T) mpanzumusno;

(2) 0na m00bT MEMOK Uy, Ug € Py(p) MHOCECME0 Py(U1, ug) KOHEUHO.

IIpennoxxenne 1.4. [4, 10]. Ecau p,q € R — 2aaenvie munst, mo py(p.q) U
Puian) S U=’

Pacmupss muokecTBO MeTOK U TOJTOKUATETHBHBIMIA U OTPUTIATETHHBIME
METKAMHU JIJIsT TIOJTYU30JIUPYIONIX (DOPMYJI, & TaKKe HeUmpaibHolmMu MeTKa-
v v’ € U’ (coBMmermaromumu HeoGpaTUMble JIyTH U TIaBHbIe peOpa B MHOKE-
CTBO DeIeHuii Moayn30aupyommux Gopmyi), moaydaem SJIz-cucrembr &J
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JUTST TIOJTyU30/IUPYIONIX (hOPMYJI, a TaKzKe Si-paHru, OyJIeBbl olepannund Ha
MeTKax 3TuxX (POpPMYyJI, OTHOIIEHUS JJOMUHUPOBAHUST METOK, COOTBETCTBYIO-
e otHomeHuio -, 1 POSTCr-cucremsl, BKIIOYAIOININE BCe YKA3AHHBIE aT-
pubyTsr [4, 11].

IIpensoxenune 1.5. [4, 12]. /s ar060i meopuu T, nenycmozo cemeticmsa
R C SY(0) usoauposanmvir munoe u npasuavrozo cemeticmea v(R) memou-
noir pynryuts das noayusosupyrowur popmys POSTCr-cucmema M, (r)
COCNOUM U3 NONOHCUMENDHBIT MEMOK U HYAA, U KAHCOAA MEMKG U UMEETN,
JlonosiHeHne i makoe, wmo u A4 = 0 u u V U AGAAELNCA MAKCUMANDHBLM
anemermom. Ecru R = {p}, mo monoud 83,4y = (My,(g),") noposcdaem-
cAa 6ynesots anzebpoti, 0as Komopol u NV U COOMBEMCMEYEM USOAUPYIOULUM
popmyram muna p.

CaencrBue 1.6. [4, 12|. Jlas w060l w-kamezopuunot meopuu T, neny-
cmozo cemeticmea R C SY (D) u npasuavnozo cemeticmea v(R) memounviz
pymxyuti das nosyusorupyrowuxr popmys POSTCr-cucmema M, gy Koneu-
Ha, COCMOUM, U3 NONOHCUMENDHDIT MEMOK U HYAA, U KAAHCOAA MEMEKQ U UME-
em donoarnenue u.

Teopema 1.7. (4, 12]. /as 10600 POSTCr -cucmemu M, y xomopoti karc-
s MEMKA NONOAHCUMENDHAA UAU HYACBAA U NPU ITMOM UMEET, JONOAHEHUE,
cywecmeyem meopus T, nenycmoe cemeticmeo R C S (0) usoauposarmwviz
munos u npasuavhoe cemeticmeo v(R) memounnr Gynkyul 0as noayudo-
aupyrouux dopmya marue, wmo M, gy = M.

CaencrBue 1.8. [4, 12]. /s w060t xonewnot POSTCr-cucmemve M, y
KOMOopoTi M106a.A MEMKA NONOAHCUMEALHA UAU HYACEASA U UMEET JONONHEHUE,
cywecmeyem w-kamezopuunas meopus T, nenycmoe cemeticmeo R C S*(0)
u npasusvhoe cemeticmeo v(R) memounvix GyHkuut 0a4 NOAYUOAUPYIOULUL
opmys maxue, wmo M, gy = M.

3ameuyanue 1.9. . OTmernM, 9TO €CJIH Uy, . . ., U, — BCE METKH, CBI3bIBa-
IOIUe peau3alui 1-THIOB p U ¢ TVIABHBIMU JIyraMu, TO JJis JTI000 MeTKn
u = u; V...V u;, €€ JOIOTHEHUeM SBJgeTcd MeTKa U = uj V ...V uj,
vae {i1,...,i},{j1,... i} — pasbuenne muoxecrsa {1,...,n}. [losromy B
ciaencTBugax 1.6 n 1.8 o HaMYUM JOMOJHEHNN MOYKHO HE YIIOMUHATh.
Kpome Toro, mockobky B s0060it KoHeuaHoit POSTCx-cucreme M Bee
METKH CBOJATCSA K MeTKaM U30JUPYIONIX (DOPMYJI, 9Ta CHCTEMA OTHO3SHATHO
OIIpe/IesisieTCs CBOeil 1moaaredpoii pacipe/iesieHuil m30UPYIOMuX (GopMy.I.
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2 Anarebpel opMysT AeKapTOBBLIX HPOU3BE]Ie-
HU

Onpepenenne 2.1. JlekapToBo Impomw3BeieHNE WM IPIMOE IIPOU3BEICHIE
G x H rpadoB G u H — 370 rpad, Takoil 9T0 MHOKECTBO BepIINH rpada
G x H — sro upsamoe npoussesenue V(G) x V(H) mobble JiBe BepIIUHBI
(u,v') u (v,v") emexkubl B G X H Toryia u TOJILKO TOrJa, Korjga jmbo u = v
u v emexua v' B H, mbo v = v' u u cmexxkna v B G.

Sameuanne 2.2. Anrebpa rpada pebpa R ¢ MHOXKECTBOM METOK p(p) =
{0,1} u 3amaBaemyio ciejyromieil Tabureit:

0 1

0| {0} | {1}
L] {1} [ {0}

Bameuanue 2.3. Anrebpa s R X R gact anrebpy i KBajpata £ C
MHOKECTBOM METOK p,) = {0,1,2} u 3aaBaemyio cienyromieii Tab/ureii:

0| 1 2
{0y | {1} | {2
{1} 1 {0,2} | {1}
{2y | {13 1{0,2}

Bameuanmne 2.4. Anredpa st Q X R gact aaredbpy jist Kyba € ¢ MHOXKe-
CTBOM METOK p,(p) = {0, 1,2,3} u 3amaBaemyto ciieyomnieii Tab/mIeit:

=D

0 1 2 3
{oy | {1} | {2} | {3}
{1} 1 {0,2} | {1,3} | {0,2}
{2} | {1,3} | {0,2} | {1,3}
{3} [{0,2} | {1,3} | {0,2}
Bameuanue 2.5. Anrebpa gua € X R gacT agredpy s runepkyba §) ¢
MHOZKECTBOM METOK )y (p) = {0,1,2,3,4} u zagaBaemyto cieiyormeii Tabiim-
1eit:

W =] O -

0 1 2 3 4
{0y | {1} {2} {3} {4}
{1} | {0,2} {1,3} |{0,2,4} | {1,3}
{2} | {1,3} [{0,2,4} | {1,3} |{0,2,4}
{3} 1 {0,2,4} | {1,3} [{0,2,4} | {1,3}
{4} | {1,3} |{0,2,4} | {1,3} |{0,2,4}

=W N = O
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3ameuanne 2.6. Asrebpa ) x R gact anredpy s neaTepakTa 3 ¢ MHO-
JKECTBOM METOK p,(p) = 10, 1,2,3,4,5} u 3aaBaemyio cjejtyromnieit tab/meii:

0 1 2 3 4 5
0 {1,3,5} | {0,2,4} | {1,3,5} | {0,2,4} | {1,3,5} | {5}
1[{0,2,4} [ {1,3,5} [ {0,2,4} | {1,3,5} | {0,2,4} | {0,2,4}
21 {27 | {1,3} [{0,2,4) [{1,3,5} | {0,2,4} | {1,3,5}
31 {3} [1{0,2,4Y | {1,3,5} | {0,2,4} | {1,3,5} | {0,2,4}
A {4y [{1,3,5Y{0,2,4} [{1,3,5} | {0,2,4} | {1,3,5}
50 {5} [{0,2,4} | {1,3,5}[{0,2,4} | {1,3,5} | {0,2,4}

Sameuanmue 2.7. Ayredpa P xR mact aaredpy s xekcepakta & ¢ MHOXKe-
CTBOM METOK [ (p) = {0,1,2,3,4,5,6} u 3amaBaemyIo ciiejyrorreit Tabumeii:

0 1 2 3 4 5 6
0 | {1,3,5} | {0,2,4} {1,3,5} {0,2,4,6} {1,3,5} {5} {6}
1] {0,2,4} | {1,3,5} {0,2,4} {1,3,5} {0,2,4,6} {0,2,4} {1,3,5}
2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4} {1,3,5} {0,2,4,6}
3 {3} {0,2,4} {1,3,5} {0,2,4,6} {1,3,5} {0,2,4} {1,3,5}
4 {4} {1,3,5} {0,2,4} {1,3,5} {0,2,4,6} {1,3,5} {0,2,4,6}
5 {5} {0,2,4} {1,3,5} {0,2,4} {1,3,5} {0,2,4,6} {1,3,5}
6 {6} {1,3,5} | {0,2,4,6} {1,3,5} {0,2,4,6} {1,3,5} {0,2,4,6}

3aMeTuM, YTO ¢ KazKJIbIM YMHOXKEHUEM JIMaMEeTD YBEJIMIUBACTCS Ha €JTU-
Huiyy. B mpumepe ¢ KyboM KaxKjoe yBeJUYEHHE JUaMeTpa BJICYeT YBeJIu-
qeHne pazmeprocTu. [lof muamMerpom mojpasyMeBaeTcs MOHATHE JTHAMETPA
g rpada. Ha ocHoBe paccMOTpEeHHBIX paHee ajredp MOCTPOMM ajredpy
JUIE N-MEePHOTO KyOa.

O600111as1 BBIMIETIPUBEICHHBIC TAOIHIIBI, TOJIYIaeM CJIeIYIONee yTBep-
KJICHHE:

YrBepxkaenue 2.8. Anzebpa oas n-meprozo Kyba, 0603HavaeM020 “epes
Qn, 30400€MCA MHONCECMEOM MEMOK Py(p) = {0,1,2,3,4,5,6,...,n} u cae-
dyroweti mabauuet Koau:

- 0 1 2 3 1 . m [

0 {0} {1} {2} {3} {4} {7 {m} {1}

1 {1} {0,2} {1,3} {0,2,4} {1,3,5} {3 {Necamyt | {Cent

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} [ {Cim)} | {Ncan}

3 {3} {0,2,4} {1,3,5} {0,2,4,6} | {Nciam)} {--} {Nciam)} | {Cen}
4 {4} {1,3,5} {0,2,4,6} | {Nciam)} {Cem)} {--} {Cam)} {Ncan}
R 3 T T3 7 (NeomF | (Cond
m {m} {Ncim)} {Cam} {Neciam)} {Cam)} {Nciam)} {Cam)} {Ncan}

l {1} {Cean} {Nec@n} {Cean} {Nc@an} {Cean} {Nec@an} {Cean}

ede m — wemmnoe memka, | — nevemmasn memra, {Nc@)} — newemmovle
memxu 0o x, {Cry} — uemmvie memxu do x.

Jlanee paccMOTpUM yMHOXKEHUE I TPEYTOJIbHAKA.

Sameuyanue 2.9. /[y ajaredpbl TpeyroabHUKa T ¢ MHOYKECTBOM METOK
pup) = {0, 1} Tabmmna Ksmu nmeer ciemyrormuit Bu:
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To 1
0| {0}| {1}
1{1}]{0,1}

Sameuanme 2.10. Ilpu Ty = T x R noxydaem ajredpy ¢ MHOKECTBOM
METOK py(p) = 10, 1,2} n onuceisaemyo Tabsueit Kasm:

0 1 2
{0y | {1} | {2}
{1} | {0,2} | {0,1}
{2} 1 {0,1} | {0,2}
Bameuanmne 2.11. Anrebpa i Ty, 1OCTIE JEKAPTOBOTO YMHOXKEHUS Ty HA

rpad R, 3amaer anrebpy ana L3 = Ty X R ¢ MHOKECTBOM METOK [y (p)
{0,1,2,3} u onmceiBaeMyo TabIIHIIEI:

=] O

0 1 2 3
0 {0}y | {1} {2} {3}
1] {1} ] {0,1,2} [{0,1,2,3}]{0,1,2,3}
2 {2} 1{0,1,2,3} | {0,1,2,3} | {0,1,2,3}
31{3}11{0,1,2,3} | {0,1,2,3} | {0,1,2,3}

Bameuanue 2.12. Anrebpa aua T, = T3 X R gaBiasgerca aarebpoit ¢ MHO-
JKECTBOM METOK py(p) = 10,1,2,3,4} u onuceiBaemoii Tab/mieii:

-T0 1 2 3 1
0] {0} {1} {2} {3} {4}
1 {1y {0,1,2} {0,1,2,3} [{0,1,2,3,4} | {0,1,2,3,4}
2 {2y | {0,1,2,3F [{0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}
31{31190,1,2,3,4} [ {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}
41{4y[{0,1,2,3,4} [{0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}

O0600I11as1 BBIMIEIPUBEICHHBIE TAOIUIIBI, MOIyJIaeM CJIeAYIoNee yTBep-
KJIeHUE:

YrBepxkaenue 2.13. Aneebpa T, oas n ymmoosrcenutd anzebpv, T Ha ai-
eebpy R 3adaemca MHOIICECNEOM MEMOK Py = 10,1,2,3,4,5,6,...,n} ¢
mabauvett Kaau:

. 0 1 2 3 4 n
0 [ {07 o 7 6 ar @)
T {17 0,127 10,1,2,3] 10,1,2,3 0,1,2,3 ey;
4,..., n} 4,..., n} ...,n}
> | 12) 70,1,2,3) 70,1, 2, 3,47 70,1,2,3 70,1,2,3 70,1,2
4,..., n} 4,..., n} ...,n}
3 | 13) 10,1, 2,3,4] 70,1,2,3 70,1, 2, 3, 70,1,2,3 70,1,2
4,..., n} 4,..., n} 4,..., n} L..,n}
1 | {4} 10,1,2,3, 70,1,2,3 70,1, 2, 3, 70,1,2,3 70,1,2
4,..., n} 4,...,n} 4,..., n} 4,..., n} L..o,n}
n {4} {0,1,2,...,n} {0,1,2 n} {0,1,2,. n} {0,1,2 n} {0,1,2 n}
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aee paccMoTpuM aareOpbl Jijid TATHYTOJbHUKA C JICKAPTOBBIM YMHO-
JKEHUEM.

3ameuanwue 2.14. [locTtpoum anredpy /i IATHYTOJIbHIKA, 0003HAYAEMOIO
yepe3 Py, ona Oyner onuchiBarbes Tabsmiein K ¢ MHOXKECTBOM MeTOK

Pv(p) = {0, 1, 2}:

-1 0 1 2
0110} | {1} | {2}

1 {1} [{o,2} | {1.2}
2| {2} [ {12} [ {0, 1,2}

Sameuanne 2.15. Anredpa s Po = P X R uMeer MHOKECTBO METOK
pvp) = 10,1,2,3} u onmceiaercs Tabimreit:

0 1 2 3
0] {0} {1} {2} {3}
1 {1y {0,2} {1,2,3} [{0,1,2,3}
2 {2y | {1,2,3} [{0,1,2,3}|{0,1,2,3}
3143y 190,1,2,3} [ {0,1,2,3} [ {0,1,2,3}

Sameuanne 2.16. Anreopa s Ps = Po X R uMeer MHOKECTBO METOK
pup) = 10,1,2,3,4} u onmceiBaercs Tabsmreit:

70 1 2 3 4
0] {0} {1} {2} {3} {4}
1 {1y {o,12} {1,2,3} | {0,1,2,3,4} | {0,1,2,3,4}
2 {2V {1,2,3Y [{0,1,2,3,4}|40,1,2,3,4} | {0,1,2,3,4}
31 {31]10,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}
41§41 790,1,2,3,4} [ {0,1,2,3,4} | {0,1,2,3,4} | {0,1,2,3,4}

3ameuanmne 2.17. [loctpoum anredpy /s n ymHoxKenuii rpada 3 na R.
[Tosryuaem rpad B, ¢ anrebpoii, onmucsiBaemMoii TadbIuIei:

. 0 1 2 3 4 n
5 [ {07 7 0] 6] 0; o
1 11} 70,27 11,2,3] 70,1,2,3 10,1,2,3, 113
4,..., n} 4,..., n} ...,n}
2 {2} {1,2,3} {0,1,2,3,4} {0,1,2,3, {0,1,2,3, {0,1,2
4,..., n} 4,...,n} ...,n}
3 | (3] 70, 1,2, 3,47 70, 1,2,3, 70,1, 2, 3, 70,1, 2, 3, 10,1,2
4,..., n} 4,..., n} 4,..., n} ...,n}
T | {4 70,1,2,3, 70,1,2,3 70,1, 2,3, 70,1,2,3 70,1, 2
4,..., n} 4,..., n} 4,..., n} 4,..., n} ...,n}
n {4} {0,1,2,...,n} {0,1,2,...,n} {0,1,2,...,n} {0,1,2,...,n} {0,1,2,...,n}

N3 conocrasnenus tabymi Kamm s anrebp rpados By, R, B, BbITe-
KaeT CJIe/IyIoIee:

YrBepxkaenue 2.18. Anzebpa, noayuwaeman us n ymuooxcenutd epaga P
Ha R, cosnadaem c¢ anrzebpoti drs B, us 3amevanus 2.17.
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Let L be a countable first order language. Throughout this article we
consider L-structures and suppose that L contains a binary relation symbol
< which is interpreted in these structures as a linear order.

Let 7 be a family of complete theories of a fixed signature X, ¢ be an
arbitrary Y-sentence. Then the set Ty := {T" € T | ¢ € T} is said to be
¢-neighborhood of the family T .

Definition 1. [8] Let 7 be a family of complete theories of a fixed
signature . Define the rank RS for the family of theories as follows:

(1) RS(T) = —-1if T = 0.

(2) RS(T) =0 if T is a finite nonempty family.

(3) RS(7T > 1if T is infinite.

(4) RS(T > «a + 1 if there exist pairwise inconsistent Y-sentences ¢,
n € w such that RS(7,,) >

(5) If ¢ is a limit ordinal then RS(T) > 6 if RS(T) > 5 for any 8 < 4.

We put RS(7) = a if RS(T) > a and =[RS(T) > a + 1].

If RS(T) > a for any a we put RS(T) = oc.

*This research was partially supported by Committee of Science in Education and
Science Ministry of the Republic of Kazakhstan (Grant No. AP05132546), the program
of fundamental scientific researches of the SB RAS No. I.1.1, project No. 0314-2019-0002,
and Russian Foundation for Basic Researches (Project No. 17-01-00531-a).
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A family T is called e-totally transcendental, or totally transcendental, if
RS(T) is an ordinal. If T is totally transcendental, with RS(7) = « > 0, we
define the degree ds(T") of T as the maximal number of pairwise inconsistent
sentences ¢; such that RS(7,) = a.

Clearly, if RS(7") = a then ds(7) € w \ {0}.

Lemma 2. Let T be a family of complete theories of pure linear order,
i.e. theories of linear order in the signature ¥ = {<}. Then for any Wo-
categorical theory T € T there exists a ¥-sentence ¢ such that Ty = {T'},
i.e. RS(Ty) =0 and ds(7,) = 1.

Proof of Lemma 2 is implied by finite axiomatizability of Ny-categorical
linear orders. O

Example 3. Let 7 be a family of complete theories of pure linear order.
Consider the following sentence:

¢ :=VaVylz <y — Jt(z <t <y)].

Then we assert that RS(7;) = 0 and ds(7;) = 4.
Indeed, consider the following sentences:

o1 = TaVylr < y] AVxIy[z < yl,

i.e. ¢1 — there exists the least element and there is no the greatest element.
¢y = FaVylz > y] AVaIyly < 7]

i.e. ¢o— there exists the greatest element and there is no the least element.

¢s = FaVylz < y] A JaVylz >y
i.e. ¢35 — there exist both the greatest and the least elements.
4 = Vadylr < y] AVzIyly < 2]
i.e. ¢4 — there exist neither the greatest nor the least elements.

Obviously, all these sentences are pairwise inconsistent, exactly one of
them holds, and for this RS(7pne;) = 0 and ds(Tgag,) = 1 forevery 1 <i < 4.

Example 4. Let 7 be a family of complete theories of pure linear order.
Consider the following formulas:

Y= TV Vyo[z <y < yo — Ft(yr <t < ta)],

O(z) =Jylr <yAVi(x <t<y—z=tVt=y)V
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VIyly <z AVt(y <t <z —y=tVt=ux)),
Co :=VaVylf(z) NO(y) N <y = Vi(x <t <y —0(t))] —
convexity of the formula 6(z).
M(z) :=Vy(z <y), i.e. z is the least element.
Let
¢ =1 AN A [Fzh(x) — Fz(0(x) A M(x)) A Cy)],

where the sentence ¢; is from the previous example.

Then we assert that RS(7,) = 1 and ds(7;) = 1. Indeed, considering
the sentences 3!"zf(x) for every n > 2 we see that all these sentences are
pairwise inconsistent, and RS(Tga3mz0(z)) = 0 for every n > 2.

Example 5. Let 7 be a family of complete theories of pure linear order.
Here we assume that the set of realizations of the formula 6(x) consists of
at most two convex sets. Consider the following formulas:

Co=FH3y(r <t <yAd(x) A=01) AO(y) AVz[z < 2 <y AO(z) —

— (Vulr <u<z—0u)]VVulz <u<y—0(u))),
2= CyVOE, 01(x) = 0(x)AVyly < x — 0(y)],  Oa(x) == () A—b, ().

Let
¢ = b1 A A [Bxf(x) — 3x(0(z) A M(z)) A C;)],

where the formulas ¢;,,60(z), M(x),C? are from the previous example.

Then we assert that RS(7,) = 2 and ds(7;) = 1. Indeed, considering
the sentences 31"z0; (x) A "™ xbhy(x) for any n,m > 2, we see that all these
sentences are pairwise inconsistent and RS(E,\gynx@l(z)) =1,

RS(7;/\3!"191(23)/\3!’”9692(3:)) =0
for any n,m > 2.

Example 6. Let 7 be a family of complete theories of pure linear order.
Here we assume that the set of realizations of the formula 6(x) consists of
at most n convex sets (n > 2), i.e. 8(z) := VI ,0;(z), every 6;(x) is convex,
and all they are pairwise inconsistent. Consider the following formulas:

S i=CyVCEV ...V Cy.

Let ¢ := ¢y A A [Bz0(x) — Fx(0(x) A M(x)) A C;™)], where the formulas
b1,,0(x), M(z),C? are from the previous examples.
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Then we assert that RS(73) = n and ds(7,) = 1. Indeed, here we consider
the sentences 3!™ixf;(z) for every 1 < i < n, where m; > 2. We can observe
that the sentences of the form AP ,3!™iz6;(z) are pairwise inconsistent, and
for any my, ..., m, > 2 the following holds:

RS(%/\/\?:ﬂ!mm@i(I)) =0, RS(%/\/\?;llﬂlmixGi(az)) =1,

RS(Ton3mi1 00, (2)a3m220(2)) = 10— 2, RS(Tgpamize,2)) =n — 1.
Thus, we established the following proposition:

Proposition 7. Let T be a family of complete theories of pure linear order.
Then for every n < w there exists a sentence ¢ such that RS(T,) = n.

Definition 8. [31] Let 7 be a family of theories and 7" be a theory such
that T ¢ T. The theory T is said to be T -approzimated, or approzimated
by the family 7T, or a pseudo-T -theory, if for any formula ¢ € T there exists
T" € T for which ¢ € T".

If the theory T is T-approximated, then 7 is said to be an approximating
family for T, and theories T" € T are said to be approximations for T.

The following definitions are partial cases of T-approximability.

Definition 9. [28, 15, 16, 17]. An infinite structure M is said to be
pseudofinite if any sentence holding in M has a finite model.

If T'= Th(M) for a pseudofinite structure M, then the theory 7T is also
said to be pseudofinite.

Definition 10. The theory T of an infinite non-R-categorical structure M
is said to be pseudo-Rg-categorical if any sentence holding in M has an Ry-
categorical model N. And these models N are said to be approzimations of
the model M.

Theorem 11. The theory T of an infinite linearly ordered structure M =
(M; <) is pseudofinite iff M has no dense parts and M has both the greatest
and least elements.

Proof. If M has dense parts then the following sentence holds in M:
Jrdy(x <y AVxVa((z < 21 Az <29 A 20 <y) — Ju(zy <uAu < 2))).

Obviously, this sentence holds only in infinite models. Therefore, the theory
T is not pseudofinite. An existence of both the greatest and least elements in
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finite approximations of the model M implies an existence of such elements
in the model M.

Suppose now that M has no dense parts and M has both the greatest
and least elements. This means that the order on M is discrete and is
approximated by finite linear orderings, i.e. M is pseudofinite. O

Remark 12. Observe that infinite discrete orderings are not approximated
by countably categorical structures since the countable categoricity implies
an existence of dense parts. Thus, discrete orderings having no either
endpoint are not approximated either by finite or by countably categorical
orderings. Moreover, the theories of such orderings are not approximated
since they are finitely axiomatizable by sentences describing a linearity of
orderings, an existence of an immediate successor for every non-maximal
element, and an existence of an immediate predecessor for every non-minimal
element.

Theorem 13. Any theory T' of an infinite linearly ordered set M = (M; <)
non-being countably categorical is pseudo-RNg-categorical if and only if M has
at least one dense part and every discrete part has both the least and greatest
elements.

Proof. The structure M is formed by infinitely many alternations of discrete
and dense parts. And by Remark 12 at least one dense part must be in M
for pseudo-Ny-categoricity. Moreover, since in countably categorical linear
orderings any discrete part is finite with the least and greatest elements,
every discrete part in the structure M contains endpoints.

Now, having both a dense part and a least and greatest elements in each
discrete part of the structure M we can construct step by step a family 7
of theories of countably categorical orderings by increasing configurations of
discrete and dense parts so that each sentence of the theory 7' describing
configurations of models of the theory T belonged some theory from 7.
Indeed, in dependence of cardinalities of discrete parts of models of the
theory 7 we can construct a sequence of countably categorical structures
composed of structures of the form

no+Q+m+Q+...+n1+Q+ny, (1)

n; € w, preserving or unrestrictedly increasing values n; in dependence of
that whether the corresponding parts are finite, cardinality n;, or infinite,
and also preserving or unrestrictedly increasing the number k& in dependence
of that whether the number of discrete parts in the structure M is finite or
infinite. O

Theorem 14. (8] For any family T, RS(T) = RS(Clg(T)) and if a family
T is nonempty and e-totally transcendental then ds(T) = ds(Clg(T)).
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Theorem 15. [8] For any family T satisfying the inequality |%(T)| < w the
following conditions are equivalent:

(1) |Cls(T)]| = 2°;

(2) e-Sp(T) = 2%,

(3) RS(T) = .

Observe that the family 7., of all theories of countably categorical linear
orderings allows to approximate arbitrary alternations of discrete and dense
parts. Varying cardinalities of discrete parts and unrestrictedly increasing
the number k in structures of the form 1 we obtain continuum many pseudo-
No-categorical theories and for this each function f € 2 with values f(i) =
n; has an own theory. Thus, by Theorems 14 and 15 the following holds:

Proposition 16. RS(7c,) = oc.

Theorem 17. [10]| Let T be a family of theories of a countable signature
with RS(T) = oo, a be a countable ordinal, n € w\ {0}. Then there exists a
do-definable subfamily T* C T for which RS(T*) = a and ds(T*) = n.

By Proposition 16 and Theorem 17 the following holds:

Corollary 18. For any countable ordinal o and natural n € w\ {0} there
ezists a subfamily T* C Teao such that RS(T*) = a and ds(T™) = n.

Recall that an open interval in a linearly ordered structure M is a
parametrically definable subset of M of the form I = {¢ € M : M E
a < ¢ < b} for some a,b € M U {—00,00} with a < b. Similarly, we may
define closed, half open-half closed, etc., intervals in M. An arbitrary point
a € M can also be represented as the interval [a,a]. By an interval in M
we shall mean, ambiguously, any interval in M of a type above. A subset
A of a linearly ordered structure M is convex if for all a,b € A and ¢ € M
whenever a < ¢ < b we have ¢ € A. Recall also the notion of weak o-
minimality which was initially studied in [18|. A weakly o-minimal structure
is a linearly ordered structure M = (M, =, <,...) such that any definable
(with parameters) subset of M is a union of finitely many convex sets in
M. We recall that such structure M is said to be o-minimal if any definable
(with parameters) subset of M is a union of finitely many intervals and
points in M. Thus, weak o-minimality generalizes the notion of o-minimality.
Real closed fields with a proper convex valuation ring provide an important
example of weakly o-minimal (not o-minimal) structures.

Now we recall that w represents the ordering of the natural numbers,
w* the reverse ordering on the natural numbers, and QQ the ordering of the
rational numbers. Let F' be the set of all finite linear orders, and

G:=FU{w,w" w+w,w +w Q}.
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Also, let WO be the collection of all ordered sums of the form C; +
...+ C,,, where C} is elementarily equivalent to some member of G for each
1< m.

Theorem 19. [19] Any weakly o-minimal structure M restricted to the
signature {<,=} is a member of WO, and conversely, the first-order theory
of any member of WO is a weakly o-minimal theory of linear order.

Denote by Tuomlo the family of all weakly o-minimal theories of pure
linear order.

Corollary 20. RS(7womlo) = 0.

Proof of Corollary 20. By Theorem 19 the number of convex discrete and
dense parts must be finite, but for this their number can be arbitrarily
large for a fixed weakly o-minimal theory. Consequently, there are continuum
many pseudo-T -theories by means of infinite alternations of different discrete
and dense parts. Then by Theorems 14 and 15 we have RS(7) = oc. O

Repeating the arguments for Corollary 18, we obtain:

Corollary 21. For any countable ordinal o and natural n € w\ {0} there
exists a subfamily T* C Tyomlo at which RS(T*) = a and ds(T*) = n.

Since the equality RS(7) = oo means an existence of a 2-tree of sentences
[9] and for any expansion this 2-tree is preserved an arbitrary expansion of
the family 7 to the family 77 of a signature > D (7)) satisfies the condition
RS(7") = oo. Thus, by Corollary 20 the following theorem holds.

Theorem 22. For any signature X including the relation symbol < for
a linear order the family Tyomy of all weakly o-minimal theories of the
signature ¥ is not e-totally transcendental: RS(Tyoms) = 00.
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In this paper, we consider locally free algebras. The fundamental results
on locally free algebras are presented in [1, 2]. In the work of Ax [3]| the
concept of pseudofiniteness was first defined. The foundamental works [4, 5,
6, 7, 8] obtained to date for pseudo-finite structures directly depend on the
results of Ax.

1 Pseudofinite structures

In this section, we introduce some definitions and notation from |7, 8,
31, 10| which we will need in the future.

Definition 1.1. [7, 8]. The basic definitions of pseudofiniteness are as
follows.

e An L-structure M is pseudofinite if for all L-sentences ¢, M | ¢
implies there is a finite My such that My = ¢. M is strictly pseudofinite
if M is pseudofinite and not finite.

e A consistent L-theory T is weakly pseudofinite if ¢ is true in some finite
structure (not necessarily a model of T")whenever T |= ¢.

e T is strongly pseudofinite if there exists a finite model M, such that
My = ¢ whenever ¢ is consistent with 7.

For example, the empty theory is weakly pseudofinite but not strongly
pseudofinite.
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Definition 1.2. Fixing a language L, T is the common theory of all finite
L-structures. That is, ¢ € T} if and only if ¢ is true of every finite L-
structure.

There are other, equivalent definitions of pseudofiniteness, as the
following result describes:

Proposition 1.3. |7, 8] Fiz a language L and an L-structure M. Then the
following are equivalent:

1. an L-structure M is pseudofinite;
2. M ’: Tf,‘

3. M s elementarily equivalent to an ultraproduct of finite L-structures.

Proposition 1.4. 8| Let M be a pseudo-finite structure and f : M* — M*
be a definable function. Then f is injective if and only if f is surjective.

We denote by T the class of all complete elementary theories, by T fi,
the subclass of 7 consisting of all theories with finite models.

Proposition 1.5. [31] For any theory T the following conditions are
equivalent:

(1) T is pseudo-finite;

(2) T is T jin-approzimated;

(3) T e OZE(Tfm)\Tfm

Let the signature X consist of a permutation f and let T" be the theory
of permutations.

Theorem 1.6. [10] Any theory T of a permutation on an infinite set is
pseudofinite.

2 Locally free algebras

We fix some functional signature

Y= <f1(”1),...,fﬁ”"),...;co,...,ck,...>.

By T'(X) we denote the set of all terms of this signature over the set of
variables X = {zg,x1,...,Zpn,...}.

Definition 2.1. [11] On the set T'(X) we can determine the action of the
signature functions f;* by setting the value of the function f; on the elements
t1(Z1), ..., ts,(Zs,) equal to the term f;(t1(Z1), ..., s, (Zs,)). Interpreting the
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constant symbols ¢; of the signature > by these constants ¢; themselves in
T'(X) we obtain the algebra of the signature ¥ with the basic set T'(X).

We call this algebra absolutely free algebra of signature ¥ and denote it
by F(X) = (T'(X);X). Obviously, the algebra F'(X) is generated by the set
X.

Let L = (A; ) be an arbitrary algebra of signature o and ¢ be some
mapping of the set X to the set A. This mapping 1) admits an extension
to some homomorphism ¢, of the algebra F(X) into the algebra A that is
there exists a homomorphism ¢, of the algebra F'(X) into the algebra A,
coinciding with the map v on the set X C F(X). The map ¢y : T'(X) — A
is defined in the following natural way:

Py (b1, wn)) = ta((zr), .., P(xn)),

where t(z1,...,x,) denotes an arbitrary term of the signature ¥ and
ta(x1,...,x,) is a thermal function of the algebra 2 corresponding to the
term ¢(z1, ..., x,). The mapping ¢, is a homomorphism of the algebra F'(X)
into the algebra 2l continuing the mapping . A similar homomorphism (of
the algebra F'(X) to the algebra 2[ continuing the mapping 1) is unique.
From this, in particular, it follows that any no more than countable
algebra of signature Y is isomorphic to some factor algebra of the absolutely
free algebra F'(X). Indeed, let A = (A,X) be finite or countable, let
be an arbitrary mapping of the set X onto the set A. In this case, the
homomorphism ¢y, of the algebra F(X) into the algebra 2( described above
will be an epimorphism. Thus, if 6 is the kernel of the homomorphism ¢y,
then A = F(X)/0. Choosing different mappings of the set X onto A we
obtain various representations of the algebra 2l in the form of factor algebras
of the algebra F'(X). All algebras isomorphic to 2 are also absolutely free.

Definition 2.2. [1, 2] An algebra is called locally free if each its finitely
generated subalgebra is free. A free algebra is an algebra isomorphic to the
algebra of all terms.

From the above construction it is clear that in absolutely free algebras
of signature ¥ the following axioms are true:
D) filzr, oo yxn,) = filyr, ooy Un) 2 1= A ATy, =Yn, i =1,...,8;
11) fi(xl?"'axm) % fj(y17"'7ym) i %]727‘7 = 17"'75;
iii) o(x,x1,...,2y) # x, where ¢ is a term of length strictly greater than 1
and different from z, in fact containing the variable x.

Theorem 2.3. [1, 2| In order to algebra the signature ¥ was locally
absolutely free, it is necessary and sufficient that the azioms (i, ii, iil) are
true i 1t.
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Theorem 2.3 implies that the class of all locally absolutely free algebras
is axiomatizable.

Theorem 2.4. 2] The theory of locally free algebra of infinite signature is
complete.

3 Pseudofiniteness of locally free algebras

Let T be a complete first-order theory of locally free algebras of signature
E:{f1(n1)7,,.,fgnr)’...;cl,...,ck,...,}.

Proposition 3.1. If the signature Y consists of constant symbols, or of
constant symbols and one unary functional symbol, then the locally free
algebra A is pseudofinite.

Proof. Let ¥ = {cy,...,cx}. These constants correspond to some elements
(terms) {ai,...,ar} which freely generate the algebra A. We can write
through sentences ¢; ~ ¢; or =¢; = c¢;. Since these sentences hold for A
and for some finite algebra by definition A is pseudofinite.

Now, let ¥ = {fW ¢y,...,c.}. Since, different terms correspond to
different elements, each element has no more than one preimage. Therefore,
the map f) : A — A is bijective, and A is pseudofinite. Therefore, the
theory Th(A) is pseudofinite. As in [10, Theorem 6], the models of the theory
Th(A) form infinite magistrals that can be approximated by finite structures.
0.

Example 3.2. An important example of free unary algebra arises from the
group homomorphism ¢ : G — S4 of an arbitrary group G into the group of
all permutations of the set A. Such homomorphism is called the action of the
group GG over A. The definition for each element g € G of the unary operation
fs : A — A as a permutations of ¢(g) in Sy for the corresponding element g
under the homomorphism ¢ gives a free unary algebra (A, { 7 | g € G}) in
which fi(z) = z, f;(fa(x)) = fon(z),z € A,g,h € G. Using the arguments
of [10, Theorem 6| we see that such algebra can be approximated by finite
structures. Thus, the free unary algebra (A, {fi" | g € G}) is pseudofinite.

Theorem 3.3. An infinite locally free algebra A is pseudofinite if and only if
the signature contains no more than one unary symbol and does not contain
symbols arity n > 1.

Proof. (=) Assume that the infinite locally free algebra A is pseudofinite
and ¥ = { fl(l), f2(1)}. We fix a positive positive integer n and choose an
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arbitrary sentence ¢ from the theory Th(A), which describes, according to
axioms 1)-iii) the relationship among the values of the terms of the signature
) containing at most n signature symbols. Consider a finite algebra B of the
least possible cardinality s in which the sentence ¢ holds. Since B is finite
some values of different terms with functional symbols turn out to be equal
which implies the equality of terms of shorter lengths from axioms i) and ii).
This contradicts the minimality of the choice of s. Therefore, the algebra A
is not pseudofinite.

Now consider a locally free algebra A of a signature ¥ = {g™} for n > 2.
To approximate the algebra 2 by finite algebras it is necessary to set cycles
of unbounded length. Consider the following functions:

gl(l’) g(g(x,x),x,x,...,x),

g2(x) =g(x,g(z,x),x... ).

Using axioms i) we obtain

g(g(z,z),z,x,...;x) = g(z,g9(x,2),z,...,2) = g(z,x) = x.

This shows that if there are two different operations g; and g, during cycling
they are identified which contradicts the locally freedom of the algebra A.
Hence, a locally free algebra with one functional symbol of arity > 2 is not
pseudofinite.

(<) Let X = {c1,...,cx} or B = {fW ¢1,...,cx}. Then by Proposition
3.1, the locally free algebra A of signature X is pseudofinite. O

Corollary 3.4. A locally free groupoid is not pseudofinite.
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1 Introduction

Logical validity is often perceived as the sole criterion for an argument
to be considered “correct”, so much so that, in most cases, it is mentioned
simply as “validity”. This conception regarding argument “correctness” has
lead most proposals for a mathematical formalism of argumentation since
the 80’s. Based upon a conceptualization of argumentation which considers
arguments to be

“... a sequence of inferences leading to a conclusion.”*, or, what could
be more loosely described as “. .. valid patterns of inference.”? this notion of
validity underlies many? (if not all) of proposals for a mathematical definition
of the notion of argument.

However, intuitive as it may seem, viewing arguments as sequences of
logically valid inferences, imposes two unnecessary restrictions over the range
of the notion. These restrictions are deemed to be unnecessary because
they emanate neither from the empirical nor from the theoretical studies
in the field of argumentation. On the one hand, as Stephen Toulmin made
clear, there have been traditions * in the theory of argumentation whose

1

1See [5], page 428.

2See [3], page 337.

3As some well known examples of such oriented approaches, see the definitions of
argument proposed by (1) Besnard and Hunter in [1] (page 39), by (2) Fox, Krause and
Elvang-Ggransson in [5] (page 429) and by (3) Pollock in [6], (pages 368-370)

4Specifically, besides logical validity, Toulmin “locates” two more versions of validity,
a critical and an anthropological one. He then uses this characteristic, in order to
divide the various models of argumentation which have been proposed over the centuries
into the three categories of logical, dialectical and rhetorical tradition. From the two
aforementioned kinds of non-logical validity, we shall focus in this paper on the former.
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“arguments” answer to versions of validity which are substantially different
from logical validity. On the other hand, by defining arguments as valid
inferences, we end up with a formalism that is unable to express the concept
of fallacy, at least in a form which would allow for the specification of the
fallacious part of the reasoning.

In this short paper, we present a mathematical formalism of
argumentation in which arguments “answer” to a critical validity, where an
argument is considered valid if it defends some standpoint against some
criticism. The results of this paper form a part of the diploma thesis of
M. Bournazos [2].

2 Critical Validity

Argumentation in Al may present itself in two cases (1) when we require
for the “production” of arguments and counterarguments regarding some
standpoint, so that we (or an algorithm by itself) may decide on a matter
of interest® and (2) when the recognition of the argumentation used in some
text is required. In the former case, the demands of logical validity seem
absolutely necessary, so that the argumentation being produced may indeed
prove to be useful in making some decision. In the latter case, however,
demanding for every argument to essentially be some kind of a “proof”®,
excludes most of the forms argumentation takes in real-life situations.

That is not only due to the fallacious argumentation which appears in the
argumentative reality but also, due to the way non-fallacious argumentation
is usually presented in real debates, where, more often than not, what
we are presented with is a partial “proof”, with some of the inferences or
starting points omitted, due to them being perceived as common knowledge.
Contrary to the case in which one produces complete and logically valid
arguments in order to decide whether a standpoint should be accepted or not,
in a real-life discourse, one usually presents only the parts of the argument
which “answer” to expressed or expected doubt. Thus, we may refer to critical
validity, which is the acceptance of some claim based on the lack of expressed
doubt towards it”. Such a version of validity is adopted by theorists of the

5As an example one may see the approach developed by Fox, Krause and Elvang-
Ggransson, in [5], whose formalism was developed for applications in medical reasoning,.
In such cases, it is imperative that arguments produced by algorithms are sequences of
valid inferences.

6This is probably the reason due to which logical validity is sometimes referenced as
geometrical validity, given that the first axiomatic system in mathematics was Euclid’s
geometry.

"We should point out that critical validity incorporates a demand for rationality, that
is, for every inference which may be presented as part of some argument to be logically
valid.
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dialectical tradition.

One important distinction between logically and critically valid
arguments is that in the latter case the end result of the process of
argumentation is co-produced by the opposing sides in the debate. The
same logical argument may take more than one form in a real-life situation,
depending on the opposing side’s expressions of doubt, thus making the
contribution of the antagonist® to the formulation of the final product of the
argumentation indispensable. In this sense, we shift from a conceptualization
viewing arguments as sequences of inferences, to one in which arguments are
simply the means by which (reasonable) doubt may be retracted.

Thus, the incorporation in our formalism of the means through which
we may express the notion of doubt, as well as the retraction of it, is of
utmost importance. In order to achieve this goal, we will adopt the concept
of speech act, introduced in linguistics by John Searle in [9]?. While we may
not dive into the concept of a speech act here, we should point out that in
this model of communication, “speaking” is treated as “acting”, with each
utterance associated to some proposition and some function in the process
of a debate. Also, one should keep in mind that not all speech acts are
considered to be “dialectically” useful.

The functions of speech acts which contribute to the process of
substantially resolving a difference of opinions, are (1) assertives constituting
claims regarding to the acceptability of the propositional content of the
speech acts, (2) commisives expressing acceptance or doubt towards some
standpoint, and we may, from now on, distinguish between these two cases
by referring to positive and negative commisives, and, finally, (3) directives
expressing some demand on behalf of the antagonist of a standpoint
regarding either a defense of this standpoint or some clarification regarding
the usage of some term by the protagonist. Given that clarifications in
terminology usage are not essential parts of a dialectical process!?, our
definition of speech acts will not include them.

Before we move on to our proposal for a definition of a speech act, we
should also point out that our formalism is constructed upon the following

8In argumentation theory, the opposing parties which participate in some debate
regarding the acceptability of some standpoint may be divided in the “protagonist” and
the “antagonist” based on the attitude of each party towards the standpoint of the issue.
There is a variety of terms used in argumentation theory to refer to the opposing “roles”
in a debate, e.g. many theoreticians of argumentation adopt the terms “proponent” —
“opponent” in order to refer to two (or more) sides in a debate. Following the terminology
of the pragma-dialecticians ([4], pp. 58-59), we are also using, in the range of the present
paper, the terms “protagonist” and “antagonist”.

9See [9] pages 1-29, as well as [10], pages 22-50.

10They are, however, rhetorically essential, given that ambiguity in terminology usage
has been exploited by practitioners of rhetoric throughout the ages in order to maximize
the efficiency of their argumentation.
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assumptions:

e A first order predicate language I with equality and a countably

infinite number of constants used to denote natural numbers.

e Argumentation schemes!! are expressed informally as conditionals in

the language of propositional calculus.

e Two pre-constructed injections from the elements of I to the set of

odd numbers, d(p), p € L and from the set of the propositional types
L of the form Py A--- A P,, — P to the set of even numbers, D(L),
respectively.

e By ¥ we will denote a finite set of even numbers, and by II we will

denote a finite set of odd numbers, usually in order to refer to the
sets of mutually accepted argumentation schemes and propositions
respectively.

e The set of functionality indicators of speech acts, S = {a, cy, cn, dc},

provided with an informal identity relation denoted by =.

e “z € II"should be understood as the abbreviation of (z = xp) V -+ V

(r = x,), where xy, ..., x, are the elements of II.

Definition 2.1. Let ¢ = (p,z) be an ordered couple. o is called a speech

act,

1.
2.

3.

4
We

if it satisfies at least one of the following conditions:
r =4 aand p € L (assertive speech act — claim)
z =4 cy and p € L (commisive speech act — acceptance)
r =4 cn and p € L (commisive speech act — doubt)
. =g dcand p € L (directive speech act — challenge to defend a claim)

say that z is the function of o and denote by F (o), while p is said to

be the proposition of o and is denoted by P(c). The set of all speech acts is
denoted by SA

1 As far as the present paper is concerned, argumentation schemes may be intuitively
viewed as algorithms, whose input is a suitable set of premises and whose output is some
conclusion.
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3 Reasons and Elementary Dialogues

The “dialectification” of the notion of argument which we described in
the previous paragraphs may now be expressed by an appropriate choice
regarding the “atoms” from which we may construct our arguments. Instead
of considering propositions as those atoms, we will built our “syllogisms”
by putting together suitable exchanges of speech acts, in order to formulate
what we may call by “Elementary Dialogues”.

However, before we give the definition of an elementary dialogue, we
would like to make a reference to the two different forms a critically valid
defense against criticism may take. On the one hand, we have argumentation
schemes used to “construct” the acceptability of a given standpoint on the
acceptability of every element of a specific set of premises. On the other
hand, we may always defend a claim against criticism, by pointing out that
the standpoint has already been accepted. The need of such defense may
arise when the accepted propositions are too many for anyone to remember
by heart, as is the case in any scientific field. It should be noted that such
version of argument may not be compatible with the standard notion of an
argument as a sequence of inferences; it is, however, completely in accordance
with the view of an argument as something which aims to the retraction of
some doubt regarding some standpoint at issue. Those two versions of defense
are incorporated into our formalism by the following definition of a reason.

Definition 3.1. Let Il and ¥ be a set of mutually accepted propositions
and a set of mutually accepted argument schemes respectively, p, p’ € L and
o= (p’,a). Then

1. If p’ = (d(p) € II), then, o will be called an extensional reason for p
with regard to II.

2. If there exist n € N, n > 0, and ¢y,...,q, € L such that ¢ =
(D((l; A=+~ Nl) — 1) € X), where ¢,...,q, are instances of the
propositional types l;,...,l, and p" = ((¢go A--- A ¢,) — p), then, o
is called an intentional reason for p with regard to 3.

Given that our ultimate objective is a formalism that may express every
aspect of the argumentative reality, we may consider cases of dialogues in
which utterances remain unanswered and even of speech acts exchanges
that do not “make sense”. However, for us now, in order to move to the
formulation of the definition of an elementary dialogue, we should specify
the “meaningful” exchanges of speech acts. We will not elaborate further
on the subject here but, in order to an exchange of two speech acts to be
meaningful, it is sufficient that they have the same propositional content and
that at least one of them is an assertive. We will refer to dialogues consisting
only of such exchanges as “orderly dialogues”.



52 M. Mpournazos, P. Stefaneas

Definition 3.2. 1. Let n,m € N and A = ((a;)l—, (b;)1"), where, for
every i = 0,...,nand j =0,...,m, a;,b; € SA. Then A is called a
dialogue.

2. Let n € Nand A = ((a;)lg, (b)), where, for every i = 0,...,n,
ai, b € SA, P(a;) = P(b;) and at least one of F(a;), F(b;) is equal to
a. Then A is called an orderly dialogue.

We will now introduce the definition of an elementary dialogue, in which
we include also the case of a lack of doubt as an immediate acceptance,
mostly for technical reasons.

Definition 3.3. Let n € N and A = ((a;)", (b)), be an orderly
dialogue. A is called an elementary dialogue for P(ay), if one of the following
conditions holds:

1. n=0, F(ag) = a, and F(ay) = a;

2. n = 2 and the following hold:

(ap) = a and F(by) = cn;

(b;) =P(by), F(a;) = a, and F(b;) = dc;
(as)

(a0)

=a, F(b;) € {cn,cy}, and ay is an extensional reason for

=P(by), F(a;) = a, and F(b;) = dc;

=a, F(b;) € {cn,cy}, and ay is an intentional reason for

Moreover, if A satisfies condition 1, then we say that it is an immediate
acceptance for P(ay), while, if A satisfies condition 2 (res. 3.), then it will
be called an extensional (res. intentional) elementary dialogue for P(ayp)
with regard to II (res. X).

We may, now, intuitively consider that some proposition is defended in
a dialogue, if every doubt regarding this proposition is met by some reason
in the same proposition.
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4 Arguments, Fallacies and Dialectical Proofs

Having defined an atom of our syllogisms in the previous section in the
form of elementary dialogues, we may now present our proposal for the
definition of an argument. Our demands for a sequence of exchanges of speech
acts to be considered as an argument for some proposition p in this definition
are (1) that it must include some reason for p, (2) that, obviously, we may
not support an extensional reason for a proposition by any kind of reason,
and (3) that every “intermediate step” is always some kind of inference in
conjunction with the claim that this form of inferences is mutually accepted.

Definition 4.1. Let T = (V, E) be a finite tree with a root, the vertices of
which are elementary dialogues and ¢ € L. Let, also, Root(7T) = Ag be an
elementary dialogue for ¢ and X be a set of mutually accepted argumentation
schemes. If

1. every vertex of T which is not a leaf of T, is an intentional elementary
dialogue and

2. for every vertex of T, let it be A;, where i € N and ¢ < |V, if A;
is not a leaf of T, and if (py A --- A p, — p,a) is the intentional
reason of A;, where n € N, then every child of A; is a reason for some
¢ €{poy-- spn, D((IyA---N1,) — 1) € X))}, where [; A+ A1) — 1,
the argument scheme of which py A --- A p, — p is an instance,

then T is called an argument for q.

In the above definition, we did not demand for every doubt regarding
some standpoint expressed in some dialogue that contains an argument
for the same standpoint to be “answered”, exactly because we wanted to
include critically invalid arguments as instances of our definition. Thus,
our definition allows for the adoption of critical norms regarding argument
evaluation, as well as for distinguishing between sound and fallacious
argumentation in a substantial manner. As an example of this direction
we may consider the following definition.

Definition 4.2. Let T = (V,E) be an argument, p € L, II be a
set of mutually accepted premises and Y be a set of mutually accepted
argumentation schemes. If

1. for every leaf of T which is an extensional elementary argument, let it
be A,, if ¢ € II is the extensional reason of A; then ¢ € II holds,

2. every argumentation scheme, let it be L, with some instance of L being
the proposition of the intentional reason of some vertice of T which is
not a leaf, D(L) € ¥ holds,

then T is called a dialectical proof from II and X for p.
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To conclude, while the formalism we propose is still a work in progress,
we do manage to propose a definition for the concept of argument which is
susceptible to critical evaluation, as far as validity is concerned. Also, given
that the choice of a first order language didn’t actually affect the form of our
definition, an expansion towards abstract logical systems, institutions etc.,
is possible and definitely among our plans regarding future work. Moreover,
we intend to study further the behavior of arguments as parts of dialogues,
as well as the possibility for a formalism of the concept of anthropological
validity in a dialectified manner!?.
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Bormpocs! kiaccudukaliyni, B TOM WK UHOM CMBICTIE, H3YIaeMbIX 00beK-
TOB, COIVIACHO ApPHCTOTE 0, TPUHAIEKAT K PYHIAMEHTAJIHHBIM BOITPOCAM
Joboit Hayku. To ke camoe OTHOCHTCA W K yYHUBEPCAJbHBIM ajredpam ¢
JIAHHBIM (DUKCHPOBAHHBIM 0a3MCHBIM MHOYKECTBOM B YHUBepPCaJIbHOM ajred-
pe. OiHaKO GOJIBITMHCTBO M3yYIAEMbBIX IIPU 3TOM CBOMCTB MMOJI0OHBIX aaredp
OTIPEJIEIAIOTCSI, B KOHETHOM cUeTe, He HaDOpPOM MX CUTHATYPHBIX (DYHKITHIA,
a (PYHKIIMOHAJBHBIM KJIOHOM TepMAaJIbHBIX (PYHKINN TUX aaredp, BBICTY-
MAIOIIMM B 9TOM KOHTEKCTe MHBAPUAHTOM CaMUX PACCMATPUBAEMBIX aareop.
B nmamnnoit pabore npeyioKeH psii IePBOHAYAILHBIX MOHATHI U BOIPOCOB,
CBSI3aHHBIX C MOJO0OHOI aOCTPaKTHOI (€ TOYHOCTBIO J10 H30MOPGhU3MA) KIIac-
cuduKalmeil yHUBEPCAJIbHBIX aaredp ¢ PUKCUPOBAHHBIM OA3MCHBIM MHOXKE-
CTBOM TIO KJIOHAM WX T€PMaJIbHBIX (DYHKITHIA.

[To onpenenennto ynusepcasvras arzebpa A = (A; 0y) CUTHATYDBI 0 ITO
HeKoTOopoe (hukcnpoBanHOe MHOKeCTBO A (6asuctoe W OCHOBHOE MHOICE-
cmeo anzebpv, ) U, ONATH Ke, HEKOTOPBIH (DUKCHPOBAHHBIN HAOOD CUTHA-
TYPHBIX (COOTBETCTBYIOINIHX, C COXPAHEHUEM aPHOCTH, CUMBOJIAM CUTHATYPbI
o) dyukimit na sToMm Muoxecrse (ecau f* € o, T0 fY — n-mectHas QyHK-
s Ha MHOXKecTBe A). Ilpm sTOM B jajibHeiileM HUXKHUI CHMBOJI Y Og
u fy (Korga 9To He UpeBATO IyTAHHIEH) KAK IIPABH/IO OY/IET OIIyCKATHCH.
QyHKIMN Ha 0a3MCHOM MHOXKeCTBe aJireOpbl A, mojrydaeMble CYIepIIO3uIii-
eii (MHOIOKpATHO{) U3 CUTHATYPHBIX (QYHKIH{ aaredpbl A u CeIeKTOPOB
el (r1,+++ ,T,) = T; Ha MHOXKECTBE A, HABLIBAIOTCA MEPMANLHBMU HYHKUU-
amu anszebpor A, a MX COBOKYITHOCTh 0bo3HadaeTcst Kak Tr(2A).

Hanomuanwm, ato ¢hynkyuonasonuil xKA0n HA MHOXKECTBE A — 9TO HEKOTO-
past COBOKYITHOCTb (DYHKITH HA A, 3aMKHYyTasi OTHOCUTEIHLHO CYHEPIO3UIIAN
1 BKJIIOYAIONIas B cebst Bee ceteKTopHble pyHKImn €! (11, -+, 1,) = x; (1ia
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aobbix 1 < @ < n € w) na mHOKecTBe A. Takum 06pas’oM, COBOKYITHOCTh
Tr(2A) Bcex TepmasbHBIX byHKIWMI aaredper A = (A; oy ) sBIETCS DYHKIN-
OHAJIbHBIM KJIOHOM Ha ee OasucHoM MHOKecTBe A. C JIpyroit CTOPOHBI, JI/Ist
J1I000T0 PYHKITMOHAJIBHOTO KJIOHA F' Ha MHOXKeCTBe A CyIIecTByeT YHHUBEp-
canbHast anrebpa Ap = (A; F) ¢ 6a3uCcHBIM MHOXKECTBOM A Takasi, 9T0 KJIOH
ee TepMasIbHBIX dyHKIWit coBnagaer ¢ kimonoM F : Tr(™Ap) = F (gocrarou-
HO B Ka4ueCTBE CUTHATYPHLIX (PYHKIUN aareOpbl 2Ap BLIOPATh BCe (DYyHKINH
u3 F). Jna moboit copokynroctn G dyHKImit Ha MHO)KecTBe A wepes (G)
obo3HaIMM (DYHKIMOHAIBHBIN KJIOH, HOPOXKJICHHBI MHOXKecTBOM G (HAW-
MEHBIIH 110 BKJIOYeHN0 C KJIOH BKJIOYaronmii 8 cedst (7).

[TockoIbKY HpaKTUYECKH BCE CBOMCTBA YHUBEpCAJbHBIX ajredp %A =
(A; 0): X Tpom3BOJHbIE CTPYKTYPHI (perieTku mogaarebp Sub2l, KoHpy-
surmit Con 2, anredpandecknx muoxkects Alg, 2, rpymmbl aBToMopdu3MoB
Aut 2, monmyrpymmst sugomopduzmo End 2, Bayrpennux uzo- Iso2 u ro-
MomopdusmoB Thm#2l u mp.), rak HasbiBaembie “MaiiblieBcKue cBoiicTBa”
(KOHI'PY3HII-MOJLY/ IS PHOCTD, apUMDMETUIHOCTD, JUCKPUMHUHATOPHOCTD 1 T.]I. )
MHOT000Opasuit M(2), mopox IeHHBIX aarebpoii A 3aBUCST, B KOHEYHOM CUe-
Te, He OT COBOKYITHOCTU CUTHATYPHBIX Og-DyHKIHUI agredbpot A, a oT coBo-
KyIHOCTHU ee TepMaJsibHbIX (yHkimit Tr(2l), obpasyomux ¢yHKIMOHATbHBIT
KJIOH Ha 06a3MCHOM MHOXKECTBe ajareOpbl A, TO B BOIPOCAX KJIACCH(MDUKAIIIN
YHUBEPCAJIBHBIX aaredp ¢ pUKCHPOBAHHBIM OA3UCHBIM MHOXKECTBOM 2 ecre-
CTBEHHO MPOBOJIUTH 3Ty KJIACCUMDUKAIMIO ¢ TOYHOCTHIO 10 KJIOHOB Tr(%A)
yHUBEpCATbHBIX ajredp A = (A;oy), T.e. KIacCuUIUPOBATb HE CAMHU AJl-
reOper XA, a QyHKIIMOHAIBHBIE KJIOHBI Ha MHOXKecTBe A. [list bukcanunm xe
camoit ynusepcasabHoii anrebpsl 2 = (A;oq) upn gannom kiomne Tr(2A) ee
TepMaJIbHBIX (bYHKIHUiT JocTaToqHo B KjaoHe Tr(2l) yKazarh HEKOTOPYIO CO-
BOKYITHOCTH ITOPOXK/IAIOIINX ero (DYHKIUIT (B JJAHHOM CJIydae - COBOKYITHOCTh
0q). YUuThIBas TaK¥Ke TO, 4TO, KaK IPABUJIO, B YHUBEDPCAJIbHOIT ajirebpe aj-
reOphl 2 pacCMATPUBAIOTCS ¢ TOYHOCTHIO JI0 U30MOPMU3MA, TO U KJIOHBI UX
repMmasibubix dyukimit Tr(2) wa dukcupoanroM 6a3oBoM MHOKecTBe A
cye/iyeT KIacCH(UIMPOBATE ¢ TOYHOCTHIO JI0 WX COIPSI?KEHHOCTU TIepecTa-
HOBKaMM MHOYKeCTBa A.

B camoit ynuBepcasbHoii ajrebpe 3Ta CHTyalldsi OTparKeHa B MOHATHN
“pavuonanvroti sxeucarenmuocmu” ynusepcarvroir anzebp A = (A; o) u
B = (B;ag) CUTHATYD 01 U 0 COOTBETCTBeHHO, BBegeHHoM A. V. Maib-
1eBbIM. B KOoHEYHOM cueTe panuoHabHasg SKBUBAJICHTHOCTL ajredop 2 u B
O3HAYAET CONPIKEHHOCTh KJIOHOB UX TepMaabHbix dynknumii Tr(2() n Tr(B)
(Ha COOTBETCTBYIOINX MHOXKeCTBaX A n B) HEKOTOPOit OHeKIneil MHOKeCTBa
A na B. To ectb knaccudukaims yHIBEPCAJbHBIX aaredp ¢ 6a3MCHBIM MHO-
KeCTBOM A OTHOCUTEIHLHO UX PAIMOHAIHLHON SKBUBAJIEHTHOCTH CYTh KJIACCH-
dukarnusg GyHKIMOHAIBHBIX KJIOHOB HA A ¢ TOYHOCTBIO 10 UX CONPSAKEHHO-
CTH TIepecTaHOBKaMn MHO)KeCcTBa A. TeM caMbIM, U3 M3BECTHBIX PE3y/IbTATOB
E.ITocra [1] u FO. 1. fnosa, A. A. My4nuka [2] 0 MOITHOCTSIX COBOKYITHOCTEI
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F4 Bcex KJIOHOB Ha JIByX- W HE MEHEe UeM TPEX3dJeMEeHTHBIX MHOKecTBax A
(|Fal = Vo , ecmm |[A] = 2 u |Fa| = 2%, e 2 < |A| < Rg) crenyer,
YTO MAKCHMAJIbHBIE COBOKYITHOCTH PAIMOHAJBHO ITOMAPHO HE SKBUBAJIEHT-
HBIX JIBYX3JIEMEHTHBIX YHHBEPCAJIBHBIX ajaredp CUYeTHBI, a N-3JeMEHTHBIX
(HpH 2<n< w) — KOHTHHYAJIbHBI.

B cBs13u ¢ 3aMevdeHHBIM BBIIIE BBEIEM CJIEAYIOINee OTHOIIEHNE SKBUBA-
JIEHTHOCTH ~ Ha coBOKymHOCTH F'(A) Beex KIOHOB Ha MHOMKecTBe A: syist
Fi\,F5, € Fa, Fi ~ [y eciin cymiecTByeT IepecTaHOBKa M Ha MHOXKECTBE
A, conpsratormas byskmmn u3 F; n Fy, T. e. Takad, uto Fy = 7 ' Fhn =
{m= f(n(x1), -+ ,7(xn))|f € Fp}. 3amerum, 9ro OTHOIIEHHE ~ Ha KJIO-
HaX COOTBETCTBYET OTHOIIEHHUIO PAIlMOHAIBHONI SKBUBAJEHTHOCTH Ha, COOT-
BETCTBYIOIINX YHUBEPCAIbHBIX ajaredpax.

TpaguimonHo cOBOKYyIHOCTH F)4 Bcex KJIOHOB Ha A paccMaTpuBaeTcs
Kak permerka L4 OTHOCUTEIbHO TeOPETUKO-MHOXKECTBEHHOIO BKJIOUIeHnsT C:
Ly =< Fa; N,V >, tne na Fi, Fy € Fy umeer mecto Fy A Fy = Fi1 N Fy
u [y VvV F, = (F) U Fy). OueBuiHbIM 00pa30M OTHOIIEHUE ~ HE SIBJISETCS
oTHOIIeHneM KoHrpysHuuu Ha L 4. K mpumepy, mnycts a u b 1Ba pa3IndHbIX
sementa u3 A u nycrs f, (f,) omHomectHast yHkms HA A ¢ 0071aCTHIO
suadennit {a} ({b}). llycts F, = (f,) u Fy, = (fy), 0ycTh T IEpeCTAHOBKA
na A rtaxas, uro m(a) = b, Takum obpazom F, ~ F, (F, = 7 'Fym). Tem
cambim, F, A F, = Z 4 (HauMmeHbInmit KJI0H Ha A BKJIIOUYAIOIIN B cebsl JIUIITH
cenekTopuble yHKIuu), vo F, ~ F,, F, ~ F, B 10 Bpems kak F, \ F, =
FGOOZA:FQ/\Fb.

Bsenem cieanyiomiee orHomenne < Ha COBOKyIHOCTH Fy Bcex (DyHKIIN-
OHAJIbHBIX KJIOHOB Ha A: mua Fi, Fy € Fj nycrs Fy < F, Torga u TOJIBKO
TOIJIa, KOIJa JIJI HEKOTOPOil IlepecTaHOBKHU 7 Ha MHOXKecTBe A mMeer mecTo
sriouenne 7 LK C Fy. CooTBETCTBYIONMM 00Pa30M OIPEIEIAeTCs OT-
Homrenne < Ha YHHUBepCaJbHBIX ajrebpax ¢ 6a3MCHBIM MHOXKECTBOM A: I
Ay = (A;0q,) n Ay = (A;0q,) Gyaem roBoputh, uro aszebpa Uy Gednee
anzebpvr Ay (Ag Goraue wem 2y, anredbpa 2A; parmoHAILHO UHTEPIPETUPY-
ercsa B As) Ay < Ay, ecom Tr(Ay) < Tr(As). OdeBujno, 9ro oTHOUMIEHHE <
SIBJISIETCS KBA3HUIIOPSIKOM Ha COBOKYITHOCTHU Fy.

OrmernM, uro orTHomerne < Mexjy ajirebpamu (2A; < s < Ay Gora-
4e ;) COMIACOBAHO CO CTAHJAPTHBIM TOHsTHEM “oborainenus’” aarebpante-
CKHUX, CHCTEM CBOJISIIEMCS B CJIydae YHUBEPCAJIbHBIX aareOp K J00aBIEHUIO
B Ka4decTBe HOBBIX CUTHATYPHBIX (DYyHKIMI oborarieHus (GyHKINA, HE BXO-
JIANIX B CUTHATYPY MCXOMHON anreOpbl. OTMeTnM Tak»Ke, UTO BBEIEHHOE
otHorienne < Ha ajredpax ¢ (pUKCUPOBaAHHBIM OCHOBHBIM MHOXKECTBOM TeC-
HO CBSI3aHO C U3BECTHBIM OTHOIIEHIEM “IPeJICTAaBUMOCTI WA “MHTEPIPETHU-
pyemoctu” (cMm., K mpumepy, [9],[10]) mexkmy MHOrOOGpa3UsIMU yHUBEPCAIb-
HbIX aarebp. Hanmomuum coorBetcTByItoIee omnpeesnenue. [Iycrs Vi u Vs, aBa
MHOTO00Opa3us YHUBEPCaIbHBIX ajaredp CUTHATYP, COOTBETCTBEHHO, 0 M Os.
Iycte 0 = (f"|i € I) u P = (t;(z1,...,2,,)|i € I) HEKOTOpaAs MOCIE-
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JA0BaTE/IbHOCTb 02-TEPMOB OT COOTBETCTBYIOHIUX IIE€PEMEHHDBIX. ZL.HH JHO6OI71
anre6pbl 2 = (A; 0) uepes AT = (A;01) obozHauumM anre6py ¢ OCHOBHBIM
MHOXKeCTBOM A, curHarypHbie (hyHKIUU f; KOTOPOI OIpeIe/IMMbl KaK Tep-
MasibHble yHKIWMA t;(T1, ..., Z,,) anredbper A. Muozoobpasue Vi npedcma-
B8UMO 8 MH02000pa3uu Vo, eciu CyIIecTBYeT O0C/Ie0BaTeIbHOCTh P TepMOB
CUTHATYPBI 05 TaKas, 4T Jylst J11060it aiaredbpsl A n3 Vs anrebpa AL BxoauT B
Vi, e. ViIF C Vi (saecs ViF = {AF|2 € V4}). Ornomenue npejcrasumoct
MHOroobpasusi Vi B Mmuoroobpasuun Vs obosnaunm Kak V) — V5. OueBumno,
YTO OTHOIIIEHUuE —> dABJIIEeTCs OTHOIIIEHUEM KBaSUIIOPAAKa ME2KI1Yy MHOI‘OO6—
pa3susgMu yHUBEPCAJbHBIX ajaredbp MpOu3BOJLHBIX CUTHATYP.
Hepes M(A) obo3HATIM MHOrO0Opa3me, HOPOK IeHHOe aredbpoit 2.

YrBepxkaeuune 1. /s a06wz anrzebp Ay = (A;01) uly = (Ag;0), ecauy
bednee Ay, mo muozoobpasue M () npedcmasumo 6 mrozoobpasuu MN(As),
m.e. ecau Ay < As, mo M(Ay) — M(As).

Mioe I) m P =
(ti(x1,...,x,,)|i € I) — mocae0BATEIBLHOCTD TEPMOB CUIHATYDBI 0y TaKas,
aro 4 = AP B cuny dopmyant Bupkrodga M(Az) = HSP({2,}), Toro,
aro i jnoboro muoxkecrsa J(2Ag )T = (AF)7 = 2A{ u roro, uro ms mo-
6oit mogasredbper (romomopdHoro obpasa) £ soboit anrebpbr £ w3 N(As)
anrebpa £ apngercs noganre6poit (romomopdubiM 06pazom) anrebpsr £
umeer mecto Brmodenne (IM(A))” C M(2A,), T.e. muoroobpazue M(A;)
JefCTBUTEILHO TpeICTaBUMO B MHOTOOOpasun M (As). O
[Iycts A oTHOIIEHNE SKBUBAJEHTHOCTH Ha [y, HOPOXKIEHHOE KBA3UIIO-
paakoMm <: F1 =~ Fy, & F; < Fy u Fy < F;. OueBUgHO, YTO OTHOIIEHUEM
~ BKJIIOUCHO B OTHOIICHHE AZ. 3aMETHM, UTO I KOHCYHBIX MHOXKeCTB A
OTHOIIEHUS ~ U R COBIIAIAIOT.

Jlokasameavemso. Iycrs Ay < Ay, o = (f"

YrBepxkaeHue 2. /i KoHeunvix mHodcecms A omuowernus ~ u ~ na Fy
cosnadarom.

[Iycte A — mekoTOpOe KOHedHOoe MHOxKecTBO, Fi, Fh € Fy u Fy < Fy,
Fy < Fy. Takum o6pa3oM CymIecTBYIOT IIePECTaHOBKH 71, Ty Ha A Takue, 4To
7T1_1F17T1 CFyu 7T2_1F27T2 C F|. Tem campbiM:

7T2_17T1_1F17T17T2 Q 7T2_1F27T2 g Fl. (].)

Yepes F™ (s n € w) 0603HawNM n-@ppazmenm Kiona F — COBOKYTI-
HOCTDb BceX (pyHKIuii u3 F' apHoctu, He npepocxojdiieit n. Takum obpazom,

F = |J F™, u B cioydae KOHEYHOCTH MHOXkKeCTBa A [jIs MOOBIX 1 € w
new

u F € F, dparment F™ konewen. Bxmouenns (1) BileKyT BK/IIOYeHHs
e L F™a iy C 7T2_1F2(n)77'2 C Fl(n).
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[ToCKOIBKY COBOKYIIHOCTH T, 177 L F (n)7r17r 1 F" paBHOMOMIHDL, LIS JTI0-
2 T Iy 2 1 )
Goro n € w mveenm pasercrsa 1,  FLVmy = F™ 1w rem cambim, w5 Fymy =
2 2 1 ) y 19
Fy. To ects Fy ~ F,, aT0 1 TpebOBAIOCH IIOKA3aTh.
Ocraercst OTKPBITHIM

Bompoc 1. CoBnajaior jim OTHONIEHUSA ~ U A Ha F4 I IPON3BOJIBHBIX
(6eCKOHEUHBIX ) MHOKECTB A7

[TomoxKuTE/IBHBIN OTBET HA STOT BOIPOC O3HAYA OB HEKOTOPOE 00001IIe-
Hue (ycusenue) mspectTHoil Teopembl Kanropa-BepHinreiina o MomHOCTSIX
MHOYKECTB.

YrBepxkaenue 3. /13 noaoorcumeavrozo omeema wa Bonpoc 1 evmexaem
ymeepoicdenue meopemv, Kanmopa — Beprwumetina.

Jloxazameavcmeo. Ilycrs miug muokectB By u By umeer mecro | By| < | By
u |By| < |Bpl|, T. e. cymecTByIOT BIOXKeHHs o MHOXKecTBa By B By 1 ¢
— muoxecTBa By B By. Moxno cuurars By u By jusbiodkrusHbiMu. Oye-
BUJITHBIM 0Opa30M CyIIecTBYIOT MHOXKecTBa A Takme, uro BoU By C A n
Brioxkerust @; (i = 0, 1) IPOJOJIZKUMBI JI0 HEKOTOPBIX [IEPECTAaHOBOK 7; Ha A.
K mpumepy, mycth monapHo JAM3BIOHKTHBHBIE MHOXKecTBa B, B} (n € w)
TakoBbl, uTo |BY| = | Byl, | B}'| = |B1| n npu stom BY = By, B} = B;. Toraa
TpebyeMble TIepeCTaHOBKY T; MOXKHO OIIPEIEUTD KakK ; Ha B; u m; aBisgercs
ouexmmeit B ma BP (n1a n € w) u m; Toxectsenna na (|J B \p(B;)).
new

g moboro B C A nyers FP — ynknmonaibubiii Ki1oH na A, TOpoxK-
JIeHHbIH coBoKyHOCTBIO dyuKIwmi {f|b € B}, tae fy(a) = b s moboro
a € A. OueBHIHO, YTO B 9TOM CjIydae, B CHUJIY 3aMEYEHHOI'O BBIIIE, MMe-
1or Mecro FBt < FB2 gy FB2 < PP Tlonoxurensusiii orser Ha Borpoc
1 B JaHHOM cJydae O3Hauasl Obl MCTUHHOCTL oTHomeHns FB1 ~ FB2 1 e
PaBHOMOIITHOCTh MHOXKeCTB B m By a, 3HAYNT, HCTUHHOCTH YTBEPZKICHUS
TeopeMmbl Kantopa — BepHinreiina. O

OrmMmedeHHBIE BBIIIE OOCTOATEIHLCTBA HPUBOJAT K CIIEIYIOIMIEMY €CcTe-
CTBEHHOMY OIPEJIEJIEHUIO: UKAAOT YHUBEPCANLHIT GA2EOD MOWHOCTU N Ha-
30BEM YACTUYIHO YHOPSIOUEHHOE MHOXKeCTBO Sy =< Fa/ ~; <>, re A Heko-
TOPOE MHOYKECTBO MOIITHOCTH N.

OcHoBaHMEM JIJTsT TOTO OIpeJIeIeHIs CIy?KaT 0TOOPaskeHne , COTIOCTAB-
nsoree anrebpam A = (A; ogy) ¢ 6asucHbiM MHOKeCTBOM A QyHKINOHAB-
uble kiroHbl Tr(2A) ux Tepmanbubix dynknuii (p(A) = Tr(~A) € Fa) un mo-
HOTOHHOE OTOOparkeHme ) permerkn L, Ha mmKajay Sy s MHOXKecTBa A
motaocTr W ((F) = F/~ nyis F € Fy).

[Ipexe Bcero ormerwM, 4To mkaga Sy (a1 N > 3) He aBiageTcs pe-
metkoit. Hamomamm, 9to duckpumunamopom Ha MHOXKecTBe A HazbiBaeTcs
dyukus d4 Takas, 9to s a,b,c € A
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a, ecau a # b,
¢, ecan a = b.

Aurebpa A = (A; o) nazbiBaercs duckpumurnamoprot, eciu da € Tr(2A).
Yepes CTr(2) obosnaummM COBOKYIHOCTH TaK HA3BIBAEMbIX YCJIOBHO TeEp-
MaJIbHBIX (CM., K mpumepy, [3]) dyukuumit amrebpor 2. lns auckpumuHa-
topubix anarebp 2A mmeer mecro pasencrso Tr(2) = CTr(2A). Onpenene-
HUE WKaAb NOMENyuaros euvucaumocmu Yy (cMm., omars ke, [3|) yHu-
BEPCAIBHBIX aarebp MONHOCTH N aHAJOTMIHO BBEJIEHHOMY BBIIIE OIIPEJIEe-
nernio mKasasl Sy (3amenoit kimonos Tr(2A) ma kmonst CTr(2()) u, Tem ca-
mbiM, B cuity pasencrBa CTr(A) = Tr(2A) B caygae xorma dy € Tr(A),
mKaJia Sy MOTEHIINAIOB BBIYUCIMMOCTH ajaredp MoIHOoCTH N m3omopdHa
buabTpy P{f mKajgbl Sy, MOPOXKIEHHOMY 3JeMeHTOM Fy/ A2 9TOi IIKaJbl,
e Fy; — KJ0oH, OpoXKieHHbIN (hyHKINEH d4 Ha MHOXKecTBe A MOIITHOCTH
N. Bostee Toro, nmockobky orobpazkenue 1) n3 Sy Ha Ty, ONpeeseHHoe KaK
nN(F/ =) = (FU{da})/~= CT(2p)/~ aBiagercs MOHOTOHHBIM, IMEET MECTO

dA(a'7 ba C) =

YrBepxkaenue 4. Illxara Ty nomenyuanos oiucsuMocmu an2edp Mouy-
Hocmu N AGAACMCA PEMPAKMOM WKAABL Sy YHUBEPCANOHVIT AN2e0D MOULHO-
cmu N.

OcnoBHbIe cBoOjicTBa MKaJbl 1, MOTEHIMAIOB BLIYUCIUMOCTH aaretp
MormHOCTH N (1 1 € w), a 3HaunT U buabTpa P4 mKaiel yHUBepcasb-
HBIX ajre6p MommHocTH S,,, MOXKHO HaiiTu B 0630pe [4]:

1. npexme BCET'O OTMETUM KOHEYHOCTBH 9TOI'O d)HHpra 1 NU3BECTHBIEC OIICH-
KN €1ro MOLT_LHOCTI/I
nyn_ 1,3(val+d)
(|Pd| = 5, |P{| = 53, |P{| = 22610, |P4| < 2n+(2)"~[Vnlt3e 2 s
n > 4);

2. umcso aromos duibrpa P4 pasno [2] 4+ 1+ R(n), rae R(n) — ancio
MaKCUMaJIbHBIX TPaH3UTUBHLIX Ha 7T IIOAI'PYIIIL IIOJIHOM CUMMeETpu4ie-
CKOIi TPYIIIBI HA N TIOITAPHO HE CONPSAXKEHHBIX B 9TOW T'PYIIIIE;

3. uucyo koatomos duibrpa P2 pasno n — 1+ K(n), rae K(n) — 1ucio
PA3JIMYHBIX IPOCTHIX JeJInTesell ducia n;

" d
4. mambosbIiasg JJMHHA HEYIJIOTHAeMOW Ilemn B bmiabTpe P paBHa
n logam

2_)2 Clly + 2" —2n+ 2, mae 1, = [32-1] — ;) (2] mod 2.

Knonam, aBisgiomumcst aToMaMl 1 KOATOMaMU B peleTke L 4 JjIs MHOXKe-
crBa A mormHOCTH N, COOTBETCTBYIOT, C ITOMOIIBIO OTOOPasKeHUs 1), MUHU-
MaJIbHbIE ¥ MaKCHMAaJIbHBIE JIEMEHTHI IKAJIbl Sy. XOPOIIO M3BECTHO OIINCA-
rne I1. Posen6eprom [5| koaToMoB permeTok L4 Jis KOHEIHBIX MHOKECTB A
KaK COBOKYITHOCTeH (DyHKITUI, COXPAHSIIONUX Te U UHbIe OTHOIIeHns Ha A
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1, KaK CJI€JICTBHIE STOr0, KOHETHOCTD YUC/Ia KOATOMHBIX KJIOHOB HA KOHETHbIX
muoxkecTBax A. Tak e u3BecTHO ero onucanue [6] aTOMHBIX KJIOHOB Ha KO-
HEYHBIX MHOXKeCTBaxX A. I3 9TUX PE3yJIbTaTOB BBITEKAET KOHEYHOCTh TUC/IA
KOATOMHBIX U aTOMHBIX KJIOHOB Ha M-3JIEMEHTHOM MHOXKeCTBe (n € w), mo-
[APHO HE COIPSYKEHHbBIX MEPECTAHOBKAME 3TOI'0 MHOXKECTBA, T.e. KOHEUHOCTh
YHC/Ia ATOMOB U KOATOMOB IIKAJIbl Sy. TeM caMbIM BIIOJHE €CTECTBEHEH

Bomnpoc 2. Haiitu Tounoe 3HaUeHne Uau XOTs ObI OIIEHUTD YUCJI0 ATOMOB U
KOATOMOB TIKAJI .S, YHUBEPCAJIbHBIX N-3JIEMEHTHBIX ajredp Jiisi HATYPaJlb-
HBIX N.

[Ipescrapisier MHTEpEC HAXOXKIEHHE U JPYTUX apaMeTPOB KA S, (n €
W) M-3JIEMEHTHBIX YHUBEPCAJIbHBIX ajredp.

Bonpoc 3. KakoBo MakcuMaIbHOE 9HC/I0 TOMAPHO HECPABHUMBIX 3JIEMEH-
TOB MKaJ S, pu n € w?

st GeCKOHEYHBIX KapIUHAJIOB N MUpHHA (YUCIO0 MONAPHO HECPABHU-
MBIX JIEMEHTOB) IMIKaJbl Sy KaK MUHHMYM KOHTHHYyasibHO. K mpumepy pac-
CMOTPUM KOHTHHYYM TIOHAPHO HEM30MOP(MHBIX OTHOIIEHUI SKBUBAJICHTHO-
cru ©;(i € I) ma muoxectse A mormoctu R. [yers {S}j € I;} — pasouenus
MHOXKeCTBa A, cooTBeTcTByIOINe SKBUBaeHTHOCTSIM O; (7 € I). Ha A ompe-
JieiuM ojtHoMecTHbe byHKImu f;(i € I) Kak HeKoTopble (DYHKIMU BHIOOPA
ana muoxkeers {Stj € L}, fi(a) = fi(b) € S} ns seex a,b € S; (j € I ).
s i € I onpenesm anreGper 2; = (A; f;). Ouengno, aro A;, £ A;, noa
i1F i €1 .

N3 pesynbraros Ilocra BBITEKAET CylecTBOBaHUE CUYETHBIX Ieneil B Ss,
[IPU 3TOM MAKCUMAJIBHBIN MTOPSIKOBBII TUIT HEYILIOTHIEMBIX B Sy Tieneil pa-
BeH 3 + w* + 3. EcrecTBeren mHTEpeC 0 MOMOOHON CUTyaIllnn sl KA S,
npu 2 < n < w.

Bormpoc 4. KakoBbl MOIIHOCTH HEYIUIOTHSIEMBIX Ieleil B MKagax S, (11
2 < n < w) U KaKOBBI TOPSJIKOBbIE THUIBI TUX Teneii? B wactHOCTH, CyIie-
CTBYIOT JIM y 9TUX IEeil HHTEPBAJIbl IJIOTHOTO MOPSIKOBOTO TUIIAT

EcrecrBenen n psiji Ipyrux OTKPBITHIX BOIIPOCOB O TIKaIax S,.

Bonpoc 5. CymecrBytoT jin HeTpuBHaIbHBIE aBTOMOP(MU3MBI TIKAJ .S, TIPU
n € w u, boJiee O0IO, MKaAJI Sy JJIsd JIOOBIX KapauHaJIoB N7

[TockosibKy JI00asi KOHEeYHasi PerieTKa BJIOKUMa KaK peleTka B HEKO-
TOPBI SIBJIAIONIMICS PEIeTKOM MHTePBas MKAJbl Y, JJIs MOIXOISIIEro 1,
JII000Ee KOHEYHOE YACTHIHO YIOPSI0YCHHOE MHOXKECTBO BJIOKUMO B IITKAJTY
Sy, TSI TIOIXOISINEro HATYPAIBLHOTO n. B CBI3W ¢ 9TUM TIpecTaB/IsgeT HHTe-
pec
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Bomnpoc 6. Kakne gacTudHO yrnopsijiodeHHble MHOXKECTBa H30MOPGHO BJIO-
JKUMBI B TIKAJIBI Sy /71T OECKOHEYHBIX KapMHAJIOB N7

EcrecrBenen Tak xe

Bormpoc 7. dsssiorcs jim mkajbl HOTeHIUAM0B BhraucauMoct Ly (buiib-
Tpel P{) anre6p mormuocTu N 3/eMEHTApHO ONpPeIeUMbIME B IITKaTaX Sy
YHUBEDCAJBHBIX areOp MOIMHOCTH N (HMJIHM, 9TO PABHOCHJIBHO, SIBJISIETCS JIU
ssemenT Fy/ =, tae Fy — KIIOH, TOPOXKJIEHHBIN TUCKPUMUHATOPOM d4 HA
mHO)KecTBe A MomtHOCTH N) 9/1eMEHTAPHO OIPEIeUMbIM B IKaje Sy (B pe-
merke L4)?

BaMeTuM HaKOHEII, UTO JIJIs JIIOOBIX KapAuHAJIoB N 1 N; Takux, 910 N <
Ny, mKkaia Sy ABISETCS PETPAKTOM IIKAJBL Sy, , ITO MO3BOJISET [IEPEHOCUTH
eI PsiJT CBOMCTB MIKAJIBI Sy, Ha KAy Sy U 00paTHO.

JeiicTBUTEIBHO, yCTh MHOYKECTBO A SIBJISIETCs IIOJMHOXKECTBOM MHO-
)kectBa B. JloctaTo9HO 3aMETHTh, 9TO YACTUYHO YIOPSTIOYEHHOE MHOZKE-
crBo (F4; C) sBIsieTcsl pETPAKTOM YACTUIHO YIIOPSATOUEHHOIO MHOMKECTBA
(Fp; C). Ilycts I € Fy, uepe3 ¢(F') 0603HaMM HANOOIBINN KJIOH Ha MHO-
JKecTBe B Takoil, YTO OrpaHnYIeHns BXOJAMNX B Hero yHKIMN 10 MHOZXKe-
crBa A co 3HavennsMu (Ha aprymentax u3 A) jexammmu B A, BXOJAT B
kyoH F'. OueBunHo, uto ¢ sBisercd BaoxkenueM (Fu;C) B (Fp; C). Ilycrn
teriepb F' € Fy nonoxum (F) ={f | A€ F|f(A) C A} € F,. Tax xe oue-
BHUJIHO, 9TO oToOpaxkenue i : Fg — F coxpanser nopsgok C U IpH 5TOM
Y(p(F)) = F na F € Fy. I3 aroro u ciefyer, 9To mkajuga Sy ABIAETCS
peTpakToM mkajabl Sy, npu N < Ny,

[Tono6uo BBEEHHON B pabore [7] Merpuke Ha COBOKymHOCTH F4 yHK-
[IMOHAJIBHBIX KJIOHOB OCHOBAHHON Ha OTJIMYNHU UX (DPArMEHTOB, €CTECTBEHHO
OIPEJIEINTH HEKOTOPYIO METPHKY Ha IIKAJe Sy YHUBEPCATBHBIX aJIrebp MOII-
HOCTH N W IICEBJOMETPUKY Ha COBOKYITHOCTH BCEX YHUBEPCAIBHBIX aJredp ¢
dbukcupoBanubiM 6asucHbiM MHOKecTBOM A (JA| = N). IIpex e Beero ere
pa3 HAIOMHUM, 9TO n-@paemermom F™ (n € w) GyHKIMOHATILHOTO KIOHA
F nasbiBaeTcs COBOKYIHOCTH PYHKIHUT U3 F', apHOCTH KOTOPBIX He IIPEBOC-
xomut n. st rouek Fy/~ n Fy/~ mkamnst Sy (ast anre6p Ay = (A;09,) n
Ay = (A;03,), 31ech |[A] = R) onpeie/mM paccTosiHme MKy HUMI CIIeJLy-
IOIIM 0Opa30M:

1
max{n€w|7r*1Fl(">7r:F2(") JUIsi HEKOTOPO#i mepecranoBku 7 ua A,|A|=R}+1"’

Q(Fl/%7F2/%): eCHI/IFl/%#FQ/%
0, ecin Fy /~= Fy/~ .




VHuBepcaJibHbIE aJTM€OpBI U (DYHKIIHOHAJIBHBIE KJIOHBI 63

1
max{n€w|r—1Tr(") (A )m=Tr(") (2Asz) mas HexOTOpOI MepecTamnoBku T Ha A}-+17

ecrm Tr(2A;) # Tr(As)

Q(Qlla 912) =
0, econ = Tr(™ ()7 = Tr(™ ()

JIJIsT HEKOTOPOIl 1epecTaHoBKEU m Ha A.

Takum obpaszom, st anrebp Ay m Ay ¢ GasmcHBIM MHOXKecTBOM A
o(Ay,25) = 0 Torma u TosBKO TOrAA, Korga A; u Ay paruoHaTbLHO SKBU-
BasteHTHbI 1 0(2Ay,As) = n+r1 TOIJIa ¥ TOJIBKO TOIJIa, KOTJA BCE BBHIUUCIEHHS
B ayirebpax Ay u Ay OT n apryMeHTOB MOTYT OBITH COIPSZKEHbI HEKOTOPOI
[IEPECTAHOBKON X Oa3MCHOIO0 MHOXKECTBA, HO TAKOI'O COIPSI?KEHUS He CyIIe-
CTBYeT JijIsd BBIYHUCJICHUI oT n + 1 aprymenTta. B 9acTHOCTH, B 9TOM Cjydae
COBOKYITHOCTH N-IOPOXKJICHHBIX To/1aaredp aaredp Ay u 2As Tak »Ke comps-
JKeHbI HEKOTOPOI IepecTaHOBKOI nX 6a3MCHONO MHOYKECTBA.

Anrebpy A = (A; 0y) Ha30BEM a.12€0POT 02DAHUNEHHOT APHOCTU, ECITH
Tr(A) = (Tr™(A)) aus HeKOTOPOro N € w, WHAYE TOBODPS, €CIH J0Gas
TepMasibHas QYHKIMs aaredpbl 2 MoKeT ObITh IIpe/ICTaBIeHa KaK CYIIepIio-
3UIUs] HEKOTOPBIX He Oojiee UeM M-apHHBIX ee TepMaJjbHbIX (DYHKIWA J1JIs1
HEKOTOPOro HaTypaJbHOro m. B dyacrHOocTH, ajrebpaMu OrpaHUYeHHO’ ap-
HOCTH SIBJISIIOTCSI BCe ajredphbl, apHOCTH CUTHATYPHBIX (PYHKIMIA KOTOPBIX
orpaHuYeHa B COBOKYITHOCTH.

Aunrebpy 2 = (A; 0g) Ha30BEM U304UPO6AHHOT, €CTTH COOTBETCTBYIONIAS
eit rouka Tr(2A)/ ~ merpuueckoro mnpocrpancra (Sy; o) (3mech |[A| = N)
SIBJIZETCS] M30JIMPOBAHHON TOYKO# B 3TOM mpocTpaHcTBe. Takum obpasom,
anrebpa 20 m3oamposana, ecin KjaoH Tr(2A) gBisercs M30MPOBAHHON TOU-
KOl METPHUYIECKOT0 IIPOCTPAHCTBA BCeX KJIOHOB Ha MHOXKecTBe A. pyrumn
cioBamu, anrebpa A = (A;oy) U30aMpOBaHa, €CJiu Jijisi HEKOTOPOrO HATY-
pasibHOro n u Ji06oit anrebpol £ = (A;0¢) CONPSAKEHHOCTH HEKOTOPOIi Tie-
pectanoBkoit MHoxKecTBa A n-parmentos Tr(A)™ u Tr(£)™ prewer pa-
[IMOHAJTBHYIO SKBUBAJIEHTHOCTD STUX aJreop.

B kagecTBe npuMepa M30TMPOBAHHBIX 1-3JIEMEHTHBIX AJIre0p yKazKeM aJl-
re6pet A, = (n ={0,1,--- ;n—1},v,(z,y)) , nae v, — byuknusa Be66a na
MHOX)KecTBe N (00pasyrolas Kak W3BECTHO, MOJHYI cucreMy (QyHKIUii Ha
n). OueBuHBIM 00pa30M JIr0Oask M30IMPOBAHHAsI ajrebpa fBJISeTCs aared-
poii orpanuveHHoil apHoctu. B TepmuHOIOTHE cTaThu |7| uzosmpoBaHHBIE
anrebpol 2 = (A; oy) 910 anrebpsl, KJIOH TepMaibHbix dyHkiumit Tr(2A) Ko-
TOPBIX NMeeT KOHEUHYIO Pa3MepPHOCTh.

Erre psat mpuMepoB U30JIMPOBAHHBIX aJIredp JaeT MpejiokenHne 1 o Kio-
HaX KOHEeYHOI pazMepHOCTH u3 paborsl [7|. B repmunax nanHoit paboThl OHO
Oy/eT BBITJISAIETh TaK:

YrBepxkaenune 5. Ecau das anzebpo, A = (A;0q) koneunol cuenamypo
cyuLecmeyem KoneuHoe 4ucao boaee bozamux wem anzebpa A anzebp Ay =
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A' 0'1 s Q[k == l A O'k KOHEYHOU CULHAMYPHL MAKUT, 4MO d/l,ﬂ JLTO60'11
» YA/ ) ) 3 Ap )
60/L€€ 602am011 Yem Q[ a/zee6 ‘bl Ql/ = A 0'/ ’ CL/L266 a Q[/ 60/L€6 602ama YEM
y A )
HEKOMOpas us3 Qll (Z < k), mo cmae5pa Ql U30AUPOBAHA.

B wacTHoCcTH, /1106ast npeipuMaIbHas KOHEeUHas ajaredpa KOHeTHOM CHr-
HaTyphl (T.e. Takas, aro Tr(2) Koatom permerkn L, ) SBJIS€TCS H30MPO-
BAHHOY.

[TpesncraBisier WHTEpeC HaXOXKJEHWE W30JMPOBAHHBIX ajredp cpejn
KJIACCHIECKUX aJreOp: IPYII, KOJIell, PENeTOK U T.II.

B pabote [8] mokazaHo, 9TO COBOKYIHOCTH M30JIMPOBAHHBIX TOYEK IPO-
crpancTBa (Fl4; 0) BCIOLY IJIOTHA B COBOKYITHOCTH JTUCKPUMUHATOPHBIX KJIO-
HOB mpoctpancTBa Fy. Takum obpazom, it 10001 TUCKPUMIHATOPHON aJl-
rebpel A = (A; 09) 1 0600 HATYPATLHOTO N CYIIECTBYET M30JIMPOBAHHAST
yHuBepcaibHas anrebpa £ = (A;o0g) Takasi, 4T0 COBOKYIHOCTU (DyHKITHIT
Tr(2A)™ u Tr(£)™ conpskenbl HEKOTOPOIT EePeCTAaHOBKOI MHOXKECTBa, A.
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[TonsiTre anrebpamveckoro MHOXKECTBA (COBOKYIHOCTH DEIICHUi B JaH-
HOIl YHUBepcaJbHOI ajaredpe HEKOTOPOH, BO3ZMOXKHO OECKOHEYHOI, cucTe-
MbI T€pMaJIbHBIX ypaBHeHHﬁ) OTHOCHUTCA K OCHOBOIIOJIAI'aIOIMM ITOHATHAM
TAK HA3bIBAEMON ajredpamvecKkoil reOMeTPUH YHUBEPCATBHBIX ajredp (M.,
K npumepy, [1,2]).

[Ipu sTOM camMa COBOKYIIHOCTD ajirebpantdeckux MaoxkecTB Alg A yausep-
casibHOM asrebpbl A = (A; o) MOxKeT OBITH PACCMOTPEHA KAK HEKOTOPAst IIPO-
U3BOJIHAS CTPYKTYPa 110 OTHOIIEHUIO K UcxoHoi ayiredpe 2A. OHako 371ech
BO3HUKAET HEKOTOPAs! CJIOKHOCTH: TPAJIUITMOHHO 10T IPOM3BO/IHON CTPYKTY-
poit yist anredpbl 2 MOHUMAIOT HEKOTOPYIO KJIACCHIECKYIO aaredpy: IpyIIiLy,
[OJIYTPYIIILY, PEIIETKY ¥ IIP., OIPEJIeJINMYIO 110 UCXO/IHOi ayredpe 2 u oTpa-
JKAIOILYIO Te WJIU UHbIe CBOMCTBa ayredpbl U: TpyIiny aBTOMOPMOU3IMOB aJl-
reOpol 2, TOJIyIPYIILY ee SHI0MOPMU3IMOB, PEIIETKY ee MOJIAJIredp, PeneTKy
ee KOHIPYSHIUi n Tak Jjajee. OQHAKO M0JI00HAS CUTYalldsl HE MOYKET ObITh
HETIOCPE/ICTBEHHO TIepeHeceHa Ha COBOKYITHOCTH Alg 2l B cuity Toro, 4To 3Jte-
MEHTBI 9TON COBOKYITHOCTH SBJISIOTCS MTOJIMHOYKECTBAMU MHOXKecTBa A" 1pn
MPOU3BOJILHBIX OTJIMYHBIX JIPYT OT JIpyTa HATYPAJILHBIX 3HadeHusx n. Boixo-
JISIT U3 9TOTO MOJIOYKEHUsI, PacCMaTpuBas BMecTo coBOKyHOCTH Alg 2L mocte-
nosaresbHocTh (Alg A, Alg, 2, ... Alg, 2, ... ), roe Alg, A = Alg AN P(A™).
Bnech P(B) — COBOKYITHOCTH BCEX MOJMHOXKeCTB MHOXKecTBa B. IIpn sTom
Alg, 2 (st 1106010 PUKCUPOBAHHOIO M) HPEJCTABJIsieT OO0 HEKOTOPYIO
MOJIHYIO PEIIeTKY OTHOCUTEIHLHO TEOPETUKO-MHOYKECTBEHHOTO BKIIOUeHns C.
1, kak oTHOCHTEILHO JTIOOOM JIPYTOil MPOU3BOIHON CTPYKTYPbI YHUBEPCAIb-
HBIX aJreOp, BOZHUKAIOT JIBa TPAIUIIMOHHBLIX BOIPOCA C Hell CBI3aHHBIX: ee
abCTpaKTHOEe M KOHKPETHOEe OIMCAHWA. 10 eCTh HaXOXKJEeHWe YCJIOBUM s
HOJIHOIT penteTky L, Ipu KOTOPBIX OHa n3oMopdHa pererke Alg 2 11s Heko-
TOPOI YHUBePCaTbHOI aredpsl 2 1 HAXOXKJEHNE YCJIOBUN Ha COBOKYITHOCTH
B (pemterky orHocuTebHO C) MOIMHOXKECTB MHOXKeCTBa A™, IPU KOTOPBIX
B cosnayaer ¢ copokynHoctbio Alg, 20 st HEKOTOPOil yHUBEPCAJIBLHON aJl-
re6pel A = (A; o). B cBsa3u ¢ stum ormernM, uTo B paborax [3,4| mokazamo,
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qTo Jiobasi moJinas perrerka m3omopdua perterke Alg,2l s nHekoTOpOit
asreoper 2A. OcrajbHble BOIPOCH! oTHOCUTEILHO pereTok Alg, 2 ocraiorcs
OTKPBITBIMU B HACTOSIIIEE BPEMSI.

TpaaunuonHo B JajbHeieM 6y1eM OTOXKIECTBIISTh N-MECTHbIE OTHO-
I[IIEHNsT Ha MHOYXKECTBE A ¢ COOTBETCTBYIOIIUMHE [TOIMHOKECTBAMU MHOYKECTBA
A"

B nacrosieit pabore OyeT NpeaIoXKeHO PpacCMOTPEHHE COBOKYITHOCTH
Alg 2l (st yruBepcasbHOit anarebpet 2 = (A;0)) Ha OCHOBE HEKOTODOIi MO~
JYTpynbl U3 seMeHToB MHOKecTBa | ) P(A™) 1 mpeJjioKeHo HEKOTOpoe

n>1
KOHKpeTHOe ormcanne coBokymnnoctu Alg2l B TepMunax 3TOi MOJIyTpYIIIBI
U PsiJla TEOPETUKO-MHOXKECTBEHHBIX ONEepaIuii HaJi MoJMHOKECTBAMU MHO-
xkectB A" (n € w ).

Peun noitger 06 m3BecTHOM OOOOIIEHUHU IMOHATHAA IIPOU3BEIEHUST OMHAD-
HBIX OTHOIeHHH @ o Qo st mobbx A, Q1, Qs C A% (st aj,ay € A
(a1,a3) € Q1 o Qy & cymectByer az € A makoe, uto (a,a3) € @ u
(as,as) € Q). Bomee obmio: mast mobeix 1 C A", Qs C A™ u m00bIX
A1y ey A1, boy o by 13 A {ag, . A1, b2, b)) € Q0 Qg & cyTiie-
crByer ¢ € A Tmakoe, 910 (aq,...,a,_1,¢) € Q1 U (¢,ba, ..., by) € Qy. W3-
BECTHO 0000IIeHNe STOM olepaliny Hal OTHOIIEHUSIMU Ha CJIydail ITPOU3BOJIb-
HO¥ COBOKYITHOCTU OTHOIIIEHUI JTIOO0# apHOCTU HAJT MHOYKECTBOM A: Tak Ha-
3bIBaeMble 00OOIEHHBIE TTPOM3BEICHNsT OTHOIIEeHM mpemoxkentbie JI. Cabo
[5] (cm. Taxxe [6]).

IIycte X = {z;|i € [} — HEKOTOpOE MHOXKECTBO IIEPEMEHHBIX i P — coBo-
KYITHOCTh HEKOTOPBIX OTHOIIIeHn Ha MHOXKecTBe A. [loj cxemoit oTHOMIIIEHMT
Hay P ot X monmMaroT npousBosibHy0 Tpoiky VU = (XY 5 (2, ..., %)),
rge ), — HEKOTOpasl COBOKYHHOCTHL (opmyn Buia Q(zj,...,x; ) LId
Zj,...,xj, € X, () — HEKOTOPOE M3 S-MECTHBIX OTHOIICHUH, BXOIAMINX
B Pwuxy,... v, — duxcupoBannblii koprex nepemennbix n3 X. Cka-
JKEM, 9TO COBOKYIHOCTBH (a;|i € I) ssemeHTOB M3 A yJI0BIIE€TBOpSIET CO-
BoKymHoctu dopmyn Y, ecan (aj,...,a;) € ( g moboit hopMysIbl
Q(zj,, ..., xj,), BXoadammeil B )y . Hepes Ry 0003HATHM Nn-MECTHOE OTHOIICHHE
Ha A (Hexoropoe 06OBIIEHHOE TTPOU3BeIeHne OTHOIIeHn u3 P) Takoe, 4To
Ry = {{ay,...,a;,)| cymecrByer cOBOKynHOCTH {(a;|i € I) anementos u3 A,
Y/IOBJIETBOPSIIOIIAsl COBOKYITHOCTH POPMYJT » }.

J10BOJIBHO OYEBUTHO U XOPOIIIO W3BECTHO, UTO TAKUE OIePAIK HAJl OTHO-
[IIEHUsIMU, KaK KOHEYHbIe 1 OECKOHETHBIE KOH'BIOHKITUH, TIEPECTAHOBKH apry-
MEHTOB, OTOXKJICCTBJICHIS apryMEHTOB, BBeJIeHNE (DUKTHUBHBIX ApryMEHTOB,
[IPOUBBEJICHNsT OTHOIIEHUIN U MTPOYNe SBJISIOTCS YACTHBIMU CJIydasiMu 0600~
IIIEHHBIX [TPOM3Be/IeHuiT oTHomenwit. /s o60it coBokymHocTr P oTHOIIE-
uuii Ha MuoxkectBe A 1depe3 G — Prod P o60o3nadnM cOBOKYITHOCTH BeeX OT-
HOIIEHWT Ha A, TPEJICTABUMBIX KaK HEKOTOpOe OOOOIIEHHOE ITPOM3BEI€HUE
oTHOIIeHn n3 P.

s moboit dyuaknuu f(zq, ..., x,) Ha MHOXKecTBe A 1 J1I060# TIEpecTa-
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HOBKU 7T Ha MHOXKecTBe {1,...,n} nox m-epadurom dynruyuu f Gymem mo-
HIMAaTh TogaMHoKecTBo Gr, f MHOXKecTBa A" coeytomero suga

{<a7r(1)7 oo 7a7r(n)7b> S An+1 ’ f(ala s 7an> = b}

I'paduk dbyskImu f ectsb soboe n3 MHOKecTB Buma Gry f, rjie m — mpous-
BOJIbHAsI nepectaHoBka Ha {1,...,n}. [logmuoxecTBa MHOXKecTB A", sBJIsI-
foruecst Tpadgukamu QyHKIII Ha A, Ha30BeM (hyHKIIHOHATLHBIM.

CoBokymHOCTE [ (DYHKIMOHAJBHBIX OTHOIIEHWN Ha MHOXKecTBe A Ha-
30BEM 3AMKHYMOU OMHOCUMEALHO NEPECTNAHOBOK AP2YMEHMOE, €CITH JIJIsT
mo6oro @ € D N P(A™™) ornomenne

QTI’ = {<a7r(1)7 cee 7a7r(n)7b> | <CL1, B 7an7b> S Q}

Tak:Ke BXOAUT B D Jijist JiI00oii mepectanoBku m Ha {1,...,n}.

s moberx dyaxmwii f(z1, ..., %n), g(x1,...,T,) Ha MHOXKecTBe A OT-
sommenne Gry, f o Gry g (ve mo, Ty — TOXKJeCTBEHHBIE TePeCTAHOBKM Ha
muoxkecrBax {1,...,m} u {1,...,n} coorBercTBeHHO) siBiIsieTCst DYHKIMO-
HaJIbHBIM ¥ 04eBHIHO, 4TO Gy, f 0 Gr,r(f) g= erg h, roe
h(Z1, o Ty Tonds - -+ Tty ) = 9(F(T15 -0 Tm) s Tty -+ oy o) U T —
TOXKJIeCTBeHHas nepectanoBka Ha {1,....,m +n — 1}.

st moboit yausepcasbHoii anredbpst A = (A; o) aepe3 Grog 0603HaUNM
COBOKYITHOCTH BCeX I'DAGpUKOB CUTHATYPHBIX (yHKINI ajredbpol 2 BKyIe co
BCceMU T'paduKkaMu BeeX ceJIeKTOpHbIX hyHKImi Ha MHOKecTBe A. COBOKYTI-
HocTh Grog SBJISIETCS COBOKYITHOCTHIO (PYHKIIMOHAJIBHBIX OTHOIIEHUM, 3a-
MKHYTOH OTHOCHTEJIbHO MEePECTAaHOBOK aprymeHToB. Uepes (S) obozmaumm
3aMbIKAHIE TPOU3BOJILHOM COBOKYIMHOCTH S (DYHKITMOHAIBLHBIX OTHOIIEHU

Ha MHOXKecTBe A BO MHOXKeCTBe U P(An) OTHOCHUTEJIbHO oOllepaluun o. Oue-
n>1

BUJIHBIM 00pa30M, COBOKYITHOCTH ((Groy) mpeJicTaBisieT coboit COBOKYITHOCTE
BCeX I'PadUKOB BCEBO3MOXKHBIX T€PMAJIbHBIX (DYHKIHI aaredbpsr 2 u, mpu
srom, (Grog) C Alg?l, a ((Groy); o) saB/geTCs IOy TPYIIION.

g moboro ornomennst Q € A™ yepes QU 0603HAUIUM OTHOIIECHHE

{{an,a1,...,an-1) | {a1,...,a,) € Q}.

Omnepamuio * Ha (GyHKIHOHAJBLHLIX OTHOIICHUAX Ha MHOXKecTBe A ompe-
nennm craeayomum obpasom. s dyurmmit f(xy, ..., xn) w g(y1, ..., Yn)
na mMuoxkectBe A uepes {z,...zs} obozHaUMM OObEIUHEHUE MEPEMEHHBIX
{z1,...,2n} u{y1,...,2,}, u mycrs upu sToM x; = 25, (i =1,...,m),
yi = 2z, (g i = 1,...,n). llycts Q1 = Grp f, Qy = Grpvg, tne ', 1" —
TOXKJIeCTBeHHbIe TlepectanoBku Ha {1,...,m} u {1,...,n} coorBeTCcTBEHHO.
[Tomoxum

Q1% Qy=0Q10Q5 ={{cy,...,cs) | nna nexkoroporo d € A
(CjryenosCiyd) € Q1y (e, ... a,,d) € Q).
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Taxkum obpazom, Gry f * Gryrg — COBOKYITHOCTD pellleHnii Ha MHOKecTBe A
ypasaenust f(x1,...,Tm) = g(Y1,- .., Yn). OUEBUIHO, UTO OmEpAIUS * SIBJIsS-
eTcsi 00OOIEHHBIM TTPOU3BE/ICHIEM OTHOIIECHUIA.

st jmroboit copokymHOCTH D (DYHKITHOHAIBHBIX OTHOIIEHUN HA MHOYKE-
crBe A gyepe3 D* 0003HAYMM COBOKYIIHOCTb OTHOIIEHMI BUIa (Q1 * Qo JJIs
@1, Q2 € D, a Tak)Ke OTHOIIIEHUIA, TIOJTyIAEMBIX U3 HUX BCEBO3MOYKHBIMU IT€-
pecranoBkamu apryMeHToB. Tem cambiM (Grog)* siBJIsieTCsi COBOKYITHOCTBIO
pemennii B ajirebpe 2l BceX TepMabHBIX YpaBHEHUIl 9TOW aJireOphl, T.€., B
gactHocTH, (Grog)* C Alg®2d u (Groy)* C GProdGroy,.

st moboit coBokynHocTr D oTHOIIEHHI Ha MHOXKecTBe A 1epes ND
0003HAYNM COBOKYITHOCTH OTHOIIEHUN, SBJISIONIINXCSA TePeCeIeHusIMU HEKO-
Topoii coBokytHocTu orHotenuit C' C D N P(A™) jyist HEKOTOPOro n.

Tem cambim, N(Grog)* = Alg u N(Grog)* € GProdGroy.

B xoneunom mTore mmeeT MecTo

Teopema 1. Cosokynrocms D ommowenuti na ochosrom mrodtcecmee A
anzebpo. A = (A;0) A6AAEMCA COBOKYNHOCMDIO 6CET ANLEOPAUNECKUL MHO-
orcecme amot anzebpv. mozda u mosvko moezda, Kozda D umeem eud N{S)*
0ns HEKOMOPOT 3AMKEHYMOT OMHOCUMENLHO NEPECTNAHOBOK AP2YMEHNOE CO-
sokynHocmU S PYHKYUOHANDHOLT omHoweHul Ha A.

[Ipu sTOM B KadecTBe CUTHATYPHBIX (DYHKIMIA aaredpbl 2A MOXKHO BbI-
6parb yHKIMN HA A, rpaduKi KOTOPHIX M COCTABJISIOT COBOKYIIHOCTD S.
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1 YacTu4HO KOMMYTaTUBHBIE
MeTabeJIeBbl TPYIIIIbI

[IycTs 9 — HEKOTOpOE MHOTOOOPa3ue rpyil. J{o6aBuB K ONpe e /A IoIIM
COOTHOITIEHUSIM (CBODOJTHOMN) YACTHIHO KOMMYTATUBHOW TPYIIbBI FT TOXK e~
CTBa MHOT00Opa3usl, MOJYyYuM YaCTUIHO KOMMYyTATHBHYIO Tpymiy Fr (90)
MHOTr000pasus MM, coorBercrryiomyio rpady ['. MuoxkecTBo BepimH 3TOro0
rpada obosnaunm dyepes X = {x,...,2,}, a MHOXKeCTBO pebep — uepes
E. Ecim muOroobpasme coepKuUT MHOrooOpasme BCeX JBYCTYIEHHO HUJIb-
HOTEHTHBIX TPy, TO rpytma Fr(9T) obsiagaer TeM CBOHCTBOM, UTO JiBE BEp-
IIMHbI T; 1 SC] IIepeCTaHOBOYHBI TOT'Ja U TOJIBKO TOI'la, KOTI'Zla OHM CMEZKHDBI
B rpacde I'.

Yacruuao KOMMyTaTUBHasI MeTabeseBa rpyiia M 3ajaHa pejacTraBie-
HUEM

Mr = (x1, ..., 2, |35, 2;] = 1, ecou (24, 2;) € E; A)

B MHOT0OGpasuu MeTabeseBbix rpymmn A2, Muoroobpasue A? cocTouT U3 Beex
IPYIII, YIOBJIETBOPSIONINX TOXKIECTBY [[x,y], [u.v]] = 1.

OcCHOBHBIC HOHATHS M PE3YJILTATHI TEOPUH YACTUIHO KOMMYTATHBHBIX
MeTabesIeBbIX TPYIIIT U3JI0KEHBI |1].

[Tpu u3yuennu CBOMCTE rpynbl M Ba;KHO HOHUMATD, 9TO €€ KOMMYTAHT
M| sBasierca A = (Z[Mr/M{])-momymnem. HeiicrBue smemento uz Mp /M|,

*HWccmemoBanue BITOJHEHO Ipu puHaHCOBOM mogaep:kke PO DU, npoekt 18-01-00100
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na M} onpeseneno Kak conpgaxenne ¢ = gecg~t, ¢ € M}, g € My /M. Pak-
THIecKn A — 9TO KOJIBIOM MHOTO4IeHoB JlopaHa oT mepeMennbix a; = ;M.
. / —
Hng v =mag + ... +mug, m; € Z, g; € My /M[., ¥ = (¢"™)9 ... (™).
[Tepeuuncanm HekoTOphIe cBOCTBA rpyIbl My :

1). 2] Hyemo Y = {x4,...,2;,} — nodmmostcecmeo muoscecmea sep-
wur X epaga . Tozda nodepynna epynno. My, noposcdennas mo-
orcecmeom Y , udomoppna 2pynne Ma, 2de A — noanwiii nodepag epaga
' na mnoorcecmee sepwun Y. Cywecmeyem pempaxyus Mp — M.

2). |3] Hepeceuwernue uenmpa Z u kommymarma M|, mpusuasvho.
3). 3] Ecau epynna My nusvnomernmua, mo ona abenesa.

4). (3] Lenwmp Z (Mr) aubo edunusmovid, Aubo umeem npamoe pasodice-
nue Z (Mr) =ep{x;, ) X ... X ep{x;, ).

5). 3] Iyemv snemenmor x;,, ..., x; noposcdarom uewmp Z 2pynno
Mr u A — nodepag T, nopootcdennviii mroscecmeom sepuwur X
{iy, ..., 2, }. Toeda gaxmop-epynna My /Z (Mr) asasemea wacmu-
HO KOMMYMAMUSHOU memaberesoti 2pynnot, usomopdroti Ma.

Ompenenum Jyist JIIOOBIX HECMEXKIHBIX BEPIIUH T, T; HICA Agj KOJTb-
na A. Ecin Bepmiune! ;, o, JeKaT B Pa3HbIX KOMIOHEHTaX CBS3HOCTH I'pa-
da I', To nonaraem Agj = 0. B mporuBHOM CjIydae pacCMOTPUM BCE IIyTH
{zi, @iy, ..., z,, x;} MexKTy BepumHamu =; u ;. Kazk1oMy IIyTn moctaBuM B
coorBercTBue 1eMeHT (1 —a;, ) ... (1—a;,,) kombia A. Unean .Agj HOPOXK JIeH
BCEMU TAKUMHU 3JIEMEHTAMU.

[Tycts ¢ — HeKOTOPBIH jemeHT n3 KommyTtanTta M{. Ero anmynsaropom
Ann(c) Ha3BIBAIOT UEAT KOJIbIA A, COCTOSIIII U3 BCEX 9JIEMEHTOB (v C YCI0-
BueMm c* = 1.

Cremyromue JBe T€OPEMbI JAIOT OLUCANIE AHHYIATOPOB “pebep [;, x;]”
U HEHTPATU3ATOPOB BEPIIHH.

Teopema 1.1. [2]. I[Tycmo koauvwecmeo eepwun n epaga I' ne menee 2.
Ecau sepwunol T;,x; He CMEHCHDL, MO GHHYAAMOP KOMMYMAMopa [x;, ;]
cosnadaem ¢ udeasom Af]

Teopema 1.2. [2| Daemenm g us Mr aeorcum 6 yenmpaauzamope C (xq)
2NEMEHMA T1 MO20a U MOALKO moz2da, Koz20a

1 Im ;i
g=uxy...x, H [z, xj]%7,
1<i<j<m

2de Ta, ..., Ty — 6CE GEPWUNDL, CMEINCHBIE C T1,, l1, ..., 1, — Uesve wucaa,
a;j — aobvie anemenmol u3 A.
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Teopema 1.3 nossosister HaxoauTh HenTpasnusarop C(g) = C(g) N M.
JII00OT0 d1eMeHTa ¢ Tpymibl M B €€ KOMMyTaHTe.

Teopema 1.3. [3]. Jaa w060t wacmuywno xommymamusrot memabesesot
epynnv. My, a0bvxr 1 < i1 < .0, < N U HEHYAEBVIT UEAVLT (1, - - -, (m
uMeem Mecmo
q1 dm\ __
C(zfl...a{")=C(zs,)N...NC (23,).
Teopema 1.4. [3]. Yacmuuno xommymamuenas memabenesa epynna My
annNPoOKCUMUPYEMCA HUNDNOMEHMHBMU 2DYNNAMU 0€3 KPYUeHUA.

[oBopsaT, uTro uewmpasuzamoprasn padmeprocms Tpyunbl G paBHA N,
ecaiu B (G HalilyTcsl HOJMHOXKECTBA A, C Ay C ... C A,, uenrpaiu-
saropsl Kotopbix C'(A;) > C(Ay)... > C(A,) crporo ybbBaior u n —
HaubOJIbIIIee YHUCJIO ¢ 9TUM CBOiicTBOM. Bysem 0b603HaYaTh IEHTPAJI3aTOD-
Hyto pazmeprocTh yepe3 Cdim(G). Ecim HaubosibIero n He CyIecTByer, To
Cdim(G) = oo.

OxkasbiBaercs [5], aro s 11060i 4aCTHIHO KOMMYTATUBHON MeTabesie-
Boit rpynnbl Mp mMeeT MecTo

Cdim(Mr) < 2n+ 1,
e 7 — YUCJIO BEPIIUH OLPEIeJIsIoniero rpada.

Teopema 1.5. [4]. [Iycmv I' — depeso, koauuecmeo sepuwun kKomopozo re
menee 3. Ecau I' — 3eesda, mo Cdim(Mr) = 3. B npomuserom cayuae

Teopema 1.6. [5]. Ecau wacmuuno xommymamuseras memabenresa 2pynna
My onpedesena yuraiom daunve n > 5, mo Cdim(Mr) = 7.

HamomunM, 94T0 MHOXKECTBO BCeX IPEJJIOKEHUIN TPYIIIOBOIl CUTHATYPHI,
UCTUHHBIX Ha rpytime (G, HA3bIBAETCs IJEMEHTAPHOM Teopueil rpyIib.

Teopema 1.7. [2|. Daemenmaprvie meopuu 08YT wacmuuHo KOMMYMAMUG-
Hux memabenesoir epynn Mpr u Ma cosnadarom mozda u moavko moeda,
kozda epagor I' u A usomopgdrol.

YHuBepcaabHoit Teopueit rpynnbl G HA3BIBAETCA MHOXKECTBO BCEX IIPE/I-
JOXKeHUH BUAa Uy . .. Uy P (g, . . ., Uy, ), i€ (U, . . ., Uy,) — dOpMysIA rpyTI-
LOBOIi CUI'HATYDBI, HEe cojaepyKallas KBAHTOPOB, MCTHHHBIX Ha rpymme (.
JIerko 3aMeTuTh, 9TO M3 COBINAJIEHHA YHUBEPCAJILHLIX TEOPUH IBYX TPYIII
CcJIeJlyeT COBIAJIEHNe WX IEeHTPATU3aTOPHBIX pasMepHocTeit. B [6] nmpusese-
HBI HEOOXOJMMBI M JJOCTATOYHBLIC YCJIOBHS IS COBIAICHUA YHUBEPCATHHBIX
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TEOpUil TPYII, OIPEJIE/JeHHBIX aluKIndecKuMu rpadamu. Utodbbr chopmy-
JINPOBATH 9TY TEOPEMY, HAIIOMHHUM, YTO BepIIHHa rpada HA3BIBACTCA BUCA-
yeti, eCIn €€ CTelleHb paBHa €INHUTIE.

[Iycte W = {zy,,...,2z;,} € V(I') MHOXKeCTBO BCEX BUCSYUX BEPIIHH
rpacda I'. Ynamum us [ Bce Beprmabl W BMecTe ¢ MHITUJIEHTHBIMUA UM PEO-
pamu. [losryuennnrit rpad obo3znadaem ['*.

Teopema 1.8. [6]. ITycmv I' u A — aseca, npuvwem xastcdas Komnonenma
ceasrnocmu epagos I' u A codeporcum ne menee mpéx sepuwun. Tozda u
moavko moezda yrusepcasvhoe meopuu epynn Mpr u Ma cosnadarom, xo-
2da 2pagor I'" u A* usomopgrot.

B [7] Takzxke nzydaercst Bompoc 06 yHUBEPCAJIbHO SKBHBAJICHTHOCTH Ya-
CTHYHO KOMMYTATHBHLIX MeTabejeBbix rpynn. Ha mmoxkecTse Beprumu X
onpezessionero rpadga I' 3a7aercss HEKOTOPOE OTHOIIEHUE IKBUBAJIEHTHO-
CTH, a Ha MHOMKECTBE KJACCOB SKBUBAJEHTHOCTH OTHOIICHUE CMEXKHOCTH.
Takum 06pa30M, BOBHUKAET HOBBINA I'pad, Ha3bIBAEMBINH CXKATHEM HCXOIHO-
ro, Jacto 6oJee IpOCTOi, YeM ucXoaublil. Tak, Hanmpumep, UCXOAHBINA Tpad
MOYKET COJIEPyKaTh IUKJIBI, & €ro C2KaTue ObITh JepeBoM. JIokazaHo, 4To yHU-
BEPCAIbLHBIE TEOPUH JACTUIHO KOMMYTATUBHBIX META0EIEBBIX I'PYIII, OIIPe-
nesteHHbIX rpadom I' u ero cxxarueM, conagaior. B sToit pabore Takzxke ycra-
HOBJIEHO, UTO J[BE YaCTUIHO KOMMYTATUBHBIE METaOeIeBbl IPYIIIIBI, OlpPe/Ie-
JIEHHBIE [UKJIAMU, YHUBEPCAJIBHO 3KBUBAJIEHTHBI TOJA U TOJBKO TOTJA, KO-
/12 3TU IUKJIbI B30MOPQHBIL.

B paGorax [8] u [9] uccieyrores cBoiicTBa 1 yHUBEPCATIbLHBIC TEOPUH Ya-
CTUYHO KOMMYTATUBHBLIX Ipyni Gr us nepecedenus A% A N, mHOoroobpasuii
BCEX MeTabesIeBbIX IPYII U BCEX HUILIOTEHTHLIX I'PYIII CTYIIEHH HUIBIIO-
TEHTHOCTHU HE BBIIIE 33JAHHOTO YUC/Ia ¢. B 1mepBoit u3 stux pabor HaiijgeHa
MaJIbIleBCKast 6aza rpymibl Gr, a BO BTOPOH OH& HMCIOJIB3YeTCsl I JIOKa-
3aTe/IbCTBA CBOMCTB Tpynibl Gr u eé yHuBepcaabHoil Teopun. CHavaia J10-
Ka3bIBAIOTCSI TEOPEMBI O CTPOEHUN AHHYJISTOPOB 3JIEMEHTOB U3 KOMMYTAHTa
rpynnbl G, & 3aTeM JiBe TeOpeMbl JIAIOT OIUCaHue IeHTpaau3aTopos. OHu
siBJIAtoTCs anajoramu teopem 1.1, 1.2 m 1.3. Cremyromast TeopemMa yTBep-
JKJIAET, YTO B TOM CJIydae, KOT/Ia OIpPeIe/IsionuM rpadoM MPYIIIIbI SBJIsIeTCs
JIEPEBO, TI€pecedeHne NEeHTPAJN3ATOPOB PA3IMIHBIX BEPIIUH U KOMMYTAH-
ta G COBIAJAeT € MOCJIEJIHUM HEeJIUHUIHBIM KOMMYTAHTOM Ipymibl Gr.
Ucnonb3ys mosydennbie (pakThl, CDABHUBAIOTCS YHUBEPCAJIbHBIE TEOPUU Ya-
CTHYHO KOMMYTATUBHBIX HUJIBIIOTEHTHBIX MeTabeseBbIX Ipyil. Tak dhopmy-
JIPYIOTCS YCJIOBHUS Ha OIpeeNstionue rpadbl ABYX YaCTHIHO KOMMYTATHB-
HBIX HUJIBIIOTEHTHBIX MeTa0e/IeBbIX IPYIII, JTOCTATOYHBIE JJI COBIIAICHIS UX
yHUBepcaIbHBIX Teopuit. Crieyiomas TeopeMa OTHOCUTCA K 9aCTHIHO KOM-
MyTaTUBHBIM MeTabeseBbiM rpyiimaM M. [IpuBoggarca ycmoBus Ha onpe/ie-
nsione rpadbl, JOCTATOYHDIE JII YHUBEPCATBHON SKBUBAICHTHOCTH JBYX
YACTHYHO KOMMYTATHBHBLIX MeTa0eIeBbIX Ipymnil. HakoHel moIydeH Kpure-
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puii yHUBEPCAJIbHON SKBUBAJECHTHOCTH JIBYX YACTUIHO KOMMYTATUBHBIX Me-
Tabe/IeBbIX HUJIBIIOTEHTHBIX T'PYIII, OIPEIETeHHBIX JIepeBbaMU. TakzKe Kak
B TeopeMe 1.8, 9T yCJ0BUS OY€Hb ITPOCTHI U UX MOXKHO JIETKO MPOBEPUTD.

OcuoBuble pesyabrarel craThl 10| — aBe TeopeMbl 0 KBa3HMHOr00Opa-
3UU, MOPOYKJIEHHOM YACTHIHO KOMMYTATUBHOI MerabeseBoit rpymmoit. O-
Ha U3 HUX I[MO3BOJISIET TPEJCTABUTH YACTHYHO KOMMYTATUBHYIO MeTabesIeBy
IPYIIYy KaK MOJIIPYIIILY IIPAMOTO MTPOU3BE/IEHNA a0eIeBbIX IPYIIIT O€3 KpyJe-
HUAS U MeTabeJIeBbIX IIPOU3BeJIeHUiT abesieBbIX IPyIIl 0e3 KpydeHus. 113 Hee
cJleftyeT, 9To JIIOObIe YACTUIHO KOMMYTATHBHbBIE MeTabesieBbl (HeabesIeBbl)
CPYIIBI TTOPOXKJIAIOT OJIMHAKOBBIE KBA3UMHOIOOOpAa3Ws U IPEIMHOro0Opa-
3us. /Ipyrasg mokasbIBaeT, YTO HAIIPOTUB JIId CBOOOIHBIX YaCTHIHO KOMMY-
TATUBHBIX TPYII CYIIECTBYET OECKOHEYHAs IEM0YKa Pa3INIHbIX KBAa3UMHO-
roodbpasunii, MOPOKJIEHHBIX STUMU I'PYTIIIAMHU.

B [14] uccaemyorcs aBToMOPGU3MBI YACTUYIHO KOMMYTATUBHBIX MeTabe-
JieBbIX Tpytil. Ha MoHOU 1€ P MATPUIL TOPSJIKA ° ONPEIEISIeTC KOHI'DYIHITHS
~. okazano, 4ro rpymnmna aBToMOPMU3IMOB, JIEHCTBYIONUX TOXKIECTBEHHO
Ha dakTop-rpymnme no kommyrtanty Mr /M|, uzomopdua dakrop-MOHOH LY
P/ ~.

[Topox maroriee MHOZKECTBO I'pymibl aBToMopdusaMoB Aut(Fr) Harmes
Jloypesrc [16]. On omnpeiesin yeTbipe MHOXKECTBAa aBTOMOP(MU3MOB, KOTOPbIE
B COBOKYITHOCTH HOPOXKIatoT rpyty Aut(Fr) :

o MHOXKeCTBO 2pao6vir a6momophu3mos, TO eCTh TeX JIEMEHTOB IPYII-
bl Aut(FT), Koropble wHAyIMpoBaHbl aproMopdusmamu 7 : [ — T’

rpaca I

e MuoxkecTBO obpawatowux asmomoppusmos « € Aut(Fr), KoTOpBIE
0TOGpaXKaIoT Oy U3 BepimH z; € X B ;' 1 GUKCHPYIOT OCTa/b-
HbIE BEPIINHDI;

e PaccmorpuM Jio0ble JBe PasInIHble BEPIIUHBL T, T, Y/IOBJIETBOPSIIO-
e cireyomeMy ycaosuio: ecin ¢ € X u (vj,x) € E, 10 (2;,7) €
E. TpeTbe MHOXKECTBO COCTABJIAIOT MPAHCEEKUUU, (DUKCUPYIONTHE BCe
BEPITHHEI KPOMe T U OTOODAYKAIONIe T B T;T W 13 ;.

e YerBeproe MHOXKECTBO COCTABJISIOT A0KAAGHO GHYMPEHHUE AGTOMOD-
pusmol; OHI OIpeJIesIeHbl Tak: Iasd x; € X paccMoTpuM mnoarpad A,
HOJIyYEHHBIA yIaleHieM BEPIINHBI X; ¥ BCEX BEPIIUH, CMEXKHBIX C I,
a Takyke Bcex pebep, MHIMIEHTHBIX yJIAJEeHHBIM BEpIIUHAM; MyCTh A
— o0beuHeHe KaKUX-JIn00 KOMIIOHEHT CBsaA3HOCTHU rpada A; ompee-
s peiicteue B € Aut(Fy) nomaras, 3(z;) = x; 'xjv; npu x; € A u
B(x;) = x;, ecmm x; ¢ A.

B patore I'. A. Hockosa [12] nano onucanue o6pasa rpyrmmbt Aut(FT) mpu
neiicrBun orobparkenus abemusarnun « : Fr — Fr/F}.
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U3 pesynbraros paborsl [13] ciemyer, uro ecain onpesenstoniuii rpad I’
UMeeT He MeHee TPeX KOMIIOHEHT CBII3HOCTH, KayKJIasd U3 KOTOPBIX — IOJIHBIIN
rpad, To rpymmna Aut(Mr) He OpoKIaeTCs ABTOMOPGMU3MAME, WH/LY PO~
BaHHBIMU aBTOMOpdm3Mamu JIoypenca.

B [14] mokazano GoJbiiiee, a mMeHHO, ecain I — cBa3HBI rpad mim jgaxe
JiepeBo, To rpymma Aut(Mr) MoxKer copepKarh aBTOMOPQU3MbI, He HHILY-
IUPOBaHHble aBTOMOpdU3MaMu Tpymmbl Fr. B Toit ke pabote ompeseacH
HEKOTOPHI MoHom P Mmarpmi Haj KoabnoM Z[zi', ..., | menouncien-
HBIX MHOTOYJICHOB JIopaHa 1 Ha HEeM KOHT'DYHITUS A% TaK, 9TO TPYIIIA aBTO-
MOPGU3MOB, JIEHICTBYIONIIX TOXKIECTBEHHO Ha dbakTop-rpymmne Mr /M., n3zo-
MopdHA PaKTOP-MOHOMTY P 10 9TON KOHI'DYIHIIUHN.

B pa6ore B. H. Pemeciiennukosa u A. B. Tpeitepa [15] onmcana ctpykry-
pa aBTOMOpP(MU3MOB JIJIsi YACTUIHO KOMMYTATUBHBIX JBYCTYIEHHO HUJIHIIO-
TeHTHBIX R-rpymn G g.

Bepmunay x rpada [' HazoBéM snympenredi, eciim oHa He BUCAYas U He
U30JIMpOBaHHasd, To ecTh deg(x) > 1.

Asromopdusm a HeKOTOPOit rpytibl G, AeiCTBYIONIUI TOXK IECTBEHHO HA
dakrop-rpynmne Gy, = G/G’, naspiBaercsa [A-aBroMopdusMom.

[IpuBesieM HECKOJIBKO HOBBIX PE3YJILTATOB 006 aBTOMOp(U3MaX YaCTUI-
HO KOMMYTATHBHBIX MeTabeIeBbIX TPYII, MOJYIYE€HHBIX OJHUM U3 aBTOPOB
ob3opa.

Teopema 1.9. IIpednonooicum, wmo onpedessmouyuti epag I wacmuuro xom-
mymamueHnoti memabenesoti pynnv, Mr we codeporcum yukaos. Ecau TA-
asmomoppuam o epynno,. M ocmasasem HenodsUMNCHbLMU 6Ce BUCAYUE U
usoauposarmvie sepwurv, epaga I, mo o — moocdecmeenHnviti a6MOMOP-
puam.

[Tokazano, 9TO HU OJIHO U3 OIPAHUYECHUIl, & UIMEHHO, 00 OTCYTCTBHUU I[HK-
JoB B rpade ' u o jefictBum v TOXKJIECTBEHHO Ha (DAKTOP-I'PYIIIIE 110 KOM-
MYTaHTY, UCKJIIOUUTH U3 YCJIOBHUI TEOPEMbI HEJIb3I.

Kaz piit aromopdusm « rpytibl M WHLyIEPyeT HEKOTOPbIi aBTOMOP-
dbusm @ cBobommoit abesesoit rpymmsr Mp /M. I'pynna nHmgynupoBaHHBIX
asroMopdusMoB HasbiBaercsa B [15] epynnot daxmoprwx asmomopdusmos
epynno, My /M. Oboznatmm rpymiy (HakTOPHBIX aBTOMOPGU3MOB IDYIIIIbI
Mr /M. wepes Fr. Kaxk obbrano, IAut(G) — rpymma [A-aBromopdusmon
HekoTopoit rpymisl G. Ouesnjao, aro Fr = Aut(Mr)/IAut(Mr).

BareMm ompegenuMm rpyminy Mmarpul, Mp. ABroMopdusM @ IpYIIIbI
My /M. HasbpiBaeTCS MAMPUYHLLM, €CJT €10 MaTpulla [ B HEKOTOPOM Ga-
3uce, BbIOpaHHOM 110 Tpady [', npunamiexur rpynmne marpur, Mrp. meer
MeCTO

Teopema 1.10. ITycmwv epag I' ne codeporcum yurros. Tozda xaxrcovi dak-
mopHuitl asmomopdudm epynno. Mp mootcHo 3anucams Kax npoudsedenue
asmomoppuama 2paga I u mampuurozo asmomopdhusma.
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Hamomuanm, aro gBe rpynmsl G u H HA3BIBAIOTCS COUSMEPUMbBLMU, €CITH
HairyTest moarpynmbl G 3 G uw Hy w3 H KOHEYHOTO WHIEKCa, COOTBET-
crBerHo, B G u H rtakwme, uyro G = H;.

[Ipeamonoxkum, aro JimHeliHas ajrebpamdeckas rpymmna A ssiasercs Q-
onpejeneHnoil. 9o osuataer, 410 A < GL(n,C) u eé 0CHOBHOE MHOKECTBO
OIIpejie/IsieTCsT cucTeMoi ypaBHeHuit ¢ kosddurmenravu w3 Q. Iloarpymma
B < AN GL(n,Q) = Ag, commepumas ¢ Ay = AN GL(n,Z), nasbiBaercs
apudmeTnIeckoii Tpymmoi (nam apudMeTHIecKon moaArpynoii B A).

Onuu u3 pesynbratoB paborsl [12] cocrout B TOM, 9TO rpytia GhakTop-
HBIX aBroMopdu3moB rpymnbl Fr/FY., tiae I' — koneunsiit rpad, sBiagercs
apu@dMeTUIeCKOIl.

Teopema 10 u3 [8] yrBepxkmaer, uro eciiu R = Z jmbo R — moJsie HysieBoii
XapaKTePUCTHKH, TO 06pa3 rpymisl Aut(Gr g) npu oTobpazkennn abe/nsa-
un gBjsgeTcs R-apudMeTndaeckoi IPyImoil.

AHaIoruvIHbIi Pe3yIbTAT MOy YeH JIjIT 9TaCTUIHO KOMMYTATHBHBIX METa-
OeJIeBbIX TPYIII, OIpeIeeHHbIX I'padamu 6e3 IUKJIOB.

A uMeHHO, U3 onucaHus I'PYIIIbl MATPUIHBIX aBTOMOPMU3MOB M, naH-
HOT'O B YeTBEPTOM maparpade, cjie/iyeT, 4To 9Ta rpylia saBjisieTcs apudme-
Tudeckoii. ['pyma aBroMopdu3MoB KoHeTHOTO rpada KoreuHa. V3 Teopembr
1.2 cyreryer, 94TO IPYIIBI MATPUIHBIX aBTOMOP(MHU3MOB U (haKTOPHBIX aBTO-
MopdusMoB comsmepuMmbl. [ToaTomy cripase iinBa

Teopema 1.11. IIycmo epag I' ne codeporcum yuxaos. Tozda epynna par-
mopHuir asmomoppusmos epynnv,. Mr /M|, aeasemcs apugmemuyeckod.

Bompocsr, cBsgzanHbIe ¢ BiIoXKeHUEM rpymibl M B IPYIIY MaTpUIl, U3y-
vatorcs B [11].

2 YactuvHO KOMMYyTATuUBHBIE (MeTabeJsieBbl)
ajareopsl JIn

OmnpejiesieHne 9acCTUIHO KOMMYTATHBHON ajrebpbl JIu Ha HeKoTOpoM
MHOI0OOpa3uu aHAJIOTUYHO OIPEJIEICHII0 TaCTUIHO KOMMYTATUBHON TpyII-
bl [Iycte G = (A; E) — HeKOTOPBIil HeOpHEeHTHPOBaHHbI rpad 6e3 meresb
¢ (BO3BMOXKHO GECKOHEYHBIM) MHOXKECTBOM BepIHH A M MHOXKECTBOM pebep
E. B cnygae ecnu Beprmabl ¢ u b coequHersbl pebpom B rpade G, TO MbI

Oy/leM HCIIOJIb30BaTh 00O3HAYUEHUE a & b, Jacruuno KOMMYTATUBHAs AJI-
rebpa JIu muoroobpaszus 2l HaJi MPOU3BOJILHONI 00JIACTHIO TesIocTHOCTH R
[OJIyYaeTcs U3 CBOOOIHOMN aredpbl 3Toro MuHOrobpasus pakTopusalueil mo
CJIEJTYIOIIEMY MHOYKECTBY OIPEJIEISIONIINX COOTHONIEHUT

la;,a;] =0, tae a; & a; (1)
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(3mech u magtee [a, b] — Tak HazbIBaEMast AUEBG CKOOKA, 0OO3HAYAIONIAS JIUEBO
POU3BEJICHIE SJIEMEHTOB a 1 b).

[Iycrs G = (A; B) — rpad u B C A. Tloarpad rpada G, mopox ieHHbII
MHOKeCTBOM BepiinH B 6yem obosHadars G(B). Haobopor, ecsm rpad H —
siByisiercst ogrpadom rpada G = (A; B), To MHO)KecTBO BepinuH rpada H
oboznaanm depe3 A(H).

B sToM paszese 9acTUYHO KOMMYTATHBHYIO U aCTHYHO KOMMYTATUBHYTO
meTabesieBy anareopst Jlu, onpeenennyio rpadom G = (A, E), Ha1 06/1aCThIO
nesoctaocT R 6ynem obosnadars Lr(A; G) 1 Mg(A; G) cooTBeTcTBEHHO,
€CJIn HeT HeOOXOJIMMOCTHU YTOYHSTH, HaJ [ KAKUM KOJIBIIOM Oepercs ajrebpa,
6y/1eM OIyCKaTh HUXKHUI HHJIEKC B 0003HaUeHNsX 1 nucarh npocto L(A; G)
u M(A; G) coorBercrBenno. Tak Kak B MeTabesieBoii asirebpe Jlu paccranos-
Ka CKOOOK Ha HEHYJIEBOM IIPOU3BEICHUH OPOXKIAIONIINX MOXKET ObITH TOJIBKO
JIEBO- WJIA IPABOHOPMUPOBAHHOI ([IPUYEM, OUEBHJIHO, KAK U3 JIEBOHOPMUPO-
BAHHOT'O MOHOMA TOJIYYUTh PABHBIN eMy B CBOOOJIHOI MeTabesieBoil ajiredpe
JIu IpaBOHOPMUPOBAHHBIH U HAOGOPOT), B YACTUIHO KOMMYTATUBHBIX MeTa~
OesieBbIX ajiredOpax Mbl OyJIeM pacCMaTPUBATH TOJIHKO 3JIEMEHTHI C JIEBOHOD-
MHUPOBAHHON paccTaHOBKOI CKOOOK M, COOTBETCTBEHHO, B HAIMCAHUN OyIeM
OIlyCKATh BCE Iaphbl CKOOOK, KPOME BHEIIHEI.

[Iycts A = {ay,aq,...}. Mysvmucmenenvio mueBCKOro MoHOMa [u] Ha
MHOKECTBOM MOPOZK TAIONTAX A HA3BIBACTCS BEKTOD O = (01,09,...), 1€ 0; —
9TO IHCJIO BXOXKIEHNUIT ssieMenTa a; B MonoM [u]. Yepes supp([u]) obozmarimm
MHOZKECTBO BCEX MOPOKJIAIONINX G, BXOISIIIX B 3aIUCh [u], T.€.

supp([u]) = {a;|d; # 0}.

Host mesoro muorownena f = 3 ajlus], tie a; # 0 nosoxum supp(f) =
U gsupp([u;])-

Omnum 3 dyHIaMEHTaIbHBIX PE3YJbTATOB B TEOPUU YACTUIHO KOM-
MYTATUBHBIX ajredp, Ipas/ia acCOIMATUBHBIX ABJIAETCS CJICIYIONIHIA, OJIy-
vennbIit copmectHo K. X. Kumowm, JI. Makap-J/Iumanosbim, Ixx. Herrepcom n
@. B.,Poymem

Teopema 2.1. [17]. ITycmo F — npoussosvroe nose, G u H — xoneunwvie
HEOPUEHMUPOSAHHDLE 2padbl 03 nemenb, mo20a YacCmUYHO KOMMYMAMUG-
noe accoyuamusnvie arzebpu F(G) u F(H) usomopdro. mozda u moavko
mozda, xozda G ~ H.

Bupodewm cripaBeijiuB 1 aHAJIOT 9TOIO pe3y/abraTa st aaredp JIu, mory-
gennblit /. lymammom u [ Kpobom jutst 60s1ee ob1mmero ciydas: s aaredp
JIn Ha 1 00/1aCTHIO TEJIOCTHOCTH.

Teopema 2.2. [18|. ITyemv R — obaacmov uyeaocmuocmu, G u H — xo-
HEUHBLE HEOPUEHMUPOBUHHBIE 2Padivl €3 NeMEAL, ¢ MHONCECTNEAMU GEPULUH
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A u B coomeemcmeserno. Tozda wacmuyuno xommymamusHvie anzeopol Jlu
Lr(A;G) u Lg(B; H) usomopdro. mozda u moavko moeda, xoeda G ~ H.

N3-3a cxoicTBa 00HEKTOB MHOTHE PE3Y/IBLTATHI, IOy YeHHBIE TS YaCTUY-
HO KOMMYTaTUBHBIX I'DYIII, IMEIOT aHAJIOTU JIJIsI YJACTUYHO KOMMYTATUBHBIX
anrebp JIu. Takxke ciemyer OTMETUTH, YTO MHOIHME METOJBI JJIsl MCCJIEJI0-
BaHNs YACTHYHO KOMMYTATUBHBIX aJreOp JIu ABiaioTcsa ajanranueil aHalo-
I'HYHBIX METOJIOB JIjIsl YACTUIHO KOMMYTATHBHBIX rpymil. OJHAKoO, clIexyeT
OTMETUTb, YTO €CTh U cHenuduyuecKkue MeToAbl ucciaegoBanus aiaredp Jlum.
Tak, 3HAYNTEIBHYIO POJIb UT'DAIOT ONUCAHUE JIMHEHHBIX 0A3MCOB YACTHYHO
KOMMYTaTMBHBIX ajreop Jln.

IlepBblit pe3ysbrar, Kacaloluiicss 0a3MCOB YaCTUIHO KOMMYTATHBHBIX
anrebp JIm, 6bL1 momyuen yrke ynommHaBIIMMucd sbime /[l lymammnom n
. Kpo6om B pabore [19]. Opaako B 9T0il craThe HET SBHOTO ONUCAHUS Oa-
3HCOB, & OIMCAH PEKYPCHUBHBI IIPOIECC, CYTh KOTOPOr'O B TOM, YTO B rpade
BbIJIE/ISI€TCS BIIOJIHE HECBA3HOE IOJMHOXKECTBO €ro BEepIIMH U 33Ja4a CBO-
JINTCA K HAXOXKJIEHUIO Oa3nca JJId YacCTUIHO KOMMYTATUBHON asredps! Jlu,
olpeedonuii rpad KOTOpOoil MOPOXK/IEH OCTAJILHBIME BepIInHaMu. fBHOE
onucanue 0a3MCOB YACTUYHO KOMMYTATHUBHBIX ajaredp Jlu ObLio mosrydeHo
OJIHAM M3 aBTOPOB 3TOro obsopa. s sToro omnmcanust HaM HOTpeOyeTcs
HOHATHE JaCTHYHO KOMMYTATUBHBIX cjioB JImumona — Ilupmiosa.

s gactuano kommyrtaTuHOi ajrebper JIu Lz(A; G) Hag obiacTbio
IeJIOCTHOCTU R OIIpeIesiiM 110 HHYKITHH YaCMUYHO KOMMYMAMUSHDLE CA0BG
Jlurndona — Hlupwosa (PCLS-cr06a).

1. Duementsl MHOXKecTBa A asngorca PCLS-cioBamu.

2. croso JIuugona — Hlupmmosa [u], rakoe uro £([u]) > 1 aBnsgerca PCLS-
caoBoM, ecn [u] = [[v], [w]], tre [v] n [w] — PCLS-cnoBa, npuaem B
rpade G mepasi GykBa ciioBa [w| He coefuHeHA PEOPOM XOTs OBI €
onHoit 6yKBOIt ciioBa [v].

3. Hpyrux PCLS-cioB Her.

Muoxkecto Beex PCLS-cioB wactmano koMmyTaTuBHON aareOpwr JIu
Lr(A; G) obosuatmm PCLS(A;G).

Torma omnucanme 0a3MCOB YaCTUYHO KOMMYTATUBHBIX ajiredp JIu maer
ceyIomasl TeopeMa, IpHU JI0Ka3aTe/IbCTBE KOTOPO MCIIOIB30BAJICS METO.T
6azucoB ['pébnepa — I[lupiosa.

Teopema 2.3. Ilycmv R — obaacmov yeaocmmocmu v G — neopuermu-
posannwili 2pad 6e3 nemeav, ¢ muoocecmeom eepwurn A. Tozda mmoorce-
cmeo ecex PCLS-cros asasemea 6a3ucom wacmuuno Kommymamuerot R-

anzebpo. JTu Lr(A; G).
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Bomnpoc naxoxkaennst 6a3ucoB 9aCcTUIHO KOMMYTATUBHBIX METaOEJIEeBbIX
ayireOp JIu Takke mpeacTaBiIseT OmpeeeHHbIN HHTEepec.

B [21] u [22] 6butn HE3aBECHMO MOCTPOEHBI OA3MCHI CBOOOMIIMBIX IOJIH-
HUJIBIIOTEHTHBIX aJredp, B YaCTHOCTU, Oa3uc cBOOOIHON MeTabeseBoil aJ-
reOpbl, KOTOPBI COCTOUT U3 3JIEMEHTOB BUJIA (i, Qigs - - - 5 Uiy |5 TIE Gjy > Gy,
aiy, < ajy < -+ - < . Oboznaanm 910 MHOKECTBO Bas(A).

B gactuuno kommyTtatuBHON MetabeseBoii anrebpe Jlu M(A; G) depes
Bs1(A) obosnaumm MHOKECTBO BCeX MOHOMOB MHOXKecTBa Bas(A), mymbu-

CTeIeHb KOTOPHIX PaBHa §. YIaiM U3 9TOr0 MHOYKECTBa BCE MOHOMBI [u),
takue 4To [u] = 0 B anrebpe M(A; G). Ob6o3HAUNM IOy I€HHOE MHOYKECTBO
BS,z(AQ G)-

st MoHOMOB [w1] = [y, Giy, - - -, Q)| B [Ua] = [ajy, ajy, - - ., @, ] MHOMKE-
CTBa BM(A; () Oymem mmcarth [ui] ~ [ug], ecim HmopoKIAOIINE @; H j
Jexkar B ofguoil komnonente noarpada G(supp([ug])) = G(supp([uz])). Kax
caemyer u3 |23, ecau [ug] ~ [ug], To [u1] = [ug] 3 Kaxk 010 Ki1acca sKBUBa-
JIEHTHOCTH 10 OTHOIIIEHUIO ~ BBIGEPEM TI0 OJJHOMY SJIEMEHTY TaKUM 00Pa30M,
4TOOBI IepBasdg OYKBa KayKJIONO BBIOPDAHHOTO 3JIeMeHTa ObLia HamOOJIbIIei
CpeJin TePBBIX OYKB BCEX MOHOMOB COOTBETCTBYIOIIEro Kiacca. [losyaenHoe
MHOKeCTBO obosHatnM Bj(A; G).

[onoxnm

Bas(4; G) = | B5(4; @),
5

e O6’b€,HI/IH€HI/Ie 6ep€TCH 110 BCEM MYJIbTUCTEIICHAM.

Teopema 2.4. [23]| [Tycmv R — obaacmo uyeaocmmuocmu v G — neopuen-
muposannwill epag 6es nemeav. Mnoocecmso Bas(A; G) asasemes 6azucom
YacmuUYHo Kommymamuenoll memabeaesoti R-anzebpo. Jlu Mpg(A; G).

Kak u B ciiygae 9acTUIHO KOMMYTATUBHBIX TPYII B UCCJIEIOBAHUH AJl-
rebp JIu 3aMeTHYIO POJIb UTPAIOT IEHTPAIU3ATOPBI. I 9acTUIHO KOMMY-
TaTUBHBIX aJireOp JIu 3ajady onmcanus MEHTPAJIM3aTOPOB y/IaJI0Ch PEITUTH
B HamboJiee o01Ieil (POPMYJIMPOBKE, TO €CTh IOJIYYEHO OIUCAHUE IICHTPAJIU-
3aTOPOB BCEX JIEMEHTOB COOTBETCTBYIOMIEH aareOpnl JIum.

LenTpanusarop snementa g 6yaem obosuadars C(g). Ilycts R — obmactsb
nesoctHocT U L — mpousBosibHasg R-anredpa JIu. Jlnsa smementos f,g € L
Oymem nmcatb f g, ecu of = [fg g HEKOTOPBIX «, f € R. Onucanne
[EHTPAIU3ATOPA TPOU3BOJIBHOIO IJIEMEHTOB JIaeT CJIE/LYIOINasi TeopeMa.

Teopema 2.5. [24] IIyemv R — obaacms yeaocmuocmu, G — Heopuen-
muposarrwlll epagd 6e3 nemenv ¢ muoscecmeom eepwun A, g — npous-
BONLHDITL INEMEHM HACMUYHO KoMmymamuehol R-anzebpv Jlu Lr(A; G)
u Hy, Hy, ..., H, — xomnonenmo, ceasnocmu epaga G(supp(g)). Toeda g =
> i, 2de supp(g;) C A(H;) dan scex i = 1,2,...p u C(g) cocmoum us3
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anemenmos euda h =y - h; + hY | 2de das waocdozo i = 1,2,...p aubo

h; =0, aubo g; «~ h;, a maxorce supp(g) & supp(hM).

[Tockosbky KoMMmyTanT M'(A; G) 9acTHIHO KOMMYTATUBHON MeTabeste-
Boit anrebpsr JIu M(A; G) asnsiercs R[A]-mofynem, st 06010 s1eMeHTa
g € M'(A;G) onpesenen ero anuyaaTop B Kosbile R[A]. Anamornano ciry-
a0 9aCTUIHO KOMMYTAaTHUBHBIX MeTa6eﬂeBbIX TPYIIII olIpeaeinM naeall [7?]
KOJIbIfa MHOrOWIeHOB R[A] cireytomum obpasom. Ecim Beprnnel a; u a;
JIe’KaT B pa3HbIX KOMIIOHEHTaX CBS3HOCTH rpada (G, TO MOJIOKIM If’; = 0.
Ecmu a; n a; nexxar B 0OIHON KOMIOHEHTE CBA3HOCTH, TO KarKJOMY IIyTH
(a;,b1,bg,...,bs,a;), coequusONEMy 5TH BepIuHbl B rpade G, mocraBuM B
COOTBETCTBHE MOHOM b1 by . . . by 1 onpemgennm Ifj, KaK MaeaJl, IOPOK IeHHbI
BCEMU TaKMMHU MOHOMaMmu. Vmeer mecro cireayromnuii aHagor Teopembr 1.1
Juts aarebp Jlu.

Teopema 2.6. [23] I[Iyemv R — obaacmo yeaocmuocmu, G — neopuen-
muposannwil epad 6e3 nemeav ¢ mmoocecmeom sepwun A, Mgp(A;G) —
YACTNUYHO KOMMYMaAmMueHas memabenesa anzebpa Jlu ¢ mroscecmeom no-
pooicdaowuxr A u onpedeasrouum epagom G. Ecau eepwunvl a; u a; e
CMEDICHDL, MO AHHYAAMOP dAeMEHMA [a;, ;] cosnadaem ¢ udearom IZGJ

B ciyuae acTiiHO KOMMYTaTHBHBIX MeTabeseBbIxX aaredbp JIn nHa HacTo-
ST MOMEHT HeT MOJTHOTO OIMCAaHUs IeHTPAIN3aTOPOB, KaK U B CIydae Ja-
CTUYIHO KOMMYTATUBHBIX MeTabeseBrix rpytir. [IpuBeem onuncanue rienTpa-
JIN3ATOPOB TOPOXKIAIOIINX, & TAKZKE CBOMCTBO TaK HA3BIBAEMbIX IIEHTPAIN3a-
topos B kKommyTanTe C( f)(onpenensiembix kaxk C(f) = C(f)NM'(A; G)) nis
JINHEHHBIX KOMOMHAIII TTOPOXKIAIONINX. JTU PE3YIbTATHI ABIAIOTCI aHAJIO-
ramu Teopem 1.2 m 1.3.

Teopema 2.7. [23] IIycmv R — obaacmv yeaocmmocmu u G — neopu-
eENMUPOBaHHLLT 2pagdh 6e3 nemeav ¢ muoscecmeom eepwun A. Tozda uen-
MPAAU3AMOPBLE NOPOAHCOGIOULUT HACTNUYHO KOMMYMAMUEBHOT Memabenresoti
R-anzebpo, Mp(A; G) umerom caedyrowuis 6ud.

1. Ecau ay — usoauposannan eepwuna 6 epage G, mo C(ay) cocmoum u3
BCET INEMEHMOE § NPeICMABUMBIT 6 6ude

g = aqaq, (2)

2de a1 € R.
2. Ecau sepuiuna ay sucauan (048 onpedeseniocmu CMeHCHa moibko ¢ 6ep-
wunoll ay) 6 epage G, mo C(ay) cocmoum us ecex anemenmos g npedcma-
BUMBLT 6 6ude

g = aja; + awas, (3)
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2de ap, a0 € R.
3. Ecau 6epuiuna a3 CMENCHA ¢ 8EPUUHAMY Ay, . . ., G, 6 2pade G (r = 3),
mo C(ay) cocmoum u3 6cex anemenmos g, nPedcmasuMbir 6 eude

g= Zakalk + Z a’l7a’] gz]a (4)

2<i<y<r
ede a € R, g;; € R[A\{a1}].

Bnecs s f € MyR(A;G) n g € R[A] nox f.g nogpasymeBaercst Ipuco-
eJINHEHHOE JleficTBue g Ha f.

Teopema 2.8. [23]| I[lycmv» R — obaacmo uesocmuocmu, G — Heopuenmu-
posarnbili 2pagd b6e3 nemeav ¢ muosrcecmeom sepuiur A. Tozda 6 wacmuuro
Kommymamuenot memabenesot R-anzebpe Jlu Mp(A; G) svinoareno

E 041]@1] = m a,J

Ond N00BIT INEMEHMOE Qjy s Uiy - - -, G
R\{0}.

AHaJIornIHO Cydaro rpyImi sJeMeHTapHo#l Teopueii aareOpsr JIn Ha3bI-
BAETCsl MHOXKECTBO IPEJJIOKEHUN CUTHATYPBI ajareOpbl JIu, MCTHHHBIX Ha
sroit anrebpe. Ilpu stom anredpnr JIu MOXKHO paccMaTpuBaTh KaK ¢ TOYKHU
3peHusT KJIACCUIECKON CUTHATYPBI, BKIIOYAIONIENH B cebsl CJIOKEHNe U yMHO-
JKeHHe 3JIEMEHTOB, TaK U JIBYOCHOBHBIE ajreOpamdecKne CUCTEMBI; B 9TOM
caydae B CUTHATYPY J00ABJISIETCS OTepaliusl YMHOXKEHUs dJIeMeHTa aared-
pol Jlu Ha ckamsap (s1eMeHT 00JIacTH MEeJOCTHOCTH R, Haj KOTOPOW pac-
cMarpuBaercst asirebpa JIn). YHuBepcaabHoit Teopueit anrebpst Jlu HasbiBa-
eTCst MHOZKECTBO Ipeyioxkennii Buia Vo, Vg . ..V, ®(xq, 2, ..., 2p), e
O (zq,x9,...,T,) — beckBanTOpHAS (bOPMYJIA CUTHATYPBI ajare6p Jlu.

Bompoc siemeHTapHOl SKBUBAaJEHTHOCTH YACTUIHO KOMMYTATHBHBIX
(MerabeseBbix) aarebp Jlu Gbu1 paccMoTpeH it caydasi airebp Jlum Ha
[I0JIEM, PaCCMATPUBAEMBIX KaK JBYOCHOBHBIE CUCTEMBI U JJI CJIydasi KOJIEelT
JIu B Kj1accm4eckoil curHaType.

U O MOOVT Quyy Qg ..., Oy €

1 l

Teopema 2.9. [25| Ilycmv F — npoussoavroe nose, G u H — xoneunwvie
HEopueHmMuposarmvie 2pado. 6e3 nemean, ¢ muodxcecmeamy eepuun A u B
COOMEEMCMEEHHO.

(1). Hacmuuno xommymamusvine areebpo, Jlu Lr(A; G) u Lr(B; H), pac-
CMAMPUBLEMDLE KAK 08YOCHOBHDIE AN2EOPAUMECKUE CUCTNEMDL, INEMEH-
MapHo IKBUBAAEHMHYL 0200 U MoALKO Mmozda, kozda G ~ H.
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(2). Yacmuuno wommymamusnvie memabenesv, arzebpo, Jlu Mp(A; G) u
Mg(B; H), paccmampusaemuvie Kak 06YocHo8HbIe an2e0pauveckue cu-

) )
CMEMbL, INEMEHMAPHO FKEUBAAEHINHBL M020a U MOAbKO Mo2da, K020

G~ H.

Teopema 2.10. (25| ITycmov G u H —- npouseoavrvie KOHewHbIE HEOPUEH-
muposarHvie 2padu, be3 memenv, ¢ muoxcecmsamu sepwurn A u B coom-
BEMCMBEHHO.

(1). Yacmuuno wommymamusnwvie kosvua Jlu Lz(A;G) u Lz(B; H), aae-
MEHMAPHO IKBUBAAECHMHBL M0o20a U MoAvKo mozda, koeda G ~ H.

(2). Yacmuuro xommymamuervie memadensesvr koavya Ju Myz(A;G) u
My (B; H) anemenmapro skeusaienmms mozoa u moavko mozda, xo-
2da G ~ H.

Kak n JJId CJIydagd T'PYIII, IJid HEKOTOPBLIX KJIaCCOB 9aCTUYIHO KOMMYTa-
TUBHbBIX 1 9aCTUIHO KOMMYTAaTHUBHbBIX MeTabeIeBbIX aJIre6p JIn 6n1In TOXKE
IIOJIy49€eHbl KPUTEPUU YHHBepCaHbHOﬁ 9KBUBaJICHTHOCTH.

Teopema 2.11. |26, 27| ITycmv R — obaacmov yeasocmmocmu, a Cp, u Cp, —
YuKAUMECKUE 2Dadbt HA N U M BEPUUHAT COOMBEMCMBEEHHO (N, m = 3).

1) Yacmuuno wommymamuenvie R-aneeopoe JIu Lr(A;C,) u Lr(B;Ch)
YHUBEPCANBHO IKGUBAACHMHDL M020a U MOoAbKO mozda, Ko2da 1 = M.

2) Yacmuuno xommymamusrovie memabeaeso, R-arzebpo, Jlu Mg(A;Cy) u
Mg(B;Cy,) yHusepcarvho sK6uSaAeHMHbL M020a U Moavko mozda, ko2da
n=nm.

Kpurepwuit yHUBEpCAJIBHON SKBUBAJIEHTHOCTH [IJIsI JIEPEBLEB He Tpedyer
koneunoctu rpacdos. Hazosem jiepeso G (B obiem ciydae GeCKOHEUHOE)
JIEPEBOM  KoHewH020 (beckoneunozo) muna ecau rpad G* (M. onpejeserue
rpada ['* B paszese 1) cogepkut KoHeIHOE (COOTBETCTBEHHO, GECKOHEUHOE)
KoJimuecTBO Bepinut). ['padbl G u H Ha3BIBAIOTCA 63AUMHO AOKAABLHO 6A0-
AHCUMBLMU, €CJTH JIIOOOM KOHEUHBIH mojarpad kaxkjgoro u3 rpados G u H
n30MOPMHO BKJIAJIBIBACTCS B JIPYToiil rpad.

Teopema 2.12. [28] IIycmv R —obaacmo yeaocmmuocmu, G — depeso bec-
KoHeuH020 muna ¢ muoscecmeom eepuun A, a H — depeso koneurnozo muna
¢ MHOXCECTNBOM BEPUWUH B.

1) Yacmuuno xommymamusnvie R-anzebpo, Jlu Lr(A;G) u Lr(B; H) ne
ABAAIOMCA YHUBEPCANEHO IKGUBANCHIMHOLMU.

2) Yacmuuno wommymamuensie memabenesv, R-anzebpo, Jlu Mpg(A; G) u
Mpg(B; H) 1e A8AA10MCA YHUBEDPCANDHO IKEUBANEHTIHHLMAU.
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Teopema 2.13. (23, 27, 28| Ilycmv R — obaacmob yesocmmuocmu, G u H —
depesva KoHewno20 muna ¢ muodicecmeamy sepwun A u B coomeememeen-
no, npuvem |A| =2, |B| = 2.

1) Yacmuuno xommymamuenvie R-aneebpo. JTu Lr(A;G) u Lr(B; H) yru-
BEPCANBHO IKBUBAALHMHDL MO0206 U MOoAvKo mozda, kozda G* ~ H*.

2) Yacmuuno xommymamuenvie memabenesv. R-aneebpor JTu Mgp(A; G) u
Mg(B; H) ynusepcasvho skeusarenmuv, mozda u moavko moezda, ko02da

G* ~ H*.

Teopema 2.14. [28| ITycmv R — obaacmov yeaocmuocmu, G u H — depeswvas
beckoneunozo muna ¢ mrodcecmeamu sepuurn A u B coomeememeeno.

1) Yacmuuno xommymamuenwvie R-anreebpo. JTu Lr(A;G) u Lr(B; H) ynu-
BEPCANDHO IKBUBANEHMHDL MO206 U MOAbKO Mozda, kozda depesva G u H*
83AUMHO NOKANOHO BAOHCUMDL.

2) Yacmuuno xommymamuenvie memabeaesv, R-anzebpor JIu Mp(A; G) u
Mg(B; H) ynusepcanvro sxkeusarenmms. mozda u moavko mozda, xoz2da de-
pesvsa G* u H* 63auMHO N0KANOHO BAOHCUMDL.

B [29] 66110 3astBsI€HO CoeyIomTee 0000IIEHNEe TIEPEIUCIEHHBIX BBIIIE Pe-
3yJIbTATOB 00 YHHUBEPCAJIbHON SKBUBAJIEHTHOCTH JIJI YACTHIHO KOMMY TaTHB-
HBIX aJyirebp Jln.

Teopema 2.15. [Tycmv G = (A;E) uw H = (B} F) — xoneunwvie epago
6e3 mpey20abHUK0S U K6adpamos U b6e3 U30AUPOSAHHHIL Gepwun. dacmum-
Ho Kommymamuenoie anrzeopor Jlu L(A;G) v L(B; H) ynusepcasvro sxeu-
saneHmHv, mozda u moavko mozada, kozda epadvr G* u H* uzomopphol, a
KOAUYECTNBO 08YLEEPWUHHBLT KOMNOHeHM ceaznocmu 6 epagar G u H odu-
HAKO0GO.

Crmcok anreparyphl

[1] E.I. Timoshenko, Endomorphisms and universal theories of solvable
groups, Novosibirsk, NSTU, 2013 (NSTU Monographs).

[2] Ch.K.Gupta, E.I. Timoshenko, Partially commutative metabelian
groups: centralizers and elementary equivelence, Algebra and Logic, 48,
3 (2009), 173-192.

[3] E.I. Timoshenko, Universal equivalence of partially commutative
metabelian groups, Algebra and Logic, 49, 2 (2010), 177-196.

[4] E.I Timoshenko, Cenralizers dimensions and universal theories for
partially commutative metabelian groups, Algebra and Logic, 56, 2
(2017), 149-170.



84 E. H. Ilopomenko, E. . Tumonienko

[5] E.I Timoshenko, Cenralizers dimensions of partially commutative
metabelian groups, Algebra and Logic, 57, 1 (2018), 69-80.

[6] V.Ya.Bloshchitsyn, E.I.Timoshenko, Comparison between universal
theories of partially commutative metabelian groups, Sib. M. J., 58, 3
(2017), 382-391.

[7] Ch.K.Gupta, E.I. Timoshenko, Universal theories for partially
commutative metabelian groups, Algebra and Logic, 50, 1 (2011),
1-16.

[8] E.I. Timoshenko, A Mal’tsev basis for a partially commutative nilpotent
metabelian group, Algebra and Logic, 50, 5 (2011), 439-446.

[9] Ch.K.Gupta, E.I.Timoshenko, Property and universal theories for
partially commutative nilpotent metabelian groups, Algebra and Logic,
51, 4 (2012), 285-305.

[10] E.I. Timoshenko, Quasivarieties generated by partially commutative
groups, Sib. M. J., 54, 4 (2013), 722-730.

[11] E.I. Timoshenko, On embedding of partially commutative metabelian
groups to matrix groups, Int. J. of Group Theory, 7, 4 (2018), 17-26.

[12] G. A.Noskov, The image of automorphism group of a graph group under
abelinization map, Bectanuk HoBocubupckoro rocy1apcTBeHHOIO YHUBED-
curera. Cepusi: MaremMaTnka, MexaHuka, nadopmaruka, 12, 2 (2012),

83-102.

[13] P.V.Ushakov, [A-automorphisms of metabelian product of two abelian
groups, Mat. zametki, 70, 3 (2001), 446-457. (Russian)

[14] E.I. Timoshenko, On one representation of automorphism group of
partially commutative metabelian group, Mat zametki, 97, 2 (2015),
286-295. (Russian)

[15] V.N.Remeslennikov, A.V.Treyer, Structure of the automorphism
group for partially commutative class two nilpotent groups, Algebra and
Logic,49, 1 (2010), 43-67.

[16] M. R. Laurence, A generating set for the automorphisms group of a
graph group, J. London Math. Soc., (2), 52 (1995), 318-334.

[17] K. H. Kim, L. Makar-Limanov, J. Neggers, F. W. Roush, Graph algebras,
J. Algebra, 64 (1980), 46-51.



YacTuaHO KOMMYTAaTHBHBIE I'DYHIIbI H ajredpol Jlu 85

[18] G.Duchamp, D.Krob, Free Partially Commutative Structures, J.
Algebra, 156 (1993), 318-361.

[19] G.Duchamp, D.Krob, The Free Partially Commutative Lie Algebra:
Bases and Ranks, Advances in Mathematics, 92 (1992), 95-126.

[20] E.N.Poroshenko, Bases for partially commutative Lie algebras, Algebra
and Logic, 50, 5 (2011), 405-417.

[21] L. A.Bokut, Base of free polynilpotent Lie algebras, Algebra i logika,
Seminar, 2, 4 (1963), 13-20. (Russian)

[22] A.L.Shmelkin, Free polynilpotent groups, Izv. AN SSSR, 28 (1964),
91-122. (Russian)

[23] E.N.Poroshenko, E.I. Timoshenko, Universal equivalence of partially
commutative metabelian Lie algebras, J. Algebra, 384 (2013), 143-168.

[24] E.N.Poroshenko, Centralizers in partially commutative Lie algebras,
Algebra and Logic, 51, 4 (2012), 351-371.

[25] E.N. Poroshenko, Elementary equivalence of partially commutative Lie
rings and algebras, Algebra and Logic, 56, 4 (2017), 348-352.

[26] E.N.Poroshenko, On universal equivalence of partially commutative
metabelian Lie algebras, Comm. in Algebra, 43, 2 (2015), 746-762.

[27] E.N.Poroshenko, Universal equivalence of partially commutative Lie
algebras, Algebra and Logic, 56, 2 (2017), 133-148.

[28] E.N. Poroshenko, Universal equivalence of some countably generated
partially commutative structures, Siberian Math. J., 58, 2 (2017), 296
304.

[29] E.N.Poroshenko, Universal equivalence of partially commutative Lie
algebras defined by graphs with no triangles, squares, and isolated
vertices, International Conference “Mal’tsev meeting”, collection of
abstracts, Novosibirsk, 2019, 172. (Russian)



COMBINATIONS OF STRUCTURES
AND OF THEIR THEORIES (AN
INFORMATIVE SURVEY)

S. V. Sudoplatov*

Novosibirsk State Technical University,
20 K. Marx ave., Novosibirsk, 630073,
Sobolev Institute of Mathematics SB RAS,
4 Acad. Koptyug ave, Novosibirsk, 630090,
Novosibirsk State University,

1 Pirogov st., Novosibirsk, 630090

Model theory was formed in 1930s-1950s as a branch of mathematical
logic dealing with the connection between a formal language producing an
information written by collections of formulas and its interpretations, or
models, or structures, i.e., it represents links between syntactic and semantic
objects. These objects can be used to classify each other producing structural
classifications of theories and their models. Solving classification questions
valuable characteristics arise (dimensions, ranks, complexities, spectra etc.)
for various classes of structures and their theories. The universality of the
subject of Model Theory allows to obtain structural results in related areas.

Having a family of structures (semantic objects) or of theories (syntactic
objects) one can observe both their influence to each other via their
combinations and possibilities for generations of new structures/theories
with respect to natural operators. These operators admit approximations
of information considered on semantic/syntactic levels. In such case we can
form structures/theories with required properties by given approximations.

The procedure of constructing new structures/theories can have
variations up to isomorphism or elementary equivalence. The number of these
variations define spectra/e-spectra for structures/theories that can have
ranges broad enough, in the admissible diapason. Thus, on one hand, these
operators can generate new structures,/theories, on the other hand, model-
theoretic properties and spectra/e-spectra for these new structures/theories
have bounds depending on given families.
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Operators under consideration also define related topologies with some
(non)standard topological properties including closures, Hausdorffness,
possibilities for neighbourhoods, generations of families by given subfamilies,
separability of elements, discreteness/density, ranks, etc.

Thus, we have a series of natural questions for families of
structures/theories and their combinations including the question for
descriptions of model-theoretic properties and (e-)spectra, the question
of representability of structures/theories in closures of given families, the
question of characterization for the existence of least/minimal generating
sets, the question of existence and families without least /minimal generating
sets, the question of decomposition of least generating set into a family of
(disjoint) subsets for (disjoint) subfamilies of given family, the question of
description of specificity for natural classes of structures/theories including
classes of finite structures, countably categorical structures, abelian groups
etc.

The aim of the paper is to collect natural structural and topological
results, related to the questions above, for operators (similar to [1, 2,
3, 4, 5]) on classes of structures and their theories producing families of
structures/theories approximating given structure/theory or producing limit
structures/theories by given ones.

In Section 1, we define P-operators, F-operators, and corresponding
combinations of structures. In Section, 2 we characterize the preservation
of w-categoricity for P-combinations and FE-combinations as well as
Ehrenfeuchtness for P-combinations. In Section 3 we pose and investigate
questions on variations of structures under P-operators and FE-operators.
The notions of e-spectra for P-operators and E-operators are introduced
in Section 4, values for e-spectra are described, and the preservation of
Ehrenfeuchtness for E-combinations is characterized.

Topological aspects related to model theoretic problems are investigated
in the series of papers [6, 7, 8, 9, 10, 11, 12]. In Sections 5 and 6, we study
structural properties of E-combinations and P-combinations of structures
and their theories from the topological viewpoint. Using the E-operators
and the P-operators we introduce topologies (related to topologies in [6])
and investigate their properties. In Section 6, we show for F-combinations
that the existence of a minimal generating set of theories is equivalent to
the existence of the least generating set, and characterizes syntactically and
semantically the property of the existence of the least generating set.

In Section 7, we introduce the notion of language uniform theory. For the
class of linearly ordered language uniform theories we solve the problem of
the existence of a least generating set with respect to E-combinations and
characterize that existence in terms of orders. Values for e-spectra of families
of language uniform theories are obtained in Section 8. In Section 9, it is
shown that families of language uniform theories produce an arbitrary given
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Cantor—Bendixson rank and given degree.

In Section 10, relative e-spectra are defined and their properties and
values are described. In Section 11, we study families of theories with
and without least generating sets. It is shown that the property of (non-
Jexistence of least generating set is not preserved under extensions of families
of theories. In Section 12, we present a topological characterization of the
existence of relative least generating set and connect this property with
values of e-spectra. In Section 13, semilattices and lattices for families of
theories are studied.

In Section 14, we study closed classes of theories with finite models and
of w-categorical theories. Properties related to approximations of theories
with finite and infinite models are described in Section 15. In Section 16,
we describe e-spectra for theories with finite models and of w-categorical
theories. Relations of (almost) language uniform theories and theories with
finite models are studied in Section 17. In Section 18, we describe families
of finite cardinalities for models of theories in E-closures and P-closures.

In Section 19, we characterize the property when a theory of abelian
groups belongs to E-closure of a given family of theories for abelian groups.
This characterization allows to describe closed sets of theories of abelian
groups with(out) least generating sets.

Some further directions are outlined in Section 20.

Related questions and problems are formulated in Section 21.

1 P-operators, F-operators, combinations

Throughout the paper we consider structures of relational languages,
where (partial) operations are represented by their graphs.

Let P = (P,);e; be a family of nonempty unary predicates, (A;);c; be
a family of structures such that P; is the universe of A; for i € I, and
the symbols P; be disjoint with languages for the structures A; for j € I.
The structure Ap = (J .A; expanded by the predicates P; is the P-union

i€l
of the structures A;, and the operator mapping (A;);c; to Ap is the P-
operator. The structure Ap is called the P-combination of the structures
A; and denoted by Combp(A;)ics if A; = (Ap | A;) | B(A;) for i € 1.
Structures A’ which are elementary equivalent to Combp(A;)icr, will be
also considered as P-combinations.

By the definition, without loss of generality we can assume for
Combp(A;);er that all languages Y (A;) coincide interpreting new predicate
symbols for A; by empty relation.

Clearly, all structures A" = Combp(A;);c; are represented as unions
of their restrictions A, = (A" | B) [ X(A) if and only if the set
Poo(xz) = {—Pi(x) | i € I} is inconsistent. If A" # Combp(A})cr, we
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write A" = Combp(A})ieri{oo}, Where AL = A’ | (" B, probably applying
iel

Morleyzation. Moreover, we write Combp(A;)icruioo} for Combp(A;)icr with

the empty structure A.

Notice that each structure A in a predicate language > can be represented
as a P-combination. Indeed, taking formulas ¢;(x), whose sets of solutions
cover A, we can take g;-restrictions A; of A with P,(z) = ¢;(z). The P-
combination of A; restricted to X forms A.

Clearly, if all predicates P; are disjoint, a structure Ap is a P-combination
and a disjoint union of structures A; [1]. In this case, the P-combination Ap
is called disjoint. Clearly, Th(Ap) = Th(A’%) for any disjoint P-combination
Ap, where A’ is obtained from Ap replacing A; by pairwise disjoint A; = A;
for i € I. Thus, in this case, similarly to structures the P-operator works
for the theories T; = Th(A;) producing the theory Tp = Th(Ap), which is
denoted by Combp(T})e;.

On the other hand, if all P; coincide then P;(z) = (z ~ x) and removing
the symbols P, we obtain a restriction of Ap which is the combination of
the structures A; 3, 4].

For an equivalence relation E replacing disjoint predicates P; by E-classes
we obtain the structure Ag being the E-union of structures A;. In this
case, the operator mapping (A;);cr to Ag is the E-operator/. The structure
Apg is also called the E-combination of the structures A; and denoted by
Combg(A;)icr; here A; = (Ag [ A;) | £(A;) for i € 1. As above, structures
A’, which are elementary equivalent to Ag, are denoted by Combg(A%);e,
where A’ are restrictions of A’ to its E-classes.

If Ap < A, the restriction A" | (A" \ Ag) is denoted by A/_. Clearly,
A= AL [T AL, where Ay = Combg(A)icr, A, is a restriction of A’ to its
FE-class containing the universe A; for i € I.

Considering an FE-combination Agr we will identify FE-classes A; with
structures A;.

Clearly, the nonempty structure A’ exists if and only if 7 is infinite.

Notice that any F-operator can be interpreted as the P-operator
replacing or naming FE-classes for A; by unary predicates P;. For infinite
1, the difference between ‘replacing’ and ‘naming’ implies that A, can have
unique or unboundedly many FE-classes returning to the E-operator.

Thus, Th(Ag) = Th(A%), for any E-combination Ag, here A% is
obtained from Apg replacing A; by pairwise disjoint A, = A; for i € I.
In this case, similarly to structures the E-operator works for the theories
T; = Th(A;) producing the theory Tx = Th(Ag) which is denoted by
Combg(T;)icr, by Tg, or by CombgT, where T = {T; | i € I}.

Note that P-combinations and FE-unions can be interpreted by
randomizations [5] of structures.

Sometimes we admit that Combp(A;)ic; and Combpg(A;)cr are
expanded by new relations or old relations are extended by new tuples.
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In these cases the combinations will be denoted by ECombp(A;);c; and
ECombg(A;)er respectively.

2 w-categoricity and Ehrenfeuchtness
for combinations

Teopema 2.1. [13|. If predicates P; are pairwise disjoint, the languages
Y(A;) are at most countable, i € I, |I| < w, and the structure Ap is infinite,
then the theory Th(Ap) is w-categorical if and only if I is finite and each
structure A; is either finite or w-categorical.

Notice that Theorem 2.1 is does not hold if the P-combination is not
disjoint: taking, for instance, a graph A; with a set P; of vertices and with
infinitely many R;-edges such that all vertices have degree 1, as well as
taking a graph A, with the same set P; of vertices and with infinitely many
Ro-edges such that all vertices have degree 1, we can choose edges such that
RN Ry = @, each vertex in P, has (R; U Ry)-degree 2, and alternating R;-
and Ry-edges there is an infinite sequence of (R; U Ry)-edges. Thus, A; and
Ay are w-categorical whereas Comb(.A4;, Az) is not.

Note also that Theorem 2.1 does not hold replacing Ap by Ag. Indeed,
taking infinitely many infinite F-classes with structures of the empty
languages we obtain an w-categorical structure of the equivalence relation
E. At the same time, Theorem 2.1 is preserved if there are finitely many F-
classes. In general case, Ag does not preserve the w-categoricity if and only
if F;-classes approrimate infinitely many n-types for some n € w, i.e., there
are infinitely many n-types ¢,,(Z), where m € w, such that for any m € w,
we have ¢;(Z) € ¢;(z) for j < m and classes Ey,,..., Ey,,, all formulas

©;(Z), have realizations in Ag \ |J Ej,. Indeed, assuming that all A; are w-
r=1

categorical we can lose the w-categoricity for Th(.Ag) only having infinitely

many n-types (for some n) inside A,. Since all n-types in A, are locally

(for any formulas in these types) realized in infinitely many A;, F;-classes

approximate infinitely many n-types and Th(Ag) is not w-categorical. Thus,

we have the following

Teopema 2.2. [13|. If the languages 3(A;) are at most countable, i € I,
|I| < w, and the structure Ag is infinite, then the theory Th(Ag) is w-
categorical if and only if each structure A; is either finite or w-categorical,
and I is either finite, or infinite and E;-classes do not approximate infinitely
many n-types for any n € w.

As usual, we denote by I(7T,A) the number of pairwise non-isomorphic
models of T" having the cardinality .
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Recall that a theory T is Ehrenfeucht if T has finitely many countable
models (I(T,w) < w) but is not w-categorical (I(7,w) > 1). A structure
with an Ehrenfeucht theory is also Ehrenfeucht.

Teopema 2.3. [13|. If predicates P; are pairwise disjoint, the languages
Y(A;) are at most countable, i € I, and the structure Ap is infinite then
the theory Th(Ap) is Ehrenfeucht if and only if the following conditions
hold:

(a) I is finite;
(b) each structure A; is either finite, or w-categorical, or Ehrenfeucht;
(c) some A; is Ehrenfeucht.

A characterization for Ehrenfeuchtness of E-combinations uses more
tools and will be formulated in Section 4.

3 Variations of structures
related to combinations
and FE-representability

Clearly, for a disjoint P-combination 1.4p with infinite I, there is a
structure A" = Ap with a structure A/_. Since the type poo(z) is nonisolated
(omitted in Ap), the cardinalities for A._ are unbounded. Infinite structures
A’ are not necessary elementary equivalent and can be both elementary
equivalent to some A; or not. For instance, if infinitely many structures A;
contain unary predicates @)y, say singletons, without unary predicates ),
and infinitely many A; for i # i contain )1, say again singletons, without
Qo then A/ can contain @)y without @1, @)1 without @, or both @)y and
Q;. For the latter case, A’ is not elementary equivalent either A;, or A, .

A natural question arises:

Question 1. What can be the number of pairwise elementary non-equivalent
structures AL_?

Consider an E-combination Ag with infinite I and all structures A’ =
Apg. There are two possibilities: each non-empty E-restriction of A._, i.e. a
restriction to some F-class, is elementary equivalent to some A; for i € I, or
some FE-restriction of A._ is elementary equivalent to none of the structures
A;, where i € 1.

Similarly Question 1 we have:
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Question 2. What can be the number of pairwise elementary non-equivalent
E-restrictions of structures A._?

For T = Th(Ap), we denote by I,.(T,\) the number of pairwise non-
isomorphic structures A’ having the cardinality \.

Clearly, I..(T,\) < I(T, \).

If structures A/ exist and do not have links with A’ (for instance, for a
disjoint P-combination), then I.(T, \)+1 < I(T, \), since if models of T are
isomorphic, then their restrictions to p.(z) are isomorphic too and pe(z)
can be omitted producing AL = @. Here, (T, \)+1 = I(T, \) if and only

if all I(Th(A;),\) = 1 and, moreover, for any | |J P; |-restrictions Bp, B}, of
iel

B, B' = T respectively, where | B| = |B’| = A, and their P,-restrictions B;, B,
there are isomorphisms f;: B; % B. preserving P; and with an isomorphism
1€

Clearly, A" = Ap realizing p.(z) is not elementary embeddable into
Ap and cannot be represented as a disjoint P-combination of A, = A,
for i € I. At the same time, there are E-combinations such that all A" =
Ap can be represented as E-combinations of some A; = A;. We call this
representability of A’ to be the E-representability. If, for instance, all A;
are infinite structures of the empty language then any A" = Ag is an E-
combination of some infinite structures A’ of the empty language too.

Thus we have:

Question 3. What is a characterization of E-representability for all A" =

Ag?

Definition. (cf. [14]). For a first-order formula ¢(x, ..., x,), an equivalence
relation F and a formula o(z) we define a (E, 0)-relativized formula ¢ by
induction:

(i) if o is an atomic formula then p?7 = p(xy,...,2,) A /n\ E(x;,x;) A
Sy(B(ar.9) A o) o
(ii) if ¢ = Y7y, where 7 € {A,V, —}, and %57 and xF are defined then
7 = pBrT B
(iii) if p(z1,...,2,) = (21, ..,1,) and PP (21, ..., 2,) is defined then
Bo(zy, a) = 5z, m) AN (B ) A (B, y) A

1,j=1

'
a(y));



Combinations of structures 93

(iv) if o(z1,...,2,) = Jop(z, 21, ..., 2,) and YE(z, 21, ..., x,) is defined
then

@E’U(xl, R = (/\ E(x,z;) AN Jy(E(z,y) No(y)) A wE’J(:r,xl, . ,£En)> ;

i=1

(v) if o(z1,...,2,) =Va(z, 2y, ..., 2,) and Y5 (z, 21, .., x,) is defined
then

O (xy, .. xy) =V (/\ E(z,z;) AJy(B(z,y) Ao(y)) — P (1, . .. ,xn)> .
i=1

We write E instead of (E,0) if 0 = (z ~ ).

Note that two E-classes E; and E; with structures A; and A; (of a
language ) respectively are not elementary equivalent if and only if there
is a Y-sentence ¢ such that Ag | E; | ¢F (with A; E ¢) and Ap | E; E
(=p)E (with A; = —). In this case, the formula ¢ is called (i, j)-separating.

The following properties are obvious:

(1) If o is (7, j)-separating then = is (7, 7)-separating.

(2) If ¢ is (i, j)-separating and ¢ is (i, k)-separating then ¢ A v is both
(1, j)-separating and (i, k)-separating,.

(3) There is a set ®; of (i, j)-separating sentences, for j in some J C I'\{i},
which separates A; from all structures A; # A,.

The set ®; is called e-separating (for A;) and A; is called e-separable
(witnessed by ®,).

Assuming that some A" = Apg is not E-representable, we obtain an E’-
class with a structure B in A’ which is e-separable from all A; for i € I by a
set ®. It means that for some sentences p; with Ag | E; = ©F ie. A; | o,

E
the sentences ( A —wi) , where Iy Cg, I, form a consistent set satisfying
i€l
the restriction of A’ to the class E’; with the universe B of B.
Thus, answering Question 3 we have

Proposition 3.1. [13]. For any E-combination Ag the following conditions
are equivalent:

(1) there is A" = Ag which is not E-representable;
(2) there are sentences @; such that A; = ¢; for i € I and the set of

E
sentences ( A ﬂ<pi> , where Iy Cgy 1, is consistent with Th(Ag).

i€lp
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Proposition 3.1 implies

Corollary 3.2. [13]. If Ag has only finitely many pairwise elementary non-
equivalent E-classes then each A" = Ag is E-representable.

4 e-spectra

If there is A" = Ag which is not E-representable, we have FE’-
representability replacing E by E’ such that E’ is obtained from E by adding
equivalence classes with models for all theories T, where T is a theory of a
restriction B of a structure A" = Ag to some E-class and B is not elementary
equivalent to the structures A;. The resulting structure Ag (with the E’-
representability) is an e-completion or an e-saturation of Ag. The structure
Apg itself is called e-complete, or e-saturated, or e-universal, or e-largest.

For a structure Ag the number of new structures with respect to the
structures A;, i.e., of the structures B which are pairwise elementary non-
equivalent and elementary non-equivalent to the structures A;, is called the
e-spectrum of Ag and denoted by e-Sp(Ag). The value

sup{e-Sp(A")) | A’ = Ag}

is called the e-spectrum of the theory Th(Ag) and denoted by e-Sp(Th(Ag)).

If Ar does not have E-classes A;, which can be removed together with all
E-classes A; = A;, preserving the theory Th(Ag), then Ag is called e-prime
or e-minimal.

For a structure A" = Ap we denote by TH(A’) the set of all theories
Th(A;) of E-classes A; in A’

By the definition, an e-minimal structure A’ consists of F-classes with a
minimal set TH(A'). If TH(A’) is the least for models of Th(A’) then A’ is
called e-least.

Proposition 4.1. [13]. 1. For a given language ¥, 0 < e-Sp(Th(Ag)) <
gmax{|Z],w}

2. A structure Ag is e-largest if and only if e-Sp(Ag) = 0. In particular, an
e-minimal structure Ag is e-largest if and only if e-Sp(Th(Ag)) = 0.

3. Any weakly saturated structure Ag, i.e., a structure realizing all types of
Th(Ag) is e-largest.

4. For any E-combination Ag, if A < e-Sp(Th(Ag)) then there is a structure
A" = Agp with e-Sp(A") = X; in particular, any theory Th(Ag) has an e-
largest model.

5. For any structure Ag, e-Sp(Ag) = |TH(A% )\ TH(Ag)|, where Al is an
e-largest model of Th(Ag).
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6. Any prime structure Ag is e-minimal (but not vice versa as the e-
minimality is preserved, for instance, extending an infinite E-class of given
structure to a greater cardinality). Any small theory Th(Ag) has an e-
minimal model (being prime), and in this case, the structure Ag is e-minimal
if and only if

TH(Ag) = (] TH(A),

A'=Ag

i.e., Ag is e-least.
7. If Ag is e-least then e-Sp(Ag) = e-Sp(Th(Ag)).
8. If e-Sp(Th(Ag)) is finite and Th(Ag) has e-least model then Ag is
e-minimal if and only if Ag is e-least and if and only if e-Sp(Ag) =
-Sp(Th(Ag)).
9. If e-Sp(Th(Ag)) is infinite then there is A’ = Ag such that e-Sp(A’) = e-
Sp(Th(Ag)) but A’ is not e-minimal.
10. A countable e-minimal structure Ag is prime if and only if each E-class
A; is a prime structure.

Reformulating Theorem 2.2 we have

Theorem 4.2. [13]. For E-combinations which are not EComb, a countable
theory Th(Ag) without finite models is w-categorical if and only if
e-Sp(Th(Ag)) = 0 and each E-class A; is either finite or w-categorical.

Proposition 4.3. [13]. For any cardinality X there is a theory T = Th(Ag)
of a language ¥ such that |X| = |\ + 1] and e-Sp(T") = .

Proposition 4.4. [13]. For any infinite cardinality X\ there is a theory T =
Th(Ag) of a language 3 such that |X| = X and e-Sp(T) = 2*.

Note that e-Sp(7T") < I(T,w) for any countable theory 7' = Th(Ap).
In particular, if I(7,w) is finite then so is e-Sp(T"). Moreover, if T is w-
categorical then e-Sp(7') = 0, and if T is an Ehrenfeucht theory then e-
Sp(T) < I(T,w).

Theorem 4.5. [13]. For any theory Th(Ap) with non-symmetric or
definable semi-isolation on the complete type poo(x), e-Sp(Th(Ap)) # 1.

Since non-definable semi-isolation implies that there are infinitely many
2-types, we have

Corollary 4.6. [13]. For any theory Th(Ap) with e-Sp(Th(Ap)) = 1, the
structures AL, are not w-categorical.
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By applying modifications of the Ehrenfeucht example as well as
constructions in [4], the results for e-spectra of E-combinations are modified
for P-combinations:

Proposition 4.7. [13]. For any cardinality \ there is a theory T = Th(Ap)
of a language 3 such that || = max{\, w} and e-Sp(T") = .

Proposition 4.8. [13| For any infinite cardinality X there is a theory T =
Th(Ap) of a language > such that |X| = X and e-Sp(T) = 2*.

Since for FE-combinations Ap and P-combinations Ap their limit
structures A, are structures on F-classes and po.(x) respectively, the
theories Th(Aw) are defined by types restricted to E(z,y) and py(x), and
for any countable theory there are either countably many types or continuum
many types, Propositions 4.3, 4.4, 4.7, and 4.8 imply the following

Theorem 4.9. [13]. If T = Th(Ag) (respectively, T = Th(Ap)) is a
countable theory then e-Sp(T) € w U {w,2*}. All values in w U {w,2*}
have realizations in the class of countable theories of E-combinations (of
P-combinations).

The following theorem characterizes the Ehrenfeuchtness of Th(Ag)
using values of e-spectra.

Theorem 4.10. [13]. If the language | 3(A;) is at most countable and the
el

structure Ag is infinite then the theory T = Th(Ag) is Ehrenfeucht if and

only if e-Sp(T) < w (which is equivalent here to e-Sp(T') = 0) and for an

e-largest model Ap = T consisting of E'-classes A;, j € J, the following

conditions hold:

(a). for any j € J, I(Th(A;),w) < w;
(b). there are positively and finitely many j € J such that I(Th(A;),w) >
1;

(c). if I(Th(Aj),w) < 1 then there are always finitely many Ay = A; or
always infinitely many Aj; = A; independent of Ap =T

5 Closure operators

Definition. [15]. Let 7 be the class of all complete elementary theories
of relational languages. For a set 7 C T we denote by Clg(7) the set of
all theories Th(.A), where A is a structure of some E-class in A = Apg,
Ap = Combg(A:)icr, Th(A;) € T. As usual, if T = Clg(7) then T is said
to be E-closed.



Combinations of structures 97

By the definition,
Clg(T) = TH(AR), (1)

where A%, is an e-largest model of Th(Ag), where Ag consists of E-classes
representing models of all theories in 7T .

Note that the equality (1) does not depend on the choice of e-largest
model of Th(Ag).

Proposition 5.1. [15].

(1). If To, T are sets of theories, Ty € T, C T, then Ty C Clg(Ty) C
Clg(Th).

(2). For any set T C T, T C Clg(T) if and only if the structure composed
by E-classes of models of theories in T is not e-largest.

(3). Buery finite set T C T is E-closed.

(4). (Negation of finite character) For any T € Clg(T) \ T there are no
finite To C T such that T' € Clg(To).

(5). Any intersection of E-closed sets is E-closed.

For a set 7 C T of theories in a language ¥ and for a sentence ¢ with
X(¢) € X we denote by T, the set {T' € T | ¢ € T'}. Denote by Tr the
family of all sets 7.

Clearly, the partially ordered set (7Tz; C) forms a Boolean algebra with
the least element @ = 7T (y~s), the greatest element 7 = T(ay), and
operations A, V, ~ satisfying the following equalities: 7, A Ty = Tionp)s
TV Ty = Tovey To = T

By the definition, 7, C 7, if and only if for any model M of a theory in
T satisfying ¢ we have M = 1.

Proposition 5.2. [15]. If T C T is an infinite set and T € T \ T then
T € Clg(T) (i.e., T is an accumulation point for T with respect to E-
closure Clg) if and only if for any formula ¢ € T the set T, is infinite.

Proposition 5.2 shows that the closure Clg corresponds to the closure
with respect to the ultraproduct operator [16, 17, 18, 20].

Theorem 5.3. [15]. For any set To, T, C T, Clg(To U T1) = Clg(To) U
Clp(Th).

Corollary 5.4. [15]. (Exchange property) If 11 € Clg(T U {12}) \ Clg(T)
then Ty € Clg(T U{T1}).
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Definition. [19]. A topological space is a pair (X, O) consisting of a set X
and a family O of open subsets of X satisfying the following conditions:

(01). @€ O and X € O;
(02). If U; € O and Uy € O then U1 N U, € O;
(03). If O’ C O then VO’ € O.

A topological space (X, Q) is a Ty-space if for any pair of distinct elements
21,29 € X there is an open set U € O containing exactly one of these
elements.

A topological space (X, Q) is Hausdorff if for any pair of distinct points
x1,x9 € X there are open sets Uy, Uy € O such that x, € Uy, 29 € Us, and
UnlU,=a.

Theorem 5.5. [15]. For any set T C T the pair (T, Og(T)) is a Hausdorff
topological space.

Similarly to the operator Clg(T) we define the operator Clp(T) for
families P of predicates P; as follows.

Definition. [15]. For aset T C T we denote by Clp(T) the set of all theories
Th(A) such that Th(.A) € T or A is a structure of type po(z) in A’ = Ap,
where Ap = Combp(A;);cr and Th(A;) € T are pairwise distinct. As above,
if 7= Clp(T) then T is said to be P-closed.

Using above only disjoint P-combinations Ap we obtain the closure
Cl1%4(T) being a subset of Clp(T).

Proposition 5.6. [15]. (1) If Ty, Ti are sets of theories, Ty C Ty C T, then
7o € Clp(To) C Clp(Th).

(2) Bvery finite set T C T is P-closed.

(3) (Negation of finite character) For any T € Clp(T)\ T there is no finite
To C T such that T € Clp(To).

(4) Any intersection of P-closed sets is P-closed.

Remark 5.7. [15]. Note that an analogue of Proposition 5.2 for P-
combinations fails. Indeed, taking disjoint predicates P;, where i € w, with
21 + 1 elements and with structures A; of the empty language, we obtain
that for the set 7 of theories T; = Th(A;) /Cl(T) consists of the theories
whose models have cardinalities witnessing all ordinals in w + 1. Thus, for
instance, theories in 7" do not contain the formula

Fr,y(~(z = y) AVz((z = 2) V (2 = y))) (2)
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whereas Clp(7) (which is equal to Cl%(T)) contains a theory with the
formula (2).

More generally, for C1%(7") with infinite 7", we have the following.

Since there are no links between distinct P;, the structures of py(z) are
defined as disjoint unions of connected components C(a), for a realizing
Poo(), where each C(a) consists of a set of realizations of p..-preserving
formulas ¥ (a,z) (i.e., of formulas ¢(a,x) with ¥(a,z) F pe(z)). Similar
to Proposition 5.2 theories Ti, ¢ (a) of C(a)-restrictions of A, coincide and
are characterized by the following property: Tog () € C1%4(T) if and only if
T,c(a) € T or for any formula ¢ € T ¢(q) there are infinitely many theories

T in T such that ¢ satisfies all structures approximating C'(a)-restrictions
of models of T'.

Similarly to Theorem 5.3, Corollary 5.4, and Theorem 5.5 we have the
following three assertions for disjoint P-combinations.

Theorem 5.8. [15]. For any sets To, 7. C T, Clb(To U T1) = ClL(To) U
Cl3(Th).

Corollary 5.9. [15]. (Exchange property) If T} € Cl4(T U {Ty}) \ CI%(T)
then Ty € C1L(T U {T1}).

Let 7 C T be aset, OL(T) = {T \CIH(T") | T' C T}.

Theorem 5.10. [15]. For any set T C T the pair (T, O%(T)) is a topological
To-space.

Remark 5.11. [15]. By Proposition 5.6 (2), for any finite 7 the spaces
(T,0p(T)) and (T, 0%(T)) are Hausdorff, moreover, here Op(T) = O%L(T)
consists of all subsets of 7. However, in general, the spaces (T, Op(T)) and
(T,0%4(T)) are not Hausdorff.

Indeed, consider structures A;, for ¢ € I, where I = (w+ 1)\ {0}, of the
empty language and such that |A;| = i. Let T, = Th(A;), where i € I, and
T ={T; | i € I}. Coding the theories T; by their indexes we have Clp(F) =
CI%L(F) = F for any finite set F' C I, and Clp(INF) = CI%(INF) = I for any
infinite set INF C I. So, any open set U is either cofinite or empty. Thus
any two nonempty open sets are not disjoint.

Remark 5.12. [15]. If the closure operator Cl%" is obtained from Cl%
permitting repetitions of structures for predicates P;, we can lose both the
property of Ty-space and the identical closure for finite sets of theories.
Indeed, for the example in Remark 5.11, C147(7) is equal to the C1%"-closure
of any singleton {T'} € CI%T(T) since the type po(z) has arbitrarily many
realizations producing models for each element in 7. Thus, there are only
two possibilities for open sets U: either U = @ or U = T.
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Remark 5.13. [15]. Let g, be the class of all theories for finite structures.
By compactness, for a set T C Tgy, the set Clg(T) is a subset of Ty, if and
only if models of 7 have bounded cardinalities, whereas Clp(7T) is a subset
of Tgy if and only if T is finite. Proposition 5.2 and its P-analogue allows to
describe both Clg(7T) and Clp(7), in particular, the sets Clg(T) \ Tan and
Clp(T) \ Tan. Clearly, there is a broad class of theories in 7 which do not
lay in
U cemu | aum.
T CTén T CTtin

For instance, finitely axiomatizable theories with infinite models can not be
a pproximated by theories in Tg, in such way.

Remark 5.14. [15]. Proposition 5.2 shows that if a set 7 has theories only
with models in an axiomatizable class K then theories in Clg(7T) again have
models only in K. At the same time, by Remark 5.7, this assertion does not
hold for P-closures.

6 Generating subsets of E-closed sets

Definition. [15]. Let 7y be a closed set in a topological space (T, Og(T)).
A subset T C Ty is said to be generating if Ty = Clg(7;). The generating
set 7y (for To) is minimal if 7] does not contain proper generating subsets.
A minimal generating set 7, is least if T is contained in each generating set

for To.

Remark 6.1. [15]. Each set 7; has a generating subset 7, with cardinality
< max{|X|,w}, where X is the union of the languages for the theories in 7j.
Indeed, the theory T' = Th(Ag), whose E-classes are models for theories in
Clg(7o), has a model M with |M| < max{|X|,w}. The E-classes of M are
models of theories in Clg(7;) and the set of these theories is the required
generating set.

Theorem 6.2. [15]. If T is a generating set for a E-closed set To then the
following conditions are equivalent:

(1). T4 is the least generating set for To;
(2). Ty is a minimal generating set for To;

(3). any theory in T is isolated by some set (Ty),, i.e., for any T € T
there is p € T such that (7)), = {T'};
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(4). any theory in T, is isolated by some set (To),, i.e., for any T € Ty
there is ¢ € T' such that (7o), = {T'}.

Theorem 6.2 immediately implies

Corollary 6.3. [15]. For any structure Ag, Ag is e-minimal if and only if
it 15 e-least.

Definition. [15]. Let T be the theory Th(Ag), where Ap = Combg(A;)icr,
{Th(A;) | i € I} = Ty. We say that T has a minimal/least generating set if
Clg(7To) has a minimal /least generating set.

Since by Theorem 6.2 the notions of minimality and being least coincide
in the context, below we shall consider least generating sets as well as e-least
structures in cases of minimal generating sets.

Proposition 6.4. [15]. For any closed nonempty set To in a topological space
(T,0g(T)) and for any Ty C Ty, the following conditions are equivalent:

(1). Ty is the least generating set for To;

(2). any/some structure Ap = Combpg(A;)cr, where {Th(A;) | i €
I} =T, is an e-least model of the theory Th(Ag) and E-classes of
each/some e-largest model of Th(Ag) form models of all theories in

To;

(3). any/some structure Ap = Combg(A,;)cr, where {Th(A;) |i € I} =
0, Ai £ Aj fori # 7, is an e-least model of the theory Th(Ag), where
E-classes of Ag form models of the least set of theories and E-classes

of each/some e-largest model of Th(Ag) form models of all theories in

To.

Corollary 6.5. [15]. Any theory Th(Ag) with a prime model M, or with
a finite set {Th(A;) | i € I}, or both with E-classes for M and A; has the

least generating set.

Clearly, the converse for prime models does not hold, since finite sets 7Ty
are least generating whereas theories in 7y can be arbitrary, in particular,
without prime models. Again, the converse for finite sets does not hold since
there are prime models with infinite 75. Finally, the general converse is not
true since we can combine a theory 7' having a prime model with infinite
To and a theory 7" with infinitely many F-classes of disjoint languages and
without prime models for these classes. Denoting by 7, the set of theories
for these E-classes, we obtain the least infinite generating set 7o U7 for the
combination of 7" and 7", which does not have a prime model.



102 S. V. Sudoplatov

Theorem 6.6. Any E-closed set T of language ¥ = X(T) has a generating
subset T' of a cardinality < max{|X|,w}.

Proof. Without loss of generality we may assume that 7 is infinite with
|T| > max{|X|, w}. For any X-sentence ¢ and the set 7, we denote by T ()
the set 7, if 7T, is finite, and a countable subset of 7T, if 7, is infinite.
Now, we denote by 7 the union of all sets 7 (¢). Clearly, 7" C T and
|7"| < max{|X|,w}. We assert that 7" generates 7. By Proposition 5.2 it
suffices to show that for any 7' € T\ 7" and ¢ € T, the set 7] is infinite.
Assuming that 7 is finite we have 7] = 7, which implies T" € 7" by the
definition of 7" contradicting 7" € T \ 7’. Thus, T is a generating subset of
T with |77 < max{|X],w}. O

Notice that the estimation for the cardinality of generating set in
Theorem 6.6 can not be improved in general case, since taking a set T
of theories with A > w disjoint unary predicates, being independently empty
and nonempty, it is impossible to find a generating subset 7' C 7T with
IT| <A\

Replacing E-combinations by P-combinations we obtain the notions of
(minimal/least) generating set for Clp(7y).

Example in Remark 5.11 shows that Corollary 6.5 does not hold even for
disjoint P-combinations. Indeed, take structures A; for i € (w+ 1)\ {0},
in the remark and the theories T, = Th(A;) forming the Cl%-closed set 7.
Since T is generated by any its infinite subset, we obtain that, having prime
models of Th(Ap), the closure Cl1%(7) does not have minimal generating
sets.

For the example above, with the empty language, CI%"(T) is generated
by any singleton {T'} € Cl;lf(’T) since the type poo(x) has arbitrarily many
realizations producing models for each T;, where i € (w+ 1) \ {0}. Thus,
each element of C15"(7) forms a minimal generating set.

Natural questions arise concerning minimal generating sets:

Question 4. What are characterizations for the existence of least generating
sets?

Question 5. Is there exists a theory Th(Ag) (respectively Th(Ap)) without
the least generating set?

Remark 6.7. [15]. Obviously, for E-combinations, Question 4 has an answer
in terms of Proposition 5.2 (clarified in Theorem 6.2) by taking the least
(under inclusion) set 7, generating the set Clg(77). It means that 7, does
not have accumulation points inside 7; (with respect to the sets (75),), i.e.,
any element in 7 is isolated by some formula, whereas each element 7" in
Cle(7Ty) \ 7y is an accumulation point of 7 (again with respect to (7;),.
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A positive answer to Question 5 for Clp is obtained in Remark 5.11.
Moreover, Theorem 6.2 does not hold with respect to the operator CldP.
Indeed, the theories 7; for the structures A;, where ¢ € (w+ 1) \ {0}, form
the Clb-closed set Ty. Clearly, the theories T} for finite i are isolated by
formulas describing cardinalities for A;, whereas 7Ty does not have minimal
generating sets since it is generated by a subset 7 if and only if 7 is infinite.

More generally, if A; consist of finitely many isomorphic definable
equivalence classes and the number of these classes is unbounded if varying
the indexes ¢ (taking, for instance, models of cubic theories |21, 22| with
a fixed finite diameter, or isomorphic trees with a fixed finite diameter),
then, as above, the P-closure 7 of the set of theories Th(A;) does not have
minimal generating sets.

Remark 6.7 shows that Theorem 6.2 fails for the operator Cl%. At the
same we have

Theorem 6.8. [15]. If 7] is a generating set for a P-closed set Ty with
respect to the operator Clﬁlg, then the following conditions are equivalent:

(1). Ty is the least generating set for T,
(2). 74 is a minimal generating set for Ty.
In contrast to Remark 6.7 we have

Proposition 6.9. [15]. If e-Sp(T) is finite for a theory T = Th(Ap) then
the set T of theories for substructures A; in A" = Ap with respect to the
predicates P; and to the type ps(z) has a least generating set.

7 Language uniform theories
and related E-closures

In this section, we consider a class of special theories with respect to
their languages and answer Question 4 characterizing the existence of the
least generating set in these special cases.

Definition. [23]. A theory T in a predicate language X is called language
uniform or a LU-theory if for each arity n any substitution on the set of
non-empty n-ary predicates preserves 1'. The LU-theory T is called IILU-
theory if it has non-empty predicates and as soon as there is a non-empty
n-ary predicate there are infinitely many non-empty n-ary predicates and
there are infinitely many empty n-ary predicates.
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Let Ty be a LU-theory with infinitely many nonempty predicate of some
arity n and Iy be the set of indexes for the symbols of these predicates.

Now for each infinite I C Iy with || = |Iy|, we denote by 77 the theory
which is obtained from the complete subtheory of Tj in the language { Ry |
k € I} united with symbols of all arities m # n and expanded by empty
predicates R; for [ € Iy \ I, where |Iy \ I| is equal to the cardinality of the
set empty predicates for Tj, of the arity n.

Let 7 be an infinite family of theories T7 and T'; be a theory of the form
above (with infinite J C I such that, |J| = |Iy|). The following proposition
modifies Proposition 5.2 for the E-closure Clg(T).

Proposition 7.1. [23|. If T; ¢ T then Ty € Clg(T) if and only if for any
finite set Jy C Iy there are infinitely many T with J N Jy = 1N Jy.

Now we take an infinite family F' of infinite indexes I such that F' is
linearly ordered by C and if I; C I5 then I\ I; is infinite. The set {77 | [ €
F'} is denoted by Tr.

For any infinite F' C F we denote by lim F’ the union-set |J F’ and
by lim F’ the intersection-set (| F"'. If lim F’ (respectively lim F’) does not
belong to F’ then it is called the upper (lower) accumulation point (for F").
If J is an upper or lower accumulation point we simply say that J is an
accumulation point.

Proposition 7.1 implies

Corollary 7.2. |23]. If T; ¢ Tr then Ty € Clg(Tr) if and only if J is an

(upper or lower) accumulation point for some infinite F' C F.

By Corollary 7.2 the action of the operator Clg for the families T is
reduced to unions and intersections of index subsets of F.

Now, we consider possibilities for the linearly ordered sets F = (F; C)
and their closures F = (F; C) related to Clp.

The structure F is called discrete if F' does not contain accumulation
points.

By Corollary 7.2, if F is discrete then T); ¢ Clg(Tp\(sy) for any J € F.
Thus we obtain

Proposition 7.3. [23]. For any discrete F, Tr is the least generating set
for Clg(Tr).

By Proposition 7.3, for any discrete F, Tr can be reconstructed from
Clg(Tr) removing accumulation points, that always exist. For instance, if
(F; C) is isomorphic to (w; <) or (w*; <) (respectively, isomorphic to (Z; <))
then Clg(Tr) has exactly one (two) new element(s) lim ' or lim F' (both
lim F' and lim F).
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Consider an opposite case: with dense F. Here, if F is countable then,
similarly to (Q; <), taking cuts for F, i.e., partitions (F~, F'*) of F' with
F~ < F7*, we obtain the closure F with continuum many elements. Thus,
the following proposition holds.

Proposition 7.4. [23|. For any dense F, |F| > 2%.

Clearly, there are dense F with dense and non-dense F. If F is dense
then, since F' = F, there are dense F; with |F}| = |Fy|. In particular, it is
followed by Dedekind theorem on completeness of R.

Answering the Question 5 we have

Proposition 7.5. [23]. If F is dense then Clg(Tr) does not contain the
least generating set.

Combining Proposition 6.4 and Proposition 7.5 we obtain

Corollary 7.6. [23]. If F is dense then Th(Ag) does not have e-least models
and, in particular, it is not small.

Remark 7.7. [23]. The condition of the density of F for Proposition 7.5 is
essential. Indeed, we can construct step-by step a countable dense structure
F without endpoints such that for each J € F and for its cut (Fj, Fy),
where F; ={J- € F|J CJ}and F; ={JT € F|Jt D> J},JDlimF;
and J C lim F. In this case, Clg(Tr) contains the least generating set
{T; | J € F}.

Theorem 7.8. [23|. For any linearly ordered set F, the following conditions
are equivalent:

(1). Clg(Tr) has the least generating set;
(2). F does not have dense intervals.

Remark 7.9. [23]|. Theorem 7.8 does not hold for some non-linearly ordered
F. Indeed, taking countably many disjoint, incomparable with respect to
nonempty predicates modulo their intersections, copies F,, where ¢ € Q, of
linearly ordered sets isomorphic to (w, <) and ordering limits J, = lim F}, by
the ordinary dense order on Q such that {J, | ¢ € Q} is densely ordered, we
obtain a dense interval {.J, | ¢ € Q} whereas the set U{F}, | ¢ € Q} forms
the least generating set 7Ty of theories for Clg(7y).

The above operation of extensions of theories for {J, | ¢ € Q} by theories
for F, as well as expansions of theories of the empty language to theories for
{J, | ¢ € Q} confirm that the (non)existence of a least/minimal generating
set for Clg (7o) is not preserved under restrictions and expansions of theories.
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Remark 7.10. [23]. Taking an arbitrary theory 7" with a non-empty
predicate R of an arity n, we can modify Theorem 7.8 in the following way.
Extending the language ¥(7") by infinitely many n-ary predicates interpreted
exactly as R and by infinitely many empty n-ary predicates we obtain a class
Tr,r of theories R-generated by T

The class Tr g satisfies the following: any linearly ordered set F as above
is isomorphic to some family F’, under inclusion, of sets of indexes for non-
empty predicates of theories in 77 r such that strict inclusions J; C .J, for
elements in F’ imply that cardinalities of J, \ J; are infinite and do not
depend on choice of J; and J,. Theorem 7.8 holds for linearly ordered F’
involving the given theory 7'

8 On e-spectra for families
of language uniform theories

Remark 8.1. [23]|. Remind that by Proposition 4.1 (7), if T'= Th(Ag) has
an e-least model M then e-Sp(7T") = e-Sp(M). Then, following Proposition
4.1 (5), e-Sp(T) = |To\ Ty |, where T is the (least) generating set of theories
for E-classes of M, and 7Ty is the closed set of theories for E-classes of an
e-largest model of T'. Note also that e-Sp(7") is infinite if Ty does not have
the least generating set.

Remind that, as shown in Propositions 4.3, for any cardinality A there is a
theory T' = Th(Ag) of a language > such that |X| = |\ +1| and e-Sp(T") = A.
Modifying this proposition for the class of LU-theories we obtain

Proposition 8.2. [23|. (1) For any u < w there is an E-combination T =
Th(Ag) of IILU-theories in a language ¥ of the cardinality w such that T
has an e-least model and e-Sp(T') = p.
(2) For any uncountable cardinality A\ there is an E-combination T =
Th(Ag) of ILU-theories in a language 3 of the cardinality \ such that T
has an e-least model and e-Sp(T) = A.

Combining Propositions 6.4, 7.5, Theorem 7.8, and Remark 8.1 with F
having dense intervals, we have

Proposition 8.3. [23]|. For any infinite cardinality \ there is an E-
combination T = Th(Ag) of IILU-theories in a language ¥ of cardinality
A such that T does not have e-least models and e-Sp(T') > max{2, A\}.

Assertion of Proposition 8.3 can be improved as follows.
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Proposition 8.4. [23]. For any infinite cardinality X\ there is an E-
combination T = Th(Ag) of LU-theories in a language Y of cardinality
A such that T' does not have e-least models and e-Sp(T) = 2*.

9 Cantor—Bendixson ranks
for language uniform theories

Recall the definition of the Cantor—Bendixson rank. It is defined on the
elements of a topological space X by induction: CBx(p) > 0 for all p € X;
CBx(p) > « if and only if for any 5 < «, p is an accumulation point of the
points of CBx-rank at least 5. CBx(p) = « if and only if both CBx(p) > «
and CBx(p) # a+1 hold; if such ordinal « does not exist then CBx (p) = oc.
Isolated points of X are precisely those having rank 0, points of rank 1 are
those which are isolated in the subspace of all non-isolated points, and so on.
For a non-empty C' C X we define CBx(C') = sup{CBx(p) | p € C}; in this
way CBx (X) is defined and CBx ({p}) = CBx(p) holds. If X is compact and
C' is closed in X then the sup is achieved: CBx(C') is the maximum value
of CBx(p) for p € C; there are finitely many points of maximum rank in
C' and the number of such points is the CBx-degree of C. If X is countable
and compact then CBx(X) is a countable ordinal and every closed subset
has ordinal-valued rank and finite CB x-degree.

Clearly, for any set F, where Clg(7r) does not have the least generating
set, CB1,.(Tr) = oc.

Theorem 9.1. [23]. For any countable ordinal o and a natural number n >
0, there is an E-closed family Tr, of LU-theories such that CBy, (Tr,) = «
and its CBr,,_-degree is equal to n.

10 Relative e-spectra and their properties

Definition. [24]. For a structure Ag and a class K of structures, the number
of new structures with respect to the structures A; and to the class K, i.e.,
of the structures B forming E-classes of models of Th(Ag) such that B are
pairwise elementary non-equivalent and are elementary equivalent to neither
the structures A; in Ag nor to the structures in K, is called the relative e-
spectrum of Ag with respect to K and denoted by ex-Sp(Ag). The value
sup{ex-Sp(A’) | A" = Ag} is called the relative e-spectrum of the theory
Th(Ag) with respect to K and denoted by ex-Sp(Th(Ag)).

Similarly for a class T of theories and for a theory 7" = Th(Ag) we
denote by e7-Sp(T") the value ex-Sp(7T), where K = K(T) is the class of all
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structures, each of which is a model of a theory in 7. The value er-Sp(T)
is called the relative e-spectrum of the theory T with respect to T .

Remark 10.1. [24]. 1. The class K(7), in the definition above, can be
replaced by any subclass K’ C K(T) such that any structure in K(7) is
elementary equivalent to a structure in K”.

2. If K1 C K5 then ek,-Sp(T) > ek,-Sp(T), and if 73 C 75 then er-
Sp(T) > e-Sp(T).

3. The value e7-Sp(T") is equal to the supremum |77 \ 7g| for theories of E-
classes of models for T" such that 77 consists of all these theories and Ty C Ty
with Clg(7o) = T1.

Definition. [24]. Two theories T} and T5 of a language ¥ are disjoint modulo
Y0, where g C 33, or X-disjoint if T} and T do not have common nonempty
predicates for ¥\ . If T3 and Ty are @-disjoint, these theories are called
simply disjoint.

Families 7;, where j € J, of theories in the language ¥ are disjoint
modulo X, or Yy-disjoint if T;, and T}, are ¥y-disjoint for any Tj, € T,
T;, € T;,, where j; # jo. If T}, and T}, are disjoint for any 7}, € T;,, T}, € Tj,,
where j; # jo, then the families 7;, where j € J, are disjoint too.

The following properties are obvious.
1. Any families of theories in a language ¥ are Y-disjoint.

2. (Monotony) If 3 C ¥; C 3 then disjoint families modulo ¥, in the
language X2, are disjoint modulo ¥.

3. (Monotony) If families 7;, and 7;, are ¥o-disjoint so are any subfamilies

T, C Ty and T, C T,

Below, we denote by Ky the class of all structures in languages containing
Y} such that all predicates outside X are empty. Similarly, we denote by Tx
the class of all theories of structures in K.

Theorem 10.2. [24]. (Relative additivity for e-spectra) If T;, where j € J,
are Yo-disjoint families then for the E-combination T = Combg(T;)er of
{T; | i eI} = JT, and for the E-combinations T; = Combg(T;), where
jeJ
jedJ
o5, Sp(T) = (e, Sp(T))). )

j€J
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Remark 10.3. [24]. Having positive ComLim the equality (3)) can fail if
families 7; are not Yy-disjoint, even for finite sets J of indexes producing

e75,-SP(T") < ) (e75,-Sp(T})) (4)

JjeJ
for appropriate 1".
Theorem 10.2 immediately implies

Corollary 10.4. [24]. If T;, where j € J, are disjoint then for the E-

combination T = Combg(T;)ier of {T; | i € I} = |J T; and for the E-
jeJ

combinations T; = Combg(T;), j € J

era-Sp(T) = D_(e7-Sp(T5)). (5)
jeJ
Definition. [24]|. The theory 7" in Theorem 10.2 is called the Xy-disjoint

E-union of the theories T}, where j € J, and the theory 7" in Corollary 10.4
is the disjoint E-union of the theories T}, where j € J.

Remark 10.5. [24] Additivity (3) and, in particular, (5) can be failed
without indexes Ts,. Indeed, it is possible to find 7} with e-Sp(7j) = 0 (for
instance, with finite 7;) while e-Sp(7") can be positive. Take, for example,
disjoint singletons 7,, = {T,,} for n € w \ {0} such that 7,, has n-element
models. We have e-Sp(7;,) = 0 for each n while e-Sp(T") = 1, since the theory
T € Tz with infinite models belongs to Clg({7,, | n € w \ {0}}). Thus, for
disjoint families 7;, j € J, the equality

eSp(T) =) _(eSp(T})) (6)
jed
can fail. Moreover, producing the effect above for definable subsets in models
of T} we obtain
e75,-SP(T) > > _(e75,-Sp(T})).
jed
At the same time, by Corollary 10.4 (respectively, by Theorem 10.2) the
equality (6) holds for (Xy-)disjoint families 7;, where j € J, if .J is finite and
each 7; does not generate theories in 75 (in Tx,).

Proposition 10.6. [24]. For any positive cardinality X there is a theory T
such that * E-classes of models of T' form copies T}, for j € J, of some E-
combination Ty with a language ¥ in the cardinality A+ 1, with et -Sp(Ty) =
A, and e, -Sp(T) = |J| - \.
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Remark 10.7. [24]. Extending the Yj-disjoint Yj-coordinated FE-union
T by definable bijections linking FE-classes we can omit the additivity
(3). Indeed, adding, for instance, bijections f;; witnessing isomorphisms
for models of disjoint copies T; and 7}, we have er,-Sp(7;) instead of
e7,-Sp(1;) + e7,-Sp(1}). Thus, bijections f;; allow to vary er,-Sp(7’) from
A to |J|- A in terms of Proposition 10.6. Thus the equality (3) can fail again
producing (4) for appropriate T".

11 Families of theories
with(out) least generating sets

Below, we apply Theorem 6.2 characterizing the existence of e-least
generating sets for Y-disjoint families of theories.
The following natural questions arises:

Question 6. When the existence of the least generating sets for the families
T;, for j € J, is equivalent to the existence of the least generating set for the

family \J T;?
jed
Question 7. Is it true that under conditions of Theorem 10.2 the existence
of the least generating sets for the families T;, where j € J, is equivalent to
the existence of the least generating set for the family \J T;?
jeJ
Considering Question 7, we note below that the property of the

(non)existence of the least generating sets is not preserving under expansions
and extensions of families of theories.

Proposition 11.1. [24|. Any E-closed family To of theories in a language
Yo can be transformed to an E-closed family T, in a language X{ O X
such that Ty consists of expansions of theories in Ty and Ty has the least
generating set.

Existence of families 7y without least generating sets implies

Corollary 11.2. [24]|. The property of non-existence of least generating sets
is not preserved under expansions of theories.

Proposition 11.3. [24]. There is an E-closed family To of theories in a
language Yo and with the least generating set, which can be transformed
to an E-closed family Ty in a language 3 O 3o such that T, consists of
expansions of theories in Ty and Ty does not have the least generating set.
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Corollary 11.4. [24]|. The property of existence of least generating sets is
not preserved under expansions of theories.

Proposition 11.5. [24]. Any family Ty of theories in a language ¥ with
infinitely many empty predicates for all theories in Ty can be extended to a
family T, in the language ¥ such that T, does not have the least generating
set.

Corollary 11.6. [24]|. The property of existence of least generating sets is
not preserved under extensions of sets of theories.

In view of Theorem 6.2, any family consisting of all theories in a given
infinite language has neither the least generating set nor a proper extension
in the given language. Thus, there are families of theories without least
generating sets and without extensions having least generating sets. At the
same time, the following proposition holds.

Proposition 11.7. [24]. There is an E-closed family To of theories in a
language X2 and without the least generating set such that Ty can be extended
to an E-closed family T, in the language ¥ and with the least generating set.

Corollary 11.8. [24]. The property of non-existence of least generating sets
1s not preserved under extensions of sets of theories.

The following proposition answers Question 6.

Proposition 11.9. [24]. The set |J T, has the least generating set if and
jeT

only if { U 7;) NTs, has the least generating set and each T; \ Ts, has the
=
least generating set.

Since | |J 7, ] N Ty, can be an arbitrary extension of each 7; N
j€J
Ts,, Propositions 11.5 and 11.9 imply the following corollary answering
Question 7.

Corollary 11.10. [24]. For any infinite language Y there are ¥g-disjoint

families T;, where j € J, with the least generating sets such that |J T; does
jeJ

not have the least generating set.
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12 Relative closures
and relative least generating sets

Definition. [24]. Let T be a class of theories. For a set 7o C T we denote
by Clg (7o) the set Clg(To) \ 7. The set Clg (7o) is called the relative E-
closure of the set T with respect to T, or T -relative E-closure. If To \ T =
Clg7(To) then Ty is said to be (relatively) E-closed with respect to T, or
T -relatively E-closed.

Let Tg be a closed set in a topological space (T, Og(T)). A subset Ty C
To is said to be generating with respect to T or T -relatively generating,
if To\ T = Clg7(77). The T-relatively generating set 7, (for 7p) is T -
minimal if T) \ T does not contain proper subsets 7" such that 7o\ T =
Clg7((TyNT)UTY). A T-minimal T-relatively generating set 7 is 7T -least
if T{\T is contained in 7"\ T for each T-relatively generating set 7" for 7.

The following theorem generalizes Theorem 6.2.

Theorem 12.1. [24]. If T is an E-closed set and T, is a T -relatively
generating set for an E-closed set Ty then the following conditions are
equivalent:

(1).
2

Ty is the T -least generating set for To;

. Ty is a T-minimal generating set for To;

5). any theory in Ty \ T is isolated by some set

)
)

3). any theory in Tq \ T is isolated by some set (Tq UT),;
)
) 7o)
)

(
(
(4).
(
(

(

any theory in Ty \ T is isolated by some set (ToUT)y;
(
(

6). any theory in Ty \ T is isolated by some set (Tp),,.

Corollary 12.2. [24]. If T;, where j € J, are ¥o-disjoint families then |J T;
jed
has a Ts,-least generating set if and only if each T; has a Ts,-least generating
set. Moreover, if |J T; has a Ts,-least generating set Ty then To\ Ts, can be
jeJ
represented as a disjoint union of Ts,-least generating sets for T;

Clearly, any subset of T-least generating set is again a T-least generating
set (for its F-closure). At the same time, the property “to be a T-least

generating set” is preserved under finite extensions of generating sets 7
disjoint with Clg(7y):
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Proposition 12.3. [24]. If T is an E-closed set, Ty is a T -relatively
generating set for an E-closed set Ty, and Ty is a finite subset of T disjoint
with Ty then the following conditions are equivalent:

(1). T4 is the T -least generating set for To;
(2). TgU(T£\To) is the T -least generating set for the E-closed set ToUTy.

Theorem 12.4. [24]. (Decomposition Theorem) For any E-closed sets T
and T of a language ¥ there is a T -relatively generating set Ty UT, for T,
which is disjoint with T and satisfies the following conditions:

D |75 UT| < max{[X], w};

3

(1).
(2). T4 is the least generating set for its E-closure Clg(TJ);
(3). Cle(Tg) N'T = 2;

(4).

4). T is either empty or infinite and does not have infinite subsets

satisfying (2).

Theorem 12.5. [24]. If T is an E-combination of some theories T;, where
i€, T is an E-closed set of theories, and |er-Sp(T')| < 2¢, then Clg(T U
{T; | i € I}) has the T -least generating set.

13 Semilattices and lattices for families
of theories

Definition. [25]. Let X be a nonempty set of E-closed families 7 C T.
Operations TiNTs = TiNTyand Ty V Ty = Clg(T1 UTs), for E-closed
Ti,To C T, generate a set Y and form the structure (Y; A, V) denoted by
L(X).

It is well known [26], that any L(X) is a lattice extensible to a complete

lattice CL(X) with
/\ Cle(T;) = () Cli(T))

jeJ jeJ
and
\/ Clg(T;) = Clg (U 7;) .
jed Jje€J

By Theorem 5.3, Clg(7T; UT3) = T1 U Ty for E-closed Ti,7s, ie., the
operation V is the set-theoretic union. At the same time, in general case,
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V T; # UT;, for E-closed T;, since, for instance, the union of infinite
jeJ jeJ

set of singletons can generate new theories. Thus, L(X) is just a standard
algebra with usual set-theoretic unions and intersections (but can be without
even relative complements since these complements can be not E-closed),
whereas CL(X) is its natural extension.

Now we consider restrictions of L(X) in the following way.

For a nonempty set X of E-closed families with the least generating
sets, the operation V generates a set Z C Y and forms an upper semilattice
SLLGS(X) = (Z; V) restricting the universe and the language of L(X). The
structure SLLGS(X') always consists of families with the least generating sets
whereas the operation A can generate a family without the least generating
sets.

Proposition 13.1. [25]. If E-closed sets T; and Tz, in a language ¥, have
the least generating sets then Ti U7y, being E-closed, has the least generating
set.

Theorem 13.2. [25]. 1. For any nonempty set X of E-closed families with
the least generating sets the structure SLLGS(X) is an upper semilattice.

2. There is an upper semilattice SLLGS(X) with elements x1, o € X having
the least generating sets and such that x1 N x9 does not have the least
generating set.

3. There is an upper semilattice SLLGS(X) which can not be extended to a
complete semilattice consisting of families with the least generating sets.

Now we take a nonempty set X of FE-closed families with the least
generating sets and 71,7, € X with the least generating sets 7{ and T
respectively. We denote by T; A’ T3 the family 7o C 77 N 75 with the greatest
generating set 7, consisting of all isolated points for 7; N 75.

For a set X the operations A’ and V generate a set U O X with a
structure LLGS(X) = (U; N, V).

Theorem 13.3. [25|. Any structure LLGS(X) is a distributive lattice.

14 Closed classes of finitely categorical
and w-categorical theories

Recall that a countable complete theory T is w-categorical if T has exactly
one countable model up to isomorphism, i.e. I(T,w) = 1. A countable theory
T is n-categorical, for natural n > 1, if T' has exactly one n-element model up
to isomorphism, i.e. I(T,n) = 1. A countable theory T is finitely categorical
if T is n-categorical for some n € w \ {0}.
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The classes of all finitely and w-categorical theories will be denoted by
T, and 7_'w71, respectively.

Let 7 be a set (class) of theories in Tg, U 7,1 and T a theory in T.
By Ryll—Nardzewski theorem, S™(7T') is finite for any n. Then, for any n,
classes [¢(Z)| = {¢'(Z) | ¢'(Z) = p(z)} of T-formulas with n free variables
and [¢(2)] < [¥(Z)] & ¢(z) F ¥(Z) form a finite Boolean algebra B, (T)
with 2™ elements, where m,, is the number of n-types of T'.

The algebra B, (7)) can be interpreted as an my,-cube C,, (T'), whose
vertices form the universe B, (1) of B, (T'), edges [a, b] link vertices a and b
such that a <-covers b or b <-covers a, and each vertex a is marked by some
u, = [p(Z)], where a < b < u, < u,. The label 0 is used for the vertex
corresponding to [—Z ~ Z| and 1 — for the vertex corresponding to [Z ~ Z].

Obviously, the sets [¢(Z)] and the relation < depend on the theory T'
but we omit 7" if the theory is fixed or it is clear by the context.

Clearly, algebras B,(T}) and B,(T3), for 171,75 € 7T, may be not
coordinated: it is possible [¢(Z)] < [¢(Z)] for T} whereas [¥(Z)] < [¢(Z)]
for T5. If [o(z)] < [¢(z)] for Ty and [¢(Z)] < [¢(Z)] for T, we say that
Ty witnesses that [p(z)] < [¢(Z)] for T} (and vice versa).

At the same time, if a countable theory Ty does not belong to T tin U7_‘w71
then B,,(7p) is infinite for some n > 1, and therefore there is a formula ¢(z),
for instance (z ~ ), such that for the label u = [¢(Z)] there is an infinite
decreasing chain (ug)re,, of labels: ug1 < ugp < u witnessed by some formulas
k(). In such case, if Ty € Clg(T), then, by Proposition 1.1, for any finite
sequence (u,...,up,u) there are infinitely many theories in 7 witnessing
that u; < ... < ug < u. In particular, cardinalities m,, for Boolean algebras
B,.(T) and for cubes C,,,(T") are unbounded for 7 distances p, (0, u) are
unbounded for the cubes C,,, (T), i.e., sup{p,r(0,u) | T € T} = oo. It is
equivalent to take (Z = ) for ¢(z) and to obtain sup{p, r(0,1) | T € T} =
0.

Thus we have the following

Theorem 14.1. [27]. Let T be a class of theories in T-ﬁnU,T-wJ. The following
conditions are equivalent:

(1). CIE(T) z Tﬁn U 7_‘%1,'

(2). for some natural n > 1, Boolean algebras B,,(T), where T' € T, have
unbounded cardinalities and, moreover, there is an infinite decreasing
chain (ug)kew of labels for some formulas i (T) such that any finite
sequence (uy, ..., ug) with u; < ... < ug is witnessed by infinitely many
theories in T ;

(3). the same as in (2) with ug = 1.
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Corollary 14.2. [27]. A class T C Tgn U7_'w71 does not generate, using the
E-operator, theories, which are neither finitely categorical nor w-categorical,
if and only if for the Boolean algebras B,(T), where T € T, there are no
infinite decreasing chains (ug)rew of labels for some formulas i (T) such that
any finite sequence (uy, ..., up) with u; < ... < ug is witnessed by infinitely
many theories in T .

Proposition 14.3. [27|. A class T of theories of pairwise disjoint languages
1s E-closed if and only if the following conditions hold:

(i). for anyn € w\ {0} whenever T contains infinitely many theories with
n-element models, T contains the theory TC of the empty language and
with n-element models;

(ii). of T contains theories with unbounded finite cardinalities of models
or infinitely many theories with infinite models, then T contains the
theory T2 of the empty language and with infinite models.

Corollary 14.4. [27]. A class T C TgaUT 1 of theories of pairwise disjoint
languages is E-closed if and only if the conditions (1) and (ii) hold.

Corollary 14.5. [27]. A class T C Tgan of theories of pairwise disjoint
languages is E-closed if and only if the condition (i) holds and there is N € w
such that T does not have n-categorical theories for n > N.

Corollary 14.6. [27]. A class T C T, of theories of pairwise disjoint
languages is E-closed if and only if the condition (ii) holds.

Corollary 14.7. [27]. For any class T C TgnUT .1 of theories of pairwise
disjoint languages, Clg(T) is contained in the class C Ty UT o1, moreover,

Clg(T) CTU{TY | X € (w\ {0}) U{oo}}.

Remark 14.8. [27]. Assertions 14.1-14.4, 14.6, 14.7 hold for the operators
Cl% and Clcff if replacing E-closures by P-closures. As non-isolated types
always produce infinite structures, Corollary 14.5 holds only for Cl% with
finite sets T of theories.

15 On approximations of theories
with (in)finite models

Definition. [28]. An infinite structure M is pseudofinite if every sentence
true in M has a finite model.
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Definition. (cf. [29]). A consistent formula ¢ forces the infinity if ¢ does
not have finite models.

By the definition, an infinite structure M is pseudofinite if and only if
M does not satisfy formulas forcing the infinity.
We denote the class T \ Tan by Tint.

Proposition 15.1. [27]. A theory T € Tint belongs to some E-closure of
theories in T gy if and only if T does not have formulas forcing the infinity.

Corollary 15.2. [27]. If a theory T € Tint belongs to some E-closure of
theories in Tgn then T is not finitely axiomatizable.

In fact, in view of Theorem 1.2, the arguments for Corollary 3.3 show
that Clg(T), for a family T of finitely axiomatizable theories, has the least
generating set 7 and does not contain new finitely axiomatizable theories.

Note that Proposition 15.1 admits a reformulation for Clcfg repeating the
proof. At the same time, theories in 7 g, can not be approximated by theories
in T with respect to Clg whereas each theory in T s, can be approximated
by theories in Tin With respect to CldP:

Proposition 15.3. [27]. For any theory T € Tgy there is a family To C T ins
such that T belongs to the X(T)-restriction of Clb(To).

16 e-spectra for finitely categorical
and w-categorical theories

We refine the notions of e-spectra e-Sp(Ag) and e-Sp(7T') for the theories
T = Th(Ag) restricting the class of possible theories to a given class 7 in
the following way:.

For a structure Ag the number of new structures with respect to the
structures A4;, i.e., of the structures B with Th(B) € T, which are pairwise
elementary non-equivalent and elementary non-equivalent to the structures
Aj;, is called the (e, T)-spectrum of Ag and denoted by (e, T)-Sp(Ag). The
value sup{(e, 7)-Sp(A’)) | A" = Ag} is called the (e, T)-spectrum of the
theory Th(Ag) and denoted by (e, T)-Sp(Th(Ag)).

The following properties are obvious.

1. (Monotony) If 71 € 75 then (e, T1)-Sp(Th(Ag)) < (e, T2)-Sp(Th(Ag))

for any structure Ag.

2. (Additivity) If the class 7 of all complete elementary theories of

relational languages is the disjoint union of subclasses 7; and T, then
for any theory T'= Th(Ag),

e-Sp(T) = (e, T1)-Sp(T) + (e, T2)-Sp(T).
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We divide a class T of theories into two disjoint subclasses 7" and 7
having finite and infinite non-empty language relations, respectively. More
precisely, for functions f:w — Ay, where A\; are cardinalities, we divide
T into subclasses T/ of theories T such that T has f(n) n-ary predicate
symbols for each n € w.

For the function f we denote by Supp(f) its support, i.e., the set

{new| f(n) >0}

Clearly, the language of a theory T" € T is finite if and only if p; C w
and Supp(f) is finite. B
The class T4, is represented as disjoint union of subclasses Ty of

theories having n-element models, n € w\{0}. For N € w, the class |J Tgan
n<N

is denoted by 7_-ﬁn,§ N.

Proposition 16.1. [27]. For any T C T, Clg(T)\ Tau # @ if and only if
T & Ttn<n for any natural N.

Proposition 16.2. [27]. If T C Tgun (respectively T C Ten<n) then
Clg(T) C Thun (Clg(T) C Thn<n). For any theory T = Th(Ag), where all
E-classes have theories in T, e-Sp(T) = (€, T finn)- SP(Th(Ag)) (e-Sp(T) =
(e, Ttn<n)-SP(Th(Ag))). If, additionally, T is the set of theories in a finite
language then T is finite (and so E-closed). In particular, for any theory
T = Th(Ag) in a finite language, where all E-classes have theories in T,
e-Sp(T') = 0.

Proposition 16.3. [27]. If TN Tg, = @ then Clg(T) N T gy = 9.

Proposition 16.4. [27]. (1) For any n € w \ {0} and p < w there is an
E-combination T = Th(Ag) of IILU-theories T; € T n,n in a language 3 of
the cardinality w such that T has an e-least model and e-Sp(T') = p.

(2) For any uncountable cardinality X, there is an E-combination T =
Th(Ag) of IILU-theories T; € Tgnn in a language 3 of cardinality X such
that T has an e-least model and e-Sp(T') = A.

Proposition 16.5. [27|. For any n € w \ {0} and infinite cardinality A,
there is an E-combination T = Th(Ag) of ULU-theories T; € Tnn in a
language ¥ of cardinality A\ such that T does not have e-least models and
e-Sp(T) > max{2¥, \}.

Proposition 16.6. [27]. For any n € w\{0} and infinite cardinality A, there
is an E-combination T = Th(Ag) of LU-theories T; € T gnn in a language 3
of cardinality X such that T does not have e-least models and e-Sp(T) = 2*.
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Remark 16.7. [27]. Considering countable LU-theories for the assertions
above we can assume that these theories belong to a class 77/, where f € w*
and Supp(f) is infinite. Note also that Propositions 16.4-16.6 hold replacing
the classes 7_‘ﬁn7n by 7_1,,1.

Replacing E-classes by unary predicates P; (not necessary disjoint) being
universes for structures 4; and restricting models of Th(Ap) to the set of
realizations of p.. (), we obtain the (e, T)-spectrum (e, T)-Sp(Th(Ap)), i.e.,
the number of pairwise elementary non-equivalent restrictions A of M |=
Th(Ap) to pso(x) such that Th(N) € T.

Proposition 16.8. [27|. If the structures A; have pairwise disjoint languages
with disjoint predicates P; then (e, T finn)-Sp(Th(Ap)) < 1 for any natural
n>1and (e, \ Tsn)-Sp(Th(Ap)) < 1.

Proposition 16.9. [27]. For any infinite cardinality A, there is a theory
T = Th(Ap) being a P-combination of theories in T g, and of a language 3
such that |%| = X and e-Sp(T) = 2.

17 Almost language uniform theories

Definition. [27]. A theory T in a predicate language ¥ is called almost
language uniform or a ALU-theory, if for each arity n with n-ary predicates
for ¥ there is a partition for all n-ary predicates, corresponding to the
symbols in ¥, with finitely many classes K such that any substitution
preserving these classes preserves T', too. The ALU-theory T is called ITALU-
theory if it has non-empty predicates and, as soon as there is a non-empty
n-ary predicate in a class K, there are infinitely many non-empty n-ary
predicates in K and there are infinitely many empty n-ary predicates.

By the definition, any LU-theory is an ALU-theory and any IILU-theory
is an IIALU-theory as well.

Since any finite structure can have only finitely many distinct predicates
for each arity n, we obtain the following

Proposition 17.1. [27|. Any theory T € Tgy, is an ALU-theory.

Replacing LU- and IILU- by ALU- and ITALU- and the arguments
for Propositions 16.4-16.6 we have analogs for these assertions attracting
expansions of arbitrary theories in 7_-ﬁn7n. Thus any theory in 7_-ﬁn’n can be
used obtaining described e-spectra.
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18 Families of cardinalities for models
of theories in closures

Let 7 be a nonempty family of theories in 7. We denote by cg(T)
d d,r

(respectively, cp(T), ¢p(T), ¢5"(T)) the set of finite cardinalities for models
of theories in Clg(T) (Clp(T), CI5(T), C15"(T)) and by ¢x(T) (respectively,
ep(T), (T, @57 (T)) the set of finite cardinalities for models of theories in
Clg(T) (Clp(T), CI4(T), C15"(T)) which are not cardinalities for models of
theories in 7. Additionally, for Clp(T), C1%(T), and CI$"(T) we denote by
ep(T), (T, &5(T), respectively, the set of finite cardinalities for models
of theories being restrictions for corresponding P-combinations to sets of
realizations of types peo ().

Since FE-closures preserve finite cardinalities for models of theories in
families in 7, i.e., cg(T) consists of these cardinalities for 7, we have
¢e(T) = @. Thus we can use the notation cg(T) for the set of finite
cardinalities for models of theories in 7, or, equivalently, for models of
theories in Clg(T).

If T is finite or corresponding p () is consistent and there are no models
with finitely many realizations for p (), then cp(T) = ¢4(T) = cx(T) and
ep(T) = E(T) = ep(T) = &4(T) = &.

We have ¢5"(T) = &é5(T) = Z+ and &5 (T) = Z+ \ ex(T).

Taking an infinite family 7 in the language Y, we have cp(T) = ¢&(T) =
N(T) = ep(T) = &h(T) = &'(T) = Z* and ep(T) = &p(T) = &'(T) =
Z* \ cg(T). The latter formula shows that ép(7T), é(7), and &5 (T) can
be arbitrary subsets of Z* with infinite complements. Thus we have the
following

Proposition 18.1. [27]. For any infinite set Y C Z* there is a family T
such that ép(T) = &(T) = &5 (T) = Z*+\ Y.

Theorem 18.2. [27|. For any nonempty family T, there is K C w such that
4T) = ) K

keK
Theorem 18.3. [27|. For any infinite family T there is K C w such that
(T)= 1 kz+.

keK
Theorem 18.4. [27]. For any set K C Z* there is a P-combination T such

Theorem 18.5. |27]. (1) If T is a P-combination with a type ps(x) isolating
a complete 1-type then ¢p(T') is either empty or contains ko such that
¢p(T) C koZT.
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(2) For any set K C koZ™, being empty or containing ko, there is a P-combi-
nation T with a type ps(x) isolating a complete 1-type such that ¢p(T) = K.

19 Families of theories of Abelian groups
and their closures

Let A be an Abelian group. Then kA denotes its subgroup {ka | a € A}
and A[k] denotes the subgroup {a € A | ka = 0}. If p is a prime number
and pA = {0} then dim A denotes the dimension of the group A, considered
as a vector space over a field with p elements. The following numbers, for
arbitrary p and n (p is prime and n is natural), are called the Szmielew
invariants for the group A [20]:

apn(A) = min{dim((p" A)[p]/(p" " A)[p]), w},
By(4) = min{inf{dim((p" A) p] | n € w},w},
(A) = min{inf{dim((A/A]p"])/p(A/A[p"])) | n € w}, w},
e(A) €{0,1}ande(A) = 0 < (nA = {0} for somen € w,n # 0).
It is known [20, Theorem 8.4.10| that two Abelian groups are elementary

equivalent if and only if they have same Szmielew invariants. Besides, the
following proposition holds.

Proposition 19.1. |20, Proposition 8.4.12]. Let, for any p and n, the
cardinals oy, Bp, 7 < w, and € € {0,1} are given. Then there is an
Abelian group A such that the Szmielew invariants o, ,(A), Bp(A), 1p(A),
and €(A) are equal to oy, By, Vp, and e, respectively, if and only if the
following conditions hold:

(1). if for prime p the set {n | a,,, # 0} is infinite then B, =y, = w;

(2). if e =0 then B, = v, = 0 and the set {(p,n) | ap, # 0} is finite. for
any prime p.

We denote by Q the additive group of rational numbers, Z,» — the cyclic
group of order p”, Z,~ — the quasi-cyclic group of all complex roots of 1 of
degrees p" for alln > 1, R, — the group of irreducible fractions with mutually
prime with p denominators. The groups Q, Z,», RR,, Zy~ are called basic.
Below the notations of these groups will be identified with their universes.

Since Abelian groups with same Szmielew invariants have same theories,
any Abelian group A is elementary equivalent to a group

BpnZi™ @ ByZet) & &, RY @ Q)
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where B%*) denotes the direct sum of k subgroups isomorphic to a group B.
Thus, any theory of an Abelian group has a model being a direct sum of
based groups.

Recall that any complete theory of an Abelian group is based by the set
of positive primitive formulas [20, Lemma 8.4.5], reduced to the set of the
following formulas:

Jy(miz, + ...+ mpx, = phy), (7)

mixy + ... + mpx, ~ 0, (8)

where m; € Z, k € w, p is a prime number |20, Lemma 8.4.7|. Formulas (7)
and (8) allow to witness that Szmielew invariants defines theories of Abelian
groups modulo Proposition 19.1.

Denote by T.A the set of all theories of Abelian groups. Below we consider
families 7 C T.A and corresponding families 77, where constants 0 are
replaced by unary predicates Py with unique realizations 0, and operations
+ are replaced by ternary predicates S, where = S(a,b,¢) < a+b = c.
Clearly, each theory T" € T can be reconstructed by the correspondent theory
T'" € T and vice versa. So, we can freely replace the closure Clg(7”) (and its
elements) by the correspondent set of theories of Abelian groups, denoted
by Clg(T) (as well as by correspondent theories).

Now, we fix a family 7. In view of Proposition 5.2 and the basedness by
the set of formulas (7) and (8), we have the following lemmas.

Lemma 19.2. [30]. A family Clg(T) contains neither theories with new
finite invariants o, ., By, Y, nor invariants with new p and n.

Lemma 19.3. [30]. A family Clg(T) contains a theory with infinite
invariant o, if and only if T contains a theory with that infinite invariant
or T has theories with infinitely many distinct finite invariants o, ,,.

Using Proposition 19.1 and Lemma 19.3 we have

Lemma 19.4. [30]. A family Clg(T) contains a theory with an infinite
invariant 3, (respectively, ~,) if and only if T contains a theory with
that infinite invariant, or T has theories with infinitely many distinct
finite invariants o, ,, or T has theories with infinitely many distinct finite
invariants B, (7p)-

Lemma 19.5. [30]. A family Clg(T) contains a theory with ¢ = 1 if and
only if T contains a theory with € = 1, or T has theories forming infinite
set {(p,n) | apn # 0}, or T has theories with positive invariants [3, or 7,.
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Lemmas 19.3-19.5 describe approximations of new infinite Szmielew
invariants by finite ones.

Applying Proposition 5.2, the basedness of theories, and Lemmas 19.2—
19.5 we can describe E-closures for families of theories of Abelian groups.

For this aim, we recall Proposition 7.1 for language uniform theories: If
T; ¢ T then T; € Clg(T) if and only if for any finite set Jy C I there are
infinitely many 77 with

JNJy=1nJ. (9)

The equations (9) for indexes mean the local correspondence between T
and T;. Using replacements of these index sets by sequences of Szmielew
invariants for theories of Abelian groups we obtain the local correspondence
for families of theories in T A: for a family 7 C T.A, a theory T € TA \
T locally corresponds to T if replaced (9) holds modulo infinite Szmielew
invariants and, besides, simultaneously the sequence of infinite Szmielew
invariants for T, which are not represented in infinitely many theories in 7T,
is approximated by sequences of corresponding finite Szmielew invariants for
theories in 7 used for replaced (9).

Theorem 19.6. [30]. If T is an infinite family of theories of Abelian groups
and T & T is a theory of an Abelian group then T € Clg(T) if and only if
T has infinite models (i.e., T has some infinite o, or some positive [3,, 7,
e) and locally corresponds to T .

Theorem 6.2, Proposition 19.1, and Theorem 19.6 allow to characterize
families of theories of Abelian groups with(out) least generating sets as well
as to describe e-spectra (varying from 0 to 2¢) for E-combinations of theories

in TA.

20 Further directions

The study of families of theories is connected with approximations of
theories [31], rank and degree similar to Cantor—Bendixson and Morley
ones [32]. These characteristics are investigated for families of all theories of
given languages [33], for definable families of theories [34] and their algebras
[35], for families of permutation theories [36], for families of theories of
abelian groups [37], for families of ordered theories [38], and for locally free
algebras [39]. Rank values for E-closed families can be obtained on a base
of classification for sentence Lindenbaum—Tarski algebras [40] as well as on
ultraproduct constructions [16, 17].
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21 Questions and problems

In the conclusion we shall formulate some additional open problems that
are interesting in the context of given results.

1. The problem of descriptions of E-closures and P-closures for families of
theories of various natural classes of structures.

2. The problem of descriptions of topological properties, relative to FE-
operators and P-operators, for families of theories of various natural classes
of structures.

3. The problem of decompositions of E-closures and P-closures for families
of theories of various natural classes of structures.

4. The problem of descriptions of e-spectra, relative to E-operators and P-
operators, for families of theories of various natural classes of structures.

5. The problem of classification of closure operators related to E-operators
and P-operators.

6. The problem of descriptions of generating sets and ranks for families of
theories of various natural classes of structures.

References

[1] R.E.Woodrow, Theories with a finite number of countable models and
a small language, Ph. D. Thesis, Simon Fraser University, 1976, 99 p.

[2] S.V.Sudoplatov, Transitive arrangements of algebraic systems, Siberian
Math. J., 40, 6 (1999), 1347-1351.

[3] S.V.Sudoplatov, Inessential combinations and colorings of models,
Siberian Math. J. 44, 5 (2003), 883-890.

[4] S.V.Sudoplatov, Classification of Countable Models of Complete
Theories, Novosibirsk: NSTU, 2018.

[5] U.Andrews, H.J.Keisler, Separable models of randomizations,
J. Symbolic Logic, 80, 4 (2015), 1149-1181.

[6] J.T.Baldwin, J. M. Plotkin, A topology for the space of countable
models of a first order theory, Zeitshrift Math. Logik and Grundlagen
der Math, 20, 8-12 (1974), 173-178.

[7] J.Gismatullin, D.Penazzi, A.Pillay, On compactifications and the
topological dynamics of definable groups, Annals of Pure and Applied
Logic, 165, 2 (2014), 552-562.



Combinations of structures 125

[8] A.S.Kechris, V.G.Pestov, Fraissé limits, Ramsey theory, and
topological dynamics of automorphism groups, Geometric and
Functional Analysis, 15, 1 (2005), 106-189.

[9] L Newelski, Topological dynamics of definable group actions, J.
Symbolic Logic, 74, 1 (2009), 50-72.

[10] A. Pillay, Topological dynamics and definable groups, J. Symbolic Logic,
78, 2 (2013), 657-666.

[11] S.V.Sudoplatov, Classes of structures and their generic limits,
Lobachevskii J. Math, 36, 4 (2015), 426-433.

[12] S.V.Sudoplatov, P.Tanovi¢, Semi-isolation and the strict order
property, Notre Dame Journal of Formal Logic, 56, 4 (2015), 555-572.

[13] S.V.Sudoplatov, Combinations of structures, arXiv:1601.00041v1
[math.LO], 2016, 19p.

[14] L. Henkin, Relativization with respect to formulas and its use in proofs
of independence, Composito Mathematica, 20 (1968), 88—-106.

[15] S.V.Sudoplatov, Closures and generating sets related to combinations
of structures, Reports of Irkutsk State University. Series “Mathematics”,
16 (2016), 131-144.

[16] P.Bankston, Ultraproducts in topology, General Topology and its
Applications, 7, 3 (1977), 283-308.

[17] P.Bankston, A survey of ultraproduct constructions in general topology,
Topology Atlas Invited Contributions, 8, 2 (2003), 1-32.

[18] C.C.Chang, H.J.Keisler Model theory, Amsterdam : Elsevier, 1990,
Studies in Logic and the Foundations of Mathematics, Vol. 73, 650 p.

[19] R.Engelking, General topology, Berlin: Heldermann Verlag, 1989, 529 p.

[20] Yu.L.Ershov, E.A.Palyutin, Mathematical logic, = Moscow:
FIZMATLIT, 2011, 356 p.

[21] S.V.Sudoplatov, Group polygonometries, Novosibirsk: NSTU, 2011,
2013, 302 p. (Russian).

[22] S.V.Sudoplatov, Models of cubic theories, Bulletin of the Section of
Logic, 43, 1 (2014), 19-34.



126 S. V. Sudoplatov

[23] S.V.Sudoplatov, Families of language uniform theories and
their generating sets, Reports of Irkutsk State University. Series
“Mathematics”, 17 (2016), 62-76.

[24] S.V.Sudoplatov, Relative e-spectra, relative closures, and semilattices
for families of theories, Siberian Electronic Mathematical Reports, 14
(2017), 296-307.

[25] S.V.Sudoplatov, On semilattices and lattices for families of theories,
Siberian Electronic Mathematical Reports, 14 (2017), 980-985.

[26] S.Burris, H.P.Sankappanavar, A Course in Universal Algebra,
Springer-Verlag, New York, 2011.

[27] S.V.Sudoplatov, Combinations related to classes of finite and
countably categorical structures and their theories, Siberian Electronic
Mathematical Reports, 14, (2017), 135-150.

[28] E.Rosen, Some Aspects of Model Theory and Finite Structures, The
Bulletin of Symbolic Logic, 8 (2002), 380-403.

[29] S.V.Sudoplatov, Forcing of infinity and algebras of distributions
of binary semi-isolating formulas for strongly minimal theories,
Mathematics and Statistics, 2 (2014), 183-187.

[30] In.I.Pavlyuk, S.V.Sudoplatov, Families of theories of abelian groups
and their closures, Bulletin of Karaganda University, Mathematics, 92,

4 (2018), 72-78.

[31] S.V.Sudoplatov, Approximations of theories, arXiv:1901.08961v1
[math.L0], 2019, 16 p.

[32] S.V.Sudoplatov, Ranks for families of theories and their spectra,
arXiv:1901.08464v1 [math.LO], 2019, 17p.

[33] N.D.Markhabatov, S.V.Sudoplatov, Ranks for families of all theories
of given languages, arXiv:1901.09903v1 [math.L0], 2019, 9p.

[34] N.D.Markhabatov, S.V.Sudoplatov, Definable families of theories,
related calculi and ranks, arXiv:1901.11011v1 [math.LOJ, 2019, 20 p.

[35] N.D.Markhabatov, S.V.Sudoplatov, Algebras for definable families of
theories, Siberian Electronic Mathematical Reports, 16 (2019), 600—
608. DOI/ 10.33048 /semi.2019.16.037.

[36] N.D.Markhabatov, Ranks for families of permutation theories, The
Bulletin of Irkutsk State University, Series Mathematics, 28 (2019),
85-94. https://doi.org/10.26516/1997-7670.2019.28.85



Combinations of structures 127

37]

[38]

In. I. Pavlyuk, S. V. Sudoplatov, Ranks for families of
theories of abelian groups, The Bulletin of Irkutsk State
University, Series Mathematics, 28 (2019), 95-112. DOL
https://doi.org/10.26516/1997-7670.2019.28.95

B. Sh. Kulpeshov, S.V.Sudoplatov, Ranks and approximations for
families of ordered theories, Algebra and Model Theory 12, Collection
of papers, eds. A.G.Pinus, E.N.Poroshenko, S.V.Sudoplatov,
Novosibirsk: NSTU, 2019, 32—40.

N. D. Markhabatov, Pseudofiniteness of locally free algebras, Algebra
and Model Theory 12, Collection of papers,eds. A.G.Pinus,
E. N. Poroshenko, S.V.Sudoplatov, Novosibirsk: NSTU, 2019, 41-46.

D.Myers, Lindenbaum—Tarski Algebras, Handbook of Boolean
Algebras, Vol. 3, eds. J.D.Monk, R.,Bonnet, Amsterdam, New York,
Oxford, Tokyo: Nort-Holland, 1989, 1167-1195.



CVYIIEPAJITEBPBI T'EJIbOPAH/IA —
JOPOPMAH — HOBUKOBA —
ITYACCOHA "N X
OBEPTBIBAKOIINE

A. C. 3axapos

HoBocubupckuii rocy1apcTBEHHbBI YHUBEPCUTET,
yi1. [Tuporosa 2, 630090, HoBocubupck, Poccust
HoBocubupckuit rocy1apcTBEHHbBIN TEXHUYECKUIT YHUBEPCUTET,
up-t K.Mapxkca, 20, 630073, Hoocubupck, Poccus

e-mail: antzakh@gmail.com

Anrebpor Tenbdanga — Jdopdman — Hosukosa (GDN-anreGpnl) Obi-
s BBeJeHbl B padorax . M. Tenndanna u U. 4. Topdman [1] u B pabore
A. A. Bamunckoro u C.I1. Houkosa [2|. B sureparype BeTpeuasioch Hassa-
une ayredp Hopukosa, JI. A. Bokyts u E. . 3epMaHOB TpejIoKuIn J10-
6auth davmuaun V. M. T'enbdanna u U. 4. Jlopdpmana K Ha3BAHUIO BBUILY
Toro, 4ro ux pabora 6buta panbiie. K. Key [3| BBes nonsarue anrebp esb-
dbanga — Hopdman — Hosukosa — Ilyaccona (GDN P-anre6ps) st usy-
yenus npocTelx GDN-anre6p.

Bce mpumepnr anaredp l'eabdanna — Hdopdman — Hosukosa u ['esb-
danma — Hopdpman — Hosukosa — Ilyaccona, mosrydennbie B yKazaHHBIX
BBIIIIe paboTax, MOIydaauch W3 acCONMATUBHBIX KOMMYTATUBHBIX ajredp ¢
muddepenrmposanuem. A. C. Jlxymamuibaaes u K. Jlodsosur [4] nanuim 6a-
3uc cBoboaHoi anrebpor enbdanma — Jlopdman — Hosukosa. C moMoInio
sroii paborer 3 2Kanr, FO. Hen u JI. A. BokyTs [5| mokazamum, aro mrobast cy-
nepanrebpa enbdanma — Hopdpman — HoukoBa BKjabIBaeTCd B CTPO-
ryto aiareopy lenbdanga — lopdoman — HoBukosa BekTOpHOTO THIA. BhLIH
06061enbl pesyibrarel pabot [6],[7] st GDN P-cynepasretp.

Ckaxewm, aro (A, o) — GDN-cynepasrebpa, eciiu Jijig OJJHOPOIHBIX 3JIe-
MEHTOB NMCIOT MECTa TOXKJICCTBa

(zoy)oz=(~1)F(z02)oy; (1)

(Jzoy)oz—xo(yoz):(—1)“””3”‘(@01;)oz—yo(xoz)). (2)

Cynepanrebpa (A, -, 0) sBisiercss 0606mmenHoil cynepaarebpoit [esb-
dbanga — Jopdman — Hosukosa — Ilyaccona (gGDN P-cynepasreGpoii),
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ecin
ryoz=u1a(yoz) (3)
(_1)|yIIZIm oy —zoyz= (_1)\xlly\+leZIyz or — (_1)|w\|yly oxz. (4)

Cynepanrebpa (A, -, o) asagerca GDN P-cynepasre6poii, ecim (A, -, o)
— gGDN P-cynepanredpa u (A, o) — GDN -cynepasrebpa.

ITpumep 2. Ilycts (A, -) — accormaTuBHas CynepKOMMYTATUBHAS CyTIEPaI-
rebpa u D — derHoe nuddepennuposanue, 1o ectb D(A;) C A;, u s on-
HOPOJIHBIX 971eMeHTOB nMeeT Mecto D(ab) = aD(b) + D(a)b, rae X € Al u
A# = Ay + F -1 — anrebpa ¢ npucoeanHeHHON eaqunnieii. Tormga moaoxKumM

aob=aD(b)+ \ab. (5)

[Monyaum GDN P-cynepanretpy (A, -, o), kotopyto Oyjem o603HAIATH
GDNP(A, D, \) u naseisats GDN P-cynepanre6poit BeKTopHOro Tumna. Aji-
rebpy GDNP(A, D,0) 6yaem naswiBath crporoit GDNP-cynepanrebpoit
BEKTOPHOI'O THIIA.

Teopema 3. Ilycmv (A,-,0) — gGDNP-cyneparzebpa u x ne desumend
nyas 6 (A, -). Toeda (A, -, o) earosrcuma 6 GDNP-cynepaneebpy sexmoprozo
muna u, 6 wacmuocmu, cama acasemcs GDNP-cynepanzebpoti.

[Iycrs (A = Ap + Aj,+) — acconuaTuBHasi CynepKOMMYTATUBHAsS CY-
nepaJsirebpa u { , } — cynepkococummerpuieckas ousmneitnast hopma, KoTo-
pyIo MbI OyjieM Has3bIBaTh CKOOKOi. Torga pacemorpum J = A + A&, tiae AE
— u3omopduag kKorusg A. Torja mo/iokKuM HOBOE YMHOMKEHUE CJICTYIOIIIM
obpaszoM:

aeb=ab, aebf =abl, afeb=(—1)ab¢, acebt = (-1)"{a,b}. (6)

I'pajyupoeky ompenenmm tak, aro Jo = Ag + A€, J1 = Ay + Ap€. Obo-
sHaunM cynepasreopy (J, ) depes J(A,{,}) u Oynem naseiBarh ee Jybaem
Kanmopa. Ecim J(A, {,}) — #iopmanosa cymnepasretpa, To ckobka { , } Ha-
3bIBaeTCd HOPIaHOBOM.

Hna gGDN P—cynepanre6psl MOJI0KAM

{a,b} =aob— (—=D)Ppoq
u pacemorpum Jly6is Kanropa s aroit ckobku oboznaunm J(A, {, }).

Teopema 4. [Tycmwv (A, -, 0) — gGDNP-cynepaneebpa. Toeda J(A,{,}) —

cneyuasvras Gopdanosa cynepanzedpa.



130 A. C. 3axapoB

Crmcok janrepaTryphl

[1] I.M. Gel’fand, I.Ya.Dorfman, Hamiltonian operators and algebraic

structures related to them, Functional Analysis and Its Applications,
13, 4 (1979), 248-262.

[2] A.A.Balinskii, S.P.Novikov, Poisson brackets of hydrodynamic type,
Frobenius algebras, and Lie algebras, Dokl. Akad. Nauk SSSR, 283, 5
(1985), 1036-1039.

[3] X.Xu, Novikov-Poisson algebra, J. Algebra, 190, 2 (1997), 253-279.

[4] A.S.Dzhumadildaev and C.Lofwall, Trees, free right-symmetric
algebras, free Novikov algebras and identities, Homology, Homotopy and
Applications, 4, 2 (2002), 165-190.

[5] Z.Zhang, Y.Chen, L.A.Bokut, On Free Gelfand—Dorfman—Novikov
Superalgebras and a PBW Type Theorem, International Journal of
Algebra and Computation., 29, 3 (2019), 481-505.

[6] A.S.Zakharov, Embedding Novikov—Poisson algebras in Novikov—
Poisson algebras of vector type, Algebra and Logic, 52, 3 (2013), 236-149.

[7] V.N.Zhelyabin, A.S. Zakharov, Speciality of Jordan superalgebras allied
to Novikov—Poisson algebras, Mat. zametki, 97, 3 (2015), 359-367.
(Russian)



Abstracts

A.N.Borodin. To the theory of homogroups.
We describe phenomenologically symmetrical small order algebras of
rank 3 which are constructs on the base of homogroups.

D.Y. Emelyanov. Algebras of binary isolating formulas for theories of
Cartesian products of graphs.

Algebras of binary isolating formulas for theories of Cartesian products
of graphs.

B. Sh. Kulpeshov, S. V. Sudoplatov. Ranks and approrimations for
families of ordered theories.

Ranks and approximations for families of ordered theories are considered.
Criteria for both pseudofiniteness and pseudo-Ry-categoricity of an infinite
linear ordering are found. Also, it is established that the family of all weakly
o-minimal theories of pure linear order is not e-totally transcendental.

N. D. Markhabatov. Pseudofiniteness of locally free algebras.

We prove that a locally free algebra is pseudofinite if and only if the
language contains at most one unary functional symbol and does not have
symbols of arity at least two. Topological properties of locally free algebras
are studied.

M. Mpournazos, P.Stefaneas. On arguments, fallacies and critical
validity.

In this short article, we propose a formal definition for the concept
of argument following the dialectical tradition in argumentation theory.
Following this tradition we define arguments in a manner which allows for
their critical evaluation. Moreover, we form our definition in a way which
allows for the consideration of fallacious argumentation, contrary to the
standard direction which is usually adopted in argumentation logic. Finally,
we define the concept of a dialectical proof, by adapting the intuition guiding
the standard definition of formal proofs to the norm of critical validity.

A. G.Pinus. Universal algebra and functional clones (on the scales of
universal algebras of fixed power.

We consider the problems connected to the classification of universal
algebras by a help of clones of its termal functions.

A. G.Pinus. On collections of algebraic sets on universai algebras.

131



132 Abstracts

We give a criterion when a collection of subsets of Cartesian products
in some set is a collection of an algebraic sets of some universal algebra.

E. N. Poroshenko, E.I. Timoshenko. Survey on partially commuta-

tive metabelian groups and partially commutative (metabelian) Lie algebras.

This work is a survey of results obtained for partially commutative
metabelian groups and partially commutative (metabelian) Lie algebras.

S. V. Sudoplatov. Combinations of structures and of their theories (an
informative survey).

We study combinations of structures and of theories by families
of structures relative to families of unary predicates and equivalence
relations. Structural and topological results for families of theories and their
generations with respect to closure operators are collected. The notions
of e-spectra are introduced and possibilities as well as their dynamics are
described.

A.S. Zakharov. Gelfand—Dorfman—Novikov—Poisson superalgebras
and their envelopes.

We prove some result of GDNP-algebras for GDNP-superalgebras and
embedding some GDNP-superalgebras into GDNP-superalgebras of vector
type. Also we prove that not every GDNP-superalgebra can be embeded
into associative supercommutative superalgebras with even derivation D and
product given by a o b = aD(b).



CozneprkaHme 133

Conepxkanue

Introduction....... ... e 3
In memory of E. A. Palyutin (Russian) ....................... 4
School Program ......... ..ottt 5

90th anniversary of birth of professor A.I. Kokorin (Russian) 8
60th anniversary of professor K. N.Ponomarev (Russian) .... 13

A.N.Borodin, To the theory of homogroups.........c.oeeveeeeen.. 15
D.Y. Emelyanov, Algebras of binary isolating formulas for theories of
Cartesian products of graphs « ... e e et n it eneeeeneeenns 21
B. Sh. Kulpeshov, S.V.Sudoplatov, Ranks and approximations for
families of ordered theories . ...cvvvuv ittt iniinrnennnn 32
N. D. Markhabatov, Pseudofiniteness of locally free algebras. . ..... 41
M. Mpournazos, P.Stefaneas, On arguments, fallacies and critical
VOIATLY « v v v ettt et e it it e it i et e 47
A. G.Pinus, Universal algebra and functional clones (on the scales of
universal algebras of fived pOWer .. oo v v e 55

A. G.Pinus, On collections of algebraic sets on universai algebras ... 66
E. N. Poroshenko, E.I. Timoshenko, Survey on partially commuta-
tive metabelian groups and partially commutative (metabelian) Lie

ALGEDTAS « v v vttt e i e e e 70
S. V. Sudoplatov, Combinations of structures and of their theories (an

INfOrMative SUTVEY) o vvv vttt i ittt iiie i 86
A.S.Zakharov, Gelfand—Dorfman—Novikov—Poisson superalgebras

and their enVELOPES. o« v v ettt ettt ettt eareeeeensanensaenns 128

N 011 1 Y o4 1= Y 131



ALGEBRA AND MODEL THEORY 12

Collection of papers

Edited by A. G. Pinus, E. N. Poroshenko,
S. V. Sudoplatov

Technical editor E. N. Poroshenko

Hausorosast sibrora — Obimepoccuiickuit KiaacCupUKaTOp POy KITHH.
Nsnanne coorsercryer kKoxy 95 3000 OK 005-93 (OKII)

[Tepuommunocts 1 pas B 2 roga
IMopnucano k neuarn 15.11.2019. @opmar 70 x 108 1/16. Bymara obcernas
Tupax 100 k3. Ya.-uzm. . 11,9. Tleq. 1. 8,5. Uza. Ne98. 3akaz Ne1561.

Ornegarano B Tunorpaduu
HoBocubupckoro rocy1apCTBEHHOIO TEXHUYIECKOIO YHUBEPCUTETA
630073, r. HoBocubupck, mp. K. Mapkca, 20



